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$1. Introduction. 


It is the object of this paper to treat in a general and systematic manner 
the existence theorems for systems of partial differential equations of first 
order (Part I), and to study their characteristic surfaces (Part II). Our work 
includes in particular a detailed treatment of the systems of invariantive 
type and is so developed as to bring into relationship the methods used 
in a series of previous papers by one of us* and a most interesting paper 
by Cartan® on this same subject. 





"Received, June 1, 1982. 

* T. Y. Thomas, Determination of affine and metric spaces by their differential invariants. 
Math. Ann., 101 (1929), pp. 713-728. The existence theorems in the problem of the determin- 
ation of affine and metric spaces by their differential invariants. Amer. Jour. Math., 
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The work in Part II is an extension of the treatment of characteristic 
surfaces in a series of notes in the Proceedings of the National Academy 
of Sciences' and is believed to be the first adequate general treatment of 
this problem. The method used in proving the existence theorems is 
patterned after Riquier’s® theory of orthonomic systems. This has neces- 
sitated the development of a theory of sets of monomials which will apply 
to a system of differential equations, part of which hold only over a sub- 
space; this theory contains as a special case the theory presented by Janet.° 

Throughout the paper illustrative examples have been given in fine print. 
In particular we have given for the first time a detailed study of the 
characteristic surfaces and the associated existence theorems for Einstein’s 
gravitational equations in free space.’ 


Part I. 
GENERAL EXISTENCE THEOREMS. 
§ 2. Regular Systems of Differential Equations. 


Consider a system of ZL partial differential equations, linear and of the 


first order in w dependent variables 7, ---, 7%» and » independent variables 


x',+++, a", namely 


w n 


(2.1) > Dd a 4+e = 0 (= 1,--+,D). 


k=1a@=1 0a% 





The coefficients af, and ¢, are functions of 2* and v,. It is assumed also 
that the left members of (2.1) are linearly independent in the derivatives 
of the dependent variables 7. 

Let us suppose that there are ZL, < Z equations (2.1) which are in- 
dependent in the derivatives 0v;,/0x' and, as the integer LZ, is conceivably 





52 (1930), pp. 225-250. Invariantive systems of partial differential equations, Ann. of 
Math. (2), 31 (1930), pp. 687-713. Space structure as a boundary value problem. Ann. 
of Math. (2), 31 (1930), pp. 714-726. In order to shorten the work references will be 
made to the above papers frequently. The designation M., Jour., Ann. (1), Ann. (2) res- 
pectively will be used when reference is made to the above papers. 

3 Klie Cartan, Sur la théorie des syst?mes en involution et ses applications a la Relativité. 
3ull. Se. Math., 59 (1931), pp. 88-118. 

*T. Y. Thomas, Cn the Unified Field Theory, Proc. Nat. Acad. Sciences; 16 (1930), 
Notes I and II, pp. 761-766, 830-835; 17 (1931), Notes III-VI, pp. 48-58, 111-119, 199-210, 
325-329. These will be referred to as Proc. Note I, ete. 

> Riquier, Les systémes d’équations aux dérivées partielles, (1910). 

° Maurice Janet, Sur les systémes d’équations aux dérivées partielles, Journ. de Math. (8), 
3 (1920), pp. 65-144. 

’ The differential equations defining the 3-dimensional characteristic surfaces for Einstein’s 
gravitational equations have been given by T. Levi-Civita, Caratteristiche e bicaratteristiche 
delle equazioni gravitazionali di Einstein, Rend. Accad. Lincei, (6), 11 (1930), pp. 1-11; 
ibid. pp. 113-121. 
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dependent on the coérdinate system (x), let us suppose that codrdinates o“ 
have been selected for which Z, will have its maximum value. We ean 
then divide our equations into two sets: a set S, consisting of L, equations 
which can be solved for Z, of the derivatives 07;/@a' and a set S, from 
which these derivatives can be eliminated. Now suppose that the set of 
equations S, is independent in Ly of the derivatives 07;/82* and in fact 
that codrdinates 2* are selected so that JZ. has its maximum possible 
value, under the restriction that the above integer Z, is unchanged. This 
makes it possible to divide the set S, into two sets: S:° and Ss such 
that So, consisting of Z. equations, can be solved for L. of the derivatives 
0v;/8x* and such that these latter derivatives can be eliminated entirely 
from the set S;. Proceeding in this way we arrive at a codrdinate system 
(which is obviously one of an infinity of such coérdinate systems) for 
which our system of equations (2.1) can be put into the form 


w n 
F OUK B=1,---.m 
2 YS rf, 2 + oy — 0, 
om mm, HP Gan Te = 0 (' == i,---, Lgl’ 


where big = 0 if e< 8. A system of codrdinates 2“ with respect to 
which (2.1) can be put into the form (2.2) in which the integers Lg are 
characterized by the above mentioned property, is said to be non-singular: 
otherwise the codrdinate system is said to be singular. 

If (2.1) is written in the form 


“i us a OV}: B = P. sees 2 
= p> bing Oat 7 apa ©; g =e ies, 1) : 

where bixg = 0 if a< 8, with respect to a singular coérdinate system. 
then J,< Z, or if J; = LD; for i= 1,---, 7 then Jpyi< L,41. Obviously 
the inequality + < —1 is here satisfied. 

Now assume a non-singular choice of independent variables 7“ and make 
the transformation 
(2.3) xo = a + m2 a*, 





where the m% are constants. If the dependent variables v, transform as 
scalars the law of transformation of their derivatives is given by 





OUK OUK OUK 
dat ope te gge? 
and hence equations (2.2) become 
: w n 9 Uk 
= = e=1 Crip + Ving) On® + “p 0. 


a 








4 T. Y. THOMAS anp E. W. TITT, 


For a fixed value @ belonging to the set 1,---,—1 assume that m? = 0 
except when o = «@, Then if the constants mf are sufficiently small 
equations (2.4) for 6 = « must be linearly independent with respect to 
the derivatives 0v,/0x”%. For the above choice of the constants m?% the 
coefficients of the derivatives 0v;,/d27 for y=1,---,@—1 in the 
equations (2.4) will be equal to the coefficients of the corresponding 
derivatives 0v,/dz7 in the system (2.2). Hence the set of forms, 


w 


id 
= me boeg a (8>a, « not summed), 
=1 





will be linearly dependent on the forms 


0 
ps (Dont me bE, = (« not summed), 


since otherwise the original choice of variables x“ would be singular contrary 
to hypothesis. Or 





Ly 
(2.5) me bg = . re ig (Voce me & OF cee) (8>« and e@ not summed). 


Now take ms =m, and m? = 0 otherwise. Then (2.5) gives 
Ly 


m Vig = a, Ais Ving tm Vi.) (8>e, @ and # not summed). 


Hence, if we let m neni zero, We have 


‘ | ee a le B>«, name 
(2.6) big = 2 Lijp Vike? «,® not summed /’ 


where 





ii 
rhe = i > . 
up = m . 
More generally, take ny, =m for a single index y > and m? = 0 
otherwise. Then (2.5) ¢ .ves 


m Vig = = > hija (Vir + m Vice)» 
and this becomes 


(2.7) bing = > hife Vite (y>h>a), 


when m is allowed to approach zero. 


It is clear that 
L, 2 In = [g++-= In, 


otherwise a transformation of the independent variables x“, producing 
merely a permutation of the indices of these variables, would show that 
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the original choice of the variables 2“ was singular, contrary to hypo- 
thesis. 
Now suppose that equations (2.2) for 8 = 1 can be solved for the derivatives 
Ou" Ove O UL, 
ax!’ axl’ ’ dat? 





or in other words the matrix of the quantities bja, where j, k= 1, ---, Ly, 
is non-singular. Put @ 1, 8 =2 in (2.6) and consider the matrix of 
the quantities dijo appearing in these equations. If this matrix is of rank R, 
then L, < R; this follows from a theorem in Algebra® and the fact that 
the matrix of the quantities dix is of rank Ly. Hence R= Ly, since R 
can obviously not be greater than L,. It then follows from a second 
theorem in Algebra® and (2.6) that the matrix of the quantities dijo for 
i=1,---, LZ, andk=—1,---, Z, is of rank L,. Hence equations (2.2) 
for 8 = 2 can be solved for the derivatives 


0 "i 0 UL, ] 


aa?’ ? Oa? 


after a suitable cnoice of the indices of the dependent variables vz, has 
been made. By a continuation of this process it is evident that, if we 
change the notation for the independent variables », in accordance with 
the following scheme: 





Vio ™ UL +1) °° %s Uwy 
Vil ™~ UL AI» ooh UL,» 


Vin-1™ UL, +1) iis VL,_1) 


Vin “UY; FO eg Wey 


equations (2.2) can be written 





k = 1, eee, VM 
0%; 0 Ung ' 
(2.8) oe =D (x, “a+, i == 1, ++) ; 
a=I1,---,& 
where 
Wo — —«W ee Ly ’ 
wow =-Lh —LZL; 
We ee Lz — Ls, 
(2.9) ate ee eh ee 


Wn ane In 


8 See, for example, Dickson: Modern Algebraic Theories, p. 51. 
® Dickson, loc. cit., p. 51. 
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and 8 >a, B>q. The coefficients («, v) in (2.8) depend upon the quantities 
x and v,s, and the ¥ denotes terms containing no derivatives of the vs; 
in the sequel the ¥ will be used to denote terms of lower order than 
those written down explicitly. A system of the form (2.8) will be said to 
be regular.'° 

Addition of corresponding members of (2.9) gives 


w= Wtut--+ tw. 


§ 3. Extension to Tensor Differential Equations. 


The results of §2 can be extended to systems of equations the left 
members of which are linear in the first derivatives of the components of 
a tensor 7. Thus consider 


(3.1) py 2 as BT re 


Pty = G=1,---, D), 
where the coefficients D are functions of the independent variables x* and 
the unknowns 7’; the same is true of the ¥* terms. 

With respect to a non-singular coérdinate system (defined as in § 2) 
equations (3.1) can be written 


. 97... (2 == Be coo 
a Eee oth — 


(3.2) | Mile 
where D = 0 if «<8. Under the transformation (2.3) the derivatives of 
the components of the tensor 7 transform according to the equations 


ie a a Te. 8 axe ax® da? 9 at 


seit = Fat et mi Se 





das Ox* axe” 





In the coérdinate system (x) equations (3.2) therefore take the form 


2 Dieu 


(3.3) (Din is + mg Dia. Gs) - 
with Dia. = 0 if «<<. Letting « be a particular number of the set 
1,---,#-—1 and assuming that m™ = 0 if « + 7, we obtain by an argument 
analogous to that — in § 2 that 


(3.4) me Dia. te = -3 Liss (Dia. het ms Dia. u) (B>e, @ not summed) 


se Without the restriction 6 = «, the system (2.8) is called regular and immediate 
hy Méray and Riquier Sur la convergence des développements des intégrales ordinaires, 
Ann. Ec. Norm. Sup., (3), 7, (1890), p. 44. 
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as a result of the assumption that the original coérdinate system (x) is 
non-singular. Then putting m= m for a single y ~8 and m? = 0 other- 
wise, we obtain, on allowing m to approach zero, that 


(3.5) Dip... —_ oma = Dip Dip. _ (y =B>e@), 


If all the components 7/..;’ are independent they can be represented 
by vz and the system (3.2) together with (3.5) can be written 


w 


a) ee 
(3.6) > vies —* + ci = 0 (; | wan 
c=} 02 o=1,---, Lp 
(3.7) bing = ahi Dine (y > B>«), 


where bixg = 0 if «<8. Suppose, however, that the components 7)...’ 
B 


satisfy linear relations of the form 


kel 
(3.8) P & al — 0, 
where the indices k---/1, m-+-+-n are obtainable from p---q, 7++-s by 
permutations. If, in this case, v, is used to denote the independent com- 


ponents 7/”::; when account is taken of (3.8), equations (3.6) and (3.7) 
will likewise apply. On the basis of the discussion in § 2 the system (3.2) 


can then be replaced by a system of equations in the regular form (2.8). 


§4. Application to Invariantive Systems. Affine and Metric Cases. 
Consider a system of partial, differential equations of the form 


 —_— ar 
(4.1) Tey (r: ee. - *,] = 0, 
reel +f ax! Ox? 





where the 7’s are the components of an absolute or relative tensor in- 
variant of weight W and the I ~ are components of affine connection. 
The equations (4.1) will be assumed linear in the second derivatives of 
the Teg and as indicated, to depend on the 7% and their first derivatives. 
Along with this system consider 


0 Jap 0° Jap 8° Jap | 
(4.2) fe 5 a semen Peel... - = @ 
Ty. d\Iup' Oat ' da’ ba" 0a?” a9 ba £ 


where the 7’s are now tensor invariants linear in the third derivatives 
of the components ges of the fundamental metric tensor and depending on 
the components gag themselves together with their first and second derivatives. 
In particular (4.1) or (4.2) may consist of a single equation or of several 
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equations in which the left members are scalar invariants.’ The system (4.1) 
is completely equivalent to one of the form 


\" Oe = 
(4.3) D roy (4) 0 bw 
where the left members are again components of a tensor or scalar in- 
variant. The system is linear in first derivatives of the components Abya 


of the first normal tensor and the coefficients are functions of Agyd: 
Similarly (4.2) can be replaced by a system of the form 


ete OFap, yo i? 


(4.4) p> hala (Geep' Jap, yd) - 
linear in the first derivatives of the components 9,3, of the. first metric 
normal tensor with coefficients which are functions of g,3y and the 
components y,,, of the fundamental metric tensor. In the system (4.3) 


the ¥* terms depend on the components Abyg and yr in (4.4) the ¥* terms 
depend on 93, Jag,yo and V3 where the components rp, denote the 
Christoffel symbels for this latter case. In addition to the conditions (4.3) 
on the derivatives of the components Abyd there exists a system of identical 


relations 





k=1,---, n—2 
a Ax - 6 Ang é¢=1,--+, A 
(4.5) 8 x” peal p 2 0 a” + ¥ a= ?  k 
q<r Da 


in which the summation > denotes a linear form in the derivatives 
8 Ag, / 0 x with constant coefficients. Equations (4.5) express the con- 


ditions that the quantities A5, .g Should be components of a normal tensor.'” 
_ We suppose (4.3) to consist of N independent equations; certain of 


"TY. Thomas and A.D. Michal, Differential invariants of af finely connected manifolds; 
Ann. of Math., (2), 28 (1927), p. 196; also ibid., (2), 28 (1927), p. 631. 

' In the former treatment, loc. cit. Jour. p. 246, the inequality q <k is established 
and used in place of the inequality * = « appearing in (4.5). To establish this latter 
inequality we proceed as follows: The system (6.2) Jour. can be written 
9 Aig 0 Ay OAng 2 PAjge 1 8 Aopy 1 PAbe 1 9 Aang 


= tM, 


a) —_— = - : 
( dah Oak 3 Oak 3 Oak 3 Oa! 3 Oa! 








where « = u+1;k>e>f;j 2k. The component Ai, for particular values of the 
indices j,k, «, 8 belongs to the group Ge_43 since « => 8+1 the first derivative on the 
right of this particular equation (a) ° not the left member of any equation (a). In the 
previous paper it is shown that A Aj ge, and A’ 


epi contribute components to the groups 
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these equations may, however, be dependent on the remaining equations 
of the system (4.3) in consequence of the identities (4.5). These dependent 
equations which we will assume to be M in number thus possess the 
—. that they are satisfied in consequence of (4.5) and the remaining 
N—ASM equations of the system (4.3). If the M dependent equations are 
excluded, the remainder together with the system of identities (4.5) can 


be put in the form 





. 7 s = 1 , A 
A Aix Ba . 0 Ang k= il, » 
(46) gat SA tH Ve aaa fp 
qar2a 


on the basis of the theory of §3. The notation AX is used in place 
of Ax, to denote a different grouping of the independent components Abya 
from that used in (4.5). Together with the system (4.6) we consider the 
set of equations’® 





OYim __ (ies = 1,-++,¥m 
(4.7) gab pg TRA t Dowie Vy 


which define the components Aj in terms of the independent components yim 
of the affine connection [. Since the inequalities g<r >a andq<r>k 
are satisfied by the indices of the derivatives in (4.6) and (4.7) respectively, 
the am oe of (4.6) and (4.7) is regular. 


Gy; Ge_ - __; Where j=. Since k exceeds each of the numbers «,f—1, and 
j—1 the paths with respect to «2 which appear on the right of any particular 
equation (a) cannot appear on the left of any equation (a). From the form of the pth 
and the qth equations, Jour. p. 246, it is seen that the elimination of the derivative 
0 A eg| 8 ae! where j <u from the right of a particular equation (a) cannot bring in any 
derivatives for which r<« in (4.5). In order to eliminate the last derivative we must 
use an equation of the form 


(b) 0 OAc 
0a! 


where j}<<f. To eliminate the derivative on the left of the particular equation (b) from 
the right of the corresponding equation (a) we multiply (b) by a factor and add to (a). 
From the form of (b) it is seen this could not bring any derivatives into the right of (a) 
for which r<e@ in (4.5). 

A similar discussion can be made for the system Jour. (6.7). The details will be 
omitted when we come to the analogous discussion in the treatment of the system (4.4). 

In case n = 2 equations (4.5) and Jour. (6.7), i.e. the following equations (4.8), are 
satisfied identically, loc. cit. Jour., p. 235. 

8 loc. cit. Ann. (2), p. 715. 











Hl 
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A corresponding discussion can be made for the system (4.4). In place 
of the set of identities (4.5) we now have a system of the form 


im =1,+---,n—2 
0 Bim = 51 0 Big (= , et, Bm 
(4.8) ak = wae t* k =1,-++-,m 
q<rZzk 


which expresses the condition that the quantities B,,, constitute the com- 
ponents of the second extension of a fundamental metric tensor. The 
remarks made in connection with the independence of the equations (4.3) 
and (4.5) apply equally well to the systems (4.4) and (4.8). The N— MW 
independent equations of the system (4.4) together with the equations (4.8) 
can be put in the form 


. i =1,-~-., BS 
0 Bim a % 0 Bog — 1, We ie 
(4.9) Bah es D> 9; B i is * a= Re I ? 
q<ree 


notation Bim being used to denote a regrouping of the components Bin. 
Equations (4.7) likewise pertain to the present discussion provided that 
the >A}, in the right members of these equations be replaced by the 
corresponding term >’ B), in the components By, of the second extension 
of the fundamental metric tensor, i. e. 

‘m=1,---,n—I1 


OV OY m ~~ se ~y / Ris este 7 
to) ep a Se Seat Bom (ye 
qar>k 


where the coefficients of the quantities Bp, are rational functions of the 
components geg- We must now add 


0 Jas 7 a7 
(4.11) a = yop Vey + Jeo Vay 


as the expression of the conditions that the 13, be Christoffel symbols 


with respect to the components gaz of some fundamental metric tensor. 
Then, obviously, the equations (4.9), (4.10) and (4.11) comprise a regular 
system. 

§ 5. Application to Invariantive Systems. Vector Case. 


There is a certain analogy between the local coérdinates which can be 
introduced into a space of distant parallelism’ and the nermal coérdinates 
of an affinely connected space: Differentiation of the components of a tensor 
or set of scalar invariants and evaluation at the origin of a system of 
local coérdinates gives rise to a set of absolute scalar invariants. This 


loc. cit. Proc. Note I. 
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was treated in a paper by one of us‘! with particular reference to the 


case of four dimensions but the theory can be extended immediately to the 
n dimensional case. Now consider a system of equations of the form 


= 0, 


(5.1) = Sle (ri Shia, _ Oh 
a. Y Qs 


oa oa? 


where the left members are components of a tensor invariant or a set of 
scalar invariants linear in the second derivatives of the fundamental 
vectors }i, and depending also on first derivatives and the vectors them- 
selves. By a replacement theorem analogous to that for normal coérdinates 
the system (5.1) is seen to be equivalent to one of the form 


(5.2) > (hie; his x ome +%* = QO, 





where the summation denotes a linear expression in the derivatives of the 
invariants hi x with coefficients which are functions of the components j,x 
and he; the * terms depend on the Nik. In addition there is the set of 
equations 


i i i i m 
(5.3) hija Mietjt ha je = 2 Vim j leat Nine hi ee Min ke Hit] 


which expresses the condition that the set of quantities Nis 1 be the invariants 
arising from a set of fundamental vectors 4a. As in § 4 we will suppose 
that the dependent equations of the system composed of (5.2) and (5.3) 
have been excluded and the unknowns /);, have been replaced by an 
independent set Kim.’° By the theory of § 2 the combined system (5.2) 
and (5.3) can be put into the form 








m=1,---," | 

: aKir ‘ =1, +++, Km 

(5.4) — = >) (hn, K Kim Kn C4 = ],--+,m 
a<r ee 


where Kim denotes a regrouping of the independent components Kim. The 
combination of (5.4) and the equations 





° a = 2,---, iD 
t 0 he bie ae = 
(5.5) eS ~ > 2 hi k hé, his (2 _ 1, Pots 
aa? . F f=—1,---,0 | 





The rule for separating the independent components hix into groups, which is given 
in Proc. Note III for the four dimensional case, can be extended immediately to the case 
of n dimensions. Rule: The group Gu(m = 0,1, n—2) for the components hjx is 
composed of all components that can be formed pe hjx by taking k—=m-+1 and 
i,j =1,+++, subject to the condition j>>m-+1. There are Kn = n*?—nm—n com- 
ponents Kim in each group Gn. 











i 
H 
' 
i} 


H| 
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which define the set of invariants hi, in terms of the components of the 
fundamental vectors / obviously constitute a regular system. 


The following example illustrates the above theory by showing how the differential 
equations for an unrestricted space of distant parallelism can be put into the regular form. 
In four dimensions the set of invariants 3,2; hijo; his; 21; hs1; hia are independent, 
i.e. not connected by a linear relation; when the system of identities (5.3) is referred to 
these invariants and their derivatives, the matrix of the coefficients of the derivatives is 
that exhibited in the adjacent table in which 


e=h, Pp=hk, y=h, d=hM, a=h, b=h 






































| j, k. 1 Ohs, Ohise | Ohi.s Ohi. Oh: Ohi, Ohis 
|" Oa! Oa | Og | Ox | Oat | Oa" | Oa* 
| 1, 2, 3]| —« = B 

i 1, 2,4 —a —d B 
14,34) #| |—«e!  |—#l » | -a 
2,34] —o | y | —2 | —) 





























in the contravariant components h;*. Rows in this table correspond to equation (5.3) for 
which the indices j, k, 2 have the values indicated at the left. Each element in the table 
is the coefficient of the derivative at the top of the column in which the element appears. 
The matrix formed by the elements of the first six columns of the table is of rank three. 
If « and «b — fa do not vanish the system (5.3) can be put into the form 
| 1,2 
os «| 
1, oo, 


Il 


: aK aK, : 

5 (a) “a = >» R (ha) =" +> R (ha) K* (i ‘ = 
where R (ha) denotes a rational function of the quantities hi, and where Kn is composed 
of his» and hi2 and the group Ke is composed of his. [See, Proc. Note III (2.3).] The 
system composed of (5a) and (5.5) is regular since we have solved (5.3) for the maximum 
number of derivatives with respect to x', namely 12. 

It will be proved in § 8 that this latter system is completely integrable and hence by 
a proper assignment of arbitrary functions in accordance with the general existence theorems 
of § 6, this system of equations will completely determine the quantities hj, as the scalar 
invariants arising from a fundamental set of vectors hi. 


’ 


§ 6. General Existence Theorems. 


We shall now impose on the system (2.1) the following two fundamental 
restrictions. 

Connition I. The coefficients aS, and c, in (2.1) are analytic functions in 
the neighborhood of some set of values xt = gt and vp = (vK)q of their 
arguments. 

Conpition Il. The regular system (2.8) is completely integrable. 

The first condition carries with it the consequence that the coefficients 
(x, v) and the ¥ terms in (2.8) are analytic functions in the neighborhood 
of some set of values p’ and (vix)», these being values in the neighborhood 
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of qg' and (vx)g. A system of equations will be said to be completely 
integrable if the integrability conditions resulting from one differentiation 
of the system are satisfied identically in the parametric derivatives.'® It 
follows from the work of Meray and Riquier™ that if Conditions I and II 
are satisfied, the system (2.1) has a unique solution, given by a set of 
convergent power series expansions, corresponding to the arbitrary assign- 
ment of analytic data predicted by the form of the left members of the 
system (2.8). 

EXISTENCE THEOREM. Suppose that (2.1) is a system such that Conditions | 


and II are satisfied. Let 
giz (aktl, ..-, a”), (i =1,---, wp), 


where k+n be an arbitrary function of the variables a, ..-, x” analytic 
in the neighborhood of xt = p’ of their arguments, such that yix(p) = (viz) p 
Jor all values of the indices for which the yx are defined. Then there 
exists one and only one solution, vix(x), of (2.1), each function vix(x) being 
analytic in the neighborhood of the set of values x! = p*, (1) such that 
vin( p) = (vin)p for 7=1,-++, wn and (2) such that 


Vio (x’, seey x”) = gio (z", sey x") | viz (a1, teey x") = OE (ak, see, a") 
(¢ = 1,---, we) | ¢==1,---+, wp | 
| Lat = pty, at = pth 


With regard to the system (4.3) we shall set up the conditions 

ConpiTION Iy. The coefficients T(A) and the * terms in (4.3) are analytic 
Junctions in the neighborhood of some set of valwes (Aim)q of their arguments. 

CoNDITION IT,. The regular system composed of (4.6) and (4.7) is completely 
integrable. 

Condition I carries with it the consequence that the coefficients and 
the ¥ terms in (4.6) will be analytic functions in the neighborhood of 
some set of values (Ajm)», this being some set of values in the neighbor- 
hood of the set of values (Azm)g. 

EXISTENCE THEOREM. Suppose that (4.3) is such that the conditions I 


and Il, are satisfied. Let ; 
[° <ksn-!1 


‘ k+-1 yt 
Pix e9e i, XL ° * 
ix ( 5) ’ ); ¢=1,---, Ax ’ 


where the indices i,k have the same range of values as the indices of the 
* 
components Ay: (k +n), and 
©The usual definition of a principle derivative is understood here, namely one which 
can be obtained by differentiation of a left member of the system, or one of the lett 


members themselves. All other derivatives are parametric. 
'’ Meray and Riquier, Joc. cit., (1890). 
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k=0,---,.n—1 
(att, «66, om AG: 
Wiz (a1, _ we, wine 


denote functions of the variables x**',---, 2" analytic im the neighborhood 
of the set of values x = p' of their arguments, such that pix(p) = (Aix)p 


for all values of the indices i and k for which the pix are defined. Then 


there exists one and only one affine connection with components 5, (= Ty) 
in a system of codrdinates x“, each function T3,(x) being analytic in the 
neighborhood of the set of values xt = p', which constitutes a set of integrals 
of the system of equations (4.3) and which is (1) such that Ajn (p) = (Ain) p 
and (2) such that 








Ax = v0 (x1, -— a") | Yn = Wry (x, rey x”) 
[i = 1,--+, Aol | [2 = 1,--+, Xl 
z = gir (a . pies xt") Yim = Win (gmtt, see, x”) 
k =1,---,n—1 m = 1,---,n—l 
i =1,-++, Ae 1 =1,--5%, ; 
a = p',..., & = gf | z' = p',---,a" = p* 


The corresponding conditions and existence theorems for the system 
(4.4) can be stated immediately. 

ConbITION Ig. The coefficients T(g, B) and the # terms in (4.4) are 
analytic functions in the neighborhood of some set of values (Bim)g and 
(gep)q = (gpelq Of their arguments, the determinant |(gag)q| being different 
from zero. 

ConbITION Ig. The regular system of equations (4.9), (4.10) and (4.11) 
is completely integrable. 

As a consequence of Condition Ig the coefficients and the ¥* terms in 
(4.9)- will be analytic functions in the neighborhood of some set of values 
(gag)p and (Bim)p lying in the neighborhood of the values (ges), and 
(Bim)q respectively, such that (ge3)p = (gge)p and also such that the deter- 
minant |(gag)p| does not vanish. 

EXISTENCE THEOREM. Suppose that (4.4) 7s such that Conditions Iq and 1g 
ave satisfied. Let 

pir (a, coe, aM), ‘Beat oat a 


where the indices i,k have the same ranges of values as the indices of the 
* 
components Bix (k + n) and 


Wik (a#+1, er x) |! my 14% — 


i= n 
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) 


denote functions of the variables a**1,..+, 2” analytic in the neighborhood 
of the set of values x! = p' of their arguments, such that gi: (p) = (Bik)p 
for all values of the indices for which the gix are defined. Then there 
exists one, and only one, fundamental metric tensor with components 
Yas (= Jaa) in a system of codrdinates x* each function gag (x) being analytic 
in the neighborhood of the point «* = p* which constitutes a set of integrals 
of the system (4.4) and which (1) is such that ges(p) = (gap)p and 
Bin(p) = (Bin)p and (2) such that 











Bin = ga (a', +++, 2") Yin = Yo (a, +++, 2) 
(i= 1,---, Bol | = 1, +++, rol 

Bi, = Pik (at, vee, @") Yim = Wim (amr .. edi x") 

k =1,---,n—1 sil Mh. sng Sunil 

i =1,-++,Be | § me hy +9, fas 

gi== p',..-, a = | zi = p',---, 2% = p™ 


On the basis of the discussion in § 5, the corresponding existence 
theorem for spaces of distant parallelism can be stated. 

ConpiTION Iy. The coefficients (ha, hi.) and the * ter ms in the system 
(5.2) are analytic functions in neighborhood of some set values (hi, x Vg l= — ea] 
and (Wieda of their arguments, such that the determinant (hidy does 
not vanish. 

ConbDITION ITy. The regular system composed of (5.4) and (5.5) is com- 
pletely integrable. 

Condition I, implies that the coefficients (hi, Kim) and the ¥ terms in 
the system (5.4) are analytic functions in the neighborhood some set of 
values (he)p and (Kim)p in the neighborhood of the values (Ae)g and (1},x)g such 
that the determinant |(H2)»| does not vanish. 

EXISTENCE THEOREM. Suppose that (5.2) is such that conditions I and 


IIy are satisfied. Let 
Pim (amt, ee x), » +. m Ss a5 r 
; / = Bs one, m 


where 1, m have the same range of values as the indices of the components 
7* ; 
Kim (m + n), and 

a=I1,-++% 

IP eee a" . 

Wie (x*, ? ) | eal 
denote functions of the variables x™*1, «++, 2” or a, +++, a” as the case 
may be, analytic in the neighborhood of the set of valucs x = p® of their 
arguments such that 9mm (p) = (Kim)p and Wia(p) = (hia)p for all values 
of the indices for which the functions yim and Wi« are defined. Then there 

° ‘ . ss 
exists one and only one set of fundamental vectors with components he im 











( 
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a system of codrdinates «* each function hi (x) being analytic in the neigh- 
borhood of the set of values x“ = p* which constitutes a set of integrals of 
the system (5.2) and which is (1) such that Kin(p) = (Kin)p and (2) such that 








hi = Wa(a',--+, 2”) Ko = gw (x', +++, 2”) 
[i = 1, --+, 9] | [2 = 1,---, KS 9 
Nie — Wie (2, pe x”) Kim = Pin oe, ales x) ; 
§ =m 1,--+, q 1=1,---, K* 
a= 2,+--,n | m= 1,---,2—1 ° 
gy) = p's ee, gt-| — a | oy} — p', ree, gm = p™ 


§ 7. Functional Systems. 
Consider a system of partial differential equations of the form 





ol 
eee oe. hele. 4 — 
(7.1) 3 (75, | a @, 


where the 7’s are components of a tensor invariant of the type discussed 
in § 4, depending on the components Ty and their first derivatives. Along 
with this consider the invariantive system 


2 Jap : 0" Jap 
da’ da aa? 





(7.2) ie (ve == @, 

where the components 7' depend on the fundamental metric tensor geg and 
their first and second derivatives. By the replacement theorem equations (7.1) 
can be written in terms of the independent components A;m of the affine 
normal tensor. Hence (7.1) takes the form 


(7.3) T (Aim) = 0. 


Assume that the equations (7.3) are independent and N in number; dependent 
equations are to be discarded from the system. 

Conpition IITA. Equations (7.3) ave such that (1) there exists a solution 
(Aim)p Of these equations and (2) the components T(Aim) of these equations 
are analytic functions in the neighborhood of the set of values (Am) >p. 

By covariant differentiation of (7.3) we obtain a system of the type 
considered in § 4, namely 

oT 94 Aim 


ai Aim Oxt 








where the ¥ indicates a bilinear form in the components 7 and J%,. 
Applying the results of § 4, the system (7.4) together with the identities 
(4.5) can be replaced by equations of the form 


- 
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* 
rs Ak 


7°, 8 





(7.5) s = Dar) 24m + x, 


Ai | fl 
Vent 


z 
k = 
Qa 
q a 

where the Aim represent independent components Aj. Corresponding to 
the previous Condition I, we now impose the following 

ConpiTIon 14. The coefficients (A*) and the * terms in (7.5) are analytic 
functions in the neighborhood of the set of values (Amm)>p. 

Assuming that (7.5) and (4.7) are completely integrable, these equations 
can be integrated in accordance with the general existence theorem stated 
in § 6. In order to see that the functions Ajm which are formed from the 
integrals py (x) of the system (7.5) by the process of calculating the com- 
ponents of the first normal tensor, satisfy (7.1) or the equivalent system (7.3) 
we make use of Condition IIx. The functions Ajm(x) are analytic in the 
neighborhood of at = p* and hence, by Condition II]A, the components 7'(A) 
are analytic, as functions of the 2*, in the neighborhood of the same point. 
Thus the components 7’ admit power series expansions about the poiut 2 = p’, 
the constant terms of which vanish by Condition IIA. On account of 
equations (7.4) the remainder of the coefficients in these expansions must 
vanish likewise, and hence the components 7’ are identically zero as functions 
of the codrdinates 2’. 

In an analogous manner the system (7.2) can be replaced by equations 
of the form 
(7.6) T (gap; Bim) = 9, 


where the Bim are the independent components of the first metric normal 
tensor Jap, yd 

Conpition IIIg. There exists a solution (gua)p = (gpa)p and (Bim)p of 
equations (7.6) such that (1) the determinant |(gag)p| does not vanish and 
(2) the components T' are analytic functions in the neighborhood of the 
values (gas)p and (Bum) p- 

By covariant differentiation of (7.6) we obtain 

OT dBm 


1.7 | "4 





where the ¥* denotes a bilinear form in the components 7’ and the 
Christoffel symbols T,, and a linear form in the first derivatives of the 
components ges with coefficients which are functions of the geg and Bim. 
Following the method of § 4 the system (7.7) is combined with the 
identities (4.8) to give a system of the form (4.9). 
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ConpitTion Ig. The coefficients (g, B*) and the # terms in (4.9) are 
analytic functions in the neighborhood of the set of values (gag)p» and (Bin) » 
of Condition TIIG. 

Furthermore it can be shown that the integrals gas (x) of the system (4.9) 
actually satisfy equations (7.6) in case Conditions Ig and Il are satisfied. 
On the basis of the results of § 5 an analogous treatment can be given 
tor the invariantive system 


at 3 (i a) _—" 


As an example illustrating the theory consider Einstein’s gravitational equations for 
free space 
(7a) R, 8 — i 


which express the fact that the contracted curvature tensor is equal to zero. In a previous 
paper by T. Y. Thomas, On the Existence of Integrals of Einstein’s Gravitational Equations 
for free space and their Extension to n-variables, Proc. Nat. Acad. Sci., 15, (1929), p. 906, 
the problem of the existence of integrals for the system of equations (7a) has been treated 
when the components of the fundamental metric tensor g,,. have the initial values +49. 
In the present section we shall consider the problem in four dimensions without restricting 
the initial values of the components g,,9; the coérdinates x‘ are to be arbitrary. The work 
of putting the system (7a) in regular form will be carried out in detail. 
The system (7a) is completely equivalent to one of the form 


: 0 

(7b) 7” Iup, ys = 9 

which corresponds te the system (7.6), and by covariant differentiation, we obtain 
yd - 

(7c) g Jap, yd, = 0. 


The system of identities which furnish the conditions that the y_ 8,70 be the components 
? 

of the first metric normal tensor formed from some fundamental tensor with components g,, B 

are of the form 


1 
Td = — 
( ) Iup, v9, € 2 Yea, v9, at Ine, 79, at Iep, ed, yr Iep, vé,; J! : 
We shall write out in detail the solved form of these equations since it will be needed 
in the following work. 
Let us adopt the following more convenient notation 


a = g", p = gy, y=", d= go, 
a= g", b = g", c= g", d= 9”, e= g*, Sf = g™, 
with the understanding that g? is symmetric in « and £; also 
Uy = 911,22, U1 = G22,33, Wy = Gis,24- 
Ug = 911528, Ve = Ji2;38, We = JQiayas ; 
Us = Jira; Vs = 918,22, Ws —= Gis; 
U4, = Gi1y88; V4 = Qiaj22, We = GJoays3- 
Us = 911y34- Us = Jis)4e, Ws == Jos,44; 
Ue == 911:44; Ve = Ji2ss4, We = 9ss,44; 
V7 GJ22584; 


Vs = Ga244,; 
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where the components u* constitute the group Go, va constitute G, and wa constitute G. 
according to the rule for grouping independent components given in a former paper 
loc. cit., Jour. p. 248. Then the system (7d) takes the form 


Ou, __ Ou» Ovs 






































(1) — ja? + Ox +, 
2) aot a Me Oy, 
@ it = Bat Bae tH 
n ie = ta eat 
@) ist = Oat oa tt 
© alt ioe hae ke 


0 0 1 Ov 1 dv 
OV _ aa U4 Us 4M, 











(7) 









































Oat 2 0a " 2 Oat 
(8) eee ae Oey OM, 
00 te tat aa t* 
(11) cut. Be OMe x, 
as at ~ Dat B ba Ea 
as gat — at bat 
os ae abe ta be a et 


(16) Os _ Om 4 Om 2 Om 


Ox? 


(17) 0 Ws = Ovs 42 9m _ 2 Ov, 4M, 






































Oa* on * 3 de 8 Ox 
asp gat — 3 ae tt 
“ 3 -5- Be. 
5 a ett 


It is to be noticed that the ranges of indices and the inequalities given for (4.8) hold for 
the above system of equations. 
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ef] Xin | Xin | Xin | Xia | Xen | Xen | Xen | Xam | Near | Kea 
ee a | | | | —p | —2d| —2¢ —y |—23f| —¢ 
ee 
ce 
| 4 ; | | a] | | 2a | | 2b | Qe 

Table I. 


There are 40 equations in the system (7c), but not all of these equations are independent. 
In fact, if we multiply through by g@? gv? and sum on the indices a, 8, y, 0 we find 


(7e) 29°? Xeug ina gf Xepe: 


where Xue has been used to denote the left member of (7c). In Table I the matrix of 
the coefficients of the terms containing the quantities Xopi in (7e) is exhibited; provided 
g'* is not zero we see that the system (7e) can be solved for the quantities X,,,. Hence 
the four equations 


























































































































Xai = 0 
will be omitted from the system (7c). 

1 2 3 4 5 6 7 8 9 10 11 12 138 «#14 15 16 17 1g 19 20 
| «,B | Uy | ta Us | We | ts | Ue | v4 |v | Us | % | Us | Ve | U1 | Us | Ww; We | Ws we | | w| 
ate lel eee | ley 
yest Uh od GRE WB Ss. SE se. oe nn es 
a 2, | @ |— a|—e i—d|—e| 2b y\i—fi | 
COO 
seal || | fel | [eetey | Paeeal-e-v 
cD SRE SORE MOMs ee 
71,1] 8 |2d/2e} 7 jaf;a} | | | rey hf = 
oo 
148, [9 fl | adel | TT | feetret | [| 
10] 1,4 | —a —i—~ | | 'B —e—2a| | | —2d) y — | 

Table II. 


If we write equations (7c) in the form 


gv? Iup,yd 
0a® 


= * 


for a fixed value of ¢ the matrix of the coefficients of the derivatives 0 Iupy g/ dx® is 
’ 


exhibited in Table II; in this table the indices «, 8 give the row, and any element is the 
coefficient of the derivative of the unknown at the top of the column in which it appears 
When ¢ = 1 only the first six rows are to be considered, and this set of equations can 
be solved for the derivatives 0 u,/0x' provided « is not zero. When e = 2, 3, 4 it will be 
possible to solve the corresponding sets of equations taken from (7c) for the derivatives 
du,/Ox* and Ov,/da* where o = 1, ---, 6 and t = 1, 2, 3,4 provided the determinant 
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formed from the first ten columns of Table II does 





not vanish. Expanding this determinant in terms = ———~ —, 
of fourth order minors formed from rows 3,5,6, | — ® | |—7 | 2 bo | 
10 we see that it can be factored into a*(@B—a*) | __g/_y» | | 9d | : 


and a sixth order determinant indicated in Table II, §|———;—-—-|-—- 
no regard being paid to algebraic sign. — | 
When use is made of Laplace’s expansion in | b '—a!| p |—d| 





terms of third order minors it is found that the 











determinant of Table III can be written ~ | Sonat hoe d 
Table III. 
e a bt 
—2ia gp dad 
bd y 
Hence if the quantity 
igt g/g og gl 
(21) 20")* gn gs| |" 9? 9” 
" |g* g™ g”™ 














does not vanish the system of equations (7c), excluding the dependent equations X, a = 0 
can be written in the form 


(7f) hic = Do se+ Do at +%, 
0 Ue 
Oa 
0 vg 
Oa? 
0 Ue 
Oa® 
vg 
Oat 
0 Ue, 
Oat 
Ovg 
Oat 


0 Ow, 
(7g) = D9 set lToztt+, 


0» 0 
(7h) = Lo set VOzlt+*. 


(7i) = 2(9) — © + Saat s+, 


where «, y=1,---,6; B=1,---,8; S=1,--+,4; ¢€=5,---, 8 Equations (1) to (14) 
can be used to eliminate their left members from the right hand members of (7f) and from 
the resulting equations eliminate the left members of (7g), (7h), (7i). Thus (7f) is replaced 
by a system (F') having no derivatives of Iep,yd with respect to x' on the right and also 
no left members of the systems (7g), (7h), (7i). Equations (15) to (20) can be used to 
eliminate their left members from the right members of (/') and (7 g); then use equations (7h) 
and (7i) to eliminate their left members from the resulting equations. Thus (F’) and (7g) 
are replaced by systems (g) and (G@) respectively such that the system composed of (9), 
(G), (7h), (7i) is solved for its left members and contains no left members of equations (1) 
to (20) on the right. Hence the systems (@), (@), (7h), (7i) can be used to eliminate 
their left members from the right hand sides of equations (1) to (20) and we have the 
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combined system (7c) and (7d) solved for as many derivatives as there are independent 
equations in the system. Furthermore adopting the notation 


* 7. 4 . 
Bu ™ U1, U2, Us, Us, Us, Ue, Vi, V2, Us, U4; 
Bis ~ wi, We, Ws, Ws, Ws, We: 

* 

Bu ~ Us, Ve, V7, Us 


the combined system (7c) and (7d) can be replaced by one of the form 
m 
a 


l 


tad 
se 
1,- BE 








I i ll 


0 Bin y 0 Bre 
(7}) ae a He 





Hn 


where Bi = 4, BY —6, B= 10. It is also evident from the method used in eliminating 
the left members from the right hand sides of the two systems that the inequality r= « 
is satisfied and hence the system composed of (4.10), (4.11) and (7j) is regular. 


§ 8. Identities. Conditions for Complete Integrability. 


A system of partial differential equations of the form (2.1) can be replaced 
by a system of the form 





k=1,-- 
(8.1) Xnj = 0 Vik — Fy” Op 4 y — 0, Z mee 
da 02? ; = ],....k 
y = 2, ’ . 
provided the coérdinate system is non-singular. The index 7 is subject to 
the conditions g<7 =¥7. It must therefore be possible to put equations (2.1) 
in the form 


0 ee 


(8.2) Zu = Ve! Gar — bee! Fig’ 3 5 te = 0, (2 =1,--+, D, 


where L = kw, and the matrix of the quantities b% (x, v) is non-singular, 
i.e, the Z are identically equal to the left members of (2.1). If the system 
(8.1) is completely integrable the set of equations 

» OXinj OXm Ljsk 
am dat = a ee 
must be satisfied identically when the left members are expressed in terms 
of the parametric derivatives determined by (8.1), i.e. there must exist 





A= = wr C(k, 2) 
=2 
equations’® of the type 
OXiKjy aa uiiye 0 XiKs 
(8.4) 0a! +s 8B 
where J, J, K have the same range as 7, j,k and B>K, these equations 


being satisfied identically in consequence of (8.1). The quantities M are 
functions of x* and vx. 





= 0, 





'S C (k, 2) is used to denote the number of combinations without repetitions of k things 
taken 2 at a time. 
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Conversely suppose that there are 4 independent equations of the form 


a= 1 A 
0 Ze ; 
(8.5) Ag” = 0 (« 4 eT 1} 
0x4 
d=1,---,.m 
which are satisfied identically in consequence of Z, — 0; the rank of the 
matrix of the quantities /(~, v) therefore has its maximum value A. If Wwe 


make use of the relations 





Lae = Y Xixj ’ 
the equations (8.5) can be written 


(8.6) Ad Oe 64°28 4D Xaj = 0. 


The indices c, d run from 1 to » and the system (8.6) possesses the property 
that it is satisfied in consequence of Z. = 0, i.e. Xuxj = 0. Since the 
matrix of the quantities be’ 55 is non-singular the equations in (8.6) are 
independent in the derivatives 0 Xix,;/dz!. If the equations (8.6) are to be 
satisfied identically in consequence of Xi; — 0 the coefficients of the 
second derivatives of the unknowns vj, must vanish identically. The 
system (8.6) can be written 





ad ,ikj sc 0? winx y ij par xe 0? Upq pane 
(8.7) Ag be i Fj Sree 1 ¥ = 0. 
Since r>q and j < k, it is evident from the form of (8.7) that 
(8.8) Aa" ve! 6, 4+- 45" 0 84 = 0, 


where /< 7 < k. Consequently the equations (8.6) can be written 
ad ,ikj gt ([OXxy OXna a ikj sp 9 Xizj 
(8.9) Ae" Ut 0y( “Se — Aa) + goto og 2 + SX = 0, 


where i<j Jk and B>k. Suppose that the matrix of quantities 
Ag pit) 61, is singular; it follows that (8.9) can be replaced by a system 
which contains at least one equation of the form 











(8.10) wins 28s + Sx = 0 (>). 
By differentiation of the system (8.1) we obtain 

0 Xixj 0? Vix 07x r <r2 1) 
8.11 — me ge om NOS ba J}. 
mat) 8 a8 Oa bab Fil yor a8 t* = B>k>J 


By the method used in a former paper,!® equations (8.11) can be replaced 
by a system of the form 





* aie cit., pn p. 246. 
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( r ss 0" vik MS woe 0” Upa ( Y, + 
_ Vous = Fah oq) — Pel par ae + = B>k > jl’ 


where the indices i,k, 7,8 have the same range as in (8.11). Itis to be 
noticed that throughout this process the equations obtained by differentiation 
of (8.1) with respect to a’ where 7 < k are not needed. Furthermore 
relations of the form 
OXny 
0 x8 





= Dia” Yixsp 


must be satisfied where the matrix of the quantities D is non-singular. 
Hence (8.10) can be written 


(8.13) N™*? Ding? Yixee+> X = 0. 


However from the form of (8.12) it is clear that the equation (8.13) 
is not identically zero in consequence of X = O unless the coefficient 
nib Diigo is identically zero. This implies that the quantities N are 
all zero and hence that the equations (8. 6) are not all independent. There- 
fore the matrix of the quantities 7 od yy ot in (8.8) must have a non- 
vanishing determinant from which it follows that (8.3) are satisfied in 
consequence of Xiz,j = 0 and 0 Xxj/02°(8>k), i.e. the system (8.1) is 
completely integrable. 

Hence a necessary and sufficient condition for complete integrability of 
(8.1) is that there exist independent identities of the type (8.5) equal in 
number to the number of integrability conditions of (8.1). That there 
cannot exist more than A independent identities of the type (8.5) follows 
from the form of (8.9). The existence of A’, (A’> A), independent iden- 
tities of the type (8.5) would lead to A’ independent identities (8.6). Since 
there are only A distinct left members of (8.3), it follows that (8.9), which 
is equivalent to (8.6), could be replaced by a system containing at least 
one equation of the form (8.10). The above argument shows that the 
quantities N must be identically zero, i. e. equations (8.6) or in other 
words (8.5) would not be independent. 


As an application of the theory of this section consider the system of equations 5 (a) 
together with a system of the type (5.5), i.e. 


; a = 2,3,4 
i tM suahme, (FEEL) 
\é = 1,2, 8,4 








The above system 8 (a) can be solved for 


Oha Ohs Ohs Ohs Ohi Ohi 


Ox'’ Ox!’ Oa?’ Oat’ Oa?’ Oat 
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from which it follows that there are 16 integrability conditions arising from 8 (a) alone. 
By differentiating the equations 8 (a) with respect to a” and permuting the indices «, 8, 7 
cyclically and adding the three equations thus obtained, we arrive at the system (5.3), i. e. 


8 (b) hij,n,0-+ his,5 + Ats.x — 2 [hy Ant huc Ayn t Ane hey] = 0. 


where the indices j, k, / have the sets of values 1, 2,3; 1, 2,4; 1,3, 4; 2,3,4. Equations 8(b) 
form a set of 16 equations of the type (8.5) which are satisfied identically in consequence 
of 5 (a); in fact 5 (a) is but a different form of 8(b). From 5(a) we see that there will 
be four more integrability conditions or 20 in all for the combined system 5(a) and 8 (a). 
Denote the left members of 8 (b) by Xhu and consider the four equations 


8 (ce) Xmas + Xia.s + Xia + > ==. 9, 


where the comma denotes absolute differentiation. It can be shown that equations 8 (c) 
are satisfied identically in consequence of 8 (a) and 5(a). Hence the system of identities 
8 (c) and 8(b) numbering 20 in all, insures the complete integrability of 8 (a) and 5 (a). 
When the system of field equations 
Ay hj, x = Q, 


|see Proc. Note III], is combined with the system 5 (a), a regular system (3.3) Proc. Note III 
is obtained [that (3.3) is regular follows from the fact that all derivatives with respect 
to x' appear on the left]. The 8 integrability conditions arising from (3.3) Proc. Note II 
taken together with the 16 conditions arising from 8 (a) make 24 in all. The corresponding 
set of 24 independent identities involving derivatives of the left members of the system 
is made up of equations 8 (c), 8 (b), and the equations (3.4) Proc. Note II, the latter stating 
that the divergence of the left members of the field equations vanishes identically. 


§9. A Sufficient Condition for Complete Integrability. 


To find a set of identities (8.5) which will insure complete integrability 
requires considerable work in the case of certain systems of differential 
equations. This difficulty can be met in some measure at least by use of 
a sufficient condition for complete integrability given by one of us in 
a former treatment;?° this condition for complete integrability can be 
applied with facility to a large class of invariantive systems and in 
particular to the type of invariantive system which serves as field equations 
in the theory of relativity. In this section we shall consider this method 
of establishing complete integrability from the standpoint of the present paper. 

In §7 it was noted that a certain number MU of the equations (7.4) may 
be linearly dependent on the remainder of (7.4) in consequence of the 
equations of the system (4.5). Let us express this dependence as follows 


(9.1) >> (yee +% == @ (M equations). 


From the theory of § 3 it follows that a codrdinate system can be found 
in which (9.1) can be put in regular form, i. e. can be written 


** loc. cit. Ann. (1), p. 690 et. seq. 
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. k 1,---,n ' 
(9.2) S2e Fit 4+9, («= 1,---,8 I], 
| 8 ant dx ' 

i=1,---,M 
where M = kM. From the fact that (9.2) is regular it follows that 
all derivatives of order r of the left members of (9.2) vanish in consequence 
of the vanishing of the components 7’, all derivatives of components 7’ of 
orders 1 to r inclusive, and the remainder of the derivatives of the com- 
ponents 7’ of order ++1.7". Now set up the following condition with 
reference to the numbers 4; which arise in the system (7.5).?” 
Conpition IVA. The numbers A; are such that 





17 
As = 4gQ—N+D> Me, 
z= 


A; = A—M, (¢ = 1,---,n—1), 
Mn-1 — 0, M, = 0.73 


n—2 


Since > A; is equal to > Ai, it follows that An — N when use is made 
0 0 


of Condition IVa. A comparison with the set of conditions given previously™ 
and the related discussion, shows that if Conditions Ik, III, IVA are satis- 
fied, the combined system (7.5) and (4.7) will be completely integrable. 

Conditions similar to IVA can be applied to invariantive systems of the 
metric and vector types. 

As an illustration of the use of this method the reader is referred to 
a proof that the system of equations (7j) together with (4.10) and (4.11) 
is completely integrable, Joc. cit. Ann. (1), p. 713; also Ann. (2) p. 725. This 
enables us to state the following 

EXISTENCE THEOREM. Let 





mE lato, 
Pim \X pty a) i = i, -, Bal 
and 
m = 0,1, 2,3) 
ot 44+, 
Wim (a ; , x) ’ = 1, ---, Ym) 


"1 Cf. loc. cit., Jour. p. 246. 

*2Tt is immaterial whether or not the coérdinate system (x) to which the system (9.2) 
is referred is identical with the codrdinate system (x) to which (4.6) is referred. 

*31Tt may be noted that M,-: = 0 follows from An—; = An—1 — Mn—1 since An—1 = 0 
and the Aj? and M; are zero or positive. 

oc. cit., Ann. (1), p. 690. If Conditions If, II%, IV% are satisfied, it follows that 
Conditions I-V in Ann. (1) are likewise satisfied; Condition I, Ann. (1) is equivalent to 
Condition IIx; Condition II, Ann. (1) follows from the fact that (9.2) is regular; Con- 
dition III and IV, Ann. (1) follow from Condition IV{; Condition V, Ann. (1) is equivalent 
to Condition Ix. 
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af 


enote functions of the variables x™*), ---, x* analytic in the neighborhood 
: y Y 


of a1 = p* such that gim(p) = (Bin)p for m = 1,2. The constants 
(gas)p = (gpe)p and (Bim)p where m = 1, 2,4 are to be chosen (1) such that 
they satisfy equations (7b), (2) such that the determinant \(geg)p| does not 
vanish, and (3) such that quantity (21) does not vanish. Then there exists 
one and only one fundamental metric tensor with components Jap (= gpa) 
each function gag (x) being analytic in the neighborhood of x' = p', which 
constitutes a set of integrals of the system (7b) and which is (1) such that 
gag (p) = (gap)p and Biu(p) = (Bii)p, where 1 = 1, ---, 10 and (2) such that 


Yo = W(x", pee x’) Yim = Wim (gr! peers zx") | Bim = Pim(a™*!, eet, x") 
[? = 1, 2, 3, 4] m = 1,2,3 m=1,2 
1 =1,-++,Y¥m 1] =1,.--, Be 
gy =p’, se, om = y™ | z' = yp, oo, om == y™ 





§$ 10. Existence Theorems in Normal Coérdinates. 


It is not possible to choose a priori some of the components 73, arbi- 
trarily as functions of a part of the variables independently of the arbitrary 
functions corresponding to the components jm and at the same time to 
characterize the codrdinates as normal coérdinates y’. However the dis- 
cussion of this problem will utilize many former results. Let it suffice to 
say that in constructing the power series expansions for the components Aim 
by the use of equations (4.6) that the initial conditions Uy = = 0 at y = 0 
are to be imposed, also that the derivatives 8 Vix/ da’ at 1 y = 0 be equal 
to Aina (0) and that the higher derivatives are to be determined by equations 
of the type M(2.10).*° If the system composed of (4.6) and (4.7) is com- 
pletely integrable the power series expansions for the Aim and for the 
components Iz, will be determined uniquely for a suitable assignment of 
arbitrary data. The T series 


(10.1) Tog = (Auayoy’ + ++: 


will be shown to converge in § 11. 
EXISTENCE THEOREM. Let (4.6) be a regular system which satisfies Con- 
ditions I, and TI,. Also let 
0O<k<n—1 
gary, ---,y") ? =1,---, Ar 


where the indices i,k have the same range of values as the indices of the 
components Aix (k +n), denote a function of the variables y*+1, ---, y” 
analytic mn the neighborhood of y' = 0 such that gix(0) = (At) for all 


ad Ct. Jour. p. 246. 
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values of the indices for which the ix are defined. Then there exists one, 
and only one, set of components Tap (== Te) of affine connection given by 
the convergent power series (10.1), which constitute a set of rig * the 
system (4.6) and which is (1) such that Ain(0) = (Ain)o where i = 1, +--+, An 
and (2) such that 

Ain = gly’, - ++, y”) | An = gix(y*t, ---, y”) 
[i= 1,---, Ad] | k =1,---,n—1 
| i =1,---, Ak 


1— 0,..., ¥§=0 


Similarly for the metric case equations (4.9) are to be used in calculating 
the coefficients of the power series expansions of the components Bim. 
ee this process the initial values gas(0) = gga(0) = f{9e0o and 

8 ges/0 y” = 0 at y' = 0 are to be imposed; also let 3° gag/d y” ay? at y= 0 
be equal to (ges yg)o and determine the higher derivatives by equations of 
the type (2.16). If the system composed of equations (4.9), (4.7), and 
(4.10) is completely integrable a unique power series 


1 ’ 
(10.2) Jap = Jag(0) + 91 Jas, yo) y yo +: 


is determined and this will be shown to converge in § 11. 
EXISTENCE THEOREM. Let (4.9) be a regular system which satisfies Con- 
ditions Ig and Ig. Also let 
” O<s<kin— 7 
P k+-1 so ens = = 
vir (YP, +=, y") ca 


where the indices 1,k have the same range of values as the indices of the 
components Bix(k +n), denote a function of the variables yi tt, ..., y” analytic 
in the neighborhood of y' = 0 such that gx (0) = (Bio for all values of 
the indices for which the yix are defined. Then there exists one, and only 
one set of components gas (= gpa) of a fundamental metric tensor, given by 
the convergent power series (10.2) which constitutes a set of integrals of the 
system of equations (4.9) and which is (1) such that Bin (0) = (Bin)o where 
/=1,---, Bi and (2) such that 


Bin = Op (y* eas y") Bix = 2 (y*+, ae y") 
[i=1,---, Bol ! k =1,---,n—1 
j=1,...8 
y= 0,---,y¥*=0 


For spaces of distant parallelism a corresponding existence theorem can 
be stated where the integrals he (x) will constitute a set of fundamental 
vectors in a system of local coérdinates z‘. In calculating the coefficients of 
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the power series expansions for the invariants hi. with the aid of equations 
(6. 4) the limited conditions hij, = 0} at 2 = 0 and oh';/a2* = = (hjxo at 

= 0 are to be imposed; the higher derivatives of the components i’) are 
to be determined by equations of the type Proc. Note II (4.2). If the system 
of equations composed of (5.4) and (5.5) is completely integrable, the power 
series expansions for the invariants 4}, and also the h';) series of the form 


(10.3) hin = Oj + hjx O)e*+--- 


will be unique; the convergence of this latter series will be proved in § 11. 
EXISTENCE THEOREM. Let (5.4) be a regular system which satisfies Con- 
ditions Tq and Ip. Also let 


Pim (gmrl,..., ze”) [’” sa Hw es, n — | | 
Sot Shar m 


where the indices l, m have the same range of values as the indices of the 
components Kim (m+n), denote a function of the variables 2, ..., 2” 
analytic in the neighborhood of 2’ = 0, such that gim(0) = (Kino for all 
values of the indices for which the yim are defined. Then there exists one, 
and only one, set of components hj; of the fundamental vectors given by the 
convergent power series (10.3) which constitute a set of integrals of the 
system (5.4) and which is (1) such that Kin (0) = (Kino where i = 1.---. K> 
and (2) such that 


Ki = gu (2", soe, aM) | Kim = 9m (2"*1, see, BM) 
[é—1,---, Ko] m=1,---,n—1 
é =1,.-., Ke 
g'=0,.--,s*=0 


The extension to functional systems can be made in accordance with the 
discussion in § 7. 


§ 11. Convergence Proofs. 


The equations (4.6) of the present theory have exactly the same form as 
the system of equations (2.7) Ann. (I) except that in (4.6) there may be 
a group of unknowns having derivatives with respect to (m — 1) of the y’s 
appearing in the left members of the system, which was not the case in 
the former treatment. It is easily seen however that this greater generality 
will necessitate no change in the convergence proof of the I series. Hence 
the reader is referred to the former treatment for a proof of the con- 
vergence of the series (10.1). Similar remarks apply to convergence of the 
expansions (10.2) but the convergence of the series (10.3) remains to be 
demonstrated. 
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Consider the system of partial differential equations. 








Om @Rim #O(K*, D) 
1 49 5 Y * me 
(11.1b) epee = WX by iy 04 OF 


in which ap, bm and mw are positive constants for which more exact values 
will be fixed later. The positive constants D and W are to be chosen 


so that ; . 
Im — 

(11.2) D= a W= ais 

where a and b are the least of the a, and bm respectively. The indices 
p,q, 4, m in (11.1) assume all possible values as indices of the independent 
components Ay» and all other indices have values from 1 to ». All 
summations in (11.1) represent the sum of all terms obtainable from the 
representative term by giving different values to the indices involved. The 
quantity « in (11.la) is a positive constant less than unity and is to be 
considered as the sum of « positive constants »,-+----+v¢. The integer « 
in the sum »;-+---+y. for a particular equation (11.1a) in which the 
values of the indices in its left member are equal to the corresponding 
indices in the left member of some equation (5.4), is to be equal to the 
number of different derivatives 0 Kp,/@2" in the right member of the 
said equation of the system (5.4). The integer « for an equation (11.1a) 
which does not correspond to an equation of (5.4) can be taken to have 
the value unity. The function F'(z) in (11.1la) is defined by the equation 


2 
rO- Tsar 
where the positive constants 2 and a, are to be chosen so that the 
expression 
(11.3) 


Q 





1— ana Pt —.- - -— an 2” 


is dominant for each derivative 8 ym/2*(h>m) of the K,, functions 
gim (l= 1, +--+, Km). Finally 


* 1 =i i 
0 (R*, 9) ee \ on p> Dq [Rg — (Rog Jo] fs Zz nm [9; ip (o)a| 


where >’ denotes a summation over all possible values of the indices 
P,4;,%,j. The positive constant @ is to be chosen later. Equations (11.1) 
constitute a completely integrable system of total differential equations. 


—l 
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Hence according to the well known theorem for the existence of solutions 
of systems of total differential equations, there exists a unique solution 
Kim (2), Bj (2) of the system (11.1) such that these integrals assume an 
arbitrary set of initial values (Sim)o and (jo. We shall choose the initial 
values so that the inequalities 


(11.4) (Bio = 4} 
and 
(11.5) (Rim)o > | (Kim)o 


are satisfied, where (jo = 94 (0) and (Rim)o == Rin (0). All derivatives 
at z’ = 0 of the integrals Rim and 95 j are then positive since any derivative 
of one of the sets of terms in the right member of (11.1) evaluated at 
z' = 0 is a polynomial composed entirely of positive terms.** In con- 
sequence of the dominant property of the function F(z) and the first 
inequality of (11.2) it follows from (11.1a) that 


R 0° 
(11.6) Rimi,-- hy (0) Pa oer (0) 9 


where /,, ---, 4s>m and the notation Rimjx....n, denotes the ordinary 


derivative of the function Rim. 
Since the right members of the equations (11.1a) are all equal, the equations 


bm 8 Rim a. bq 8 po 
(tn oz ly O02 








are satisfied for all values of the indices involved. It is therefore possible 
to write those equations of (11.1a) which have left members with indices 
corresponding to the indices of some left member of (5.4) in the form 





ORim Hh oe 1a 
7 ee GT Oe, O- 
(11.7) 


+DF@)+* ~ [1 —e O(R*, )] +a = G(K*, 9). 


where the quantity » assumes values », to v¢ so that the first summation 
in these equations denotes a sum of « terms in which the derivatives are 
taken to correspond to derivatives in the first summation in the right 
member of the corresponding equation (5.4). The reader is referred to 
the former discussion for the proof of the following*’ 








¥: Meray and Riquier, loc. cit. p. 48. 
* loc. cit. Ann. (1), p. 698. 
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LEMMA. Given any two positive constants P and Q it is possible to assign 
values, each of which is greater than P to the constants a,,---, Gn and 
bo, +++, bn such that each of the coefficients 


y La. Ya 


(11.8) i ke 


of the derivatives in the right member of (11.7) will be greater than Q. 
Choose the positive constants P, Q and 7 so that the expression 


QUI Pe... +29} 


dominates each derivative 0 pim/ az (h>m) of the Ky» functions Pim 
(J =1,---, Km) and so that 


Q{1—D PIR}, — (Wr)ol —D + (8) — GI} 


dominates each of the coefficients (hi, Kim) in (5.4) and also the terms 
in (5.4) containing no derivatives. Then choose the positive constants 
(4,°**, dm and bo, ---, db» so that each is greater than P and so that the 
coefficients (11.8) are each greater than Q; also choose the positive 
constant 9 <7. Then the coefficients of the derivatives in the right 
members of the equations (11.7) will dominate the corresponding coefficients 
in equations (5.4). If the positive constant w is chosen such that » > BQ/a 


then the quantities nw O(8*, ©) will dominate the terms in the right 
m 


members of (5.4) containing no derivatives; the quantity a is used to 
denote the least of the a’s and B the greatest of b’s. Hence it follows 
from (11.6) and (11.7) that 


(11.9) Rimi, (0) => | Kimm, (0) |, 





where h; <= m. If the indices 7, j,k in (11.1b) determine an independent 
component /j,,, then we have from (11.2), (11.5), and the fact that all 
components St}, appear in the right member of each equation (11.1b) that 


(11.10) Din (0) > | Hi.no |. 


The inequality holds also for values of the indices 7,7, k which determine 
a dependent component j,, since, in that case, hj, is merely the negative 
of an independent component. In order to extend (11.10) to higher 
derivatives we shall assume the inequalities 


(11.11) Dine, ---%,(0) > Le (0) | 
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for s<r(r=2). In calculating derivatives of second or higher order of 
the components Kim from equations (5.4), we use a process of differentiating 
equations (5.4) and eliminating derivatives from the right members of the 
resulting equations, which also appear on the left of equations (5.4) or the 
equations obtained by differentiating (5.4). Due to the form of the left 
members of (5.4) this elimination merely involves the substitution for 
a right hand derivative of its equivalent from some other equation®* and 
hence it is easily seen by comparing the two systems of equations, one 
arising from (5.4) and the other from (11.7), that the inequalities 


(1 1.1 2) Rim, -h, (0) => | Kimin,-- oh, (0) | 


hold where s=1,---,7; ki <m; and h;, for 7>1, is arbitrary. Com- 
bining (11.12) and (11.6) it follows that (11.12) is satisfied for all values 
of the indices involved. Now differentiate equations (5.5) (* —1) times and 
evaluate at the point 2? = 0; we obtain a system of the form 


i 
Nig te, Ke, — Niky eye, = DMG Kesey, + ¥- 


If we compare these equations with the equations which can be obtained 
by differentiating (11.1b) it is seen, due to the inequalities (11.2), (11.4), 
(11.5), (11.11) and (11.12), that 


(1 1 13) 95, x,. ° -k,, (0) a | hi. ky: ° -k,, (0) — Nis, ; -k, (0) | 
for all values of the indices involved, or interchanging indices 
(11.14) D5, ,---&, (0) = | Nij,t,---%, 0) - - Ray, --», (0)| 


Where 4, --+ %, represents any permutation of the indices jk, ---k,. Add 
together the (*-+1) inequalities obtained from (11.14) by allowing the 
indices 4, +--+ y- to assume the cyclical permutations of jk,,---, 4. The 
inequalities 


(11.15) (n+1) Ojn,.--%, 0) > |r +1) Aive,-.-n, (0) — STij,x,---x, O))| 


result and hence (11.11) holds for s = 7 since the summation S in the 
right member of (11.15) vanishes.2® This recurrence we enables one 
to say that (11.11) and (11.12) are satisfied for s = 1,2,---. Hence the 
power series expansions for the functions j dominate the ssnainaaiiian hi; j 
series with the result that the latter converge. 





*8 loc. cit. Jour. (6.5). 
** loc. cit. Proc. Note I (4.9). 








| 
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Part II. 
THEORY OF CHARACTERISTIC SURFACES. 


§ 12. Definitions of Characteristic Sur*aces. 


The point of departure in our study of characteristic surfaces will be 
the Existence Theorem in § 6 for the system (2.1). The regular form (2.8), 
which is equivalent to (2.1), shows that if the quantities pio and 0 yio/dx' 
are assigned over the surface x’ = p' and the remaining functions yj are 
assigned as indicated in the statement of the existence theorem, the 
solution v(x) is uniquely determined over z'= p'. In a similar manner 
if the functions 





ra] +, ra) P 
(12.1) Pik» pce adi yi (k = 0, = 3% a —1) 


are assigned over the » —e dimensional surface «’ = p',---, «* = p% 
and the remaining functions 9» are assigned as indicated in the statement 
of the existence theorem, the solution v(x) is uniquely determined over 
v= p',--+,a2* = p*. These remarks apply equally well to a system of 
the invariantive type. 

Let v(x) denote a solution of (2.1) and consider the system of equations 


n w a 
(12.2) = = ait (w) — ok (a) = 0 G@=1,---, D), 
where a3“ and c¥ are functions of the variables 2', ---, 2” obtained by sub- 
stituting the integral v, (x) into the quantities a%, (x, v) and ¢, (x, v) respect- 
ively. A surface Cys having xz’ = 0 as its equation will be called an n —1 
dimensional characteri. tic surface for an integral vx,(x) of the system (2.1) 
if it is impossible to .nd « coirdinate system (x) defined by the trans- 
Sormation 

(12.3) g' == g', at = fi(z}, -.-, 2%) (¢ = 2,---+, n) 





such that (12.2) can be solved for L, derivatives of the set dv"/ax' at a point P 
on the surface C,_,. If the coefficients a%. are functions of «* alone, the 
characteristic surfaces C,_1 are determined independently of the integrals vx. 
An analogous definition and remark applies to the tensor equations (3.1); 
the same is true of the invariantive systems composed (a) of the equations 
(4.3), (4.5) and (4.7) for the affine case, (b) of the equations (4.4), (4.8), 
(4.10) and (4.11) for the metric case, and (c) of the equations (5.2), (5.3) 
and (5.5) for the vector case. It is to be noted, however, that under 
case (a) the equations (4.3) and (4.5), under case (b) the equations (4.4) 
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and (4.8), and under case (c) the equations (5.2) and (5.3) are alone of 
significance in the determination of the characteristic surfaces.*° 
It follows that if the data is assigned over a characteristic surface Cy, 
of the system (2.1) or (3.1) the general existence theorem will fail to apply. 
If the equation of a characteristic surface C,—: of the system (2.1) has 
the general form ® (x',---, 2”) = 0 we can, by a transformation of 


codrdinates*" 
(12.4) x= O(2',---,2"), zi=ai (¢ = 2, ---, n) 


reduce the equation of C,-: to the form z'= 0 with res pect to the (x) co 
érdinate system. In this latter system of codrdinates x* the equations (2.1) 


become 


. ~~ — OUkK — : 
(12.5) Pu an aae + 6, = 0, (¢ == ety Mie 
where ai 
= Ox 
(12.6) an = Oh, oa. 


(12.7) W,= 0,---,;W=0 


over '—0, where the quantities W; are the determinants of order Z, in 
the matrix 














—*1 —*1 
11 Aiu 
(12.8) peta Paina baie Sot oe ; 
—*1 —*1 
all ALw 


in which the ai’ are obtained from the quantities aj.’ by the transformation 
(12.6). The property (12.7) will persist under coérdinate transformations. 
In fact we have 

(12.9) ah. = af, O, 


d 





*° Several definitions of a characteristic surface of a system of equations have appeared 
in the literature. Cf. Cartan, loc. cit., (3); also N. M. Giinther, On the theory of characteristics 
of systems of equations with partial derivatives. St. Petersburg (1913). The above definition 
has the advantage that it applies to invariantive systems as well as systems in which the 
unknowns are scalars. 

*! The statement that equations (12.4) define a transformation of coérdinates implies that 
the jacobian determinant of these equations does not vanish identically, i.e. that 0@/0x' 
is not identically zero. If such were the case we could, by a relettering of the variables (x), 
cause the derivative 0®/8x"' to be different from zero; then the system (2.1) or (3.1) could 
be referred to the new set of variables. 

3* 
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since the a%, transform as the components of a contravariant vector in 
the index « yee the derivatives ®, of the function ® are the components 
of a covariant vector. Hence the corresponding terms in (12.8) and the 
transformed matrix 


WO, + aS D, 
(12.10) 
art ®,, oes a @, 














are equal at any point P in space; the determinants W;(¢ = 1, ---, 7) in 
the transformed matrix (12.10) therefore vanish over ® = 0. 

Conversely suppose we have a surface ® = 0 such that W,; =0,---, W,=0 
over 9 = 0. ae the transformation (12.4). Then because W, — == @, 
W, = 0 over x'=— 0, it is impossible to solve the system (12.5) for L, 
derivatives 0v,/0z'. Under transformations of the type (12.3) namely 


(12.11) z= 2, gi = fi(@,..-, 2) (i == 2, +++, n) 


we have from (12.6) that a}, = a@},; hence no codrdinate system (%) can 
be found in which the system 2. 1) can be solved for Z, derivatives 0 v;/dz' 
at a point P on z<'=—0, i.e. ®—O is an (mn —1)-dimensional charac- 
teristic surface C,-1. In other words a necessary and sufficient condition 
Sor the surface 9 = 0 to be an (n —1)-dimensional characteristic surface Ch—1 
Sor an integral v(x) of the system (2.1) is that all the determinants 
Wii =1,---, r) of order L, that can be formed from the matrix (12.10) 
vanish over O= 0. 

The above discussion concerning the system (2.1) and its characteristic 
surface C,-1 is likewise applicable to the equations (5.2) and (5.3) of the 
vector invariantive system composed of (5.2), (5.3) and (5.5) and in fact 
a corresponding necessary and sufficient condition for the surface 9 = 0 
to be a characteristic surface Cy: of the vector invariantive system (5.2), 
(5.3) and (5.5) can be stated. It is obvious that the quantities W; whose 
vanishing constitutes the condition for the surface ® = 0 to be a charac- 
teristic surface C,-1 of the system (2.1) are differential parameters since 
in fact each of the elements of the matrix (12.10) is a differential para- 
meter; an analogous remark applies to the vector invariantive system.* 





**The observation of this fact is facilitated by noting that (5.2) has the particular form 
Oj, x 
2 (igs) ht =e + = 0 


in which the coefficients (h},-) hi’ are linear and homogeneous in the components hy and 
the index « is to be summed as indicated; hence the coefficients (h},-) hi have the contravariant 
vector transformation in the index « and so correspond exactly to the coefficients a% in (2.1). 
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A surface Cra having x! = 0, ---, «* = 0 as its equations will be called 
an (n— @)-dimensional Desitetinliit surface of type 8 where 8 = 1, ce 
for an integral vz of the system (2.1) if it is impossible to find a nahn 
system (x) defined by the transformation 


(12.12) ai = x! (¢@=1,---, @); xi = fi (x', ---, 2”) (j=eat+1,---.n 
such that (12.2) can be solved for 





L, derivatives: - = 

Ox 

; . 0 Vk 
L-1 derivatives: —— 5"; 
Ls derivatives: 9 UK 
0x8 


but possible to find a codrdinate system (x) defined by the above transformation 
such that (12.2) can be solved for 





— OK 

L, derivatives: <** 
Ox 

L derivatives: a 
ie 6 xb 


at a point P on the surface Ch—a. 

The characteristic surfaces C,-« of the tensor equations (3.1) can be 
defined in a similar manner by replacing the above derivatives by the 
derivatives 

aT aT 
gatt***s Sop 





and the equations (12.2) by the corresponding system determined by (3.1). 
When the data is assigned over an (nm — «)-dimensional characteristic 
surface Cy-« the general existence theorem for the system (2.1) or (3.1) 
will fail to apply. Analogous definitions and remarks are to be understood 
to apply to the affine, metric and vector invariantive systems. 

Now consider the matrix 


*1 *1 xo 
Ay, °° * Uy On + Gy ‘\| 





~ (12.13) 
| ari + * Oy aT °° Ge | 


which for brevity will be denoted by ||a%*||. We observe that the matrix 
||a%“|| is composed of the @ matrices in the parentheses in (12.13); the 








38 T. Y. THOMAS AND E. W. TITT. 


first of these matrices in parenthesis will be referred to as the first sub- 
matrix of (12.13), the second as the second sub-matrix, etc. Let us denote 
by Zs any determinant of (12.13) of order 


8 
se = ane 
where 8 = 1,---, @ that can be formed by selecting L, columns of the 


first sub-matrix, Z, columns of the second sub-matrix, ---, Lg columns of 
the Sth sub- matrix of (12.13); particular determinants fal, will be denoted 
by 5,,, &,,, etc. The condition that the equations z' = 0,---,a* = 0 
shall define an (x — «)-dimensional characteristic surface C,_ —« Of type 8 
for the system (2.1) is that there exists a determinant =,-1 which does 
not vanish but that all determinants =, shall vanish over this surface. 
More ened a necessary and sufficient condition that O' = 0 where 
i = 1,---, @ should define an (n— @)-dimensional characteristic surface 
Cn—« of on B is that there exists a determinant 53-1 in the matrix 
\| ai’ DG|| which does not vanish where DY denotes the partial derivatives of 
Dd" (w= 1,---, @) while all determinants Zg in this matrix vanish over the 
surface D' = (0. This extends the previous condition for 1 —1 dimensional 
characteristic surfaces; an analogous condition can evidently be stated for 
the vector invariantive system composed of (5.2), (5.3), and (5.5). 

Let us now consider an affine invariantive system (4.3), (4.5) and (4.7) 
or a metric invariantive system (4.4), (4.8), (4.10) and (4.11); let us in fact 
represent either the equations (4.3) and (4.5) or the equations (4.4) and 
(4.8) by writing 

n 
(12.14) > yr ae jo we 


a=1b= 


where the coefficients 7 are functions of the components Abyd in the affine 
case and functions of the — Jag 204 Jegyg in the metric case; 





the quantities J, where ) = 1,---,Q are independent Abyd OF Jap, yd 
in the affine or metric cases aanubeis ” 
If z' = 0, x* == 0 is an n—e dimensional characteristic sur- 


face Cr—a of iow B ae &8=1,---,o of an affine or metric invariantive 
system, this implies that the determinants 3g of order 4, in the matrix 


In --- Iq ee % \| 

(12.15) ‘eee a | 
| 

1 


, oa cy ante 
| \Tiw-+- Lew Iiw:-- Tow 





*° For the values of @ in the affine and metric case, see loc. cit., (11) p. 202 and p. 660. 





7 
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in which W represents the number of equations (12.14), vanish over the 
surface x’ = 0, ---, «* = 0 for an integral of the system (12.14) but 
that there exists a determinant 53; which does not vanish over this 


surface. Now let U,, ---, Um denote a set of irreducible factors of the 
determinants =, in (12.15) such that the vanishing of the U,, ---, Um 


implies the vanishing of all determinants =s. Make an arbitrary trans- 
formation of codrdinates: at = ®* (x) and replacc each component appearing 
in the U;, by its value in accordance with the tensor law of transformation. 
Thus the components 43,4, Jug, Jap,yd Will be replaced by expressions 
which are linear and homogeneous in Abyds Jap ANA Jug yg Yespectively 
and rational in the derivatives 0 @*/dzx" of the codrdinate transformation.** 
Hence we shall have 


= a! am 
Affine case: Ux(A3,3) = x (45,03 ogi” ak 
. em 0M ap" 
Metric case: Uk(9ess Jup,ys) = Ye (Fag Jap, yd; pat? '''? pan ). 


It is obvious from their method of formations that the functions 7, are 
differential parameters. If the U; vanish over the surface x' = 0, ---, «* = 0, 
the parameters 4%, will vanish over the surface ®' = 0, ---, Of = 
and conversely. Hence, a necessary and sufficient condition that the equations 
@' = 0, ---, O* = 0 define an n—«e dimensional characteristic surface 
of type B for an integral Igy or gag of an affine or metric invariantive 
system respectively, is that (1) there exists a differential parameter & corres- 
ponding to a determinant 53-1 in the matrix (12.15) which does not vanish 
over O' = 0, ---, O* = 0 and (2) that all the differential parameters WV, 
vanish over the above surface. It should be observed that in stating the 
above condition we suppose that the jacobian determinant of the functions 
@', ..-, ® occurring in the differential parameters ¥,, does not vanish 
over the surface O' = 0, ---, O* = Q; also it can be supposed that 
the functi.ns @*, etc. with which we are concerned in the above necessary 
and sufficient condition are referred to codrdinates (x) instead of the co- 
érdinates (x) as originally considered. 


§ 13. Differential Equations of the Characteristic Surfaces. 


The conditions obtained by equating to zero the differential parameters 
=, formed from the matrix || a*? ®* ||, namely 





*tThe denominators of these rational expressions in the derivatives 0 ‘/0z* will be 
the jacobian determinant of the above codrdinate transformation and hence will not vanish 
identically. 


H 
; 
=! 








|| 
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(13.1) Ep, = 0,---, =, = 0 
over @' — Q, ---, O* = 0 constitute a system of first order partial differ- 


ential equations for the determination of the « independent functions ®/, When 
the functions ®/ are so determined, the equations ®'— 0, ---, O* = 0 
define an »—« dimensional characteristic surface C,—« of type & for the 
integrals vz(x) of the system (2.1) provided that there exists an expression 
Zs: which does not vanish over the above surface. Analogous remarks 
apply to the case of the vector invariantive system composed of (5.2), 
(5.3), and (5.5). Similarly the equations of type 


(13.2) y= 0, ree, v,, = 0 


over @' = 0, ---, O* = 0 determine the n——e« dimensional character- 
istic surfaces C,—« of type & of the affine and metric invariantive systems; 
in case the above equations (13.2) do not possess the required solution, 
the surfaces C,—« will fail to exist. 

The above characteristic surfaces C,—« will have a unique determination 
in space if and only if the coefficients aj in (2.1) or the coefficients Jf. in 
(12.13) are independent of the integrals of the corresponding systems. 

If the functions ®/(x) satisfy the partial differential equations (13.1) 
over the entire x-space, then the equations 


@o' — c', tesy oe — °@ 


in which the c’s are arbitrary constants within suitable limits, define 
a family of characteristic surfaces C,-« of type 8. A similar remark can 
be made for the equations (13.2). 


§ 14. Sets of Moromials. 


The theory of monomials here presented contains as a special case the 
theory given by Janet® in an exposition of Riquier’s work. Only proper- 
ties of monomials will be considered which are essential in the discussion 
of existence theorems yet to be treated. 

By a monomial is meant the product 2{! --- x in which the exponents 
(y, ***, Gm are positive integers or zero.®> As the basis of the following 
discussion we shall consider a finite set (Z) of monomials; the monomials 
of (1) will be supposed to be distinct. Any particular monomial of the 
set (M) will be denoted by M, M, etc. and an analogous notation will 
be used for the monomials of other sets which will be introduced in the 
following discussion. 


*° Throughout this section and also throughout §§ 15-18 the notation Hiyeee, en in- 
volving subscripts will be used for the codrdinates. 
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The above set (Z) will be divided into two mutually exclusive sets 
(L) and (K). The following definitions apply to the sets (Z) and (K) 
respectively. 





ITue Ser (Z)| 





(a) Multiple. The monomial L: xf!--- x%" is a multiple of L: ai! ... a” if 
none of the differences 
(14.1) (a, —b,), ets (an — bn) 


is negative. 

(b) Multiplier. The variable 2, is a multiplier of L if the degree of 2, 
in L is equal to the maximum of the degrees of x, in monomials of (J/). 
Similarly x2; (¢ = 2,---,m) is a multiplier of 


rr o Oo; G,; o 
: Pe oie —1 wl om 
L af | M1 % vy 


if o; is equal to the maximum of all degrees of the variable 2; in all 
monomials of (J/) having degrees in 2,, ---, aj—1 equal respectively to 
the particular values o,, ---, o;-1 in L. 7 

(c) Non-multiplier. If x; is not a multiplier of a monomial Z it will be 

called a non-multiplier of L. 
|THe Set (K)| 
Let « have any one of the values 0, 1,---,2—1; when the value of 

« has been selected it will be held fixed throughout the discussion of this 

section. 

(a) Multiple with respect to a. The monomial K: x‘! --- a is a multiple 
with respect to « of K: a tee ane if the first @ of the differences (14.1) 
are zero and none of the remaining is negative. 

(b) Multiplier with respect to «. The variable x; (i = «+1,---,n; @>1) 
is a multiplier with respect to @ of 








Tn 


i) 


7a tT. T; T; 
K: x," eee xi x; oe £ 


if c; is equal to the maximum of all degrees of the variable 2; in all 
monomials of (M) having degrees in 2, ---, xi-1 equal respectively 
to the particular values 7,,---, t:-1 in K. If « =O, the multipliers 
of K are determined as though this monomial were a monomial L. 
(c) Non-multiplier with respect to a. If a(i=a+1,---, n) is not a 
multiplier of a monomial K it will be called a non-multiplier of K. 
(d) Variables a,,+--,x2e. The variables x,,---,%« will be neither multipliers 
nor non-multipliers with respect to « of any monomial K. 
For brevity in the following discussion the above phrase “with respect 
to «” will be omitted since it is to be understood that the value of a, 
when once selected is to be held fixed throughout this section. It should 
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be noted that if « 0, the above definitions regarding the set (K) become 
identical with the corresponding definitions for the set (Z). 


The following example will serve to illustrate the above definitions. Let « = 2. 








Monomials Multipliers Non-multipliers 
or s y 2 x 

( # x 2 Zz xy 
sy - 2 oy 
zy 2 yz x 
x z 

(K) 2 sy os . « 








We shall now define n +1 different sets of monomials (N,), (Ne), «++, (Nn), 
(N;.) which together will comprise a set (VV) of monomials. The set (NV) 
will be said to be complementary to the set (M). Corresponding to the 
previous notation we will denote a monomial of (NV) by N, N, etc., 
a monomial of (N,) will be denoted by N,, M,, etc. ete. 





THE SET (NV )| 


(a) The set (N,) is composed of all monomials af where # is a positive 
integer or zero which is less than the maximum of the exponents of 2, 
in (/) and which does not appear among the exponents of 2, in (/). 

(b) The set (Ni) where 1 = 2,---,n is composed of all monomials that 
can be formed from 





0. Oo; B 
1... int 
Hy Ui %; 


by taking o,,---,o;-1 as any system of exponents of 2, +--+, 2i-1 
respectively of a monomial of (/) and £8 as a positive integer or zero 
such that (1) & is less than the maximum exponent of 2; of monomials 
of (1) of the form 


GO; 


A eo 2's C71 
Ly x 


ma... 
and (2) 8 does not appear among the exponents of 2; in these monomials 
of (M). 

(c) The set (Nx). Consider a monomial K: xf --- x which would have 
at least one of the variables 2,,---, 2 as a multiplier if all of the 
monomials of (17) were assumed to belong to the set (Z). Let 
Dy,» ***, Ly, Where 4;<a@ and a=—1,---,n—1 be the hypothetical 
multipliers of this monomial K and form the r (< «) monomials 

att... Sith... gf (G=1,---,7r). 


v; 


The totality of these latter monomials constitutes the set (Nx). For 
a = 0, the set (N;) is not defined. 


tg 
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(d) Multipliers of N,. The variables z:,---, 2, are multipliers for any 
monomial J,. 

(e) Multipliers of Ni where i=2,---,n. The multipliers of a monomial J; 
having the quantities o, --- oj, as exponents of the variables 2, ---, aj—1 
respectively are (1) the witiiins Vi+1,°**, ®, and (2) those variables 
of the set 2, ---+, 2i-1 which would be multipliers of a monomial of (1/) 
of the form 

ME ss 


q . Ly Gi—1 wie » 


* Hy 


if all the monomials of (17) were considered to belong to the set (L). 
(f) Multipliers of N;. The multipliers of any monomial 


dy +1 a 


a 
Nz: Bi +++k, Deed. 
i v 


are the multipliers of the corresponding monomial K: «ft --- «= when 
all monomials of (J/) are considered to belong to the set (Z) with 
the exception of xy,,---, %», 


‘—1° 


Let us find the complementary set to the set (4M) treated in the above example. 


Complementary sets | Multipliers 























(N;) 1 - yz 
(NY) : 
Zz 
ey 2 y 
ey 2 y 
ey y 
(Ns) a? y? 2 . 
mn? y? 
sy 
x? y 
x z#ys 
(Nx) ay L* #2 
ey? a |. 


The class (M) of a monomial M is the set of all monomials which can 
be obtained by forming the product of M and an arbitrary monomial in its 
multipliers. It is to be observed that the class (M) as so defined, contains 

4 the monomial M in case M possesses a multiplier and that in this case 
the class (MN) is composed of infinitely many monomials. Jf M possesses 
no multipliers it will be assumed that (Mt) consists of the single mono- 
mial M. definitions and remarks apply to the classes (9;) where 
i=1,---, mn and (M) corresponding to a monomial N; and N, respectively. 





OO 
dg 
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We will say that a monomial of the class (MN), (Ni) or (Nz) arises from 
the monomial M, N; or Nx as basis. To designate a particular monomial 
of the class (Mt) we will use the symbol WM, etc. The set of all classes (M) 
will be denoted by (Mt); similarly the set of all classes (9) and (Nx) will 
be denoted by (%). 

THEOREM I. An arbitrary monomial P in x41, +--+, Xn belongs to one and 
only one class (M) or (MN). 

In proving this theorem we shall assume « + 0; this is always permissable 
since by a change of notation a set (M) for which « = 0 can be replaced 
by a set (M) for which the set (K) is vacuous. In case n = 1 the theorem 
follows immediately: all monomials in (J/) then belong to the set (Z) and 
any monomial P, i.e. x* either belongs to (M) or (N) or is a multiple 
of x? where b(= 0) is the highest power of x, in (7). Hence we shall 
assume the theorem for »—1 variables and prove it for m variables 
(n>2). Let e<e<---<em be the exponents of x, in (1/) and denote 
by 4(= 1) the degree of x, in P. The induction proof will be divided 
into the following cases. 

Case 1. 4 is less than em and different from & (i<m). For this case 
P cannot belong to a class (2) since 2, is a multiplier only for those 
monomials of (Z) for which the degree in x, is em; P cannot belong to 
a class () since 2, is not a multiplier of any monomial K; P cannot 
belong to a class (M,) since x, is a multiplier only for those monomials 
of the set (Nx) for which the degree in 2, is em; likewise P cannot belong 
to a class (%,) where i= 2,---,. Finally it is evident that P belongs 
to one and only one class (2). 

Case 2. 4 is equal to en for h<m. Here P can obviously arise only 
from some monomial M/* or N* in (M) or (N) respectively for which 2, 
has the exponent 2. Dividing a monomial M* or N* by 24 let us denote 
the resulting monomial in the variables 22, ---, a by M** or N*4 re- 


spectively. The monomials Z** and K** belong to the sets (Z*4) and 


(K*4) of (M*4) for which «* = e—1 will be assumed. If a* = 0, 


(M*4) will be considered as a set (M) for which (K) is vacuous in 
accordance with the previous procedure; however the designations L* 
and K*4 will continue to be employed as indicative of the origin of these 
monomials from monomials Z/ and K* respectively. Then observe that 
the monomials V** are complementary to the monomials of the set (M**); 
also that the multipliers of a monomial M** in the set (M*4) are the 
same as the multipliers of the corresponding monomial M* in (MM); like- 
wise that the multipliers of a monomial N** in the set (N*4) are the 
same as the multipliers of the corresponding monomial N* in the set (NV). 
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Now the monomial P/z in the variables z,, ---, 2, arises from one and 


only one monomial M** or N* as basis since the above theorem is 
assumed for n—1 variables; hence P arises from the corresponding 
monomial M* or N? as basis, i.e. P belongs to the class (M4) or (N). 
If P belongs to a class (M4) or (M4) the monomial P/axh belongs to the 
corresponding class (M*4) or (M*4) respectively; hence if P belonged to 
more than one class (QM) or (M4) the monomial P/a} would belong to 
more than one class (N*4) or (M*4) contrary to hypothesis. 

Case 3. 4 is equal to or greater than em. In this case the monomial 
P can arise only from a monomial M or N in which the exponent of 2, 
is @m OY €m+1. Just as in Case 2 let us consider the sets (M**™) and 
(N**") obtained by dividing the monomials M* and N“ by a%m respectively. 
Then observe that the multipliers of the monomial M*™ in the set 
(M**") are the same as those for the corresponding monomial M in (M) 
with the exception of x, if M‘ is a monomial LZ; for the monomial K™ 
the variable x, does not occur as a multiplier. kee the monomials N** 
are complementary to the monomials of the set (M**"); the multipliers of 
a monomial N*™ in the set (N*°") are the same as those for the correspond- 
ing N“ in the set (V) with the exception of z,. Now the monomial 
P/x} arises from one and only one monomial M**" or N* as basis since 
the theorem is assumed for n—1 variables. If P/a} arises from a mo- 
nomial L*™ or N**, the monomial P can arise from the corresponding 
monomial L* or N%". If P/z! arises from a monomial K* the monomial 


P arises from the corresponding K™ if 2 = em and from the monomial 
Nye"? as basis if 4> em; if P/ad arises from a monomial N}*, the 
monomial P arises from the corresponding monomial N%m if 4 = em and 
from the monomial We"*? as basis if 4 > em. Conversely suppose P be- 
longs to any two of the classes (2), (N%), (KR), (Nér), (Nix"*) with the 
exception of two classes (St), (N%), (Née*) of the monomials K*", Ny, 
and Ne én tt respectively where Ne ™ and Ne »‘? correspond to the monomial 
K™, then P/z* belongs to two classes GH) and (*), contrary to 
hypothesis. It is easily seen that P cannot belong to two of the excluded 
classes (R), (NE) and (Rér*), 

The set (M) is said to be complete if any monomial P which is a multiple 
of at least one monomial of the set (M) belongs to the class (Mt). It follows 
from Theorem I that the multiples of a complete set (1/) are separated 
into a finite number of mutually exclusive classes, namely the classes (Qt); 
monomials which are not multiples of any M are likewise separated into 
a finite number of mutually exclusive classes, i. e. the classes (N). 











46 T. Y. THOMAS AnD E. W. TITT. 


The set (M) is said to be strongly complete if any monomial P which is a 
multiple of at least one monomial of the set (L) belongs to the class (2) 
and any monomial Q which is a multiple of at least one monomial of the 
set (K) belongs to the class (M).*° A set which is strongly complete is 
also complete; the definition of strong completeness is introduced since 
Theorem II below gives a convenient test for strong completeness while 
we do not have such a test for completeness. 

THEOREM II. A necessary and sufficient condition that a set (M) be 
strongly complete is that the product of any monomial L by one of its non- 
multipliers belongs to the class (2) and the product of any K by one of its 
non-multipliers belongs to the class (M). 

The necessity of the condition in the theorem follows immediately. The 
product of any monomial L by one of its non-multipliers is a multiple 
of Z and hence belongs to the class (2). Likewise the product of any 
monomial K by one of its non-multipliers is a multiple of K and hence 
belongs to the class (M). 

Let us prove the sufficiency condition for the case » = 1; this implies 
«=O. Suppose that e<eg<---<em are the exponents of 2, in the 
set (ZL) and d,<d,<---<d, are the exponents of x, in the set (K). 
Then the class (Qt) consists of the monomials 


ad © ¢.. a+1l a2 
(14.2) xy"; rey Hy45 Hy", ae. LH y»% 3°? 


where a is the maximum exponent in (/). But the monomials 


aft Pies open 
belong to the class (2) by hypothesis. Hence e,+1 = e,---, @n—1+1 = em 
and the exponents ¢,,---,é@m are consecutive integers. Suppose em + a, 
then x, is a non-multiplier for xf" and so x*"'* belongs to the class (2) 
by hypothesis. However upon examining (14.2) we find that if em +a the 


monomial aoe could only belong to the class (®) or (%,) and we have 


a contradiction. Hence e,,—a. By hypothesis ate then belongs to 


a class (WM) so that dg+1 =e and dj, ---, dy are also consecutive integers. 
A set of monomials of this type is easily seen to be strongly complete. 

In order to prove the sufficiency condition for »>1 we assume that 
every product of an Z by any one of its non-multipliers belongs to the 
class (@) and that every product of a K by any one of its non-multipliers 
belongs to the class (Mt); then we show that (1) the product of every 
monomial Z by an arbitrary monomial in 2,---,2, belongs to the 





°° When « = 0, this definition introduces a distinction between the sets (LZ) and (K). 
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class (2) and (2) the product of every monomial K by an arbitrary monomial 
in’ %e+1,°**,%n belongs to the class (Mt). Let us assume the theorem 
for m—1 variables and prove it for variables. . 

Again denote by M** the quotient of M4 by «+. The monomials L** 
and K** will belong to the sets (Z*4) and (K*4) with a* = a—1 for 
«>1 and «* =0 for «=0. Then those variables x2, ---, x, which 
are multipliers or non-multipliers for * in the set (7) are precisely the 
multipliers or non-multipliers respectively for M** in (M**). Hence the 
product of any monomial &*4 of the class arising from L* in the set (/**) 
and a belongs to the class (@4). Similarly the product of any monomial &*? 


of the class arising from K* in the set (1/*4) and ah belongs to the 


class (R*). By assumption the product of every Z/ by one of its non- 
multipliers selected from z2,---, 2, belongs to the class (&); this product 
vg I’ is of degree 4 in a, and hence must belong to a class (24), i.e. 
the class arising from a monomial I in (M). Hence 


ah 2, it ae ah p L*}, 


where p is a monomial in multipliers of L** in the set (M*4). That is 
(1) the product of a monomial Z** by a non-multiplier of Z** in the 
set (M*4) belongs to the class (@*4) of a monomial L* in (M*4), 
Similarly the product of K’ by one of its non-multipliers xp belongs by 
assumption to the class (MA). Hence 


de,“ _ at p M*?, 


where p is a monomial in multipliers of M* in the set (/**). That is 
(2) the product of a monomial K** by a non-multiplier of K* in the set 
(M*4) belongs to the class (Me*A) of a monomial M* in (M*4). By 
assumption for »—1 variables it follows therefore that the set (/**) is 
complete on account of statements (1) and (2). Hence we have the strongly 
product of a monomial Z** by an arbitrary monomial in zs, ---, 2» belongs 
to the class (Q*4); that the product of a monomial K**, with « = 0, by 
an arbitrary monomial 22, ---, xn belongs to the class (M*4); that the 
product of a monomial K*4 with « > 1 by an arbitrary monomial in 
Tati, +++, Xn belongs also to the class (M*4). Thus we have proved 
that for « >1 a multiple of a monomial K belongs to the class (MN), that 
the product of a monomial K, with « = 0, by an arbitrary monomial in 
%2,+++, mn belongs to the class (QM), and that the product of a monomial L 
by an arbitrary monomial in 22, +++, Xn belongs to the class (2). It remains 
to prove that the products of a monomial L and a monomial K, with 














48 T. Y. THOMAS anp E. W. TITT. 


a =0, by an arbitrary monomial of degree @ (> 1) in 2, belong to the 
class (2) and the class (Mt) respectively. 

Now assume that the product of a monomial L by an arbitrary monomial 
of degree @ (> 0) in x, belongs to the class (%) and let us seek to prove 
the property for e+1. By this hypothesis the product of a monomial L 
by an arbitrary monomial of degree e+ 1 in 2 can be considered as the 
product of 2, and a particular monomial 2. If the degree of L is less 
than em the monomial 2 belongs to a class arising from a monomial L for 
which a, is not a multiplier; 2, L is therefore at most of degree em in 7. 
Hence x, % is the product of 2, Z and a monomial in a,---, 2. But 
a, L belongs to the class (2) by hypothesis since aa is a non-multiplier 


of L. Hence x, L is the product of a monomial L and a monomial in 
X%2, +++, tn. By the above paragraph the monomial 2, @ therefore belongs 
to the class (2). If the degree of @ is equal to or greater than em the 
monomial & belongs to the class s (2) arising from a monomial . L for which 
a, is a multiplier and hence x, & belongs to the same class (2). In other 
words we have proved that the product of a monomial L by an arbitrary 
monomial belongs to a class (¥). The argument used here can be applied 
without modification to show that the product of a monomial K, with 
a = 0, by an arbitrary monomial belongs to the class (Mt) and the 
theorem is proved. 

Upon examination of the set (MZ) in the above example, one finds that the monomial 
x y*z? does not belong to any class (Wt) and hence the set (M) is not complete. 


The following example exhibits a set (M) with «1 which is complete but not 
strongly complete. 











Monomials Multipliers | Non-multipliers 
zs 9 s xy ez . 
(L) . , z | er . 2 -y 
z | « ee x Yy 
(K) a2 y | +2 | 


It is evident by inspection that the above set (M) is complete. The requirement that 
the product of L by a non-multiplier belong to (2) would mean that the monomial x y?z 
would belong to the class (2); however the monomial x y?z belongs to the class (§). 


The set (M) will be said to be normal if no monomial K when considered 
as an L, is a multiple of any monomial L in the set (L). In the appli- 
cations of the theory of monomials we shall have occasion to deal with 
normal sets (M). 

We are now going to give a procedure for obtaining a strongly complete 
set (M,) from an arbitrary normal set (J/,) such that the multiples of 
the monomials of (M,) and (M,) are identical. Those products of 
a monomial LZ, by one of its non-multipliers which do not belong to the 
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class (£,) will be added to the set (Z,) to form the set (4). On account 
of the fact that (14) is normal the set (Mz) will be composed of distinct 
monomials, etc. We must show that after a finite number of such operations A 
we will arrive at a set (/,) after which no new monomials will be added 
by this process. Then form the product of a monomial K, with one of 
its non-multipliers and if this product does not belong to the class (M,.) add 
the monomial to (Kz) to form (M,+;). Let this operation be denoted by B. 

Consider the numbers 4, ---, 6, equal respectively to the maximum 
exponents of the corresponding variables 2,, ---, xz, in the set (/,). The 
operation A cannot add a monomial P: af! ---2*" with rz > 03 for any value 
of 8(=1,---,). For suppose such were the case; let x, be the variable 
v1,°++, %n for which tr, = o,+1; then we have 


P= ry L, == ay! ee ar Oe a : 


where x, is a non-multiplier of Z;. But x, is not a non-multiplier of L, 
since the exponent of x, in J, is equal to the maximum of the exponents 
of zy in (M,). Since there are only a finite number of monomials P with 
1% <6; (t= 1,---, m) we must after a finite number of operations A arrive 
at a set (J/,) after which the operations A will cease to add new monomials. 
Similar remarks apply to the operation B. 

Now consider the set (I/,) formed from (J/,) by operations A, the set (J/,,) 
being such that no new monomials can be added by further operations A. 
It is evident that the set (/.) is normal. Let us show that the property 
of normality is likewise preserved when we make an operation B upon the 
set (M,,). Suppose that the monomial 


: oh... gir... ah 
Ku: 2x, Le x, 


possesses the non-multiplier 2 and that the monomial 
Kuss: xr," Pear 6 en 7 


is added to the set (Mu) by the operation B. Let us assume that Kus 

is a multiple of a monomial Ty when Ky +1 is considered as belonging to 

the set (Zu), i. e. that the set (My+1) is not normal. Hence we have 
Lu = a vee gn (bj < aj). 


nr 


If b;< a, it follows that 2, is a non-multiplier for Ly. Since operation A 

can add no new monomials to the set (Z,,) the monomial 2 Lu must belong 

to the class (&,) with the basis 

“<¢ f b+1 < nT 

Lu: ant a ce ie | i) < bj Se aj ) 
JH 2,00 


4 
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If b, +1<«,, we repeat the process until we have finally that the monomial 
Kuss is a multiple of 7 

Le: rs vee gin (dj < aj; 7 = 2,---+, n). 
Then repeat the process for the variables z2,---, 7¢ each time comparing 
the monomial in question of the set (Z,) with monomial K, to determine 
whether or not the variable x2,---,2¢ in question is a multiplier. By 
repetition we have finally that the monomial Kus. is multiple of 

Sa 

= o+1, ah 
Let 2; be the first of the variables voj1, +--+, Xn such that (1) e-< a, and 
(2) x, is a non-multiplier for | a Then zr Lu belongs to the class (&,,) 
with basis 


3 . Dei A ee. x. St+1 eee Sn : -* }— one 
Lu: 2% Me? Xe nT Ge a, (ila; i=t+1,---,n). 


P a a, e e 
e PO ean o Ot wks n 
Lu: x, Ler Let x, (, 


A continuation of this process will show that Kus belongs to the class 


of the monomial Ly: 2{!---2%%---, where each of the variables x, of 


the set #o+1,---, %n is either a multiplier for Ly or else appears in Li 
with the exponent a,. Thus we have a contradiction and Ky+1 is not 
added by operation B. 

If a monomial Kut is added by operation B then repeat operation A on 
the set (M,,+1) until no new monomials are added by further operations; 
then repeat operation B once, etc., until finally we arrive at a strongly 
complete set (J/,). Since operations A and B add only multiples of mono- 
mials ZL and K to the sets (Z) and (K) respectively in the process of 
forming (M/,), it is evident that the multiples of the monomials of (J4) 
and (M,) are identical. 

The set (M) treated in the above example is normal. If one adds the monomials x*y*z’, 
a®y?z?, xyz? to the set (Z,) to form the set (Z») and then adds the monomial xyz to 


the set (K:) to form the set (Ks) it is seen that the resulting set satisfies the condition 
of Theorem II and hence (M3) is complete. 





Monomials | Multipliers Non-Multipliers 
x yg 2 | vy z . 
re # | zs Zz y 
sy 2? x z - y 
(Lz) gy? y> 2 | y 2z vs 
rs Z ey 
ey 2 z ey 
es # — x 
* lis re Se ee ree 
(K3) «© y 2z z 





. 
t 
2 

















. 
i 
; 





PARTIAL DIFFERENTIAL EQUATIONS. 51 


A monomial 2f'---a%" is said to be of higher or lower rank than 
a different monomial ar! ne he according as the first of the differences 
(14.1) which is not zero is positive or negative. 

THEOREM III. The product of any monomial of a complete set by one of 
its non-multipliers 7s equal to the product of a monomial of the complete set 
of higher rank, by multipliers of the latter. 

By definition the product of a monomial MV of a complete set (17) by 
one of its non-multipliers is the product of another monomial M/ of the 
set () by certain multipliers of the latter. We must show that M is of 


higher rank than M. Consider a monomial M: af --- a" and let 2, be 


the non-multiplier in question. In order that a, M be a multiple of /: 
ay! --. a" we must have +125). If M=K, with @>1, x, would 
not be a multiplier for K; thc degree of K in a, in that case could not be 
raised to a;-+1 by multiplication by multipliers of K. Hence a,-+1 = },. 
Similarly if 12 = L or if M= K, with « = 0, and if }, were less than 
a, +1 then 2, would not be a multiplier of Z or K since 2, is a multiplier 
only for monomials of the set (17) which contain the highest power of z,. 
If z= is the non-multiplier of M it follows in exactly the same manner that 


a, = bh, dg => bs, +++, Ao tl = Iu. 


By repetition of the above argument 
ees by, cate ao+1 = be; 


the monomial M is therefore of higher rank than M. 


§ 15. General Existence Theorem. 
For the purpose of ordering a system of partial differential equations 
of the form 


G,+++-+dy 
(15.1) 0 u Ou. 


i ia 





day +++ dann Fe; ™ 
we shall assign to each independent variable and to each unknown s 
successive cotes which as is well known are represented by zero, positive 
and negative integers.*7 The gth cote of an arbitrary derivative of u; is 
then obtained by adding the gth cote of the unknown % and the gth cotes 
of all variables of differentiation, distinct or not. If the cotes of a deri- 
vative z, namely C,,---, Cs are not all equal to the cotes of a derivative 2*, 
namely C;",---, C3’ then z will be said to precede or follow 2*, or to be 
of lower or higher rank than z*, according as the first of the differences 


tai. ....G—& 


* Cotes were introduced and used systematically by Riquier, Joc. cit., (5), p. 201. 
4* 








j - 
: - Pe 
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which is not zero, is negative or positive. The order which is thereby 
established among the derivatives appearing in (15.1) by the first s cotes 
is therefore not effected by assigning additional cotes. If the order of all 
derivatives of the unknowns w,,---, # With respect to variables x, ---, xp 
is not uniquely established by the assignment of the above s cotes ordering 
the derivatives appearing in (15.1), we can accomplish this by the assignment 
of additional cotes. For example, if we assign the n-++1 additional cotes 





XH Xe ++ In UW Ug -°° Ur 
s+1 0 0 012 «+. 
49 110-000... © 
s+3 0 1 000 --- 0 

stn+1/}0 0 --- 10 0 .--- O 





all derivatives are uniquely ordered. Thus, if two derivatives Dj uo and 
Dj ur have exactly the same set of s+n-+1 cotes, the equality of the 
(s-+1)st cotes implies that the functions wg and uw, are identical and from 
the equality of the remaining cotes the derivatives are identical. 

Let us say that the totality of derivatives of the unknowns %, ---, %; 
of first cote C constitutes the class C as a matter of convenient terminology. 

It will be assumed that the above system (15.1) satisfies the following 
conditions: 

(A) The equations (15.1), the unknown functions w,,---, w, and the in- 
dependent variables 2,,---, 2%, are finite in number. 

(B) The equations (15.1) are composed of two systems of equations, 
(1) the system & which holds throughout the region D: |x;|<c where 
the c’s are constants and (2) the system S which holds throughout the 
subspace D: a1 = 0,---, a* = 0 of the region D. 

(C) The equations FR are solved for certain derivatives of the unknowns u 
and the functions #' which constitute the right members of these equations 
depend on the independent variables x,,---, x,, the unknowns 2%, ---, t, 
and the derivatives of the unknowns.** 

(D) The equations S are solved for certain derivatives which are not 
left members of & and the functions F' which constitute the right members 
of these equations depend on the independent variables xe11, ---, 2% and 
the derivatives of the unknowns which are not left members of R or 8S. 

(Z) The functions F' which constitute the right members of the system 
(15.1) are analytic functions in the neighborhood of the values 


*° The term derivative is to be interpreted as including the unknowns u themselves. 











( 
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Ou 


5.2. - ‘ie Gis = SE cs LFF}... 
(15.2) zs=0, « = (a); — oe (S*) ; Tr 


of their arguments. 

(F) Cotes, s in number, are assigned to the unknowns w, ---, w, and 
the independent variables 2,,---, 2, such that (1) the first cote of each 
variable (x) is unity and (2) the derivatives of the functions (w) are uniquely 
ordered. 

(G@) The order established by the above assignment of cotes is such that 
any derivative z in the right member of an equation of the system A except 
those for which the derivative 0 F/@z vanishes throughout the subspace D, 
precedes the derivative in the left member of the equation; also any 
derivative in the right member of an equation of the system S, precedes 
the corresponding left member. 

(H) In any equation of the system # the class of the derivatives in the 
right member does not exceed the class of the derivative in the left member 
of the equation. 

It is to be noted that if a derivative z precedes a derivative z*, that 
dz/ax° will precede 02*/02°; likewise z will precede 2* if z is of lower 
class than z*. All derivatives of a particular unknown %; in the class C 
will moreover be of the same order. 

Let us now associate with the derivatives of the unknown w; which 
appear in the left members of the system (15.1), the set (1/;) of monomials 
a! +++ a" corresponding to these derivatives; the set (/) of (J) will be 
composed of those monomials which correspond to derivatives of w; in 
the left members of the system R and the set (Ki) of (M;) will be com- 
posed of monomials corresponding to derivatives of «w; in the left members 
of the equations of the system S. 

(I) The set (4M) of monomials is strongly complete. 

A system of equations (15.1) will be said to be normal if the above con- 
ditions A,---,I are satisfied. 

By differentiation of an equation of a normal system (15.1) we obtain 
an equation which satisfies conditions G and H. Let z* denote the 
derivative in the left member of an equation R or S and let z be a derivative 
in the right member of the same equation such that z precedes the 
derivative z*. By differentiation of this equation we obtain 


d2* oF OF 02 
15.3 i — 
( ) Ox" 0x + Oz dx + 








where the derivatives z and 2z/dz* in the right member precede the 
derivative in the left member. Suppose now that z follows 2* for an 
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equation of the system R; this implies that 6/2 = 0 throughout the sub- 
space D. Hence 

OF’ oF 

dz’ ti‘é‘kR 
where the derivative 0z/dz* has been denoted by z’. In other words the 
equation (15.3) satisfies properties G and H. Hence G@ and H will be 
satisfied by the system of equations which result from a normal system (15.1) 
by the addition of a finite number of equations obtained from (15.1) by 
partial differentiation. 

Differentiating the equations of the system (15.1) with respect to 
multipliers (x) of the corresponding monomials, each principle derivative 
of an unknown w%, ---, #, will be obtained as the left member of one and 
only one of the resulting equations; this follows from the characteristic 
property of a complete system of monomials. Equations so formed by 
differentiation of an equation of the system F# are to be added to R and 
those formed by differentiation of an equation of S are to be added to S. 
Thus we arrive at a system of equations consisting (1) of the system R 
and all equations which were added to R and (2) of the system S and 
all equations which were added to the system S; we shall refer to these 
as the systems R and § respectively. It is evident that a derivative z 
cannot appear both in the left and right member of an equation of R or S. 
Now consider the system FE composed of all equations of R and § whose 
left members belong to classes C of serial number not exceeding N; we 
shall refer to a particular equation of the system E by £,, £2, ete. 
Let 2* be the derivative of lowest rank which appears in the right member 
of an equation F, of the system R and in the left member of an equation Ey 
of R; using the equation E, we eliminate the derivative z* from the right 
member of E,. Similarly if the derivative z* appears in the right member 
of an equation E; of the system S and also in the left member of an 
equation E, of R or S, the equation EL, is to be used to eliminate z* 
from the right member of E;. By repetition of this process we finally 
reach a system € equivalent to the system H and such that € involves 
only parametric derivatives in its right members; more precisely if we 
denote by Er and Gs the equations of E corresponding to R and S re- 
spectively, then the right members of Eg depend only on parametric 
derivatives of the system R and the right members of Gs depend only 
on parametric derivatives of the system (15.1). The fact that we can 
limit our considerations to the system EH in the process of forming the 
system € is a consequence of the above result that properties G and H 
are preserved under differentiation. It is easily seen that conditions 
analogous to A,---, H are satisfied by the system &. 


= 0 throughout D, 
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We are looking for power series of the type 


co 
_ ae 


15.4) “= —_———— g1..-4 
( a=0 Ay!+++An! 1 


which will satisfy (15.1). Let us first, however, consider the problem of 
determining a solution «,, ---, uy of the system (15.1) such that each 
equation of (15.1) is satisfied when we equate to zero the non-multipliers 
(x) of the corresponding monomial. For brevity the system (15.1) so 
modified will be referred to as the system U*. It is evident that the 
equations of the above system ©, evaluated at x3 = 0, can be arranged 
in the increasing order of the principle derivatives in their left members 
and such that any equation will involve in its right member only para- 
metric derivatives of the system (15.1). Allowing the number JN to increase 
without limit we therefore see that for a given assignment of the initial 
values of the parametric derivatives, the power series (15.4), i.e. the 
formal solution #%,, ---, uw of the system U* will be uniquely determined. 
But all parametric derivatives of (15.1) at xg = O are uniquely deter- 
mined if the derivatives of each unknown x; corresponding to monomials 
of the complementary set (N;), are assigned as arbitrary functions of the 
multipliers (x) of the associated monomials, these functions being analytic 
in the neighborhood of the values xs = 0 of their arguments. The 
functions thus associated with an unknown x will be called (following 
Riquier) the initial wetermination of the unknown 2%; the sum of the 
initial determinations of an unknown x; will be denoted by ¢;. Hence the 
formal power series solution (15.4) of the system U* is uniquely deter- 
mined by the assignment of the initial determinations; the convergence of 
these series will be proved in § 17.*° 
Let us now adopt the notation 


(15.5) Z; = Diu—F = 0 


for an equation of the system (15.1); here D;u denotes the derivative in 
the left member of the equation (15.1) in question. According as the 
expression Z; corresponds to an equation of the system # or the system 5, 
it will be denoted by R; or & respectively. We shall speak of the de- 
rivative Diu as the first term of the corresponding expression Z;. For 
convenience in terminology we will speak of the cotes, the rank and the 
class of the first term of an expression Z; as the cotes, the rank, and the 
class respectively of the expression Z; itself; an analogous terminology 


*° While the condition of strong completeness is imposed by condition I it may be ob- 
served that the less restrictive condition of completeness of the sets (Mj) is sufficient for 
the determination of these power series. 
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will be applied to an expression obtained from Z; by differentiation. 
Likewise the multipliers and non-multipliers (x) of the monomial cor- 
responding to the first term of an expression Z; will be referred to as the 
multipliers and non-multipliers (x) of the expression Z; itself. We shall 
also denote by 3; either the expression Z; or an expression resulting by 
differentiation of Z; with respect to its multipliers; more particularly 2: 
will be denoted by Ri; or GS; according as 2; was obtained from an ex- 
pression R; or S; respectively. 

The derivative of the first term of an expression A, with respect to a 
non-multiplier 2, of R, is identical with the first term of some expression 
KR. by condition 7. Furthermore the difference 


dxy 


(15.6) —R, = O (Du, zx), 

where the derivative of R, denotes the result of differentiating the ex- 
pression R, considered as a function of the independent variables (x) alone, 
is such that (1) the derivative 6@/d(Du) vanishes throughout the sub- 
space D for any derivative Du in ® which is of higher rank than the 
first term of dR,/dxp and (2) the class of any derivative Du in @® is at 
most equal to that of the first term of dR,/day,. Similarly, if z¢ is a non- 
multiplier of S,, the expression 


dS, 
Axe 





(15.7) — 2. = (Du, 2), 
where the first terms of dS,/da_ and 3, are identical, is such that any 
derivative Du in % precedes the first term of the expression dS;/da. 

Now use the equations Er to eliminate all principle derivatives of the 
system R from the function ® in (15.6); also use the combined system € to 
eliminate all principle derivatives of (15.1) from the function & in (15.7). 
Suppose that 

O(Du, x) > OF (Du, x), Ww (Du, x) > B* (Du, x) 


as the result of this elimination. The normal system (15.1) will be said to 
be completely integrable ¢f all functions O* and 4* which can be constructed 
Jrom the equations of the system (15.1), vanish identically. 

In the following section it will be shown that a completely integrable 
normal system (15.1) is satisfied by the power series solution (15.4) of the 
system U*, 

EXISTENCE THEOREM. A completely integrable normal system (15.1) is 
satisfied by a unique set of analytic functions m4, ---, u determined by the 
assignment of the initial determinations predicted by the form of the left 
members of the system. 


— 


7 oe 
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§ 16. Equivalence of the Solutions of a Completely Integrable 
Normal System and its Associated System U*. 


We now consider the problem of showing that the power series solution 
(15.4) of the system U* satisfies the normal system (15.1) provided that 
this latter system is completely integrable. 

Corresponding to an equation R; = 0 or S| = 0 we have identities of 
the form ) 


(16.1) (a) Diu = Rit+-F (Du, x), (b) Diu = S4+%(Du, x) 


derivable by differentiation of (15.5), where the functions ¥ in (16.1a) and 
(16.1b) have properties regarding the derivatives Du analogous to those 
stated in connection with equations (15.6) and (15.7) respectively. Hence 
equations of the type (16.1a) can be used to eliminate principle derivatives 
Du of the system R which occur in the functions in these equations; 
the infinite system so obtained as a result of this elimination furnishes 
equations which can be used in turn to eliminate principle derivatives Du 
of the system R from the functions ® in equations of the tyne (15.6). The 
equation (15.6) thereby becomes 

dR, 


day 





(16.2) —R, = O(R, Du, x), 

where (4) the derivatives Du in ® are parametric for the system R, (b) 
the class of an expression & in @ is at most equal to the class of d R,/d xy 
and (c) any expression R in ® which does not precede dR,/day is such 
that the derivative 9®/aR vanishes throughout the subspace D. Similarly 
from (15.7) we have 


(16.3) aS, 


Axe 





— 3, = wR, 6, Du, x), 


where (d) the derivatives Du in ¥ are parametric for the system (15.1) 
and (e) any expression R or © in # precedes dS,/dxe. 

If (15.1) is completely integrable the functions ® and # must be such 
that they vanish in consequence of the vanishing of the expressions R 
and © appearing in these functions; this follows as a result of the way 
in which the above functions ®* and ¥#* were obtained. 

Now consider the system of equations composed of all equations of the 
type (16.2) and (16.3) which can be formed from (15.1) and into these 


equations substitute the solution w,,---,%, of the system U*. The 
resulting system 
(16.4) OZ _ Dy + (DZ", 2) 





0x; 
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will be regarded as a system of equations for the determination of the 
unknowns Z;° where Z; denotes the result of substituting the solution 
%, +++, Uy Of the system U* in the expression Z;; it will furthermore be 
understood that the variables 2, —=---—= aq =O in an expression S;". 
In any equation (16.4) the first, second and third terms indicated result 
respectively from the first, second and third terms of the corresponding 
equation (16.2) or (16.3). We shall show in the following that (16.4) is 
a normal system, i.e. that these equations satisfy the above conditions A, ---, J 
provided that we consider those equations (16.4) which contain a derivative 
aR; /d2; in their left member as the system A and the remaining 
equations (16.4) as the system S of condition B. 

The monomials of the set (1/;) corresponding to the derivatives of an 
unknown R;* which appear in the left members of (16.4) all belong to 
the set (Z;). It can be shown that any set (J/) of monomials of this 
type in which each monomial consists of a single variable xg, is strongly 
complete. Since each monomial of the set (M;) for an unknown 3;* 
belongs to the set (K;,) and furthermore since each of these monomials 
consists of one of the variables xe+41,---, Zn it follows that the set (1) 
can be considered as a set (M) in the n—ea variables xe41, ---, 2» Where 
all monomials of (J/) belong to the set (Z); hence (4;) is strongly com- 
plete by the above argument. The condition J is therefore satisfied by 
the system (16.4). 

Let us assign the cotes for the system (16.4) in the following manner: 


(«) The variables xg will be given the same set of s cotes as in the normal 
system (15.1). 

(8) The unknowns Z;* will be given the same set of s cotes as Z; in the 
system (15.1). 

(vy) The variables xg will each be given an (s-++1)st cote of zero. 

(5) Suppose that the expressions Z; which have derivatives of the same 
unknown wj as their first terms, are denoted by ZY, Z, - ++ when 
arranged in the order of decreasing rank of the monomials corresponding 
to their first terms. The unknown Z;*” will be given an (s-+-1)st cote 
equal to the integer 7. 


The first scotes of the derivative D,Z* in the right member of an 
equation (16.4) will be identical with the first s cotes of the derivative 
in the left member of this equation; however the (s+1)st cote of Dk Z, 
will be less than the (s+1)st cote of the derivative in the left member 
in consequence of the above conditions (y) and (d) and Theorem III of § 14. 
Hence D, Z;" precedes the derivative in the left member of (16.4). Also 





cf. Janet, loc. cit., (6), p. 85. 
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the derivatives DZ* in the function 7 of (16.4) either precede the derivative 
in the left member of this equation or are such that the derivative 3 17/a(DZ*) 
vanishes over the subspace D; these results follow in consequence of the 
above statements (c) and (e) made in connection with equations (16.2) 
and (16.3) respectively. Hence the system (16.4) satisfies condition G. 

Consider those equations (16.4) which involve a derivative of an R;* in 
their left members; any derivative of an unknown Z;° appearing in the 
right member of one of these equations will have class at most equal to 
the class of the corresponding left member in consequence of statement (b) 
under equation (16.2). Condition H is therefore satisfied by (16.4). 

To see that equations (16.4) are actually solved for the derivatives 
0Z;/da; appearing in the left members of these equations we have merely 
to note that a; is a non-multiplier of the monomial corresponding to the 
first term of Z while derivatives in the right members of these equations 
involve only differentiations with respect to multipliers (a) of the cor- 
responding monomials; hence no derivative occurring in the right member 
of an equation (16.4) can appear on the left of any equation (16.4) and 
conversely. Hence conditions C and D are satisfied by (16.4). 

If the s+1 sets of cotes _Biven by conditions a, 8, y, 0 do not uniquely 
order all derivatives of Z;, the ordering can be made unique by the 
assignment of additional cotes in accordance with the discussion in § 15. 
Condition F' can therefore be considered to be satisfied by (16.4). The 
remaining conditions A, B, E are obviously satisfied by (16.4) on account 
of the method of formation of these equations. 

Consider the system V* obtained from (16.4) by equating to zero in 
each equation the non-multipliers (x) of the monomial corresponding to 
the left member of the equation. Hence by the theory of § 15 there 
exist a power series solution Zj of the system V* which is uniquely de- 
termined by the initial determinations in the sense of § 15. In the 
functions S;° of the solution Z; so obtained let us put 2; = --- = ze = 0. 
It then follows from the form of (16.4) that the solution Zj as so modi- 
fied also satisfies the system (16.4) and hence is to be regarded as the 
solution of (16.4) as above considered; hereafter by the solution Z; of 
the system (16.4) this latter solution will be understood. 

_Now consider the set (M;) of monomials corresponding to an unknown 
R7; all monomials Lp, +++, &q Of this set (M;) then belong to the set 
(Zi). The set complementary to (14) consists of one monomial N,:1 with 
multipliers consisting (1) of the variables xg4:1, ---, %n and (2) of those 
variables 2,, ---, 2-1 which do not belong to the set xp, ---, %q-1. 
Hence the initial determination of each R; will be a function 6 of the 
multipliers (x) of the corresponding expression R; in the normal system 
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(15.1). Similarly the initial determination of each function Si will be 
a function w of the multipliers (7) of the corresponding expression S; in 


(15.1). 

We wish to prove that the expressions Z; reduce identically to zero 
when the unknowns ww, ---, « in Z; are replaced by the solution w,, ---, w, 
of the system U*. To prove this we observe (1) that when the non- 
multipliers (x) of R; are equated to zero, the expression Ri = 0 and 
when the variables 2,, ---, % together with the non-muitipliers (2) 
of S; are equated to zero, the expression Si = 0, (2) when the non- 


_ multipliers (x) of Z are equated to zero, the function Z; reduces to its 


initial determination and (3) that the analytic functions Zi=0 satisfy 
(16.4) and the initial determinations of this solution of (16.4) vanish identi- 
cally. This proves the above statement and shows that the solution 
Uy, ++, Uy Of the system U* satisfies (15.1). 





§ 17. Convergence Proof. 


Denote by } and B the minimum and maximum values of the classes 
of the derivatives appearing in the left members of the equations of the 
system U*. Call the totality of equations of the system U* whose left 
members are in the class b, the system 7. The system 7+: will be 
composed of all equations with principle derivatives of the class b+ 1 in 
their left members; if such an equation is lacking in the system U* it 
can be obtained by differentiating a suitable equation of U*. Continuing 
in this way we obtain the sequence of systems 


‘yy 
To, To+1; ee Tp, T+, sites 


The equations of this sequence fall into two component systems, namely 
(1) the system composed of R* and those equations obtainable by differ- 
entiation of the system R* and (2) the system S* and those equations 
resulting by differentiation of S*; the first of these component systems 
will be referred to as the extended system R* and second as the extended 
system S*. It is evident that any equation of the system 74: is linear 
in derivatives of class B+1. By the method of elimination used in 
forming the system € in § 15, the systems 7, ---, 7’g4i can be replaced 
by equivalent systems 7}, ---, 7’B41 which evidently determine uniquely 
the principle derivatives of (15.1) at x; = 0 in classes b to B+1 in- 
clusive when the initial determinations are assigned. 
Consider the transformation 


(17.1) Mm = W+tGit eer ee sre x, 
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of the unknowns m%, ---, wu in which the summation > is limited to 

those Ca,...a, Which give at xs = 0 the values of those principle derivatives 

of the unknown «% in classes ) to B inclusive. Substituting (17.1) into 
the system (15.1), this latter system goes over into an analogous system 
involving the corresponding derivatives of w,,---, % in its left members. 

On account of the form of (17.1) it is easily seen (1) that the principle 

derivatives of the unknowns 7, ---, #, in classes b to B inclusive must 

be equal to zero at xg = 0 and (2) that the initial determinations of the 
unknowns %, ---, # vanish identically. It can therefore be assumed 
without loss of generality that the system (15.1) satisfies the following 
condition. 

(J) The principle derivatives of u,, ---, «#- in classes ) to B inclusive 
vanish at xg = 0 and the initial determinations vanish identically. 

Let us now write the system Tp+1 in the form 

(17.2) Ditc = Dp i Dio ju Dj Up+ Gio; 

we observe that this system has the following properties 

(a) The derivatives D;u¢ in the left members of (17.2) are all in the 
class B+1. 

(b) All principle derivatives of the system U* in classes C where C> B+ 1 
are determined once and only once by differentiation of the left 
members of (17.2). 

(c) The right member of an equation (17.2) is linear in derivatives Dj u, of 
class B+1; the coefficients » and the qg terms may contain derivatives 
of class not exceeding B. 

(d) Any derivative D; u. in the right member of an equation of R* of 
(17.2) which follows the derivative D;us in the left member of the 
equation, has a coefficient » which vanishes throughout the domain ©. 

(e) The coefficients » and the q terms in the right member of any equation 
(17.2) are analytic functions in the neighborhood of the values 


(17.3) x=0, Du=0,::: 
of their arguments. 

We shall show that when the principle derivatives of m4, ---, w and 
the initial determinations are assigned for the normal system (15.1) in 
accordance with condition J, that the unique power series determinations 
of the um, ---, wu by the system U*, converge. It will then follow that 
the series for the %,, ---, wu, as determined by the system U* without 
the condition J, will converge, since these latter series for mm, ---, Ur are 
related to the above convergent series by an equation of the form (17.1). 

The above convergence proof will depend on two lemmas which we 
will now proceed to state. Let us associate with the unknowns w,, ---, w, the 
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positive constants ¢,,---, ¢ and with the variables 2,, ---, x, the positive 
constants &,,---, &, such that &>1. Then corresponding to a derivative 


ie a 
oa TM, Ui 





a 


a 
S ea 2 
1 6x, 


Or 


we can construct the quantity 


ce tall «ofl 
(17.4) $9," °"* t 
Let us likewise choose +? positive constants 4 where o, w= 1, ---, r, 
such that 

‘ 
z Mi 1. 
6 
p= 


We then have the following*' 
LemMA I. A set of positive constants [,§ where (§>1) can be selected 
so that the ratio of any quantity (17.4) corresponding to a derivative of 
class C, to the quantity (17.4) corresponding to a derivative of lower rank 
of the class C, is greater than a given positive number Q. 
Lemma IJ. The determinant 
8G — Ye 


is positive and the cofactors of order r—1 are all positive or zero. 

Let Hicy be the number of the derivatives of the unknown wu, of class 
B-+1 which appear in the right of an equation with left member D; tc. 
Also let Piajn be the absolute values of the constant terms of the power 
series expansions of piaj,, about the values (17.3). Denote the largest of 
the numbers 

P igje Hicn! iE 


by Q. Taking the class C in Lemma I to be the class B+1 we can then 
choose positive constants C, € in accordance with this lemma so that 

We oa Et +++ Et 
Fou by Bi +++ Ei 
where D;uo is of higher rank than D;u,. Evidently the ratio (17.5) is 
valid also for a derivative D; u, in the right member of an equation (17.2) 
which follows the corresponding left member on account of the above 
property (d). Now let G be an upper bound to the absolute values of the 
terms of the expansions of p,q about the values (17.3). Then choose 7° 


*! Janet, loc. cit., (6), p. 144 and p. 141. In the proof of Lemmal use is made of the 
fact that without changing the ordering of the derivatives effected by an assignment of 
cotes, it is possible to replace the given set of cotes by a set composed entirely of 
positive integers. Cf. Riquier, loc. cit. (5) p. 253. 





(17.5) > Piajn, 
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numbers ¢#, positive or zero, where o, # = 1,---,7 so as to satisfy the 
conditions . 

Lt 1 ght FEEe 
(17 6) Au + ef ‘ c, g, g, a G 
: j i, = 
Hin . 4 one ee 


for all combinations of the indices such that Dj; «, is a derivative of class 
B+1 in the right member of an equation (17.2) of which D;ue is the 
left member. Finally choose the 7 positive constants »¢ so that 


(17.7) yf 4... EAS G, 


G-o~1 ~“n 
where Dj; tc is any principle derivative of class B+1. 
Consider the system 


lard . 1 
(17.8) D; ea 


7 ty a 3 i ct, 
at4 4 CGF" igs 5 D; Y, aa 76 S6 §,' “Sy 
le ph... ge 

fm “2 


which has the same form as the system (17.2). Let 


— €,2%,+ as +, an+ > DY 
ra ? 
where the summation >’ DY denotes the sum of all derivatives cor- 
responding to derivatives Du of class not exceeding B, and ¢ is a small 
positive number such that the function 
G 


;— 2e2taZDY 
Q 














1—t 1—tT 








(17.9) 


dominates the coefficients » and the terms g in an equation of (17.2). 
Since §&;>1 the function G/1—vt has the same dominating properties. 
Hence the terms gic in equations (17.2) are dominated by the corresponding 
terms in (17.8) in consequence of the inequalities (17.7). If G+G, 2G 
and G, exceeds the absolute value of the constant Picj, then 


+0, 


1—t 


2 


dominates the function pjaj,. Corresponding to a coefficient pjoju in the 
system (17.2) put 








had i i fa id i, oe tn 
igs 1 GQ. = €% o6F -n 
C eA... Bn’ -— Ft SS 
tou *u 1 ~n iou *u~1 ~n 


then it follows that the p’s in (17.2) are dominated by the corresponding 
coefficients in (17.8) when use is made of (17.5) and (17.6). 
Let us put 


Yo — Co Ve 
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and regard the quantities Y, as functions of the single variable y where 
= Sate: + En an. 

Denoting the 7th derivative of Y, where i =i4,+---+%, by Yo we have 


D; | — eg S, gt spate gin 
The quantity « becomes a function ¢ depending on the variable y and 
derivatives of Y, of order not exceeding hc, where he = B—ce, ce being 
the first cote of w¢. Equations (17.8) then become 


(17.10) yo — = >> (Arte ‘adits a) Yiu +1) +e Vo * 
M=1 ag —t 
Let us seek to find a solution Yo(y) of this system, anes the initial 
conditions 
(17.11) y = 0, Y, = 0, ag a yo _— 
(o = 1,---,7). 


Since t is equal to zero for the initial values of its arguments, the 
equations (17.10) can be solved for the derivatives _* on account of 
Lemma II. We thus obtain a system of ordinary equations of the form 


(17.12) ila = Oly, Y, ¥ y*. ..., y%o) 


valid in the neighborhood of the above values (17.11); this system has 
a unique analytic solution Yo(y) satisfying the initial conditions.  Further- 
more the coefficients of the power series expansions of the solution Y< of 
(17.12) about the value y = 0, are either positive or zero. The first he +1 
terms of this series are zero in consequence of (17.11); the coefficients 
of all other terms in these series are positive. Let us write the equations 
(17.10) in the form 


(17.13) _ — = yor? + 2. (a 4 oe, te’) y roe +, 
The initial values of the derivatives Y"*"” satisfy the equations 
ants (Foe, — Fae F oe, — y, 


from Lemma II and the fact that the », are all positive the quantities 
[ yoo a» * determined by (17.14) are all positive. Differentiating the 
equations (17.13) and evaluating at y = 0, we see likewise that the quan- 
tities 4, are all positive, etc. It Siiiews that the coefficients of 
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the power series expansions of the corresponding solution Yo() of the 
system (17.8) are all positive or zero and hence these expansions dominate 
the corresponding expansions determined by the equations (17.2) or the 
system U*. 

§ 18. Reduction to Normal Form. 


In consequence of condition J of § 15, the derivatives for which the 
system S is solved in accordance with condition D, are parametric for the 
system R. Hence the condition D can be replaced by the somewhat 
stronger condition. 

(D*). The system S is solved for certain derivatives which are parametric 
for the system # and the functions F' which constitute the right members 
of these equations depend on the independent variables ae4;,---. #, and 
derivatives which are not left members of the system R. 

Conversely suppose that the conditions A, B, C, D*, EH, F, G, H are 
satisfied by a system of equations (15.1). By the condition D* the set 
(M;) of monomials associated with unknown x as in § 15 will be normal. 
Making use of the process developed in § 14 we can therefore form 
a strongly complete set (1/;") of monomials having the same multiples as 
the set (Mj). By differentiation of the equations of (15.1) which involve 
in their left members derivatives of u,, we can deduce a system of 
equations whose left members will be in one to one reciprocal correspon- 
dence with the monomials of the strongly complete set (M,"). This process 
is now to be repeated for the derivatives of the functions wu, ---,. uv, in 
turn which appear in the left members of (15.1). Equations so formed 
by differentiation of an equation of the system R are to be added to k 
and those formed by differentiation of an equation of S are to be added 
to S. In this manner we arrive at a system of equations which can be 
solved for the derivatives in their left members by the application of the 
process of elimination used in § 15 in the derivation of the system ©; we 
shall refer to the solved form of these equations as the extended system (15.1). 
From the discussion in § 15 it is obvious that the extended system (15.1) 
satisfies conditions A, ---, H and the condition I is satisfied on account 
of the method of formation of these equations. Hence the extended 
system (15.1) is normal. 


§ 19. Applications of the General Existence Theorem. 


We saw in § 12 that the general existence theorems of § 6 failed to 
apply when we attempted to take a characteristic surface Cy—« as an 
(n—«)-dimensional surface bearing a portion of the arbitrary data of 
the problem. The existence theoretic problem connected with the 
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characteristic surface C,—« defined by the equations z' = 0, ---, a*=0 
for the case of the system (2.1) is the problem of determining a solution 
v(x) of this system such that 


(19.1) =a, (x, v) =(@,.. ‘, =e, (z, v) = Q0 


over the surface C,—«. The theory of normal systems of § 15 has immediate 
application to this problem. Let us suppose that the combined system 
(2.1) and (19.1) can be put into a completely integrable normal form 
(15.1) where equations (2.1) give rise to the system # and equations (19.1) 
give rise to the system S$. The solution v(x) so obtained will then 
satisfy the system (19.1) throughout the subspace D, i.e. the surface 
z'=0,---,2* = 0 with the result that this latter surface is an (n—a)- 
dimensional characteristic surface Cy—« of type & for the solution ¢ (7), 
provided that there exists a determinant =,—: (x, v) which does not vanish 
over this surface. In accordance with the remarks of § 12 the above 
theory applies equally well to a vector invariantive system. The invariantive 
systems composed of (4.3), (4.5), (4.7) for the affine case and (4.4), (4.8), 
(4.10), (4.11) for the metric case permit an analogous treatment when the 
equations (19.1) are replaced by the systems 


(a) Affine case: U;,(A3,9) = 0, 


(19.2) 
(b) Metric case: U;, Yass Gap,ya) = 0 
respectively. 

In the practical application of this theory to systems of equations the 
work is usually facilitated by use of a particular assignment of cotes 
which is said to put the derivatives into canonical order and which orders 
all derivatives uniquely. We have illustrated this assignment of cotes by 
the accompanying scheme. The ordering of 


x g* ...g71 gw ve 








: 2 Uw 

1 gz & «es § 100 0 
2 1 O .--- OQ 0 0 0 .- 0 
3 0 1 .--- O 0 0 O 0 
n 0 0 .--- 1 0 0 O ..: 0 
n+1/}0 0 .--- O 100 .---. 0 
nt+2/;0 0 .--- O 0 1 2 .-- w 





derivatives by the canonical assignment of cotes amounts to arranging the 
derivatives first according to increasing order; those derivatives of the 
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same order are arranged according to the number of differentiations with 
respect to x’; those derivatives of the same order and having the same 
number of differentiations with regard to x’ are arranged according to the 
number of differentiations with regard to z*; ete. Finally those derivatives 
corresponding to the same monomial are ordered according to the index /: 
of the unknown v, by the (n+ 2)nd cote. 


As an illustration of the application of the theory of normal systems we can consider 
the treatment of the above mentioned problem for the case of the system of field equations 
in Proc. Note V. It is easily seen that the set of monomials corresponding to the derivatives 
of any one of the unknowns appearing in the left members of the system composed of 
equations (4.1), (4.2), (4.3), (5.1), (6.3) in Proc. Note V is strongly complete and in fact 
that this system is normal, and that the derivatives can be put in canonical order; the 
complete integrability of this system can be shown by the method of § 20. The con- 
vergence proof given in § 17 supplies the proof omitted in the former treatment. 

In the discussion of the example in § 7 we found that if g'' = 0 at the initial point 
x’ = 0, the existence theorem did not apply. In view of the general theory presented 
in § 12, § 13 let us now see whether g'!' = 0 over x' = 0 will define x«' = 0 as 
a characteristic surface C;. In other words in the zation of § 7, if « = 0 is it possible 
to solve the combined system (1)-(20) and (7c), LZ, (= 20) derivatives 0 Inp, y g! Oa! 
Consider the matrix of the coefficients of the derivatives of «#,---.%s with respect to w' 
in the combined system (1)—-(20) and (7c); since all sixth order determinants in this matrix 
contain « as a factor, it is impossible to solve the system (1)-(20) and (7c) for 20 (= L,) 
derivatives of independent components g_, aye with respect to x'. Hence a surface ® = 0) 
such that 


R oO @ 
(19.3) g! —- ——— = ) 


over ® = 0 for some integral Iup (x) must be a characteristic surface for the system (7c). 
Let us assume « == 0 over x' = O and 


e a b 

(19.4) +0, a p ai+0 
la pl | 
lib d ¥| 


at the point a’ = 0 on this surface. As a comenee of these assumptions we have 
a+0, a’y —2abd+b? 8 +0 
at x = 0. The determinant of the columns 5, 6, 7, 8 in Table I is 
8al(aty —2abd+ b’8£). 
Hence we shall drop the equations 
Xoo = 0, Xes1 = O, Xo = 0, Xs31 == 0 


from the system (7c), thus making rows 5-10 in Table II the coefficients of the derivatives 
in the equations Xesi = 0 which remain in (7c). In Table II the determinant 

i565 6 7 8 9 10 

11 2 8 4 11 = 12} 


formed from rows 5, 6, 7, 8,9, 10 and columns 1, 2, 3, 4, 11, 12 is equal to 4a*(a*y—2abd+b'p) 
disregarding algebraic sign; hereafter a similar notation for determinants will be used 


5* 
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without further explanation. Hence let us solve the remaining equations X,, op. = 0 for 
the derivatives of the unknown 2, 2, Us, Us, Us, Us With respect to x'. The determinant 
in Table I, 





; b |? 

1 23 4 5 67 8 2 = 8"|. a| ao 
12383 4 7 8 9 10 2 a Bl 

bdy 


disregarding sign; for expanding in terms of second order minors in rows 5,6 the above 
determinant reduces to the product of 4a* and the eighth order determinant which was 
encountered in §7. Hence we can solve equations Xusze = 0 where e = 2, 3,4 for 
derivatives of the unknowns 1, U2, Us, Us, V1, V2, Vs, Va, Us, Ve With respect to x€. Hence 
we have the following systems of equations 




















Oui 
1 
(99) re == Oa" w+25 iat +255 Fat >, 
Oa! 
Oui 
(19b) “9 > 4+ Doe + 2i+e 
Ou Oa? O22 . 
Ox? 
Oui 
3 7 
(196) el papas + =e =F .+les S++ &, 
ba 
om 
4 a 
ava ta[ DUET Et Le 





where i = 1, 2,3,4; j =5,6; k=1,---,6. The derivatives in the right members of 
each of the above systems (19a)-(19d) involve unknowns not appearing in the left members 
of that system. 

In accordance with the above theory let us now solve the combined systems (19a)-(194d) 
and (1)-(20) for derivatives in such a manner that the resulting system will satisfy the 
conditions for a normal system. Eliminate the left members of equations (1)-(4) and 
(7)-(14) from the right members of (19a) and use (19b), (19c) and (194) to eliminate their 
left members from the right of the resulting system; denote the system which results by 2%. 
Then use equations (15)-(20) to eliminate their left members from the right of (19b) and 2. 
The equation (15) contains the left member 0v,/0.c? of an equation (19b) in its right member. 
However the determinant — 

Wes e4667 8 wi 
11 28 47 8 9 10 11 15) 


in Table II vanishes identically and hence the derivative 0w,/0x? does not appear on the 
right of the equation (19b) having 0v,/0x* for its left member; hence the equation (19) 
in question can be used to eliminate its left member from the remaining equations (19b) 
and 2%. Thus we can eliminate the left members of (19c) and (19d) from the right of 
(19b) and %& giving the systems B and A respectively. Then use A, B, (19c), (19d) to 
eliminate their left members from the right of equations (1)-(4) and (7)-(20) and we have 
the combined system consisting of (1)-(4), (7)-(20) and (19a)-(19d), in solved form. 
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Let us now consider the problem of introducing equations (5) and (6) into the above 
system so that equations (1)-(20) and (19a)-(19d) will be in solved form. From Table II 
it can be seen that the system (7c) contains the two equations 








2q0e ed Ow: Ows Ow, Ows . Ow. 
- Ox! —— ae Oa} B Oa! +b Ox! +e Oa! +d dat +? ogi tl Bi + h, 
ve 
: 4 = ba a Ou —?% Ows _— 4 Ws Ow, 
2a Ox! eae Ba 2b 2d Axl -75 +4. 


Consider the form of the corresponding equations in the system A. From the form of 
equations (10)-(14) it is seen that only the first two terms on the right of each equation (19 e) 
can give rise to derivatives with respect to 2' and x. Hence making use of (7) and (8) 
the equations (19e) become 











¢ Ove sees OUs \< OV6 
(9 at 8 Dat Oe 
- oq 2% — _g@ Sue 5 dus | 
ig ee raat 


where the dots in these and following equations denote derivatives with respect to x° and x‘ 
and terms of lower order; when however, one or more derivatives with respect to x* are 
written down explicitly the dots will denote only derivatives with respect to «‘ and terms 
of lower order. Since the determinants 


(12345 67 8 9 10, 12345 67 8 9 10 
1128478 9 10 11 5)’ 12383478 9 10 6 12 
in Table II contain « as a factor and since moreover the determinants 


Sp aaatee eae (12345 67 8 9 10 


112383478 9 10 ll 6 1123 478 9 10 5 12 


in Table Il vanish identically, there are two equations of the system (19b) of the form 




















ae —— 4 4 4 Be = 4g, 

(19g) 
g Ove __ —o + O (v7, Us, Wi, +++, We) 4% 
Ont Ox? Oa? ’ 


where the blank indicates that the corresponding derivative does not enter; and the notation 
employed in the second term of each of these equations as well as in certain of the 
following equations, denotes a linear sum of the derivatives of the indicated unknowns; 
here likewise V represents a rational function of the g,,. although not necessarily the same 
function in the two equations (19g). Hence if we make use of equations (15)-(20) and 
the equations (19g), the equations (19f) can be put in the form 























Ov _ us Ous , O(vr,%) , 
(19h) i oe ~ ee i oer 
Ovs ~— 0 Ue 0 (us, Us) (v7, vs) ons 
se Oat ~~ * Oat wer, Ox? - Ox? i 


Then equations (19h) can be used to put equations (5) and (6) in form 

















a Ou Ou 0 (uv; Us) 

( . 6 eeiggeieim aie coe, 
we Oa? aad Oa! Ox? 

” Ou Ou 0 (v7, Us) 

¢ —_ 5 Bea i 8 Me acd 
{o") Aa = eV + Ax? + 
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respectively. Then (5') and (6’) can be used to eliminate their left members from the 
solved form of (1)-(4), (7)-(20) and (19a)-(19d). The resulting equations will be denoted 
by (1’)}-(4'), (7')-(20’) and (19a')-(19d’) respectively. Thus we have for these equations 


O fur, ++, Wal 0 (us, Ue) O(vi, te) 














(19.a’) Out | Us, Ve if ni Ox! + Oa? : 
. O fur,er+, Mal _ y Olus, Ue) 0 (v;, Ye) 
a’) ae vee, wh x « sd Oa! + Fae 
190" ae vey Wal 
_— Oa? lu. +++, Vol 
: O fur.+++, Us| 
¢ — esa = 
(19d') xt og ms 
(1-4) | : ie ol a gy Biter 4 Or vo) 
ce n oF 7 %8 ez Ox! Ox? 
(7')-(14’) { Ox ™ an 
- 0 O (Us, ue) , (vz, Us) 
(15 )-(20') On {w. eee, we} — a@ aV a x + oa2 + eee 
Together with above system we must consider the equations 
(19i) Juss ey ey Pe pA Fg “s “i "7 
‘ ——— = { - =I], ’ , 
bul ao” Br ' %po «ay _ > B 
m= 3 
; Oy'm — OF, ~_ Vn 
(19) Ort dart ¥ * =f, 
r a 


where the notation 
+i 
yom Vi ’ 


i +¢ 
yu ~ lis, Peo, 


i i +i 
yaw Is, Dos, l'ss, 


i i i i 
yaw Tu, Ves, Ves, Ms 


is used (see § 4). In addition, differentiating the condition g'! = 0 with respect to .* 
x, av’, we have 


(19k) Sw: ~p th Te (y = 2,3, 4); 
9k) eee ta ly = 2,3, 4): 
also differentiating a second time, we have 
OTe 
(9) ge 4m =) (vy sd; y, So =2, 3, 4). 
o=2 Ox? 


If we expand the equations (191) and then eliminate the left members of (19j), we find 
that these six equations can be solved to obtain 








OMe _ yr Ow = 2, 3, 4), 
i eet (= 2, 3,8 
1 
9m tor Dae pacha 


0 Tv ea OY nq 
a Ds +%, 
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where the > denotes a linear form in parametric derivatives of (19j), and + —- e for 
any equation of this system. 
Let us now assign canonical cotes in the following manner: 


cote} a | a* | 2? | a is xo, Mel Wtac ons; | OO 
1 1 1 1 1 0 0 0 
2 1 0 0 0 0 0 0 
é 0 1:0: 0 0 0 0 
4 0 0 1 0 0 v0 0 
5 0';0;0,;1 0 0 0 
6 0 0 0 0 3 ? 1 





In addition we shall take all six cotes of the Jag to be zero and the first five cotes of 
the | By as zero; the sixth cote of the /"’s occurring in the left members of (19m) will be 
taken to be 1 and the sixth cote of all other 7"s will be given the value zero. 

With the above assignment of cotes it is seen that the equations (1’)-(20’), (19a’)-(194’), 
(19i) and (19j) constitute the system R and (19m) the system S of a normal system. 
The arbitrary data predicted by the form of the left members of this normal system can 
be represented by the following scheme 


Us, U6 ~ J (x*, 2, x) for 2° = 
Vi, Us se K(x’, 2, x) for x‘ = 0, 
Wis s+. We ~ L(x, x4) fora’ = 2 = 0. 
(19n) I's; ~ P(a', 2, 23, x), 
I's, Ts ~ QO’, 2, x) for z' = 0 
Is, Iss, [ss ~ R23, x') for z' = x?’ = 0, 
14) rh, Tes. | yr ~~ S (x) for gz = A os x = 0. 
where i = 1, ---, 4; j = 2, 3, 4. The remaining unknowns, namely 
2 vt vi 
(190) U1, s+*, Us, U1, - , &, Tas, Tes, gir. +++, gas 


can take on arbitrary values at the point «' — 0. That the system in question is com- 
pletely integrable will be proved in § 20 and hence we can state the following 
EXISTENCE THEOREM: Let the arbitrary functions represented by (19n) and the arbi- 
trary constants (190) be assigned subject to the condition that the initial values at 
c’ = 0 are such that (1) they satisfy equations (7b), (2) the determinant (Yecg)o does not 
vanish, (3) the inequalities (19.4) are satisfied, (4) the quantity (g"')o is equal to zero, 
and (5) the equations (19k) are satisfied. Then there exists one, and only one, set of 





Junctions Iap (x) = 93, (x) analytic in the neighborhood of x' = 0 which gives rise to 


the given foutlins indicated by (19n) and the given initial values of the constants (190), 
and which constitutes a set of integrals of equations (7b) for which the surface x’ = 0 
is a characteristic surface. 

It can be observed that the inequalities (19.4) impose no restriction on the integrals 


Jug (e) since a coérdinate system can always be selected in which the equation of the 


characteristic surface C, is 2! = 0 and the inequalities (19.4) are satisfied. The above 
existence theorem will give all the characteristic surfaces C;. since if the equation (19.3) 
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is not satisfied over ® — 0 we will be able to find a codrdinate system in which the 
system (7c), (7d), (19i) and (19j) can be put in regular form at some point P on ® = 0), 

If a surface x! — x22 — 0 is to be a two dimensional characteristic surface C,, either 
one or both of the quantities g'! and g'! g*-g'* g must vanish over x' = a = 0, If 
this were not the case we could find a codrdinate system by a transformation of the type 
(19.12) for « = 2 in which the quantity (21) in § 7 would not be zero at some point P 
on x! — a? = 0, and hence the system could be put in regular form in the neighbor- 
hood of the point P. Let us divide the discussion into four different cases. 

Casel. « =0 for «'= a2? =0; «8 —a® +0 at ae =0. 

Case Il. «—f=0 for z' =a? =0; a +0 at x =0. 

In these cases it is evident that an existence theorem could be stated which would 
be of the same form as the existence theorem for the three dimensional characteristic 
surface C, except that there would be additional arbitrariness in the arbitrary data 
corresponding to the functions Ir®. The surface x'=—a2?= 0 is a two dimensional 
characteristic surface C, of type 1. 

Case Il. «8 —a?=0 for x'=a*=0; « +0 at a =0. In this case it is easily 
seen that a codrdinate transformation of the type (12.12) can be made so that the deter- 
minant 


ea b _— 
lb d 7 
does not vanish at some point P on x'= «a? =O. Since at the point P the determinant 
formed from Table IT, 
11 28345 67 8 9 10 , 
f= ood od 
404647868)" 


disregarding sign, it is easily seen that the system can be put into regular form at the 
point P on x'== % =O and hence the surface r' = x? — 0 is not a characteristic sur- 
face Cy. 

CaseIV. «=—ap—a?=0 for c'=—2*?=0; 8 +0 at e'=0. Evidently the surface 
a' == 2 = () is a characteristic surface C, for Case IV but the detailed treatment of the 
corresponding existence theorem will be omitted. 

CaseV. «= fp=a=0 for x'=a*?=0. From the form of Table II and the equations 
(1)-(20) it is seen that for this case it is impossible to solve for either of the derivatives 
Ou,/Ox' and 0/0 and hence the system cannot be replaced by a normal system having 
arbitrary data of the form that occurs in CasesI and IL. 

We shall consider in detail the existence theorem for Case V. Let us suppose that 


(19 p) b+0, c#0, d#0, e+0, cd—be +0, 


at a= 0; these conditions can always be obtained by a transformation of the allowed 
type (12.12). Then from 





(19 q) Table I: \5 : : | = —16b?(cd— be), over c' = 2? = 0, 
1 6 
(19r) Table I: lo : : : : we = 8bt(cd— be), over x'= a? = 0, 
.eea€e&6e 6 FF 8- o> @ 
19 : — oie 
(198) Table: |3 4 5 8 9 10 15 16 17 18| — S2b%e(ed—bey, 


over z' = 2? = 0 
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no regard being paid to algebraic sign in (19r) and (19s). From (19p) it follows that 
the above three determinants do not vanish at 2‘. Since the determinant (19q) does 
not vanish, we can drop equations 

Xosx1 = 0, Xo = 0, Assi = 0, Xs = O 


from the system (7c). We can solve the remaining equations X,2, = 0 for the derivatives 
of the unknowns Us, Us, Us, Us, Vs, Ws With respect to x', since the determinant (19r) does 
not vanish at 2’ 0. Since the determinant (19s) does not vanish at 2‘ —0O, we can 
solve the remaining equations (7c) for derivatives of the unknowns ws, u, Us, V2, Us, Us, 
w;, +++, W, With respect to a, x, a*. Arranging the equations so obtained in a form 
corresponding to (19a)-(19d), we shall denote them for the moment by (19«), (198), (197), 
(190) respectively. By a process similar to that used above the equations (19«)-(190) 
can be combined with the equations (1), (2), (4)-(10), (12)-(15), (19), (20) so as to obtain 
a system completely solved for the derivatives in the left members of the above equations 
(19«)-(20), where equation (15) is written 

a 0 Ue Ow, 3 Ov, 3B Ov; 
(15) oa OS aa? 20a + 2 dat *- 
It is to be noticed that the equation (198) having 0w,/0x* for left member does not contain 
Ov,/0x on the right and hence the above elimination is possible. 

Now consider the equations 













































































Ou Ov, , Ou 
(3) Ox? we Soe Oa +, 
0 Us a 0 ws 0 Us 
~ Ba — Ba + oat t* 
Ov 38 0w, 10m , 3 Om 
= oa? — — 4 da 2 0 + 4 Oat t* 
Ovs _ Ows 2 Ow, 2 Ov. 
vi oa? — Gat 8 Oat + B Batt * 
Ov, Bie! Ow, Ov 
(18) Oa3 Fat Oat 7. 
Consider also the following equations selected from (19 «)-(19 7) 
Ou yO ce Om ff Om  F Om y 
Ox! 2b Ox' = =6b Oa'~=—sibs «a'—s_ 2b xr" 
Ow; d dws y Ow 
aa! = — 5 dat ~ 2b dat t* 
Ow, e Ow Ow, 
da — —F dat tY og + ¥ 
Ow, = dd Ow Ow 
Ox? ~~ Ox? +V 55+, 
Ow, ¢ Ow; Ow 
dat — boar tV Gg t*: 
0 tts ee Ou, (c?y —2bcf+b?d) Oue O (v1, Vs) Vo; ry Vay Ws; We) r~ i 
Oa? e O27 2b%e 0 a? 0a* 
Ov, 0 
Fat = (v1, Us, ae Us, Ws, We) +H, 
Ow, c Ov, d Ov, € Ov. f dws 
. . = OS — —— — —— —_— ; (e = 2, 3). 
dat 20 gg® + 20 age + 2 dae +25 oat ia 
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The terms with coefficients which vanish over x' = 2* = 0 have not been written down 
in these equations. Hence equation (3) can be written 


OU, an ed Ou, + c(e?y —2beft+ b? 0’) Ous O(v1, Us, Ve, U7, Us, Ws, We) 
Oa® ~ be Oa? 2 be 0 x? 


0 a? 
+ Ow i‘ 0 (Us, Us, U1, Us, Voy Ur, Us, Ws; We) i vie 
CO va 02° 
Then making use of the solved form of equations (19«)-(190') and (1), (2), (4)-(10), 
(12)-(15), (19), (20) we can put the above equations (18), (17), (16), (11), (19t) in the 
following form 








+ 
(19t) 





























— C Ov, 0 ws 
(18) Ox® ~§=©60d Oa? vr Ox? a 

i ee d Ovs 0 ws 
aT) 0x8 “ter Ox t 

wy Oe _ [be+cd\ Ov Ow; 4 
(16°) aa = Fe )oa +V oa 

r, Og __ (Up, Ws, We) 
an) 0 0x3 

0 Us _ e(@y—2beft+bd) Ow ra O(u, Us, Ur, Us) + = Ou 
(3) Oat 2b? (be — cd) 0a? 0 x? reyes 02° 
4 O (Ue, V1, Vg, Ws, We) ei 


0a 


These equations can be used to eliminate their left members from the right of the above 
solved form of the remaining equations (19«)-(20) and we can write the equations so 
obtained in the form: 











: O Jtte, Us, Us, “ — we O (tt, Ue, V1, Us, Ur, Us) 
(19.@") 0 x Ug, Ws x v Ox Oa $ se 
» he, Us or 
(192') +: . | ia: seams so 
‘ » ve, = j on 
Wy, ++, We ve 
J U4; Us 
a weit aa 
9 Ug, Ws, Us 
(190") Fat > Us, U% ee hee 
oo, Ws 
(1), @') g yo % O (U1, Ue, v ‘g) 
(A')-(10") faa Pay ees Oey tL = & Se A 
(12’)-(14') We, Wy, Ws, We i 
OM _ C OU; d dv, e Ov 
' ask ae i nda eee oe 8 Z 
(15") A b Oa? b 02? b Oa? +r 


(19'), (20') ai {1s, we} == +++ 


where again the terms with coefficients which vanish over x! = a2*-—=0 have not been 
written down. 
Over the surface «' = x2? = 0, we have 


(19u) g'! = g” —_ g” —_— 
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by hypothesis; hence 


(19v) ie mm — (Te GO =0, (u,» . . 8,4; w<>) 
over x'== 2? =O. Also over x2'=2* = 0, we have 

yo ie gu OT 
(19w) g”- es + g* ole = MM, 


(exd; ¢,d=3,4). 


Now eliminate the left members of (19j) from the above system (19w); the system resulting 
from (19w) with the exception of that equation which results from the last set of equations 
(19w) where ¢ = d= 8, can be solved so as to obtain 





i ‘ 
AL = (g) we + > (9) ey (¢=1, 2; e=83, 4), 
i 
(19x) ere == (g)wet > (9) rr G= 1, 9), 
OM'ss a= (g) ws +> (9) rr (¢=1, 2), 


Oat 
when account is taken of (19p); in these equations the (g) denotes a rational expression 
in the components g,. and the last terms are quadratic in the I *,- Elimination of the 
left members of (19x) from the equation corresponding to «= d= 3 which was above 
excluded, gives 


(19y) . = > (9 er, 
in consequence of which (192) becomes 

Q, OT ss .5Y aT; Y — or: ’ —_— 
(9) ae = LOM, r= IOI, FF —2oll 





(i= 1,2; « = 3, 4). 


Differentiating (19y) with respect to «°, 2‘ and eliminating the left members of (191), 
(19j), and (19z) from the resulting equations, we obtain 

QO A) 0 We 7) Yq 
a One | Sun Yimi Dar) bond 
where the right member is a rational expression in the quantities indicated. 

Cotes will be assigned to the independent variables 2, the unknowns «, +++, Ws, the 
Jog nd the y,, as in the above treatment of the 3-dimensional characteristic surface C; 
with the exception of the sixth cotes of the unknowns for which we shall make the 
following assignments. 


(e = 3,4; r= 8), 





a | 
| | Us, Wa, Us 


| & | Ve, Us, Ue 
Wi, +++, We 





unknowns 


) ‘om 
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| V1, Ws, We Us 
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The equation (19«’) which contains the derivative 0u,/0x' in its left member when 
written more explicitly, is of the form: 
0 Us c(e?y—2bcftbhd) Ou. 0 (ue, V1, Us, U7, Us) 
= + +::- 
Oat 2b? (be — cd) 0a! Ox? 


Hence using this equation and equations (3’), (16’), (15') we can construct two integrability 
conditions of the form 

















Ou, sy 0? Us 0? (um, leches We) iad = i 
Ox'Oa® ' 0x 0x ? dat“ Oa” sia boas , if ntl 
(19B) 8 ts 8° (uy, wut “a e,d+1 
Ox Ox ee a. £9 +4, € = d ° 
wt Oa9 o=4, ife—2 


The condition that we be able to solve for the derivative 0? v./0 x? 0 x* is that 3 (be — cd)/2b* 
be different from zero. 

The system R composed of (19«’)-(190"), (1')-(20’), (19%), (19), (19B) and the system S 
composed of (19z), (19A) constitute a normal system which will be shown to be completely 
integrable in § 20. The strongly complete set of monomials for the unknown % is x‘ 
and for vs is «2! and x? a; all other sets of monomials consist of a single variable. The 
calculation of the complementary sets and their multipliers shows that the data involving 
arbitrary functions can be represented by the following scheme: 


U1, w~ P(2?, 2’, x) for x! = 0, 
0u,/0 ax', Ue ~ Q(a', 2?, 2) for a = 0, 
Ug, Us, Ws ~ R(x’, x‘) for 2' = 2° = 0, 
0 vs/0 x?, Us, 0; ~ S (a?*, x4) for 2' = zg = 0, 
(190) Me ~ T(x) for o! = og? = 2g’ = 0, 
ry w~ K(x',---, x) 
Fis, U's ~ L (2, x, x) for x! = 0, 
Vis, V0, Tbe w~ M (23, x) for «2! = 2° = 0, 
Ma, Tu, Th, Taw Ne for 2! = 2? = 2? = 0, 
G = 1,2,3,4; j = 3,4). 
The unknowns 
(19D) Us, Uh, Us, Va, Vs, V4, Wi, Wa, We, We, Wo, T'ss, Usa, Uda, Gury; Jas (k = 1, 2) 


can take on arbitrary values at the point 2’ = 0. 

EXISTENCE THEOREM: Let the arbitrary functions represented by (19C) and the arbitrary 
constants (19D) be assigned subject to the condition that the initial values at x‘ =0 are 
such that (1) they satisfy equations (7b), (2) the determinant |(¥_.g)9| does not vanish, 
(3) the inequalities (19p) are satisfied, (4) the equations (19u), (19v) and (19y) are satisfied. 
Then there exists one, and only one, set of functions Iap (x) = Ggq (x) analytic in the 
neighborhood of x'=0 which gives rise to the given pore indicated by (19C) and 
the given initial values (19D), and which constitutes a set of integrals of equations (7b) 
for which the surface x! = x* =0 is a characteristic surface C2. 

It should be observed that for an arbitrary integral Jag (x) of the field equations (7b), 
a characteristic surface of the type specified by the above existence theorem will not exist; 
characteristic surfaces of this type will only exist for special integrals of the equations (7b). 

An analogous treatment could evidently be made for the characteristic curves C,. We 
will however not consider the further treatment of these curves as we believe that the 
above discussion sufficiently illustrates the procedure to be adopted. 
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§ 20. Criterium of Complete Integrability. 


The method of establishing complete integrability which was discussed in 
$9 can be extended to the normal systems which were applied to the treat- 
ment of the characteristic surface problem for an invariantive system of 
partial differential equations. In describing this extension let us consider 
in particular the affine invariantive case for which we have the equations 
(4.3), (4.5), (4.7) and in addition a system of the type (19.2a). The process 
of forming the normal system may necessitate the addition of equations 
obtained by differentiation of the above system; the normal system being 
thus formed, the construction of its conditions of integrability will necessi- 
tate further differentiations. Let us suppose that the construction of the 
above normal system and its conditions of integrability involves D,, D., 
D;, D, differentiations of the systems (4.3), (4.5), (4.7), (19.2a) respect- 
ively. Now assume that an upper bound Z to the number of conditions 
on the derivatives of the unknowns in the normal system which are im- 
posed by (4.3), (19.2a), and those conditions obtained by D, differentiations 
of (4.3) and by D, differentiations of (19.2a), is established in some manner. 
Let us also assume that the integrability conditions taken at the point 
z' = 0 involve M derivatives, parametric for the normal system. Then 
if it is known that for an unrestricted affine space there are L+M de- 
rivatives of the sort appearing in the integrability conditions which can 
have arbitrary values at a point P of space, the normal system must be 
completely integrable. If this were not the case there would be less than 
M arbitrary derivatives at the point z? — 0 taking account of the original 
equations (4.3), (4.5), (4.7), (19.2a) and those conditions obtained from 
them by the above differentiations D, and hence there would be less than 
L-+-M arbitrary derivatives for an unrestricted space, contrary to hypo- 
thesis, Analogous remarks apply to the cases of the metric and vector 
invariantive systems. 

Consider for example the normal system which arose in § 19 in the treatment of the 
characteristic surface C, of the invariantive system (7b). It can be seen from the form 


of the arbitrary data (19n) and (190) that the integrability conditions of the normal 
system (1’)-(20’), (19a’)-(19d’), (191i), (19j), and (19m) involve 


eck EE ESS FA ee er eee or 10 derivatives g/,,, 
4 K (4,2) C Fee rerserceerrssecererssceseceser 9 40 » Yim, 
4K(4,1)+7K (8,1) +11 K(2,1)+15K(1,1)... . 74 ‘ Oyim/da", 
(20.1) 4K (4,2)4+7K (3,2) +11 K (2,2)+15 K(1,2)... ., 130 ‘ 0? ¥um/ Oa Ox”. 
K (4,2) K(4,2)-4.K (4,8) ..........00cee eee 20 i Bun, 
CI Give cccce ese eccsesescoss 9 . 0 Bim/d x*, 
ee ae ee 42 » 0? Bim/O x 0 a” 


or a total of 340 parametric derivatives at the point «' = 0; this number 340 is therefore 
the number M in the above discussion. At a point P of an unrestricted space there are 








1 
é 
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ere Pon oe or 10 components gy», 
NE i ncneb cama bereee . 40 M les, 
BES sccatnstusckd tentacle _ ‘ Vepy: 
(20.2) OID icici vctorias etl: »M0 3 Tapped, 
K (4,2) K (4,2)-4K (4,3) ....... . 20 . Gap, yds 
K (4,2) K (4,8)-4 K (4,4) ....... . 60 ‘ Gap, yds, 
K(4,2) K (4,4)-4K (4,5) ....... . 126 . Gap, yen 


or a total of 476 components which can take on arbitrary values. When the quantities 
of the type (20.1) are known at the point «'— 0,‘? the components (20.2) are determined 
at «' = 0; conversely when the quantities of the type (20.2) are known at x‘ = Q, the 
quantities of the type (20.1) are determined at this point. Hence it follows that there 
are 476 quantities of the type (20.1) which can take on arbitrary values at a point in 
the unrestricted space.** The maximum number of conditions that can be obtained from 
the system (7b) by a single differentiation is 36 and by two differentiations is 84, account 
being taken of the identities (7c). By two differentiations of g'! = 0 over x' = 0, we 
obtain 6 conditions and by three differentiations, we obtain 10 conditions. Hence the 
upper bound Z is 36+ 84+6+10 or 136 and the number L + M is equal to 136 + 340 
or 476 which was shown above to be equal to the number of arbitrary derivatives of the 
type (20.1) at a point of the unrestricted space. It follows therefore that the normal 
system composed of (1')—(20'), (19a’)-(194'), (191), (19j) and (19m) is completely inte- 
grable. 

A similar argument applies in the case of the existence theorems mentioned in connection 
with Cases I and II in §19. The condition g't 0 over x'=0 is simply replaced by 
the condition g*' = 0 over «! = a*=0 in Case 1 and by g'! = g*%=0 over «'= 2° =0 
in Case II. Obvious changes in the above numbers would then result. 

an the normal system treated under Case V the above argument must be modified to 
a larger extent since second derivatives appear in the system. The integrability conditions 
at a= 0 when expressed in terms of parametric derivatives will involve the following 


I ala PA ESD nits cee tn sane Aeron or 10 derivatives Inuy) 

rt saree eae, aa Pans 

4K (4,1) +8K(3,1)+10K(2,1)+12K(11) ..., 72  . Oy, /da", 
4K(4,2)-+8K(3,2)+10K@,2)+12K(,2) ... 130 . —°y,, /0a* Oa”, 

(20.3) 4K(4,3)+8K(3,3)+10K(2,3)+12K(1,8) ... 212. 0°y,,/ 0a” Oa” 0a", 
4K(4,4)+8K(3,4)+10K(2,4)+12K(1,4) ... . 322i; a*y, |0x" 8x" da? ox ° 
K(4,2) K(4,2) —4K(4,8).....00........., 20 Bin, 
3K(3,1)+5K(2,1)+2+K(11) ............ 2 OC, 0 Bim / Oa”, 
3K(3,2)+5K(2,2)+K(8,1) +K(2,1)+K(1,2) , 39, 0” Bin / Oat” Ox” , 


3K(3,3)+5K(2,3)+ K(3,2)+K2,2)+K(,3) , 60 ,, 8° Bm /Ba*Oa” a” 


or a total of 927=: M parametric derivatives. To the 476 components in (20.2) which can 
have arbitrary values at a point P of space, we must add the 


* loc. cit. Amn. (1), p.'720. 
*3 Toe. cit. Ann. (1), p. 690. 
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SURED 656 56 FERRO TEN RRS 5 58S ded es or 244 components [7 = Byde: 
SN ON ON re enclaves % ss 86.0 s Faget 
K(4,2) K(4,5)-4K(4,6) ........... 0c ce ee 224 Jap, ydepr’ 


which makes a total of 1260 components; hence there are 1260 derivatives of the type (20.3) 
which can take on arbitrary values at a point P of the unrestricted space. The maximum 
number of conditions imposed by the equations (7b) is 36+ 84+ 160 or 280 since now 


” 


three differentiations are allowed. From the equations g'' = g" = g™* = 0 over 2'= 2" 
=() we obtain a maximum of 8+12+15-+18 or 53 conditions. Hence Z = 280+ 53 or 
333 and L+M is equal to the above number 1260. The system is therefore completely 
integrable. 


§ 21. A Geometrical Interpretation. 


Consider the problem treated in § 19, namely that of determining 
a solution v(x) of the system (2.1) such that the surface 2’ = --- = 2“ 
= () is a characteristic surface C,—« for the integral 7 (a). Let us suppose 
that the combined system (2.1) and (19.1) has been put into a completely 
integrable normal form with the canonical assignment of cotes. 

Let us first consider the case of an (m —1)-dimensional characteristic 
surface C,-1. Suppose that some one of the functions belonging to the 
arbitrary data, let us say w(x), is defined over a surface 2! = -.- = 2” 
= 0 where none of the a are equal to 1. Since the assignment of cotes 
is canonical we can confine ourselves to differentiations with respect to 
a*, a*,---, 2” in determining the power series expansions of the integrals 
vp (2) over the surface x1 = 0. Moreover if we differentiate with respect 
to x’ all equations of the system for which this differentiation is possible, 
we can thereafter confine ourselves to differentiations with respect to 
a*, +++, 2" $0 as to determine over the surface x! = 0, all first derivatives 
of the integrals v, (x). Now take the function w(x) of the form 


(a!) Wy (x) + (et Wats (@) + + 


where the functions %(x) are independent of x' and #—2 is equal to 
the maximum order of any derivative appearing in the normal system. 
From what we have just said regarding the determination of the integrals 
vz (x) and their first derivatives over the surface x' = 0 it is clear that 
the values of these quantities over x! = 0 will be independent of the 
choice of the above functions Wz, Wei1,---. Thus there exists an infinite 
number of sets of different integrals 2; (x) such that each set of integrals 
and their first derivatives assume the same values over the characteristic 
surface z' = 0, 

In particular the above discussion applies when the function y (x) is defined 
over the entire x-space; if, however, w(x) is defined only over a subspace 
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then the completely arbitrary functions, i. e. those functions defined over 
the entire x-space, which are part of the arbitrary data, will be the same 
for each of the above sets of integrals v(x). Under this latter condition, 
i.e. the definite assignment of data defined over the entire x-space, the 
values of the v(x) and their first derivatives over the surface x' = 0 
will uniquely determine a solution v; (x) if this surface is not a characteristic 
surface. 

If the arbitrary data of a normal system obtained in connection with 
an »—« dimensional characteristic surface problem contains a function 
which is defined over a surface 2 = ---=a@7 = 0, where y > @ and at 
least one of the indices b; >«@, then we can have an infinite number of sets 
of integrals v(x) such that each set of integrals and their first derivatives 
assume the same values over the characteristic surface 2’ = --- = x* = 0, 
In particular the arbitrary data defined over the entire x-space and all 
surfaces of dimensionality greater than n — «, may be the same for each 
of the above sets of integrals x(x). Under these conditions the integrals 
vz (2) would be determined uniquely if the surface xt = --- = 2* = 0 
were not a characteristic surface. Analogous remarks apply to the in- 
variantive systems, 

The examples of § 19 will serve to illustrate the above remarks. In the case of the 
(n —1)-dimensional characteristic surface defined by equations (19.3) the arbitrary data 
(19) contains a function J(x'a*x*) defined over x? 0 so that the above interpretation 
is possible. The existence theorems mentioned in Case I and Case II will however not 
permit the corresponding interpretation for the (mn — 2)-dimensional characteristic surface. 


For Case V we have an arbitrary function S (a?, x*) defined over x! — x? = 0 so that 
the interpretation applies. 
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CRITERIA FOR THE IRREDUCIBILITY 
OF POLYNOMIALS.! 


By H. L. Dorwartr Aanp OysTEIN ORE. 


Introduction. 1. In this paper a special type of criteria for the ir- 
reducibility of polynomials with rational integral coefficients will be treated, 
namely criteria depending upon the arithmetical properties of the values 
which the polynomial can take for integral arguments. There exist a number 
of such criteria, given by various authors, and deduced by different methods. 
The present paper contains a simple and very elementary method of 
deducing these criteria from a common source; it also gives a series of 
new criteria and generalizations of the former results, and one obtains 
a clearer picture of the mutual relationship between the criteria of this 
type. 

The first criterion of this kind was suggested by Schur,® who raised 
the question of the reducibility or irreducibility of the polynomials 


fila) = (x— m)---(@—a,)—1, 
Sa(x) = (wn —m)---(@—am) +1, 


where the a; are rational integers. A partial solution was given in 1909 
by Westlund,’ who found that f(z) is always irreducible in the domain 
of rational integers, and that f(x) can be reducible only if it is a perfect 
square, in which case of course, m must be even. In the same year Fliigel* 
determined all forms and degrees for which /2(z) is reducible. He found 
that f(x) is reducible only in the following two cases of second and fourth 
degrees 
(a —c) (wa —e+2)+1 = @&—ce+))’, 

(w—¢) (@ —e +1) @—e+2)(@—c+3)+1 = [(@—) @—e +3) +P. 


Pélya® found the following general criterion: 


‘Received, May 19, 1932; presented to the Amer. Math. Soc., April 3, 1931. 

* Problem 226, Archiv. der Math. und Physik, (3), 13 (1908), p. 367. 

*J. Westlund, “On the irreducibility of certain polynomials”, Am. Math. Monthly, 16 
(1909), pp. 66, 67. 
‘W. Fligel, Solution to problem 226, Archiv. der Math. und Physik, (3), 15 (1909), 
p. 271. 

*Georg Pélya, “Verschiedene- Bemerkungen zur Z’ Jentheorie”, Jahresber. Deutschen 
Math. Ver., 28 (1919), pp. 31-40. 
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If for n integral values of x, the integral polynomial P(x) of degree n 
has values which are different from zero and, without regard to sign, 
less than 





then P(x) is irreducible. 

This criterion can immediately be applied to the problem of Schur, even 
when the highest coefficient is not unity. It can also be applied to the 
seemingly more general case, where a polynomial f(x) of nth degree takes 
the values +1 and —1, in all m times, for different integral x. It is of 
interest to observe however, as we show in the following, that this case 
can never occur except for some trivial cases of the lowest degrees. If 
J (x)| = 1 for n integral values of x, then we have either f(x) = +1 
or f(x) = —1 for all of these integral values. By a different method 
Pélya proves, that a polynomial f(x) of odd degree is irreducible if n > 17 
and f(x)/ = p for n different integral arguments, where p is a rational 
prime. It should be observed, that the same remarks as for the case 
J (x)| = 1 also hold for this case, so that the generality of this theorem 
of Pélya is somewhat reduced. 

In a joint paper the three authors A. Brauer, R. Brauer and H. Hopf® 
have treated a number of generalizations of the theorem of Schur, all 
dealing with polynomials of the type G(P(x)), where 


P(x) = (w— am) --- (# — an) 


and G(x) is an irreducible polynomial whose degree does not exceed 4. 
By applying the methods of Pélya to positively definite polynomials, Ile‘ 
was able to show the irreducibility of the polynomials 


a(e—a)* +--+ (2— ane)? +1, 


where a is supposed to be positive, and » > 16. A recent paper by 
Wegner® on the irreducibility of 


P(x)*+d, n>5, d>0, d#3 (mod 4) 


should be mentioned here. 





° A. Brauer, R. Brauer and H. Hopf, “Uber die irreduzibilitat einiger spezieller Klassen 
von Polynomen”, Jahresber. Deutschen Math. Ver,. 35 (1926), pp. 99-112. 

‘Hildegard Ile, ,Einige Bemerkungen zu einem von G. Pélya herrithrenden Irreduzibili- 
titskriterium“, Jahresber. Deutschen Math. Ver., 35 (1926), pp. 204-8. 

SUdo Wegner, ,,Uber die Irreduzibilitat einer Klasse von ganzen rationalen Funktionen“, 
Jahresber. Deutschen Math. Ver., 40 (1931), pp. 239-241. 
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I. Polynomials taking the values + 1. 


2, Our first problem is to find all polynomials taking the values + 1 
a certain number of times for rational integral 2. Let us assume that 
the polynomial f(x) takes the value +1 at the m different points 
, Mg, +++; Am, then 


(1) ST (x) = (@— mM) (@ — ag) --- (© — am) g (x) +1. 


Let us furthermore assume it takes the value —1 at a point am4:. From 
(1) one then obtains 


(2) 9 (dm-+-1) (Am+1 — a1) (am+1 —Ae) +++ (dm41— Am) = —2. 


The differences dmi1— a can therefore take only the values +1, +2 
and one obtains: 


THEOREM I. A polynomial f(x) taking the values +1(—1)m>3 times A 


cannot take the value —1(-+1). 

Let us also consider the exceptional cases m < 3. It should be ob- 
served, that if a polynomial f(#) takes a set of values at certain points 
x, then f(a—«) will take the same values at the points x-+«@; in the 
same way /(— 2) will take these values at points —2. We shall say 
that two polynomials f(x) and g(x) are equivalent if one can be obtained 
from the other by a transformation «—e@ or — x —«, where @ is an 
integer. 

Without loss of generality we can assume, that the number of times a 
polynomial takes the value —1 does not exceed the number of times it 
takes +1. For m = 3 a polynomial which also takes the value —1 is 
from (2) easily seen to be equivalent to a polynomial 


(3) S (a) = (@— 1) (@4+1) +2) (whe) +1) +1 


Where h(x) is an arbitrary polynomial. It is obvious, that /(1) = /(—1) 
= f(—2) = 1, f(0) = —1 and that f(x) cannot take the value —1! 
for any other point. For m = 2 a polynomial taking the value —1 
must be equivalent to one of the following forms 


a) fila) = (x*— 1) (eh(w)+2)+1., 
(4) b) fala) = (+1) (x — 2) (ah(w) +1) 41. 
c) fe(x) = (a—1) (a — 2) (xh(x)—1) +1. 


In the first case f(a”) cannot take a second value —1; in the other two 
cases this is possible if h(1) — 0 or h(3) = O respectively, and the 
corresponding polynomials are therefore 


6* 








~ 











84 H. L. DORWART AND O. ORE. 


Ai (@) = (+1) (@—2) @(@—1) hA@+1) +1, 
fa (@) = (w—1) (&@—2) (& @—3) A@)—1) +1, 


where h(x) -is an arbitrary polynomial. One finds that /, (7) is equivalent 
to a polynomial of the form —/2 (x). When finally m = 1 one sees that 
a polynomial taking also the value —1 must be equivalent to 


: Si (a) = 2 ((e@—1) h(w)—2)+1, 
” fa (a) = 2 ((@—2) h(@)—1) 41. 
3. These results permit us to find all polynomials of n-th degree taking 


the values +1 nm times. When n> 4 these values must either be all 
+1 or all —1 and consequently 


(6) J (v) = a(a—a) +++ (@—aq) +1. 
When n = 4 the polynomial 

(7) J (a) = (#—1) (+1) @+2) (az+1)+1 
will take +1 three times and —1 once. The polynomials 
(8) +fi (x) = (+1) (w—2) (ax (e—1)+1)+1 


will take +1 twice and —1 twice; for n = 3 the polynomials 


Ji (@) = (@’—1) (ax+2)+1, 
(9) Ss (x) = (a@+1) @—2) (ax+1)+1, 
Ts (x) = (x—1) (a@— 2) (ax—1) +1 


take +1 twice and —1 once. For n = 2 


Ai (a) = w(a(a@—1)—2)+1, 
Sz (@) = a(a(@—2)—1)+1 


take the values +1. Any polynomial of n-th degree taking +1 » times 
is equivalent to one of the polynomials (6), (7), (8), (9), (10). 

One can easily find all polynomials taking +1 more times than their 
degrees. They are found to be equivalent to the following 


(10) 


n = 8, (w—1)(@+1)(x+2)+1 values +1, —1, +1, +1, 
n = 2, +((xa—1) (a—2)—1) » m1, +1, +1, —1, 

(11) 2e*—1 ae ee 
n=1, 2a—1 .. ee 


GJ » ml, 1. 
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4, These almost trivial results regarding polynomials taking the values 
+1 immediately give a series of theorems on the irreducibility of such 
polynomials. Let f(~) be a polynomial of n-th degree taking the values 
+1 at m points x. We shall suppose m>4; it then follows from § 2 
and § 3, that f(x) can take only the value +1 or the value —1 at all 
the points and that mm. Any factor g(x) of f(x) must now obviously 
take the values +1 at the same points x, and since m>4, g(x) must 
be of the form 
(12) g(x) = (a@—aM) --- (@—am) h(x) +1. 

We can therefore say: 

THEOREM II. A polynomial f(x) of n-th degree taking the values +-1 
at m points a, dg,+-+:,; Am where 4<m<n can have factors only of the 
form (12). The degree of a factor is therefore never less than m, and 
when m>n/2, f(x) is irreducible. 

When m <4 the possible factors can be obtained from § 2 and § 3. 
It follows from (11) that f(a@) can never have a linear factor except when ° 
m< 2. 

Theorem II obviously applies to the polynomials considered by Schur, 
and also to the slightly more general polynomials 


(13) S (a) = a(a— am) +--+ (@— an) +1. 


For n=5 this polynomial is therefore irreducible. For n = 4 it may 
have two second degree factors each taking +1 four times and therefore 
being equivalent to the second polynomial in (11). For m= 3 one of 
the eventual factors must be linear and take +1 three times which is 
impossible. The case n = 2 is easily treated and one finds: 

THEOREM III. The polynomials 


S (x) = a(w— m) +++ (@— a) +1 


are always irreducible except when f(a) is equivalent to one of the following 
three polynomials 
a (%—1) (a—2)(a—3)+1 = (x(@@—3)+1)*, 
a(x—2)+1 = (e—1)8,  4(v—1)a+1 = (22—1)*. 


The first two exceptions were found by Fligel. 
5. We shall now consider the polynomials studied by Ille, or, since our 

method is equally applicable to such polynomials, the polynomials of the 

type 

tas f(@) = by Pla)? +b, P@) +1 = F(P@), 














86 H. L. DORWART AND O. ORE. 


where 
F(a) = bz?+hat+tl 
and 
(15) P(x) = (w1@—m)--- (@— Gn). 
Such polynomials take the value +1 at n points a, d2,---, a» while the 


degree is 2n. Any factor of f(x) must therefore according to Theorem II 
for n> 5 be at least of degree m and consequently of the form 


c(a—m) +--+ (a— an) +1. 


One obtains in this case 


S (a) = (a P() +1) (@ Pla) +1) = 41 ee P(x)? + (4 +e) Pw) +1 


and F(a) must be a reducible polynomial. 
THEOREM IV. The polynomials 


F(P(z)) = by P(a)* + by P(x) +1, 
where F(x) = box*+b,2+1 is an irreducible polynomial and 
P(x) = (x@—m)--- (@—an), 
are always irreducible, when n = 5. 
For n <4 there are certain exceptions, which can easily be deduced 


from the results of §3. The possible exceptional cases are equivalent to 
the following: 


n=4 F(x) = —a@a?t+tae+l, P(x) = a(e4—1) (x—2) (x—83), 
F(P(a)) = (aP(x) + 2?—3x2+1)(—aP(2)+2°— 3a+1), 
n= 3 F(x) = «#?@—32+1, P(x) = (ax—1) x(a+1), 
F(P(x)) = (2(@ — 1) —1) @@— 1) (w+ 1)?+1)—- DB), 
F(x) = 82?—1, P(x) = (a@—1) a(xa+1), 
F(P(a)) = (22*—1) (42*— 627+ 1), 
— == 2 F(a) = —2*+4e+1, P(x) = x(xa—1), 


F(P(x)) = ((@— 1) (@ — 2) —1) (—2(@+1) +1), 
F(a) = —2’2+2+1, P(x) = x(x— 2), 
F(P(@) = (@@—1) (@ —2) —1) (— ae —1) +1), 
F (x)= —42°+42%+1, P(x) =2x(x—1), 
F(P(a)) = (2a*°—1) (— 2a*+ 42—1). 








IRREDUCIBILITY OF POLYNOMIALS R7 


Let us now apply these results to the polynomials 
F(a) = c(a—a)*? +--+ (w@— an)? +1 


studied by Ile. These polynomials correspond to the special case 
F(x) = cz*+1 in Theorem 4; it is therefore not necessary to assume, 
as does Ille, that c is positive, it is sufficient to assume that c is not a 
negative square number. From Theorem 4 and the preceding list of ex- 
ceptions it therefore follows 

THEOREM 5. The polynomials 


SI (a) = c(x—am)*? --- (@— an)? +1 
are always irreducible if c + — b* except when f(x) is equivalent to 


— 8(a@—1P F@+1)?+1 = (22*—1) (—42*+62*—1). 


II. Generalization to quadratic imaginary fields. 


6. These investigations can be extended to polynomials with coefficients 
in an algebraic field with a finite number of units, i. e. to quadratic imaginary 
fields K(V — D), and in this way one can obtain various generalizations 
of the former criteria for irreducibility. If we first assume D +1 and D + 3, 
the field K(V — D) has only the units +1. In this case let f(x) be a 
polynomial with coefficients in K(V — D) taking the value +1 for m values 
of « in K(V—D). The polynomial must then have the form 


J (x) = (@— a) --- (vu — Gm) h(x) +1. 
If f(z) also takes the value —1 for z= @m41 one obtains the condition 
(16) (m4t1— 0) +++ (@m41— Gm) h(@m41) = —2. 


Since the integer 2, as one easily verifies, has no proper divisors in K(V — D) 
if D+2 and D+7, one of the factors in (16) must be +2 and the 
remaining have the values +1; this is however only possible when m < 3. 
In the cases D = 2 and D=7 one finds the decompositions 
— — 14+V—7 1—V—7 
2 = (—V—2) (V—3), 2=—44 ‘—ee m 





and one can therefore only deduce, that m < 4. 
THEOREM 6, Let f(x) be a polynomial in a quadratic field with the only 
units +1, When f(a) takes the value +1 for m integral values of x in 
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(KV —D), then f(a) cannot take the value —1 if m>3 and D +2 and 
D+17. If D=2 or D=7 the same theorem holds when m>4. 

When D=1 one obtains the field K(¢) with the four units +1, +/ 
and with the decomposition 2—=(1—7)(1+ 72). The differences between 
the four units are all divisors of 2. In the field K(V —3) there are six 
units +1, (L1+V—3)/2 and their differences are all divisors of 2 or 
V —3, which are both indecomposable numbers in the field. We shall 
not go into the elementary, but rather exacting considerations, which are 
necessary in the last two cases. The result is, that a polynomial f(z) in 
K(i) which takes more than 7 unit values, must always take the same 
unit value at all points, and the same result holds in K(V —3) for poly- 
nomials taking more than 8 unit values. For the cases D+ 1, 2, 3,7 
one finds as in the rational case, that a polynomial taking +1 more than 
4 times must take +1 or —1 at all points. For D=2 and D=7 the 
same result holds for polynomials taking +1 more than 5 times. 

We can summarize these results in the following theorem corresponding 
to Theorem 1 for the rational case: 

THEOREM 7. Let Ni = 7, Ne =5, Ns = 8, Ny =5 and Np=4 for 
all other positive integral rational D without square factors. If a poly- 
nomial f(x) with integral coefficients in the quadratic field K(V —D) takes 
unit values &(i = 1,2, ---, m) for m>Np integers in this field, then 
all units ¢; must be the same. 

As in the rational case the exceptional polynomials taking at least two 
different unit values can easily be determined, but since the number of 
exceptions, particularly for D—1 and D=83, is rather large, the list 
will not be included here. 

7. Theorem 7 can be used to deduce criteria for irreducibility in 
K(V—D) in the same way that Theorem 1 was used in the rational case 
in $4. Let f(x) be a polynomial of m-th degree with integral coefficients 
in K(V—D) and let us assume that f(x) takes unit values for m 
integers a, ---, @m in the field. We suppose m> Np so that f(x) takes 
the same unit value at all m points, and one can obviously assume, 
without loss of generality, that this unit is +1 so that f(x) has the form 


(17) f(x) = (@—a%) --- @—em) fy (x) +1. 


Every factor g(a) of f(x) in K(V —D) must also take a unit value at 
all points a; and consequently take the form 


(18) g (x) = (w—a%) --- (@—am) gy (x) +8, 


where « is a fixed unit. We therefore obtain the following analogue to 
Theorem 2: 
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THEOREM 8. A polynomial f(x) with integral coefficients in the field 
K(V—D) taking unit values at m integral points 


a1, “a am; Npo<.m 


in the field, is of the form (17) and eventual factors of f(a) in K ( V —D) must 
have the form (18). The degree of a factor is at least m and for m>n/2 f(x) 
is irreducible in K(V —D). 

This theorem has several applications, also for irreducibility in the 
rational domain. A polynomial with rational coefficients having all of its 
roots in K(V —D) must have the form 


(19) Pp(z) = [] @+a2+b) [] @—e) 
i=] i=1 
where 
(20) aa—4b; = —DK (¢ = 1, 2,---, r). 


We shall in the following always suppose that the coefficients aj, b:, ci are 
rational integers. It then follows: 
THEOREM 9. A polynomial f(x) of n-th degree with rational integral 
coefficients having the form 
S (x) = Pox) h(@w)+1, 


where Pp (x) is given by (19) and where 
2rt+s>Np, 2rt+s>n/2, 
is irreducible in K(V—D). 
A special case is for instance polynomials of the form 


(21) A (a2+ a2) --- (a? +a?) +1, 


which are irreducible in the rational field and in K(¢) when n>4. The 
possible exceptions for »<4 can easily be found. Another immediate 
consequence of Theorem 8 is the following 

THEOREM 10, Polynomials of the form 


I (a) = a(a—a,)---(a2—a) +1 


are irreducible in all quadratic imaginary fields, when n >s. 
8. We shall finally apply Theorem 8 to investigations analogous to those 
in § 5. It follows without difficulty: ale 
THEOREM 11. Let @,,---, am be m different integers in the field K (V—D) 
and m> Np; let furthermore 
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(22) P(x) = (x— a) --- (w—@m), 


and F(x) = yx*+n2+1 be an irreducible polynomial with integral 
coefficients yo, 71, in K(V—D). The polynomial 


(23) F(P(@)) = ro P(x)’ +n P@)+1 


is then irreducible in K(V—D). 
A special case are the rational polynomials 


(24) S (x) = aPp(x)?+1 


where Pp(x) is given by (19); these polynomials are irreducible in the 
rational field if 27-+s>Np and if a is not of the form —b? or — Dc’. 
In the last case one has however 


f(a) = (CV —D Pp(w) +1) (— eV —D Po(x) +1) 


and each of the factors is irreducible in K(V —D) according to Theorem 9. 
This gives us: 
The polynomials (24) are irreducible in the rational field if a is not 
a negative square number and n> Np, where n is the degree of Pp(zx). 
An example are the polynomials 


ala? + at? .-- (x*+ a2)? +1 
which are irreducible if a + —b? and n= 4. 


One can obtain a new class of irreducible polynomials in the following 
way. Let 


F(a) = Ajat+ Ay a®+ Aga? + Agxv + 


be an irreducible polynomial with integral rational coefficients, and iet us 
suppose F(x) reducible in a quadratic imaginary field K(V —D) 


F(x) = (Apa? +d, x +1) (Apa?+ Aja+1). 
When Pp(z) is a rational polynomial of the form (19), the polynomial 


dy Pp(x)? +- 4, Po(x) +1 


is irreducible in K(V — D) according to Theorem 11, when n=2r-+s>Np, 
and one obtains consequently: 
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THEoREM 12. Jf 
F(x) = Agx'+A,2°+ Ayz?+ Asa+1 


is a polynomial with integral rational coefficients and irreducible in the 
rational field K, but reducible in a quadratic imaginary field K(V —D), and 
if Pp(x) is a polynomial of the form (19) satisfying the conditions (20), 
then F(Pp(x)) is an irreducible polynomial in K, when n>Np where 
n denotes the degree of Pp(x). 
For the case 
Pp(x) = (w—) +--+ @— er) 

this theorem gives one of the main results of the paper by A. Brauer, 
R. Brauer and H. Hopf. 


III. Polynomials taking prime values. 


9. We shall now apply the same principles as before to determine the 
form of pulynomials taking the values + p for a number of integral values, 
and from the results new types of criteria for irreducibility can be derived. 

Let p be a prime, and f(x) a polynomial taking the value +p for 


m different integral rational values a,,---, am. This polynomial then 
takes the form 
(25) T(x) = (@— mM) «++ (2@— am) h(x) + p. 


If f(z) also takes the value —p at a point ami: we obtain from (24) 
the condition 
(26) (Qm+1— a) eee (Am+1— Gm) h(a@m+1) _ —2p. 


The factors @m4i1— a; occurring on the left side in (26) therefore can take 
only the values +1 except for two factors which may take the values + 2 
or +p respectively. Now a product of such differences can take only 
the values +1 or +2 if the number of factors does not exceed 3 and 
one obtains the following theorem without any difficulty: 

THEOREM 13. Let p be a prime and let f(x) be a polynomial taking the 
value +p(—p) at m different integral points. If then m>A4 the poly- 
nomial f(x) cannot take the value —p(+p) for any other integral x. 

For the applications we need this theorem in the following modified form: 

THEOREM 14, Let f(x) be a polynomial taking the values +p at m different 
integral points a, dg,-++, Am. If m>5, f(a) must take the same value 
+p or —p at all points and consequently have the form 


(27) f(a) = (@—a) «+» (w@— am) h(a) +p. 


Theorem 14 is in most cases a consequence of Theorem 13; it only 
remains to show that a polynomial taking +p four times cannot take —p 
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more than one time or that a polynomial taking +p three times cannot 
take —p more than two times. In the first case / (x) must have the form 


S (x) = (x— a) (w@— ag) (w — ag) (@ — a4) h(x) + p 
and if /(as;) = —p one obtains the condition 
(28) (as — a1) (as — a2) (a5 — ag) (5 — ay) h(as) = — 2p. 


It is obvious that at least two of the differences on the left must have 
the values +1 and a; is therefore the middlepoint between a, and a, 
so that dg = a%+2, a; =a,+1. This shows that f(x) must be equivalent 
to a polynomial of the form 


(29) Ft (ax) = (w@—1) (w@ 2) (wtp) h(x) +p, 


where h(0) = +1 and here the signs can be so combined that f(0) = —p. 
One sees also that the polynomial (29) cannot take the value —~p for 
any other value than 2 —0. In the second case let 


J (x) = (a — a) (@ — ag) (@ — a) h(x) + p 


be a polynomial taking the value + p at three points a,, a2, a3. If it 
shall take the value —p at a fourth point a, one obtains the condition 


(30) (4 — Ay) (4 — te) (4 — Ag) hy) = —2p. 


Let us first suppose that two of the left-hand differences are #2, for 
instance 


|a,—a,| = |a—a,| = 1. 


We can then without loss of generality assume a, = —1, aga= +1, a= 9. 
If now f(x) takes the value —» for a fifth value a, the differences a; — % 
and a;-—— da, can take only the values +1, +2, + p. A simple consideration 
of the possible arrangement of the integral points on the real axis shows, 
that p = 3 is the only possibility and in this case one must have a; = +2 
while a; = +3, and polynomials taking +3 three times and —3 two 
times can actually be constructed. Any further value —3 is however 
obviously excluded. In the remaining case of (30) one must have 


|a,a—a,| = 1, | d4— Gg| = 2, | 4— a3 | = p 


and if f(x) is to take another value —p one finds p = 3 or p = 5 and 
in neither case is it possible to find a polynomial f(x) taking a third value 
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—p. The form of the exceptional polynomials taking both values +p can 
be found in the same way as the polynomials taking the values +1 were 
determined in § 2. 

10. Let us now consider a polynomial taking the values +p at certain 
points a, dz,---,@m. Let us suppose f(x) reducible, f(x) = k(x) 1 (2): 
a factor k(x) can then take only the values +1 and +p» at these points. 
It k(x) takes +1 for k, points a; and +p for ky points, then k,+-kp = m 
and at least one of the two numbers k, and ky is > m/2. When m>10 
and for instance kp > m/2>5, then according to Theorem 14 k (a) must 
have the form at 

k(x) = (a2— aM) --- (x — ax,) k (x) +p 


and its degree is > m/2. A similar result is obtained when k, > m/2>-5. 
THEOREM 15. A polynomial of the form 


J (x) = (w— a) --- @—am) fie) +p, 


where m >10, can have factors only of degrees = m/2. 

When m is equal to the degree » of f(x) we obtain Pélya’s result in 
a more concise form: 

THEOREM 16. A polynomial of the form 


(31) J (x) = a(a— mM) --- (@— an) +p, 


where n >10, ts irreducible if n is odd and when n is even it may have 
only two factors of the degree n/2. 
When n is even, for instance n = 2m, the possible factors of degree m 
must be 
k (a) = b(x— a) --- (w©— am) +1, 
l(a) = c(x—a) --- (@— am) +p, 


where it is supposed that f(x) takes the value +p for all a, as can be 
done without influencing the generality. From the fact that these factors 
must take the values +p, +1 respectively for the remaining points 
m+i,***, dam One obtains necessary and sufficient conditions for reducibility. 
A necessary condition is that | a| be a square, a being the highest coefficient 
in (31). By a detailed study of the conditions imposed on the possible 
factors of f(x) for the cases when n <10, it is found that Theorem 16 
is true for every n except n = 3, in which case /(z) is irreducible unless 
it is equivalent to one of the following two polynomials 


(x—1)@+1)(@+p)+p = x(z*+ px—1), 
4x(x—1)(2a+p—1)+p = (2Qa—1)(42°+2 px—4x2—p). 











is 
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A theorem somewhat more general than Theorem 15 is the following: 

THEOREM 17. A polynomial taking the values +1 or +p at altogether 
m>10 points cannot have any factors of degree less than m/2. 

A possible factor must take the values +1 and +> at the same m points 
and it must therefore take either +1 or +p at at least m/2 points, and 
since m/2>5, the degree of the factor is at least m/2 according to pre- 
vious theorems. 

It is obvious that these investigations can be generalized in various ways. 
If, for instance, f(x) takes the value +d at certain points, then the degree 
of the possible factors is always greater than a certain limit depending 
upon the number of primes dividing d. The results can also be generalized 
to quadratic imaginary fields as before, and one can in this way obtain 
results generalizing the theorem of Wegner mentioned in the introduction. 








INDEPENDENT ARCS OF A CONTINUOUS CURVE.' 


DEDICATED TO J. R. KLINE. 


By Leo Zrpprn.? 


In this paper we give a new proof, for locally compact continuous 
curves, of a theorem which has been proven for plane continuous curves 
by N. KE. Rutt, for regular curves by K. Menger, and for compact con- 
tinuous curves by G. Nébeling.* The extension of the field of this theorem 
is certainly not of conspicuous importance, although it is not altogether 
a consequence of Nébeling’s result. However, the proof we give is entirely 
independent of various theorems upon which Noébeling strongly leans, and 
in particular of the corresponding theorem of Menger for regular curves 
to which Nébeling reduces the consideration of his general case. These 
theorems become immediate applications of, in some instances slight co- 
rollaries to, ours.* Furthermore, the proof is readily followed and, it is 
thought, strikingly fundamental. Of the subject of continuous curves, for 
example, little more is used than their definition and the property that 
they are arcwise connected. Finally, the proof is thoroughly mathema- 
tical inductive. A proof of this nature, for the theorem in question, seems 
to us altogether desirable. 

1, Introduction. A locally compact continuous curve C” is a locally 
compact, metric, separable space which is locally connected and connected. 
As is well-known, it is arcwise connected. If we observe that an open 
connected subset of C” is, on our definition, itself a space C”* there re- 
sults the local arewise connectedness of C” (this is, of course, also well- 
known). Principally because it facilitates our induction, it will be con- 
venient to extend this class of spaces slightly. We introduce a Jocal con- 
tinuous curve C: this shall have all the properties of a space C” excepting 
that it is not required to be connected (in the large). Every open 
connected subset of a space C is a space C”, in particular every com- 


‘Received, April 5, 1932; presented to the Amer. Math. Soc., March 1932. 

* National Research Fellow. 

*For references, etc., see G. Nébeling: “Eine Verscharfung des -Bein-Satzes”. Fund. 
Math., 18 (1981), pp. 28-38. 
‘Exception should be made of that part of Menger’s “n-Bein-Satz” which cases 
“Wachsender Ordnung”: see Nébeling. 

*i. e. a locally compact continuous curve. 
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ponent, i.e. every maximal connected subset (it is clear that these are 
open in a locally connected space). For us the spaces C’ will have this 
advantage that every open subset of a space Cis a space C. We shail 
say that a point set K separates two points x and y of C provided these 
belong to no component of C—K. The statement that the null-set does 
not separate x and y we shall interpret to mean, that these belong to a 
component Cy, of C; in consequence of this C will then contain an are 
ay. We shall say that a set of ares xy are independent if they are 
mutually exclusive excepting for their common endpoints. 

PrincipaAL THEOREM. If two points x and y of a local continuous curve 
C are not separated by any set of N points (N finite) then C contains at 
least N-+-1 independent arcs xy. 

The basis of our proof rests on a purely combinatorial theorem, of in- 
dependent interest, on linear graphs, and a method of proof which we 
discovered® for the cyclic connectivity theorem of G.T. Whyburn (the 
case N = 1 of our theorem). We propose to begin with a theorem on 
linear graphs, and it may be well to say an expository word about our 
precise understanding of this structure. 

2. A linear graph is a finite collection of elements, whose total number 
we shall call the complexity of the graph, which are either vertices or 1-cells. 
The concepts vertex and i-cell are essentially undefined. For each 1-cell 
we shall require to know which vertices are incident with it and allow 
that it is incident with none, with one only, or with two vertices which 
need not be distinct. Here incidence is essentially an undefined relation. 
We can now define a chain in a linear graph as an alternate succession 
of distinct vertices and 1-cells, of one of four obvious types, such that each 
1-cell is incident with the one or two vertices which are adjacent to it 
(in the order of the succession, understood). A chain beginning with a 
vertex 2, and ending with a vertex z, is called an arc 2,2. We shall 
introduce point-set terminology. A subset of the graph is connected if 
every pair of its elements belongs to a chain of the subset. A component 
is a maximal connected subset. The closure of a subset H is the set of 
elements of H and the set of vertices of the graph which are incident 
with 1-cells of H. We shall say that H separates two elements x and y 
if these belong to no chain of its complement. 

If x and y are distinct vertices of a linear graph L, there exists a num- 
ber r2y 2 0 such that at least one set of rzy elements, but no set of fewer, 
separates x and y in L; we shall call this the cut-number in L for x and y. 
We remark that Z cannot contain more than rzy independent arcs xy, 


°This proof was presented to J. R. Kline in the spring of 1929, and to R. L. Moore in 
the summer of that year. It has never been published. 
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j. e. ares xy Which are mutually exclusive except for the common elements x 
and y. We wish to prove: 

THEOREM ON LINEAR GRAPHS." If x and y are vertices of a linear graph L, 
then L contains exactly ray independent arcs xy. 

If our theorem is not true there exists a linear graph of minimum com- 
plexity for which it does not hold. Let this be Z, and write (for con- 
venience) zy = 7.° Now if Z contains a 1-cell xy, let us call this ¢. 
If Z contains an are xy which contains at most a single vertex distinct 
from a and y, let us call this vertex z: in this case our are zy is an are 
lx, vz,2,2y, y).2 Let L’ be the linear graph L—z. Clearly if A is any 
subset of L’ separating x and y in L’, A+z separates x and y in L. 
Then rxy (the cut-number in L’ for x and y) cannot be less than + —1, 
and L’, being of lower complexity than Z, must contain exactly »—1 
independent ares xy. Now if z is a 1-cell xy, it is clear that [x, xy, y| 
is the desired 7-th arc. But if z is a vertex, then [7, xz, z, zy, y| is the 
desired r-th are. For none of the ares which we have found in L’ can 
contain the 1-cells xz or zy, since with either of these an are must also 
contain the vertex z and this is not in L’. 

We may then assume that every are xy contains at least two more 
distinct vertices; let 2, 2p, p,pq,q,-°--,y be any such are of L. Let 
L” be the linear graph L — pq, pq being a 1-cell of this arc. It is of 
lower complexity than Z and is contained in LZ. Then it must contain 
*—1 elements and not fewer which separate « and y in L”. Let these 
be ai,-++,a@;-1. If one of these, say aj, is not a vertex it is a 1-cell. 
By the first paragraph we must assume that the 1-cell contains at least 
one vertex distinct from 2 and y; call this one aj.'° If aj is a vertex, 


r—1 
rename it a; Then A= >a, separates x and y in L”, for any are 
1 


containing a 1-cell a} must contain both vertices incident with aj, there- 
fore aj. Now A does not separate 2 and y in L. Then L—A contains 
an are zy and every such are must contain the 1-cell pq, and therefore 
the vertices p and g. Then these vertices do not belong to A and, more- 
over, p+ A and g+A must separate x and y in L. } 
Let X denote the component of L—(q-+ A) which contains x, and Y the 





7To J. W. Alexander are due one or two suggestions which have considerably simplified 
the author’s original proof. This form of the theorem is suggested by him. Compare the 
next, and equivalent theorem (our original one). 

* We may take it that r > 2; for r 0,1, the theorem is trivial. 

*Vertices p and q in juxtaposition shall denote the 1-cell pq unless otherwise indicated. 

"Tf a 1-cell aj is not incident with two distinct vertices it can belong to no are xy: 
then the remaining elements (fewer than + — 1) must separate x and y in L". 


- 
‘ 
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closure of that component Y which contains y. Since no r—1 vertices 
separate « and y in L it is obvious that Y contains g+A and that X 
contains at least + 1-cells. Let Z° be a linear graph which consists of 
the linear graph Y, a new vertex x°, and r1-cells x°q, x° a, (it is under- 
stood here, and in immediate sequel, that k runs from 1 to r—1). Since 
X contains at least one vertex p distinct from z, it is clear that L° is 
of lower complexity than Z. Moreover, no »—1 elements of L° separate 
x and y in L°: otherwise it is apparent that the corresponding elements 
in Y necessarily separate «from y in ZL. Then L° contains r independent 
ares «®y. Then Y contains r ares yg, yax, which are mutually exclusive 
except for y. We remark that since X contains p, Y does not. Then 
no are yq, yd, contains the 1-cell pg. In particular the are yq of Y does 
not contain p, and it contains no vertex ax. 

Let X” be that component of L—(p-+ A) which contains zx, Y’’ the 
component containing y, and X’’ the closure of X”. We see that the 
are yq, above, belongs to ¥”. Then X’’ does not contain g and is thus 
necessarily a subset of the component X of the preceding paragraph. But 
applying the device of that paragraph to X’’ (it will be observed that 
Y” coutains a vertex q distinct from y and at least 7 1-cells) we see 
that X (since it contains X’’) contains r arcs xp, xax, which are mutually 
exclusive except for 2. Moreover none of these ares contains q, therefore 
none of them contains the 1-cell pg. Then we see at once that the arc 
xd, plus the are yax, k=1, ---, r—1, and the are xp plus the 1-cell 
pq plus the are yq constitute a set of 7 independent arcs xy. Our 
theorem is proved. 

Now if no N elements of a graph LZ separate two given vertices x and y, 
it is clear that rry = N+1. Then we may state the following equivalent 
theorem: 

THEOREM ON LINEAR GRaAPHS.'' Jf no N elements of a linear graph L 
separate two given vertices x and y, then L contains at least N+ 1 independent 
arcs Ly. 

It is not necessary perhaps to assist the reader in anticipating our later 
application of this theorem by the remark that a point-set K (in particular, 
then, a rather simple sort of local continuous curve) will be a linear graph 
provided it can be expressed as the point-set sum of a finite number of 
points (which we will call its vertices) and a finite set of mutually 
exclusive open arcs’® (which we shall call its 1-cells) if we interpret 
incidence to mean that a given 1-cell (are) has a given vertex (point) for 





"Compare the special case of this in H. Whitney: “Congruent Graphs...” Amer. Jour. 
of Math., 54, p. 160. 


'2 An open arc denotes throughout the homeomorph of the open linear interval: 0<t<<1. 
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an endpoint. Then an arc of the linear graph K will be a point-set arc 
of the point-set K. 

We now embark upon the principal theorem: 

If x and y are points of a local continuous curve C and are not separated 
in C by any set of N points (N finite), then C contains at least N+1 
independent arcs xy. 

3. The theorem is trivial for N —0; we suppose it proven for N<r 
and proceed inductively. Let C be a space satisfying the hypothesis of 
our theorem for N =r. Then it contains at least r independent arcs 
zy,r—21. We denote these by x(m)y, m= 1, 2,---, 7. Let 

r 


» = Da(m)y. If Wis any countable collection of points of Cy such 
1 


that every convergent’* subset of W converges to x or to y, the points 
of W with x and y divide the set Cy into a countable collection of non- 
overlapping arcs whose totality we shall call a partition W* of Cy. We 
devote the next section to proving 

ASSERTION I. There exists a partition W* of Cy such that if A= D> em, 
where mC x(m)y and is an arc of the partition W*, then C— A contains 
at least one are xy. 

3.1. Let 7 denote the linear interval: 0 < ¢< 1, and let mm be a 
homeomorphism (hereafter fixed), 7m 7’ = x(m)y, 1m (0) = x, 1m (1) = y. 
Let 7, be the set of points of 7 such that: 1/2%*' < ¢ < 1/2", or 


n 
1—1/2"> < ¢ < 1—1/2"+1; let 7* = > 7;; let S, be the set of points 
1 
on the arcs x(m)y of C, which correspond to 7, under the respective homeo- 
n 
morphisms 2; and let S” = > S;. We make the following definition: 


if H, is the sum of k point-sets hs, s = 1,-+-+,k, such that each set hy 
belongs to an are 2(m)y and no are x(m)y contains a point of more than 
one of these sets (clearly then k <r), then Hj, is said to be a representative 
k-set. In general, Hy will consist of a set of 7 points and 7 ares. To 
avoid confusion, we shall designate representative k-sets which consist of 
points by P,, those which consist entirely of arcs by Qx, and reserve Hx 
for the general case. 

1*. There exists an integer n, such that if T, be divided into 2m equal 
intervals, non-overlapping, and Qx be any representative k-set consisting of 
arcs of S, each of which corresponds'* to some subinterval of this division 
of T,, then C— Qx contains at least r—k-+1 independent arcs xy. 





'° An infinite set Z is convergent if there exists a point z such that every infinite subset 
of Z has z for limit point; we say that Z converges to z. 

“Under the proper homeomorphism 7: hereafter we suppress this in statement, but . 
is always to be understood. 


7* 
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Let P;, be any representative k-set of points of S,. Since k < 7+, no 
+ —k points of C— P; separate x and y. But C— P, is an open subset 
of C, and therefore it is a space C, i.e. a local continuous curve. Then, 
by the induction on our theorem, C— Py must contain at least r—k-+1 
independent ares xy. Then there is an open subset Ux of C, Ux D Px, 
such that C— Ux contains » —k-+1 independent arcs xy. Let Py be 
the space of representative k-sets of S,..° We metrize it as follows: let 
P, and Pi, be two points of the space P;. Then if these do not represent’® 
the same set of arcs of Cj, the distance of the points shall be 1: in symbols 
D(Px, Pi) = 1. But if Py and Py, do represent the same set of arcs, 
then we may suppose their points (ps) and (ps) respectively, s = 1, ---, k, 
so enumerated that particular points p, and ps belong to the same are 
of Co: in this case D(Px, Pi) = Max.(d(ps, ps)).'" It is readily verified 
that P; is compact. But each point Pe belongs to an open subset U; 
of P;. Here U; is simply the set of all representative k-sets Py such 
that Py belongs to the open set U; associated above with P;,. Then, as 
is sufficiently well-known, there exists an « such that any subset of Py 
of diameter less than « belongs to an open set Uz. We determine such 
an «, for each value of k = 1,2,---,7, and let «* = Minimum (¢). 

3.2. The homeomorphism 7 are, of course, uniformly continuous, and 
their number is finite. It follows that there exists an integer ’ such that 
if « is any are of x(m)y, m — 1,---,7, and @ corresponds under 7 
to an interval of 7 of length less than 1/n’, then the diameter of « (in 
the metric of our space C) is less than e*. Then we may take for the 
integer », required by 1* any integer which is greater than n’. The proof 
of this should be clear from the foregoing. We divide 7, into 2, equal, 
non-overlapping, intervals and let W; be the set of arcs of S, which 
correspond to these intervals. Suppose now that Wor has been defined 
for S°~* so that if Qj; is any representative j-set of arcs of We-1, C—Q 
contains at least » —j7j-+1 independent ares zy. 

3.3. Let Hy, be a representative k-set consisting of 7 points, 1 <7 <7, 
of So and 7 ares, O<j <r—1, of We-1, where 7+j7=k<r. Then 
H;, is the sum of a representative j-set Q; of arcs of Wo-1 and a re- 
presentative z-set P; of points of Sp. Now C—Q; contains at least r—j+1 
independent arcs xy. It follows that C—H;, contains at least r—k+1 





© This is, of course, a product space. It is readily recognised as the homeomorph of 
a finite sum of mutually exclusive euclidean k-cubes. 

‘©Two k-sets represent the same set of arcs of Cy if whenever one of them has a point 
in common with a particular are x(m)y, then the other does also. 

'’ Read: The maximum of the set of distances (in the metric associated with C) of the 
pairs of points p, and pi. 
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independent ares ry. Then there exists an open set U; containing P; 
such that C—(Uz+Q,) contains at least r—k+l independent ares xy. 
For a fixed 7 andj, we metrize the space HH, k = i+j, of representative 
k-sets as follows: given two points H, and Hy, if the subsets Q; and Q; 
of H, and Hy respectively are identical and if the points (ps) and (ps) 
of Hy, and Hy respectively can be so enumerated that ps, and pi, for 
a fixed s, belong to the same are of (, then D(Hx, Hi.) = Max.(d(px, Ps). 
In any other case, D(Hx, Hy) = 1. As in the argument above, Hi is 

a compact metric space and every point of it belongs to an open subset U; . 
There exists an «; such that every subset of Hy of diameter less than ¢; 
belongs to one of these open subsets U;. We determine such an ij for 
every value of ¢ and 7 subject to: L<iscr, OS j<r—1, itj<yr, 
and let & = Min. (&j). There exists an integer m* such that the image 
under any 7» of an interval of 7 of length less than 1/n* is of diameter 
(in the C-metric) less than & Let n,>n*. We divide each part-interval 
of Tp) into mp equal, non-overlapping, subintervals. 


3.4. Let We be the set of arcs of S® which correspond to the 2>n 
1 


subintervals (determined above) of 7°; clearly each are of W,_1 is an are 
of We. Then it is not difficult to see that if Q; is any representative j-set 
of ares of We, C—Q; contains at least r—j-+1 independent arcs zy. 
Accordingly we may suppose that Wy has been defined for every integer », 
and we set W* = SW,. Then W” is the desired partition of C) and 
I. is proven. For if Q, is a representative r-set of arcs of W*, Q, must 
consist of ares of some Wo and by the argument above C—Q, contains 
at least one are zy. 

4. In this section we define a countable set of ares such that in C 
and their sum we can find the desired ++1 ares zy. The set of re- 
presentative r-sets of arcs of W* is countable. We suppose this set 
enumerated in a simple sequence 4,, 4s,---,An,---. It will be con- 
venient to introduce a number of definitions whose intentions are readily 
anticipated. The sets A, we shall call cuts. The component of (y)— An 
containing « will be spoken of as the z-side of the cut, the component 
containing y as the y-side. That are of A, which lies on a particular 
are x(m)y of Cy will be called the trace of the cut on x(m)y. If this 
trace is wm, the component of a(m)y—m containing x will be known as 
the x-side of the trace, the component containing y as the y-side. If for 


some infinite subset (A;) of the cuts the traces on one or more ares belong 
to Wr, for sufficiently large m, then we shall say that on these ares the 
traces are stationary, and the totality of these traces we call the stationary 
part of the set (A,;). An are x2*y* such that 2*y*-Cy = x" +y", and 
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such that x* is on the z-side, y* on the y-side, of some cut Ay, will be 
called a covering-arc for An. This is equivalent to saying that x* is on 
the x-side of some trace of A,, and y* is on the y-side of some trace 
(possibly the same) of An. Clearly, if «*y* is any covering arc for Ay, 
An does not separate x and y in (+ 2*y*. 

4.1. The diameters of the set of all covering-arcs for the cut A, have 
a greatest lower bound d, >0. Let x* y* be an arbitrary, but hereafter 
fixed, covering arc for A, such that diam. (x* y*)<d,+1/n. It will be 
important for us to confine our attention to a certain subset of these arcs, 
in a sense a minimal or non-superfiuous subset which we define in (4.3). 

4.2. It may happen that there exists an integer »’ such that no cut 


n’ 
A; separates x and y in (+ > a*y*. If this has happened, then our 
1 


problem can be reduced almost at once to our theorem on linear graphs. 
But it will be convenient to proceed on the assumption that this does not 
take place, and to postpone the consideration of this possibility to a later 
section where it appears in its most natural light. Nothing we shall pro- 
ceed to do, in the meanwhile, is thereby disturbed. In particular, then, we 
have supposed that for none of our covering-arcs x* y* does it happen 
that «* is the point 2 and y* the point y. For then no cut A; separates 
x and y in C)+-x*y*. In this case, of course, we see immediately that 
x* y* is the desired (r+ 1)th arc! 

4.3, Let By = Ay, my = x¥y*, and Cy = Q+%m%. Suppose 
Bn—-1, Ln—1Yn—1, and Cy—; to have been defined and that no Aj, 2 < s»—-1 
(the definition of this integer will presently be clear), separates x and y 
in C,-1. There exists a least integer s» such that As, sn > n, separates 
x and y in Cy. Let Ba = As, tnYn = wv YS » and Cy == Cr-1+2nYn- 
Then no cut A;, 7 < s,, separates x and y in Cy. We suppose C, de- 
fined for all integral values n. We are particularly concerned with the 
set of arcs (ayn) and their associated cuts (Bn). We remark here that 
Xeyx cannot be a covering-arc for By if k >k. 

We devote the next three sections to proving 

ASSERTION II. Not more than a finite number of the covering-arcs (Xn Yn) 
are of diameter greater than a preassigned «>0, and every convergent 
subsequence’® converges to x or to y. 

5. It is clear that every subsequence (2j,yi,.), ™ < in << in41, of (anyn) 
contains a subsequence (aj, yj), in < jn< jnja, such that aj C x(m’)y 





‘8 A subsequence (x; Yi.) is convergent if there exists a point z such that every sub- 
sequence of (x; yi) has z for sequential limiting point: in this case (a; y;) is said to 
converge to z. “ih 
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and yj, C x(m")y, where these are particular arcs, possibly the same 
among the ares of Cy. Let (Bj) be the sequence of associated cuts and 
uw; and vj, the traces of Bj, on the respective ares a(m')y and x(m")y. We 
wish to show, first, that 

2*. (aj, yj,) contains a subsequence (xs, Ys,), Jn < 8n < Sn41, such that either 
xs, +x and (us,) converges to x, or else ys, + y and (vs,) converges to y. 

The arguments are by reductio ad absurdum and are given rather con- 
cise form. 

Case 1. m’+m". Since x and y belong to every are x(m)y, we 
may assume that for some infinite subsequence (ax, yx,) of ares of (aj, yj,), 
jn S<Tin <n, an, $x and yx, +y. (Otherwise, for some subse- 
quence, there is a choice of m’ and m" so that m’ = m”). 

a) suppose (u,,) and (vx) are stationary (see 4.). Then for at least 
two ares aeyx and ay yx, ki >k, ue = um and vue = vx. It 
follows that zxyx is a covering-arc for By. This is impossible, 
by the remark of 4.3. 

bu) suppose now (u,) are stationary. In order from x to y on x(m’)y 
there is a first trace w,. Then 2% is on the x-side of every trace 
ux,» But from a) we may assume that (v,,) converges to x: other- 
wise it will contain a subsequence (v5), kn < 8s < Sn41, which 
converges to y and 2* is at once established. But then it is clear 
that a, yx is a covering-arc for By, for at least one k’ >k and 
sufficiently large. This is impossible. 

by) if in by) above we read y for x and v for u, we conclude that 
(v;,.) are not stationary. 

Now, however, 2* follows at once unless (w,.) converges to y and (v,) 
converges to x. But here, finally, it is readily seen that xx, yx, is a covering- 
are for By, if m is sufficiently large. 

Case 2. m’ = m”, and there is a single set of traces (wj,). Precisely 
as in a) above, we see that (wj,) cannot be stationary. 
br) There exists a subsequence (uw) which converges to x. Then if 

re, $x, n=1,2,---, 2* is proven. But if 2 — x, where k is 
a particular kn, we see that x, yz is a covering-are for By, ki>k 
and sufficiently large. 

by) If in be) we read y for x we have at once the last alternative to 
2* and the conclusion that also this alternative leads to contra- 
diction. 

Then 2* is proven. 

5.1. We shall say that a sequence of traces (us) converges monotoni- 
cally to x (to y, resp.) provided us,,, is on the x-side (y-side, resp.) of 
us, for every x. Now if a set of traces converges to x (resp. to y) it 
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certainly contains a subset which converges monotonically to x (resp. to y). 
Therefore we may in 2* read converges monotonically for converges. If the 
traces of (Bs) are stationary on 7, 0<i<r, of the arcs of x(m)y we 
have called § 4 the totality of the traces on these 2 ares the stationary 
part of (Bs). Clearly x and y are not limit points of this stationary part. 
We proceed to prove 

x: if a, $x, n=1,2,--+, Uf xs, Ca(m')y for fixed m’, and if (us,) 
converges monotonically to x, then at least one of the ares of (as, ys,) is 
of diameter less than a preassigned «>0O. a 

There exists a compact neighborhood U of a, UC V = S(a, 6/2) where 
d<e and is so chosen that V does not include y and contains no point 
of the stationary part of the cuts (Bs) associated with (a5, ys). Let 
n, >4/e. For some n>, x3, CU if n>. Let 2, n>mz, be the 
first point of ws, ys, on U—U. Then the set of points (zs,) has a limit 
point z and for a subsequence (aj, y;,) of ares of (as, Ys,), Me<8n <Jn<jnti; 
the corresponding points (zj,) converge to z. Let Z = S(z, 0’) where 7 
is chosen so that 7CV and has no point in common with any arc of 
a(m)y which does not contain z: in particular Z does not contain x. There 
is an mg >mz such that if n; nm’ > ns Z will contain an are zz, and 
Zin Zins * 

Case a. z belongs to no are w(m)y.” Let k = jp, and let k’ be any jn 
thereafter such that wu, lies on the a-side of z,. There is in Z an are 
Zeen'. Then xp 2n+ 2 Ze + Ze xe has only the points 2, and zy in common 
with C) and «xx is on the y-side while a, is on the z-side of the trace 
mu Of By. Therefore this sum contains a covering-are for By, and the 
covering-are belongs to V. 

Case b. z belongs to x(m’)y. Let k’ be a jn, n> ns, such that am’ 
lies on the x-side®® of every point of s. x(m')y. In Z there is an are zz’. 
Then xx 2 +z 2 contains a covering-are for By, and the covering-arc 
belongs to V. 

Case c. z belongs to an are x(m”)y, m” +m’. Let k* = ng and let k 
be the first integer such that 7 belongs to the open are waz. 

i. Lf it as true for any integer greater than or equal to k, let k’ be the 
first for which the trace of By on x(m’) y belongs to the open are zy. 
Now Z contains an are zzq« and ay 2«-+22,* belongs to V and contains 
a covering-are for By. For, x, is on the y-side and z on the z-side of 
this cut. 





"The reader will observe that this is the only case where z may fail to be a point of 
Co + SXn yn. While entirely irrelevant to the present discussion, this will make the entire 
difference between the principal and a subsequent theorem: see 8. 

* This is a slight stretching of our definition of “x-side” whose meaning should be clear. 
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ii. If i. above does not hold, let k’ be the first integer such that z is not 
a point of By. Such an integer certainly exists, for if the traces of 
(B;.) are stationary on x(m")y z is not a point of any of these traces, 
and if they are not stationary there exists a trace of indefinitely high 
subscript which does not contain z. Since i. does not hold, z must be 
on the y-side of By. Since (w,) converges monotonically to x, axx+41 
is on the z-side of By. But Z contains an are 224; and this plus 
rk’ +1 2k’4+1 belongs to V and contains a covering-are for By’. 

Now in every possible case we have found in V, and _ therefore 
of diameter less than 4¢, a covering-are for at least one cut By, 
k’ > ng, and k’ a particular subscript 7. Therefore dy < }¢ and diam. 
(xn ynr)<4e+1/k' <3e/4.%! Our proof of 2 is completed. 

2’. (In the statement of, and throughout the argument for, 2x’ read 
y for x and read v for uw.) Then in this case also there is at least one 
arc of diameter less than a preassigned « >0. 

5.2. We are at once in a position to prove Assertion I]. For if there 
exists an ¢>0O such that infinitely many of the arcs of (x yp) are of 
diameter greater than ¢, there exists a subsequence (2;,¥;,) such that 
every arc of this subsequence has a diameter greater than «. But applying 
in succession the considerations of 5. and 5.1 we are led to contradiction: 
we have already shown that no such subsequence exists. Now, further, 
if a set of traces (ws) converges to x (resp. to y) it is clear that the 
corresponding points zs, (resp. ys) must converge to » (resp. y) or be the 
point x (resp. y). If, then, we suppose that (7 y,) contains a convergent 
subsequence (x; yj;,) which converges to a point z not x or y, we are led 
to immediate contradiction with 2*. Then Assertion II is completely 
established. 


n’ 
6. Now it is apparent that CQo+ Sanyn, n’ >1, is by no means a 
1 


point-set which can be regarded as the geometric representation of our 
concept of a linear graph. For if we choose to designate certain open 
subares of this point-set as its 1-cells, we must be able to assert that 
our 1-cells are mutually exclusive and that they are in finite number. But 
We can extract from an are x,y», a simple subset which we shall call K,,, 
and which will be the sum of a finite set of non-overlapping arcs, such 


n’ n 
that Cy + 2 Ky can be interpreted as a linear graph the while 2 Ky contarns 


(. covering-arc for By = Ag, (see 4.3) and for every Aj, i < sn. This will 
be more readily anticipated if we recall, and here emphasize, that if 2’ y’ 





“See 4.1. It will be recalled that k’ > ns >m.>m >4/e. 
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is any covering-arc for some cut 4;, then any are whatever with end- 
points x’ and y’ which has these points only on Cy is a covering-are 
for Aj. We shall agree to say that such another arc is equivalent to 
x’ y’. We must define the sets K, sequentially since their description 
will depend upon the order in which the arcs xn yn are given to us. The 
underlying idea is very simple. 

Let K, = 2, 4,; the open are we shall call the 1-cell and the two 
endpoints we shall call the vertices of K,. Suppose now that K;i,i< n, 
nm fixed, has been defined in accordance with the intimations of the preceding 


n nr 
paragraph: let K* = > K;. It is clear that K" —C)- K” = K"— > (a%+y;) 
1 1 


= H”* does not contain an are joining xn41 and Yyn4i, even if (as may 
happen) these points belong to K”. Let an+41 be the last point (in order 
from ¢n41) Of K”+ay41yn41 such that H” contains an are joining x11 
to an41. Now 2n4: may be the point x41 but it is not yasi. Let yn+1 be 
the last point (in order yn41%n41) of K” + x41 ynti, such that H” contains 
an are joining yni1 tO ynti. Not every point of xp41yn4i can belong 
to H”. Let z be a point of this are which is not a point of H”. Then 
on each subare zap41 and 2 yp41 (in order from z) there exists a first 
point 2’, and there exists a first point z’’ respectively, such that 2’ + 2’’C K". 
Let K be the set of all points z of xn4iyh41 such that the corresponding 
points 2’ and 2’ belong to different components of H"+ a2n41+ynti. Then 
Kaus = K. 

We shall first show that AK"™*? = K”"+ Kys1 contains an are equi- 
valent t0 2n4iY¥nti- Let z* be the last point (in order 2xp+1 Ynt1) of 
nti Ynti:K”" such that H+ Kn41 contains an are joining 2* to ap4, 
and suppose that z* is not ynii. No point of z*y,41 can belong to any 
component of H” of which z* is a limit point. Then there exists a point 
z on this are such that no point of z*z—z* belongs to H”. Then for 
this point z, the point 2’ determined above must be the point 2* and the 
point 2” must belong to a different component of H”; consequently the 
are 2*2" C Kn4i, and H"+ Ky+1 contains an are joining 2,41 to 2” so 
that z* was not the last point. Then z* = y,,,. Then H”+ Ky+1 con- 
tains an are joining a4: to yn4i and H” contains ares joining xn+41 to 
Tn41 and Ynti tO Ynti, 80 that our assertion is proved. 

Now Knsi = K (see last sentence of second paragraph, this section) 
consists of a finite set of non-overlapping arcs of xni1Ynt1. For K cer- 
tainly consists of a set of mutually exclusive open ares (z’2”) where the 
endpoints 2’ and z” belong to different components of H”. If the number 
of these were infinite, it would follow that they contain a subsequence 





22T.e. we shall call it H”. 
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converging to a point 2° and that this point is a limit point of at least 
two distinct components of H”. But then 2° must be a point of CQ. But 
then 2° would have to be the point x4: (and this 241) or else 2° would 
be ynii1 (= Yau, in this case). But we have seen that no point of 
In+1 Ynt1 belongs to a component which has either of these endpoints for 
limit point. We may now designate by the 1-cells of Ay+: the open ares 
of K, and by its vertices the endpoints of these arcs. Now we may sup- 
pose that K; has been defined for all integral values 7. 

6.1. In part because the argument will assist us in the next and con- 
cluding section of this theorem, we shall at this point dispose of an hypo- 
thesis which we have carried along from 4.2: i. e. we shall now suppose 
that there exists an integer m’ such that no cut A; separates x and y in 


C+ Dx y* (see 4.2). Then certainly no cut A; separates x and y in 
1 


n’ 
Q+DSanyn. Then no cut A; separates x and y inQ,+ K”, where K” 
1 


is defined exactly as above. But the point-set Q,+K” is a linear 
graph whose vertices are x and y and the vertices of K” and whose 
1-cells are the components®® of the complement in C)+ K” of this set. 

Now Cy contains 7 independent arcs z(m)y. If any set of r elements, 
ai, +++, ay, of the linear graph Cy)+K” separate x and y, each arc 
x(m)y must contain one of these elements. If a; is a vertex we shall 
call it a. If aj is a 1-cell with at least one vertex distinct from x and 
from y we shall replace it by this vertex aj. If a, is an element not 
any of the above, then it is one of our arcs x(m)y. Then let a, denote 
an arbitrary inner point of it (for definiteness, say 7m (¢ = 1/2)) and let 
this point also be called a vertex (it is immaterial that this introduces 


: 
two new 1-cells, since we are dealing with a point-set). Then Ad = 2% 


separates 2 and y in Cy + K”’. Now if A; is any cut which contains 4, 
and such a one must obviously exist, A; separates x and y. Since this 
is impossible by our definition of n’, it follows that no r elements of 
C+ K” separate x and y, and the principal theorem is now an im- 
mediate consequence of our theorem on linear graphs. 

7. It will be convenient to have the distance (xy), d(xy), 2 3.%*_ Let 
Uy and Vy, k = 1, 2, ---, be spherical neighborhoods of (new) radius 1/k. 
Then Ux-Vi = 0. For a fixed, but arbitrary, k let mx be the first in- 
teger such that every point of C) which is not an inner point of an are 





It is clear that these are open arcs; in the future we shall merely indicate the vertices 
of our graphs, the 1-cells follow then of themselves. 
“We merely change the metric of C, multiplying all distances by 3/d(ry). 
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of Wn, (one refers to 3.4) is contained in Ux+Vx. Let X denote the 
points of Cy) which correspond (see 3.1) to points ¢ of the subinterval of 
T:0<s ts 1/2”""* and let Y denote the set of points corresponding to: 
1—1/2%'* <¢<1. Then clearly ¥ C U; and YC Vy. There is a 


first integer n’ such that a) if A; is a cut whose traces belong to Wy, 
then n’ >i, and b) if K; does not belong to U;.+Vx, then n’ >7. For 
a) one observes that the set of such cuts A; is finite. For b) one re- 
members that K; C aiy; and applies II of 5). 

No cut Ai, i<n’, separates x and y in Lyn = C+ K”. Let L be 
a linear graph whose vertices are the point-set X, the point-set Y, and all 
points not belonging to X¥-+ Y which are endpoints of arcs of Wa, or are 
vertices of K”. The 1-cells of Z are, as customarily, the components 
(open arcs) of the complement in Ly of this set of vertices.*° Now it 
follows, exactly as in 6.1 that Z contains r-++1 independent ares XJ’. 
But the open are of points corresponding to each of these contains an 
are p* g*, where p* q*-(Ux+Vx) = 0, p*C Un, gC Vu, and p*q* is an 
are of the point set L,’.2° Then there exists in LZ, at least one “family” 


r+1 
ee — BS yk ok k pk 3 — oe 
of ares wi such that wk = = p,q, and each are pyq; is an are p*q 
iv2) 
above, and these ares are mutually exclusive. Now let C* = Cy + > Ky. 
1 


Then if p*q* is any are of C* (an arc p” q” is to be understood, as above, 
as an are such that p”q”-(Un+Vn) = 0, p"CUn, g? CVn) we see by 
our choice b) of the integer n’ that p*q* must belong to Ly. But the 
set of all distinct arcs p* q*, where two arcs are distinct if they do not 
coincide as point-sets, of Z, is necessarily finite. For the point-set Ly’ 
is a linear graph with vertices x, y, the endpoints of arcs of Wr,» and 
the vertices of Ky. If an are p*q* contains none of these vertices it 
must belong to a 1-cell of Z, and if two ares p* q* belong to the same 
1-cell it is clear that they coincide. Otherwise let p’ and q’ be the first 
and last vertices respectively on the are p*q*, in that order. Then the 
subare p’q’ is an arc of the linear graph, and the number of these is finite. 
Then two ares p*q* which coincide on p’q’ can be distinct only if the 
corresponding open ares p*p' or if the corresponding open ares gq" q' belong 
to different 1-cells. But the number of these possibilities is finite. 

Then C* is a point set such that for every k it contains at most a finite 
set of distinct arcs p*qg*. Then necessarily it contains at most a finite 
set of distinct families w* of such arcs, and we have seen that it always 


*T. e. the point-set, X + Y+ set of point-vertices. 
*6 p* and q* may not be vertices. 
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contains at least one such family. But it is further clear that every are 
pq, where k’ >k, contains an arc p*g*. Then it follows that there 
must exist a sequence w’, w*,---, of particular families of ares such that 


r+1 
v'Cut, Then if w" = > p"(s)q", we may suppose the arcs so enumerated 
1 


that 
p(s) q™C p"t1(s) g"*?, s=1,2,---,r+1. 


Let >, — + p(s) gq”. Clearly >, s = 1, ---, r+1, is an open are 
1 


and has 2 and y for limit points. Clearly, also, }->;=0; ¢ +4; @, 
j=1,---,r+1. Now if the point z, x +z and y +2, belongs to >. it 
must belong to >. For there exists an integer k such that z does not 
belong to U;+Vi. But in the complement of this point-set, >’, coincides 
with the are p*(s) q* and this is closed. Then + >.+y is an are x(s)y, 
and the set of arcs ~(s)y*’ is an independent set of y+1 aresxay. Then 
our principal theorem is completely established. 

Remark. It may deserve to be pointed out that we might have devoted 6) 


v2) 
to proving, and it is easy to show, that Cy + >  anyn is a regular curve 


in the sense of Menger-Urysohn no 7 points of which separate a and y. 
Then we might have deduced the principal theorem from Menger’s “n-Bein 
Satz”. If it is allowed that the theorem on linear graphs is in itself of 
interest, then we have had to add very little to avoid the use of Menger’s 
theorem and therefore, in a sense, to replace it. 

8. Nébeling** has introduced a subset of a continuous curve which he 
calls a ,,Geriist*. We have had occasion, independently of him, to use 
a similar structure (unnamed by us) which we shall follow him by calling 
a “frame’”.2® We have defined it as follows: let C be a local continuous 
curve and let P be a countable everywhere dense subset of C, P = (pi), 
?=1,2,---. Suppose well-ordered the set of all pairs of points (pi, pj) 
of P. Let pip; be an are of C such that the diameter of this arc is less 
than dij+1/ny, where dy is the greatest lower bound of the set of dia- 
meters of all ares pip; of C and ny is the subscript associated with the 
pair (p;, pj) in the ordering.*° 


"These are not to be confused with the ares x(m)y of Cp. 
**The considerations of this section were inspired by an inspection of the paper of 
Nobeling. 


“See by the present author: “Generalization of a theorem ...”, Amer. Jour. of Math., 


54 (1932), top page 177. Our definition was given for generalised continuous curves 
(completeness replacing compactness). Compare also, this paper, the condition (4.1) on 
the “covering-arcs”. 

“If no are exists let pip; denote, for example, p:+ pj. 
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Let F = >> pipj: then F is a frame of C. 

A frame F has the following important property, 
converted into an abstract definition. 

If there exists an are xy in C of diameter less than ¢ >0, then there 
exists in F+a-+y an are xy of diameter less than ¢. For if (p;) 
and (px), n = 1,2,---, are subsequences of P converging to x and y 
respectively, each of these is a Cauchy sequence and it is clear that the 


diameters of the set of arcs (pj, pj,,,) and (px, px,,,) of F converge to zero. 


Then Cr = x+D pj, pj,,, and Cy = y+D px, pr,,, are compact con- 
n n 


81 


which may readily be 


tinuous curves in F+a2+y. Then it follows that for N sufficiently large 
there exist in C ares pj px,, »>N, of diameter less than ¢«. Then for 
N’ sufficiently large there exist in F' arcs p; px,, n> N’, of diameter less 
than e«. It should be clear that there exists ans sufficiently large so that 
the sum of the are xpj, of Cy, the arc pj, px, of F', and the are px, y of C, 
is of diameter less than ¢«. From this we may draw at once the two 
conclusions: a) if X and Y are self-compact subsets of C, F+X+ Y is 
locally arewise connected, b) if z is a point of C and (z;) is a sequence 
of points of F converging to z and Z is an arbitrary neighborhood of z 
(in C), then there exists an integer ns; such that for n, n’ > ng Z will 
contain an are 2, z,, which is an are of F. 

Now b) above has this interesting consequence. Suppose that A is a 
subset of F’ closed in C which does not separate two points x and y of C. 
We can show that it does not separate F+a2+y between x and y. 
Otherwise we may write F—A — H+ K, HD2z, KDy, H.K=0 
(these closures being in F). But clearly C— A = (H— A)+(K— 4), 
these closures being in C. Then H—A has a component Cr containing x 
and A— A a component C, containing y, and since A does not separate xz 
and y, Cy-Cy contains a point z, z-A = 0. Therefore z is at non-zero 
distance from A. Also, it is a limit point of H and of K. Then there 
is in /—A an arc having a point in H and a point in K. This is im- 
possible. We may conclude: if no N points of C separate 2 and y, then 
no N points of an arbitrary frame F separate x and y in F-+-x+y. 

Nobeling has discovered the 

THEOREM. If no N points of a local continuous curve® separate two given 
points x and y, and if F is an arbitrary frame of C, then F+a+y 
contains at least N-+-1 independent arcs xy. 





31This is remarked somewhere by Nébeling. There is here a certain overlapping un- 
avoidable for completeness sake. Our argument holds, further, in generalized continuous 
curves. 

32 He proves it, of course, for compact continuous curves. 
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We have already proven this theorem. For the only difference to us 
between F+a+y and C lies in this that the first set, although it is 
locally compact, is not locally self-compact, i. e. it is not also closed in C. 
But in the argument which we have given for the principal theorem this 
plays no role except in the consideration of Case a of 5.1 (see note there- 
to). And in this case, it is not material to us whether or not z belongs 
to F; we are concerned solely with the possibility of defining the integer ms. 
That we have shown to be possible in b) of the preceding paragraphs. 
Then for this theorem we may follow, word for word, the argument of 
the principal theorem even using neighborhoods of C, excepting that we 
choose ares in F+a+y,. 

8.1. NOBELING THEOREM. Jf X and Y, X-Y = 0, are self-compact sub- 
sets of a local continuous curve C not separated in C by any set of N points 
and if F is an arbitrary frame of C, then F+X-+Y contains at least 
N-+1 independent arcs XY.** 

Let C’ be a “coalescence” space of C which results from identifying 
the points of X as a single “point” x and the points of Y as a single 
“point” y.“* It is clear that C’ is a local continuous curve such that 
no N points of it separate 2 and y. Then by our principal theorem, 
C’ contains at least N-+1 independent arcs x(m)y, m=0,1,---, N. 
While these do not correspond to ares of C, it should be clear that the 
open arcs <2(m)y> correspond to N-+1 mutually exclusive open curves* 
of C, each of which has at least one limit point in X and one limit point 
in Y. Then X contains a subset X” which consists of at most N+1 points, 
and Y a subset Y” of at most N+1 points, such that no N points of C 
separate X” from Y”.% 

Now let C” be a coalescence space of C which results from identifying 
the points of X” as a single point x” and the points of Y” as a point y”. 
We have again a local continuous curve no N points of which separate «” 
from y”. It should be reasonably clear that the point set F” of C” 
corresponding to our fixed frame F of C is a frame of C”.*’ Then by 
the theorem above, F”+2"+y” contains at least N+1 independent ares 
«"(s)y". The open ares <x” (s)y” > correspond to N+1 mutually exclusive 


“T.e, arcs mutually exclusive except possibly for their endpoints and such that each 
has an endpoint in X and an endpoint in Y and these points only in X+Y. 

* C’ is a continuous (singular) image of C, with upper semi continuous inverse, actually 
(1—1) except for the “points” 2 and y. 

® I. e. homeomorphs of the open interval: 0<t<1. 

* This is Hilfssatz 1 of Nébeling. Our proof has, admittedly, suppressed some details. 

*' This deserves the remark that although we have defined a frame in a rather precise 
manner, it admits of abstract definition in terms of the properties we have deduced for 
it from its definition. 











i 





112 L. ZIPPIN. 


open curves of F, and each of these has a single limiting continuum in X” 
and a single limiting continuum in Y”. Since X” and Y” are finite point 
sets it follows that these limiting continua must be points of X¥” and Y” 
respectively, and that the ares «”(s)y” above actually correspond to 
N-+1 independent ares X”Y" of X¥”"+Y"+F. Since X” and Y” belong 
to X and Y respectively, and the ares X” Y” are independent and X- Y=—0, 
it follows that F+X+Y contains at least N-+1 independent ares YY. 

9, We append*® to the principal theorem a corollary which appears to 
have escaped attention, and is sufficiently curious. 

CoroLutaRy. If X and Y, X-Y = 0, are self-compact subsets of a local 
continuous curve C, then in order that C shall contain at least N+-1 mutually 
exclusive arcs XY* it is necessary and sufficient that 1) X and Y each 
contain at least N+ 1 points, 2) no N points whatever of C separate*® every 
point of X from every point of Y. 

Our conditions are clearly necessary. The sufficiency is accomplished by 
a simple artifice which is not readily available, unfortunately, if X or Y fails 
to be locally connected. For the moment, let us make the convenient 
assumption that X and Y are finite point sets. Certainly we may consider 
that C is immersed in that subset of Hilbert space whose coérdinates are 
all of the form: (0, 0, x3, %,---). Let x* be the point (1, 0, 0, ---) and 
y* the point (0, 1, 0, ---, 0, ---) of Hilbert space. Let X*, respectively Y%, 
be the set of points of the Hilbert space which belong to linear segments 
joining x*, respectively y*, to points of X, respectively Y. It is apparent 
that C* = C+ X*+Y™ is a local continuous curve such that no N points of 
C'*— (a*-+- y*) separate «* from y*. Then C* contains av least N-+1 in- 
dependent arcs «* y*. Now X*.Y*=—0O, X*-C=X, and Y*-C=Y. 
It is immediate that C must contain V+ 1 mutually exclusive ares XY, each 
of them a suitably chosen subset of some one of the independent ares 
a* y* above. 

Now to dispose of the restriction which we introduced, in course of proof, 
that X and Y are finite it suffices to show that each contains a finite subset 
satisfying the conditions of our theorem. We do this easily by a reductio 
ad absurdum.*' Let X,, respectively Yn, m == 1, 2,---, be a finite subset 
(of at least N-+1 points) of X, respectively Y, such that X, (resp. Y,) belongs 
to Xn41 (resp. Ynii) and >’ X, (resp. > Y,,) is dense in X (resp. Y). If our 





38 Added Sept. 1, 1932. 

*°T. e. mutually exclusive arcs, each having an endpoint in X and Y respectively, and 
these points only in X+Y. 

We extend, slightly, the customary sense of “separate”: thus if « is a point of X 
we agree to understand that x separates itself from every point of Y. 

‘'The argument differs a little from that of Nébeling’s Hilfssatz. 
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desideratum is not to be true there must exist point sets Z,, consisting 
of precisely V points, such that Z, separates every point of X, from every 
point of Y,. Without disturbing the course of our argument we may suppose 
that the point sets Z, have a sequential limiting set Z; consisting, then, of NV’ 
or fewer points. (Otherwise we have merely to choose a proper subsequence 
of the point sets Z,, and corresponding sequences of the (X,,) and (1’,), and 
make a slight change of notation.)** Now there exist two points 2 and y of 
X and Y respectively such that Z does not separate them in C. Then there 
exists an open neighborhood U of Z such that U does not separate x and y 
in C, and there exists an integer k such that Z, belongs to Uifn>k. But 


since > X, and > Yn, are dense in X and Y respectively, we conclude 
n>k a>k a 
easily that there exists an integer k’ (>) such that the point set U cannot 


separate every point of X, from every point of Y, if n>k’. Then Z, does 
not separate every point of X, from every point of Y,, if n>k’. The 
contradiction, with our previous argument establishes the corollary. 


* That {Zn} is compact follows from the fact that it may be supposed, by an implicit 
induction, to lie on a fixed set of N ares X Y. 


PRINCETON. 











ON THE SURFACES WITHOUT TANGENT PLANES:.! 


By S. Saks.? 


1. The elementary problem of determination of the length of a con- 
tinuous curve y = f(x) was solved a long time ago by Jordan and Lebesgue. 
In order that the curve y = f(z) be rectifiable, it is necessary and sufficient 
that the function f(a) be of bounded variation. If this condition is satis- 
fied and ZL denotes the length of the curve, then /(x) is differentiable 
almost everywhere and we have 


L> fut @PR}? ae. 


In order that the equality hold here, it is necessary and sufficient that 
J (x) be absolutely continuous. 

The analogous results for the area of the surface z — f(z, y) have 
been obtained rather recently. The most complete results in this direction 
are due to Tonelli [1]. We shall recall briefly the fundamental definitions 
of his theory. Let 
(1.1) z= fle, y) (0 <2,y <1) 


be continuous in the square Ky = (0,0;1,1), and let V,(§) and V2(%) 
denote the total variations of the functions /(§, y) and /(x, 4) considered 
as functions of a single variable y and x respectively, for § and y fixed. 
The function (1.1) is said to be of bounded variation if each of the integrals 


1 1 
f, V, (§) dé, f V2 (4) dy is finite. The function (1.1) is called absolutely 


continuous, if it is of bounded variation and if f(&, y) and f(a, 4) are 
absolutely continuous in y and « respectively for almost all values of § 
and 7. These hypotheses imply that of and =a are summable over the 
square Ky. 

Tonelli established the following result: In order that the surface (1.1) 
have a finite area A it is necessary and sufficient that the function f(z, y) 
be of bounded variation. If this condition is verified, the partial derivatives 


af of 


——, —*— exist almost everywhere in the square Ky and 


dx’ dy a 
az [ffir (4 + (24)] daz dy. 


The equality holds here if and {re if f(x, y) is absolutely continuous. 





1 Received, May 27, 1932. 

International Research Fellow. 

*The numbers in brackets refer to the list of papers at the end of this article. 
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2, So far we have a complete analogy between the case of one variable 
and that of two variables. The analogy breaks down, however, for the 
geometric interpretation of the above results. The theorem of Lebesgue 
concerning the differentiability of a function of bounded variation asserts 
that every curve y = /(x) with a finite length has almost everywhere 
a tangent. On the contrary, the fact that a function z = f(z, y) of 
bounded variation possesses partial derivatives almost everywhere does not 
imply the existence of a tangent plane as defined below, which requires 
the total differentiability (in Stolz’s sense) of the function z. And we 
know only (by a theorem of Rademacher [1]-Stepanoff [1]) that if /(z, y) 
satisfies the Cauchy-Lipschitz condition, or more generally, if almost every- 


where on a set # fle, y) —fle, v 

‘ _— L,Y)—JI,Y a 
te vonv>y [e—aP + y— yi? ~~ 

then f(x, y) is totally differentiable almost everywhere on F.‘ 

The question was naturally raised whether this theorem could be ex- 
tended, at least partially, to the case of arbitrary continuous functions. 
R. Caccioppoli [1] has proved already that this extension cannot be com- 
plete by exhibiting an example of a surface with a finite area which has 
no tangent plane at all the points of a set of positive measure. In this 
paper we obtain a stronger result. We shall prove namely that there 
exists a continuous function u(x, y) on the square Ky = (0,0; 1,1), ab- 
solutely continuous and of the total variation less than 1 on every straight 
segment in Ky, and such that the surface z = u(x, y) has no tangent 
plane at any point. It is obvious that such a surface not only has a 
finite area but is absolutely continuous in the sense of Tonelli. 

3. Our proof will be based on the theorem of Baire according to which 
no complete metric space is of the first category. ‘This method, due 
essentially to Mazurkiewicz and Banach, has been recently applied to 
many analogous problems.°® 

Let u(x, y) be an arbitrary function in the square Ky = (0,0; 1, 1). 
We shall denote by || «|| (the norm of uw) the least upper bound of 
the total variations of u(a,y) on all straight segments in Ky. If £ is 
a set in Ky then || x || will denote the least upper bound of the total 
variations of w(x, y) on all straight segments contained in #. We have 


‘We shall remark incidentally that this theorem may be slightly generalized as follows: 
If to every point (x, y) of a set E there corresponds an angle A(x, y) with vertex at 
(x, y), such that the limit superior (2.1) is finite when (a', y') approuches (a, y) re- 
maining in the angle A(a, y), then f(x, y) is totally differentiable alinost everywhere 
on E. 

* Mazurkiewicz [1, 2]; Banach [1]; Auerbach and Banach [1]; Kacamanz [1]. 

ge 
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evidently 
\e\lx, = llwl|, and |le|lz S |jully if BO PC K. 

We denote by U the class of functions u(x, y) continuous on Kp, 
vanishing on the boundary and such that 
(A) ||w|| <2, 

(B) if K is a rectangle in Ko, then ||w||x converges to zero with the 
area of K. 

The “distance” between two functions uw, v in U will be defined as 
|w—v||. It is easily seen that with this definition of the distance the 
class U is a metric, linear and complete space. Indeed, if {up} is a se- 
quence of functions of U such that 


lim || %m—Un || = 0, 
m,n 
then uw» converges uniformly to a function « which belongs also to the space 
U. while equality 
lim || wn—wu || = 0. 
nr 


We shall prove the following theorem: 

There exist U-functions® u(x, y) with the property that through every 
point (a, yo) there pass infinitely many vertical sections of the surface 
z = u(x, y) without tangent lines at 2%, yo. The class of such functions 
is a residual set’ in the space U. 

The general definition of a tangent plane to a surface z= f(z, y) may 
be stated as follows: The plane 


A(a@—%)+ Bly—y)+Ce—H) = 0, % = f(x, Yo); 
is a tangent plane at the point (a, yo, 20) if the ratio 


A(a' — xo) +B (y'— yo) + C(e’— 20) 
[A?+ B?+ C7}? [(a' — a9)®+ (y’— yo)* + (2'— 20)*]” 


tends to zero as a’>a%, yy; 2 =f (x,y). 

It is easily seen that, if a surface has a tangent plane at a point 
(20, Yo: 20) then all the vertical section of the surface through (2, yo, 20) 
(with the exception at most of one if the tangent plane is perpendicular 





°“U-function” is an abbreviation for “function belonging to class U”. 

7A set in a metric space is said to be of the 1st category (Baire) if it is a sum of a 
sequence of nowhere dense sets. A set which is the complement of a set of the 1st 
category is called residual (Denjoy). 
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to the plane (xy)) have also a tangent line at this point. Therefore the 
theorem stated above includes that given at the end of the preceding 
section. 

The functions considered in this paper are all of bounded variation, 
and even absolutely continuous and of uniformly bounded total variations, 
along all segments. In connection with this we shall mention an inter- 
esting fact recently established by Mr. F. G. Deutsch:* Every function of 
two variables, monotonic with respect to each one separately, is almost 
everywhere totally differentiable. This theorem may be easily proved by 
using the generalization of the Rademacher-Stepanoff theorem which was 
stated in the footnote on p. 115. 

4, THEOREM 1. There exist U-functions z = u(x, y) such that at every 
interior point (x, y) of Ky = (0, 0; 1, 1), 


Jim | = [ule +t cose, y+tsin6d)—u(z, y)]) = © 
for every 6 with possible exception of a set of values of 6 of the Ist category. 
The set U, of such surfaces is a residual set in the space U. 
Proof. Suppose that an U-function z = w(x, y) does not belong to U;. 
There exists then at least one point (2, yo) in the interior of Ko such that 





lim im | 4 1 two (p+ #0089, yo-+ sin 6) — 1 (ao, yo)] | < 


for a set of values of 6 of the 2nd category. Then by a familiar reasoning 
of Baire’s type there exists an integer »>0O and a closed interval (4,, 42) 
of length > 1/n with —1” < 6,< 6, <7 such that 


<n 





(4.1) S Levley + Cone, Yo + t sin 0) — w(x, yo)] 


iF 


for every t, O<¢<1/n, and every @ in (6, 42). 
Indeed, denote by Px, for any integer k, the set of values of 6 such 
that O<¢< 1/k implies 


1 , | 
|. fwo(ae+ € 0088, Yo + t sin 6) — w(x, yo)) | Sk. 


By assumption > P, is of the 2nd category. All the sets P, are closed, 
hence at least one of them, say Px, contains an interval, say (4, 42), 
—m™ <0,<6, <a. Then any integer n>max(K, (6,—4,)~") will satisfy 
the required condition. 

Denote by A, the set of U-functions z= w(x, y) for which there exists 
a point (x, yo); 1/n < a, yo <1—1/n, satisfying (4.1). Then 


* Not yet published. 
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(4,2) CU, = pg 


n 

where CU, denotes, as usually, the complement of U, in the space U. 
It is obvious that A, are closed sets and we shall prove that they are 
also nowhere dense in U. If this is proved, it will follow from (4.2) that 
CU, is a set of the Ist category, and therefore that U, is a residual set. 

Let pi, py, Yr, be a finite set of interior points of Ky with the 
following properties: 
(P,) If i/n < %,y% S1—1/n, 6—6 => 1/n, —*# SF O4<6, < a, 


then there always exists a value 0), 9; < 09 < 92, such that the ray 


ee +t cos %, Sy == Yo + ¢ sin oy 


contains at least one point pt (i =1,2,---, kn) for a value t= bt, 
0<f <1/n; 
(P:) no straight line contains more than two points p') (¢ = 1, 2, +++, kn). 
In the interior of Ky draw a system of /, equal and not-overlapping 
circles C7 (i =1,2,---, k,) with centers at p?. In view of the property (P2) 
we may suppose that no straight line has points in common with more 
than two circles C;" (¢ = 1, 2,---,k,). Let now u(x, y) be an arbitrary 
U-function. Denote by o, the upper bound of |u(a”, y”) —u(a’, y/)| for 
x” —a'|<A/n, \y"—y'|<1/n. Then in the interior of each circle C; 
define a function vp, (a, y) such that the equation z = vy (x, y) represent 
the cone with the base C;' and the altitude 2(o,-+n-1”); outside of these 
circles we set v»(x,y) =O. Since no straight line meets more than two 
circles Cj’, the variation of vp, (a, y) on every straight segment in K, is 
< 4(6,+n-"). Thus, v(x, y)C U and we have |\v,|| << 4 (o,+n-"”). 
Therefore, on setting 


Un = utp 
we have 


(4.3) lim | ¢,— w|| = lim |\vp|| = 0. 
iD nr 


The second property of wu, which we shall need is as follows: 
(PryIf in < x, yo <1—I1/n, 6&—6,> 1/n, —a < ,<0,< 7, 
then there exist values ty and 0), 0, < 0) < 02, O< ty <1/n such that 


| | : 

| 3 [etn (ao = to COs M%, Yo 4. to sim 4) = ies (xo, Yo) | to ni, 
Indeed, if 
(4.4) Un (x, Yo) < 0, -+ nt? 


then we may choose as the corresponding values of f and 6) those which 
satisfy the condition (P,). We have then 
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1 : 
rs [tn (Xo + to COS A, Yo + fo SiN A) — ttn (%, Yo)] | 
0 


> n[u(xo+ fo COS A, Yot to Sin 45) + 2(Gn-+ n—"?) — u (2%, Yo) — Un (20, Yo)] 
> n[2(6n+ n—"?) — 20,— n-?] = n'?, 


If, on the contrary, 
Un (Loy Yo) > On-+ n-"? 


then (a, yo) belongs to a certain circle C;’, say C;’. In this case we may 
put 4 = 6, and then 4% may be determined as the value of ¢ for which 


the ray 
Hy Xo +t cos 90; y= Yo + t sin 4 


meets the boundary of the circle C;'.. We prove this by the same simple 
evaluation as in case (4.4). 

Now let N be an arbitrary positive integer. It follows from (P,') that 
for n> N* no uw, belongs to Ay. This means, however, in view of (4.3), 
that every CAy, no matter what is the positive integer NV, is an every- 
where dense set. Hence our proof is complete. 

5. The surfaces which belong to the class U; of the preceding theorem 
obviously have no total differential at any point, and consequently no 
tangent plane non-perpendicular to the plane (xy). Now, in order to 
eliminate the assumption that the tangent plane is non-perpendicular to 
(xy), we shall use the following: 

Lemma. The set Uz of functions z= u(x, y) in the space U such that 
at every interior point (x, y) of Ko 


lim |= [u(a+tcos 6, y+¢sin 0)—u(z,y)] <<” 
t—>0° 
Jor every value of @ with the exception at most of a set of the 1st category, 
is a residual set in U. 

Proof. By the same argument as in the proof of the theorem of § 4 
Wwe see that if a function w(x, y) in U does not belong to U, then there 
exist a point (a, yo) and a positive integer » such that 


| 


11 
(A) = lw @o+t cos 6, yo t+? sin 6)—w (ao, yo)| > 1 


Sor every t,|t|<1/n, and every 6 of an interval (0;, 92), —7/2 S 4, <4 
S1/2, 0.—0, >1/n. | 

We shall denote by B,, the set of U-functions satisfying the condition (R). 
Every set By, is closed and we have 


(5.1) C Us — ba & 
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Let w(x, y) be an arbitrary U-function. We shall prove, as in the 
preceding § 4, that for every N, u is a limit point of a sequence of 
U-functions which do not belong to By. Therefore, every By is the 
complement of an everywhere dense set, and being closed, is nowhere 
dense. Hence by virtue of (5.1), CU, will *s of the Ist category, and 
consequently U, will be a residual set in the space U. 

To obtain the desired result, take an arbitrary integer n. Denote, as 
in the preceding proof, by o, the upper bound of | u(x’, y’’)—wu(a’,y’)| 
for | a’'—2’ |, |y’’—y'| <1/n. Divide Ky in n? equal and not-overlapping 
squares Kj'(i = 1, 2,---, n?) and in the interior of each square K;’ draw 
a finite number of circles Cjj(j = 1, 2,-+-, sn) so that the following 
conditions be satisfied: 

(S,) To every point (x, yo) in Ki’ and every interval (0,, 62), —7/ 2<0,<0 
<m/2, 0:—0, 21/n, there corresponds a value j (j = 1, 2, ---, a) 
such that 

L— 2X 

Y— Yo 
for every point (x, y) in Cj. 

(S:) No straight line has points in common with more than two circles 
CoG = 1, 8, --+, 0; fj = 1, 2, -- +, ae)» 





tan 6, < < tan 63, 


(Ss) I} 6 ||on S 1/2. 


In the interior of each circle Cj; draw two not-overlapping circles 
Ci’ and Cj” so that 


(Si) w(a’, y') cue’, y”) 


for every point (x', y’) in Ci;" and every point (a, y”’) in Ci”. 

This may be done as follows. If the ‘function w(x, y) is constant on 
Cjj then each pair of not-overlapping circles in the interior of Cj} may 
be chosen as Cj and Cj”. On the other hand, if uw is not constant 
on Cj, then let (x, yo) and (a0, yo’) be two arbitrary points in the interior 
of this circle such that 

w(x, yo) <u (x0, yo). 


Thus, every pair of sufficiently small circles Cj’, C//", with the centers 
at (x0, yo), (x0, yo) satisfies the condition (S,). 

Now, as in the proof of the preceding theorem, we define the auxiliary 
function wy (x,y) so that z = wa(x, y) represent the cones with the 


vit 


bases Ci; and the altitude o, on the circles Cj’, and the cones with the 


J 
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mm 


bases Ci/" and the altitude —o, on the circles C;j"; outside of these circles 


we set wy(z, y) = 0. The condition (S,) yields at once 


(5.2) \| wn || <8 on. 
Put 
(5.3) Un = U+tWn. 


yh 


Denote by Mj and m?. respectively the maximum of wp(x, y) on Cj’ and 
the minimum of w(x, y) on Ci”. Let, for n, 7 fixed, M;' be the least of 


the numbers M*, and m? the greatest of the numbers ms. For every 


point (x, y) in K;’, outside of the circles Cj’, Cj/", we have 
mij ~— Un(x, y) —_ u(x, y) < Mij (j = 1, 2, -++, &), 
and therefore 
(5.4) m < w(a,y) = uz, y) S Mi; 
Set now 
M;', if (x, y) C Ki’ and ua(a, y) > M7, 
n(x, y) = 4 w(a, y), if (w, y) C K? and m® < w(az, y) < Mi, 

m', if (x,y) C K?' and wn(a, y) < m’. 

(os =e 1, 9, --+3 § = 1, 8, +--+, 0%. 


It follows from (5.4) that wn (x, y) = un (a, y) outside of the circles Cj. 
Thus the total variation of vn (x, y) — un (a, y) on any segment / is at most 
equal to the sum of the total variations of w(x, y) on the parts of / in 
the circles Cj;. Hence, in view of (S2), (Ss), (5.2) and (5.3), 


| Un — Un || =. Bon + — | en—a || S 16 6,+ — 
Hence 
(5.5) lim || v,—w|| = 0. 
n 
On the other hand, from (5.4), the condition (S,) and the definition of 
Vn it readily follows that, for every n, i (¢ = 1, 2, ---, m?), all values 
of vn(w, y) in Kj’ are assumed on each pair of circles Cj’, Ci" (fj = 1, 


2, +++,.8,). Hence, we conclude from (S,) that to every point (a, yo) in 
K;' and to every pair of values 6;, 62, —7/2 <0, < @:< 7/2, @.— = I/n, 
there corresponds a point (z’, y') in this K;' such that 
, 
tan S —— < tan 62, n(x, y) = vnl(a’, y’). 





Therefore, on setting 


9 


lA 


he 
9’ 


IW 





L—2x ™ 
4 = are tan — , woe 
y—y 2 
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we have 6; < 6 < 62, and the equality 
Un(at t cos 4; yt t sin 60) — n(x, y) — 0 


holds for a certain ¢ of the absolute value < 1I/n. 

Hence v, does not satisfy the condition (A) and does not belong to 
B,, neither to By if n > N; i.e., for any N, u(x, y) is, according to 
(5.5), a limit point of a set of U-functions which do not belong to By. 
This, as has been indicated above, proves our lemma. 

6. The sum of two sets of the ist category is of the same category, 
and the product of two residual sets is again a residual set. Thus, from 
Theorem 1 and the lemma of the preceding section, it follows 

THEOREM 2. There exist functions in the space U such that at every in- 
terior point (x, y) of the square Ko 


lim LJ [u(a+tcos 6, y+¢#sin 6) — u(x, y)]| << 
(6 1) t>0 t 
lim “ [u(a+teos 6, y+tsin 0) —u(a, y)]| = © 


t—>-+-0 








Jor infinitely many values of 0, indeed, for all values of 9 except perhaps 
Jor those of a set of the Ist category. The set of such functions is a residual 
set in the space U. 

7. In two preceding sections we have considered the space U more 
restrictive than that of all absolutely continuous functions in the sense of 
Tonelli. We shall denote the latter by 7. However Theorems 1 and 2 
remain valid if we substitute there the space 7' for U, with the distance 
in the space 7’ defined by 


e(u, rv) = max lu(x, y)—v(a, y)| 


1 >1 | , , ‘ 
Ou Ov ia am 


for any two absolutely continuous functions in the square Ky. With this 
definition the space 7' is complete and the proofs of Theorems 1 and 2 
relative to this space are essentially the same as for the space U. 

Another example of application of these theorems is exhibited by the 
space V of all functions v(x, y) continuous on Ko, vanishing on the boundary 
and satisfying in addition to the properties (A), (B) of § 3, the following 
condition: 








dady 





(C) For every segment / in Ky the derivative = exists and vanishes 


almost everywhere on J. 
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The definition of the distance for the space V is the same as for the 


space U. 
Theorem 2 for this space shows in particular that there exist surfaces 


z= v(a, y) with a finite area and with partial derivatives =, * vanishing 
almost everywhere on Ko, but without a tangent plane (and therefore without 
a total differential) at any point. 

The proofs for the space V is practically the same as for the space U. 
We need merely to slightly modify the definitions of the auxiliary functions, 
as the functions defined by systems of cones do not belong to the space V. 
If a circle C of the radius 7 and the center (7, yo) is given then, instead 
of the cone of altitude h and base C, we may use now the surface: 








(7.1) z= hli—u(V (@ — mH)? + (y— w)*)I, 


where w(#) denotes a monotonic non-decreasing function such that «(0) = 0, 


u(r) = 1, u(t) = O almost everywhere on (0,7). We have = = 0 


almost everywhere along any straight segment / in C; any function defined 
by the formulas of type (7.1) on a finite number of not-overlapping circles, 
and vanishing outside these circles, belongs to the space V. 

The reader will easily find many other similar examples of functional 
spaces for which Theorems 1 and 2 remain true. 

8. Several problems are suggested by the preceding discussion, of which 
we mention 
(i) Is it possible to replace in the relation (6.1) the lim by the lim (as in 


t—0 t—> +0 

Theorem 1)? 
(ii) Is it possible to state in Theorem 2 that relation (6.1) holds for all 

values of 6 except at most of a denumerable set?° 

The first problem may be related to some known facts concerning the 
space of continuous functions of a single variable. There were given, since 
the classical result of Weierstrass, over a dozen examples of continuous 
functions without either both-sided finite or infinite, or one-sided finite 
derivatives. On the contrary the existence of a continuous function without 
one-sided finite or infinite derivative at any point was a much more difficult 
problem solved only in 1922 by Besicovitch.'° The difference between the 
set of functions of Weierstrass and that of Besicovitch may be characterized 
by the fact that while the former is a residual set in the space of con- 





*An exceptional denumerable set is necessary. Indeed, every function of bounded 
variation of two variables has derivatives in infinitely many directions almost everywhere. 
"See for instance Pepper [1]. 
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tinuous functions, the latter is only of the Ist category."’ It is possible 
that the solution of problem (i) would lead to a result of a similar kind. 
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ON THE MINORS OF ABSOLUTELY CONVERGENT 
DETERMINANTS. 


By Lron W. Conen.* 


The study of infinite determinants of the form 


(1) A = |9ix+ ax | 
subject to the conditions 


oo 00 00 pla |? 
> Ui< +o; | | > ae | | =o<+ao (i $h); 
(2) = i= bk 
Lie 2 =1; 1l<p<2 
Pp q ok 
and the associated system of linear equations was begun by von Koch' 
who considered the case p= 2. The extension to the general case was 
made by Bébr® by applying the theory of limited linear forms. The writer® 
also considered the solution theory and showed the convergence of the 
series 
ie.) oo Oo io2) 
(3) , = | = |e ||? p> [ = | Ain | (Gi +k) 
1 i= = 
where Aj, is the minor of the element ai. 
In this note, we consider the minors 


Ay, ...7,5¢ ar 


x (ri + Gj; i,j=1,---,8) 
obtained by striking out the rows 7; and the columns c; from A and extend 
the result of (3) to these minors. 

The matrix of the minor Ay, ...r,3¢,-+-¢,. Which is an absolutely convergent 
determinant, can, by a finite number of interchanges of rows and of columns, 


be brought into the following form: 














| | Aer; 1 | Aer | | 
G,j =1,---,8)| fi =1,--°,8 
, + Vi 
|| der, || || Bex + Ger || | 
eas (c+ a; r $7) 
c + Cj 








* Received, January 27, 1982. 

"H. von Koch, Palermo Rend. 28 (1909), pp. 255-266. 

* St. Bébr, Math. Zeit. 10 (1921), pp. 1-10. 

*L. W. Cohen, Bull. Amer, Math. Soc. 36 (1930), pp. 563-572. 
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The determinant of this matrix differs from A,....7,;¢...c, at most in sign. 


In order to find a bound for A,....,,;¢,..-c, We recall that the absolute value 


of A is at most* 
p=|Ja 


where the product is extended of over all products 





Pp = Gis, iyi, +> i,i, (n = 1, 2,---) 


with distinct indices which can be formed from the matrix || ax ||.. A term 
Of Ay,...7,;¢,---c, has, except for sign and a factor which is a term of 
Oey +a cy , three possible forms: 


(4) I le, ins 


h=1 
u k,-" 8 
(5) a fle, j,° Me, i, Git, +? Gj I] Mle, j 
hd h he ny Ike adn? 
t=1 \n=k,_ J h=KH 
(6) I] Ae, i, Mi, ty ina Mi “ny Jy 


h=1 


where 7,,-++-+, 7s is a permutation of 7, +--+, 1s; 


O<Uu<s; 0 = kh<h<---<khy <8; 


[lv = [] 7m = 1. 


h=1 h=s+1 


Hence we may write the inequality 


| 8 
Ar nse--e) S ar TV jaciy 
Gin) h=1 


rT] k-1 
(7) + >» a “a ail I] |e, i, | Pf z | Ck, 4 nr in, Jk, 
e=1 risk, <: -<kh, 8 — h =k, itl 7 +t, are 
~ T] | ey! + p> Il > = Ch ees tny3 Jn, | ’ 
ee’ Yn =12%,=11,---4, oe | 


where the symbol » indicates that the sum is to be taken over all 
G3”) 
permutations 7,;,---, js Of 7), +++, 7% and 





* F. Riesz, Les systémes d’équations linéaires --- Paris, (1913), pp. 33-35. 
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len ty +++ tny3 jn] = |e, i, Gi,i, Mi, Iy\s 


if the subscripts are distinct and zero otherwise. 
The first reduction we can make on (7) is a consequence of the follow- 


ing:? 


q'p 4 
8) S [Zane] = 
S car - lar & pp 
2, lex, ta ++ tings jel SO [2 sa [= ae, 


(¢ + cx,, jx, in the series on the right). 


o (+k), 


\ 


These follow from the Hélder inequality, which we state in the form 

(10) Mi” Qartwdi) < |a| NE? (a) + |u| Me? bd; (p>1) 

where Ni” (a) = [2 ‘ai? Using (8), (9) and the notation of (10) 
i=1 


in (7), we get, assuming ¢<1 


|Ap,.-er,3¢,--¢,| S P Da 7 ] | de, js! 
Gs — 


> 
1 7(q) rp) 
(11) + =( iz 1 lacs, | Ni* (ae, i) Ni” (ay,) 
T a ——d} Gj; r)1sk, 2 ky 38 ¢ a ky _,+1 ‘ 7 


“yy TT N” (de,:) NP? aah 








Applying (10), we get because of its homogeneity 


eon ee ie ap [Te NP (aap 


& Yh=1 





k,—1 
s—1 wu J 
1 >> Il Ap 
T (+) . 1| Mi N in (e,i,) 
u=1 ° «-<k t=1 \h 


=hy y+ 


(p) Ne? J ni? 
~ No? NY (ae, Ny NYP (aij,) ), Ha ~ (Ge, j,) 





+(7- — ) p> I Ne NY (ac,i) Nj Nj? {? a (7 + Ch + Jk) ° 
Gn p= 


The inequality (8) is given by Bébr, loc. cit. p.5. The inequality (9) is given by the 
writer, loc. cit. p. 566. 
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Using (2) and (8) in (12), we get 


es) 00 pla 1/p 
Ps | Zz | Ay, ..-r,3¢,--+¢, “| 
€,-°°€,=1'9r,-- 7 =1 


u 
s k,—k,_,—)-+s—k,, 


< Plo 314 5 (4) et a ae 








(13) (J; 7) u=1\1—oa G37) 1sk,<--+<k, ss 
toll ata Bia 
+e] aia bis) | 
8 
= Pst o(1+—*—} (G + 7; 2,7 =1,2,---,8). 


The assumption made in (11) that «<1 can be removed by the familiar 
artifice of a convergence factor. Because of the convergence required in 
(2), there is an integer m such that 


(14) | >> fe jaa"|"< 5 (i +k). 


i=m+14tk=1 


\ 


We choose a positive ¢ less than 1 for which 


™m 0o plq 1/p 1 ; 
(15) t >| > lanl] <> (i $k) 
f=1bK=1 d 2 
and consider the determinant A’ = |dy,-+ ajx| where 
t (Oix ik)» 4=1,---,m, 
istic a ( ik + dix) . ’ 
Dix + ix, i=m+1,m4+2,-:-. 


From (14), (15) and the Hélder inequality it is clear that (2) holds for A’ 
and that o’<1. Further 

| Ay, ...r,3¢, ++ ‘C, | <. ieee | A,.. "eM e3 Cisse, | 
from which it follows that 


$ . P19 
eicu A, a [Ar orseyee] (14 + c;; i,j =1,---,8) 
ee =1ber, 


z = 1 


converges. 
If, in (7), we use the inequality® 


ics) 


' a ak af¥ lat < Lip 
(16) i ee | Ch, Uns Diy | = | 2 | Ae, i "| | = | Thy, | 
1 ne =~ vont 


we find by an analogous method that 


2) eo 
Zz [ > | Ar... se,-e, 
re", =1 c 


17°, =1 





az (ri $ Gy; i,j =1,---,9) 





® Loe. cit. (3), p. 567, p. 565. 
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converges and, if ¢<.1, that the sum is at most 


[Ps vs (1 + : "T° 
l—e¢ 


The results may be summed up in the 

THEOREM. If the infinite determinant A = |0ix.-+ aix| satisfies (2) and 
Ay, ..-r,:¢,---e, #8 the minor of A obtained by striking out the rows r; and 
the columns ¢j (ri + G3 7,7 = 1, +++, 8) then the series 


~ ~ j pig 
SS lreonsaal 
eee rye 


> 


€,°°°€,=1 ‘= oe 
00 ™ ol (ri $ 73 7,7 = 1,---, 8) 
Px | z= [Aro rseee P| 

¥,°°°%,=1 C,---¢,=1 


converge. If o<1, then the two sums are respectively at most equal to 


[Pore 1+ oan f Pr’ s! (1 ++". "f° 
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ON INTERPOLATION.* 


By J. SHOHAT. 


Introduction. Let y, v2, --°; Yn and a; <a%<--- <a, be 2n 
arbitrarily given real quantities. Consider, with Fejér,’ the polynomial 
of degree 2n—1 


Riz) = > | gy" (ai) (x—a))+ 1 y (x) } ” 





a) Fens gy’ (xi) ; (a — xi) 9" (ai 
(, (rc) = I] (x =) : 
\ i=1 
We readily see that 
(2) 2 (x) ——= Gis Q (xr) = 0 (2 a! 1, a aie n) 
af —9" (a) 2 af 
,: LB 1 es: ee TS, We 
3) 2| gy’ (xi) ied (a — xi) 9" (2%) 


(2) shows that, with y; = (f(a), where f(x) is a given function, 2 (x) 
may be considered as its interpolational polynomial. Fejér' has shown 
that if we choose in (1) for a the zeros of Legendre or trigonometric 
polynomials of degree nm and let n increase indefinitely, then 2 (2) 
possesses very important convergence properties. His analysis is based 
upon the interesting property, that with such a choice all factors 
& gp (ai) 

gy’ (xi) 
is perhaps not necessary for convergence, according to Fejér. 

It is known that Legendre and trigonometric polynomials are members 
of the family of the so called classical orthogonal polynomials—of Jacobi (J), 
Laguerre (LL) and Hermite (H), which have many properties in common. 
It was, therefore, quite natural to undertake an investigation of (1). 
regarding its convergence properties, taking for a; the zeros of any of 
the aforesaid orthogonal polynomials. It turns out—and this is the main 
object of the present paper—that with all such polynomials formula (1) 


(2—ax;)-+1] are positive in (—1, 1), which property, however, 


maintains its convergence properties (Th. I, § 7) (although the factors 


[ _ 9 (wi) 


aind (2 — xi)-+-1] no longer remain all positive). Furthermore, the 
J Ga) - 





* Received, January 19, 1982; presented to the Society, October 1951. 
 L. Fejér, Ober Interpolation, Gitt. Nachr. (1916), pp. 66-91. 
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ordinary Lagrange interpolation formula with such polynomials also shows 
interesting convergence properties (Th. ITI, § 12). 

Throughout this paper the following notations will be used: G, (a) to 
denote an arbitrary polynomial of degree < n; ¢ or d, A—to denote resp. 
arbitrarily small and arbitrarily large, but fixed, positive quantities; 
N—a sufficiently large positive integer; «—a fixed positive quantity 
independent on a and nm (e, 0d, A, t may be different in different formulae); 
finally, if a formula bears the number, say, (18—J, L, H) or (27—J), this 
means resp. a formula pertaining to the polynomials of Jacobi, Laguerre 


and Hermite, or to Jacobi polynomials only. 
1. Orthogonal Tchebycheff polynomials and mechanical qua- 


dratures. Consider the system 


(4) (x; ps a, b) = on (@; p) = Pn (x) = an (@"— Spa" +--+) 
(n = 0, 1, +--+; Qn(p) = aa> 0) 
of orthogonal and normal Tchebycheff polynomials uniquely determined by 


b 
(6) Pv) 9m(2) onc) dx = bun (m,n = 0, 1, +9), 


where p(x) is not negative in (a,b) and has moments of all orders 


b 
= JP (x) a” dx (n = 0,1, ---), with @ >0O. (5) leads, it is known, to 


Vinge Pn+1 (x) = (% — €n+1) Pn (x) — V Anda Pn— i(x) (mn => 1): 





(6) a2 ' 
Ante = 3 Oa = [ p(x) x 9? (x) dx. 
An+1 a 
b 
(7) J r@ Pn (x) Gra(x) dx = 0 (n = 1,2,---+). 


(7), in turn, making use of the zeros 2,<ay< +++ <2» of gn(a)—all real, 
distinct and between a and b, leads to the following formula of mechanical 
quadratures of Gauss’ type: 


flr@se@ar = 3 mst RS)? 


Gn (x) dx Pn (x) ¢ x>0. 
Ay = ={ p (a) ino-aetiad ait p(x) Peer m3 asl la>0 


With the remarkable property 
(9) Rn(Gen—1) = 0 (n = 1, 2, +--+), 








* All integrals are generally taken in the sense of Riemann. 





| 
{ 
{ 
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from which follows (taking f(x) = Gon—-1(x) = 1): 


(10) YH =f p@ar = w. 


i=1 
In (7) and hereafter f(x) denotes a function defined on (a,b) as follows: 
it is finite for all x under consideration and bounded in (a, b), if (a, b) is 
finite; it is bounded in any finite subinterval of (a, b), if the latter is 
infinite, i.e. | f(x)| << Ma = M, for |x| < A (M4 may increase indefinitely 
with A). 

The comparison of (1) and (8) suggests a close relation between these 
two formulae and a possibility of transforming (1) by introducing therein 
the H; explicitly. In fact, this transformation, carried out for the classical 
orthogonal polynomials, proved to be the essential point in the discussion 
which follows. 

2. Some properties of the classical orthogonal polynomials. 


(a,b) = (—1,1), (0,0), (—, o), 
(11—I, L, H) p(z) = (ita)*7(1—2)P, at 1e-7, e@ (a, 8>0), 
X>a, n>b (n>); 
(12—I, L, H) Ri(f)-90 (n>) 


for all functions f(x) as described above.® 


B_1) 
(13—L) | gn (x)|<en4 (€ Se < A); | gn(0)| one; 
(13—H) | n(x) |<en-4 (|a| < A); 


On<t-2"; ay = [P(n+1)T(n+ 2); 
An = m—V4 Qn? [T'(n +1); 
(15—I, L, H) = A(x) yn (wx) + B(x) gn(x) + Ch pn(a) = 0; 
A(z) = 1—2z’*, zx, 1, 
(16—I, L, H) B(z) a—B—(e+)x, a—az2, —2z, 
Ch = n(nt+a+~B—1), n, 2n. 


(14—I, L, H) 


The differential equation (15), where A(x) and B(x) do not depend on n, 
is of great importance. Thus, the theory of linear differential equations 
of 2nd order shows at once that 





* a) Stieltjes, Quelques recherches sur les quadratures dites mécaniques, (Euvres, vol. 1, 
pp. 377-396; b) J. Chokhate (J. Shohat), Sur la convergence des quadratures mécaniques : - -, 
C. R., vol. 186 (1928), pp. 344-346. 
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1 Bo 
(17—I, L, H) p(x) = (ae) oT 
Differentiate (15) and use again (17). We get the fundamental relation: 


’ ‘ ple An (p) ’ 
(18—I, L, H) Pn (x; p) pal icc (Ay ») Pn—1 (x; Ap). 
Using (6, 7, 16, 18), we get: 
A(x) Gn—-1 (a; Ap) = 
A gnsa(a; p) + K n(x; p) +L gna; p) (A, K, L—const.), 
i aAn—-1 (Ap) 0, 0; L= dn—1 (p) 








(19—J, L, H) H = rar = ae atdp)’ 
A (xi) Pn—1 (21; AP) = Pn—-1 (xi3 p) [-#)/ + AF 
Pn—1 (243 p) An—1 (Ap) An—1 (p) — An—1(p) . 
(20—J) Pn (ai; Ap) = [ Aa) | [ a? (p) (n—1(A p) | ‘ 
’ nN Pn— (x4; p) . Gn— (p) An (p) An—1(p) . 
(21-J) gn (2a; p) = | Ae) | An () a?_,(Ap) "|: 
An—1(p) 





(22—L) gn-1 (ai; Ap) = ae = FT Pn—1 (Xi; p); 


231) gloss p) = [ee EY | on Cos 2) 





M An(p) 


On—1 (p) | Pn—1 (2:3 yp) : 


(3-H) — gn(ai; p) = [ 
By virtue of (14), | 

a —1)]? 
(24—J, L, H) gh (x) = ite Tay 92102) bisa [nwt i= )) Pn—1 (a), 


(2n)"? gna (ai). 





3. Expression of H; and transformation of 2(x). The general 
theory of orthogonal Tchebycheff polynomials leads to the following 
expression for H;:* 





: (x. = S97). 


HK, = —— 
(25) Ky (xi) 
Ricci me ( 4) fy (2) ux (0) —Go-a(@) n @ 


* Cf, for ex., J. Shohat, On a Certain Formula of Mechanical Quadratures ..., Trans- 
actions of the American Math. Soc., v. 31 (1930), pp. 448-463. 





g* 








tk Reale er nee 2. 


? 
} 
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1 





(26) Hy = 


Gn—1 
An 





Gn (Xi) Pn—1 (xi) 


Making use of (14, 22—J, 23—L, 24), we get the following expression 
for Hi, in case of the classical orthogonal polynomials: 








i == Nn 
(27—J, L, H) © Aa) gn (ar) ’ 
Uys ? 12 (p) , 
(J) ln “2 ua" (2 = 1,2,--+, ); 
n—1 


ipl? (ai)? =? (a4) * 


We are in a position now to transform (1): 








(28—J, L, H) 2(2) = = a8 (e—x)+1]| ish Ta [reo 


(see (15)); 
2 (x) = On = Hi; bi (x) hi (x) f (xi), 


29-5, L, H) m= 2 <=, 1,5; ba) = Bee) @—m)+A(a; 


h(x) ee Sele . 


(29) gives the desired expression of the interpolation polynomial 2(a). 
Before we proceed with its investigation, we wish to indicate some 
applications. We get, combining (27, 8, 5) with the relation 


[rw (2 — x4) (202)-\" ae = 0 (=1,2,---, 2; see(7)): 





b , 
J r@« hi (x) dx = aay 1, 2a, 
(30—J, L, H) i 
b 2 Nn ] e 
J p@) 8 @) dex a Aa’ “~ 2, (¢ =1,2,--+,n), 


b 1+n2?1 
Ji 22) 2 (@) de = 1+, 1+227; 
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b 
GIL, H) f p@)a 4 @) dz = Gq, +20, +23, 22,4208 (see 6); 








b ae 2 
mii Jiv@ MGa)de = a 
: [r@« hi(a) dx = 4 , aa , nw 
a Gn (xi) Pn (xi) 


4, Expression for the difference /(7)— 2(x). Making use of (3,29) 
and letting y: = f(x) (f(x) as defined above), we get: 


(33—J, L, H) f(w)— 2@) = % pe Hi; bi(x) hi (x) (f(@) —S aad], 


where we take hereafter 
(4—J,L,H) |2) Si, OSe<4, [al SA. 


We proceed to prove that, wnder certain conditions to be stated explicitly 
below, we can choose h, so that 


(35—J, L, H) bi(x) > 0 for |jx—ax| Sh, 


with I, independent on x and n (i = 1, 2,---, ). 
(i) Polynomials of Jacobi. Here 


(36) |xi|<1 (= 1,2,---, n); m42>—l, In> 1 (n>), 


(37) bila) = [(@—A)—(@ + A) x] @@—x)) + 1-23 (i =1,2,---, 0). 
Let a+. We may assume a> (replace, otherwise, « by —x). We 
find: « = 0 implies 

7 = 1 ° 





0<x<1—e implies 
bi(a)>0 if x <0, 
or 
1— (1—«)* 
O0<ay <a and |x—a\< Sa+A +1” 





or 


a—B 
a >x and ti 2 TR? 


and so on, for all a; and x under consideration. 
(35—J) is thus established for —1-+« < « < 1—e and for any «, 8 (> 0). 
Moreover, making use of (36), we find that (35—J) holds for—1<l2<1 
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if and only if «, 8 <1 (in which case all bi(x) = 0), and that > im- 


plies b; we ) <0 for i= ; (n= N), and no such h,, as required by (35), 


exists. 

(ii) Polynomials of Laguerre and Hermite. By a reasoning quite similar 
to that employed in (i), we find that (835—L) holds for e<x%<4A and 
arbitrary «(>0). Moreover, (35—L) holds forO <x < A @f and only if 
a@ <1; @>1 implies bi(0)<0 for n ZN; and no such hy, as required by 
(35), exists. (35—H) holds for |x| < A. 

Let x be a point of continuity of f(a). Choose hg so that 


(38) | f(a) —f(2’)| < 6 for ja—a’| Shy. 


Such hz, independent on x, exists, even if x be allowed to vary over an 
arbitrarily fixed, but finite, interval of continuity of f(x). We rewrite (33), 
following Fejér, as 
f@)—2@) = % LD Hide) @(S@—S 
(39—J, L, H) ethemé. 
+o a _{id-) O<hs < min (Im, he). 
x—x;|>h, 

It is in this form that we shall investigate the convergence properties 
of 2(z). 

5. Investigation of 6, 5”’=0o, DS HAybi(x)hi(x) [f(~)—/ (dl. 


|x—x,;|>h, 
(i) Polynomials of Jacobi. Here 











(40) m< @OISM, \f@| SM G=1,2,---n). 
Hence, 
lbi(a)|<r (G=1,2 : whe i= = a. 
a —— 9 Bs ** 5 By; n nhe gn (x) | ie 
3 x, \>h, 
7 2 = tp? (x x) 
(41) a a r sale > Hi<—*; (see (10)). 
Nhs 


Assume, first, “theses al and use (13—J): 


vt 








(42) oy < ; <d (n=N) uniformly in (—i+e, 1—e). 
nh 


ay 
8 
Secondly, take x = +1 and use again (13—J): 


“s 
nie) ; 
hi 


(42—bis) On|” lea 41 < <d(m2N), it’ <1, 
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(ii) Polynomials of Laguerre. Here o, = 1, OS x< A, |f(~)|< mM. 
Subdivide >” into two parts: 


(43) OO Pte, Sant hy (le —ai|>hn). 


In >, we have (see (16—L)): 
| bi(x) |<, SF (xi) | < M (i= 1, 2,---, m), 
and making use of (13—L), 


n 
(44) | > |<en? he? >) Hi<en 7 hs*<6 (n> N) 
' =“ & 


uniformly in (@, A). 
Regarding >,, we have: 


(45) | Qy|<en? he® 2 Hi [e+ (A+) +a) (M+ | So. 
Let f(x) be subject to the following condition: 
(46) { e-* at! | F(x) | dx exists. 


ive) 
(46) is certainly satisfied, it [ e-” x1 f? (x) dx exists). By virtue 
of (12—L), 


Jim = Hi [(a+ x) (A+ a) +a] [M+] (2!) 


=f e-® x1 [a +2) (A+2) +a] (M+ f(2) |] de. 
Hence, 
(47) | Del <tn—2ps?<d (n >N) uniformly in (e, A), 


(48) o,| >” | <0 (n>N) uniformly in (e, A) (under condition (46)).° 

>For the more restricted class of functions f(x) such that, for r=a sufficiently large 
positive quantity a, | f(x)| < #™, m denoting an arbitrarily large, but fixed, positive integer, 
we can establish (48), without making any use of (12). It suffices to consider the same 
subdivision (43), where A is now replaced by xo. (44) then holds true, as before, and as 
to 32, we write, by virtue of (9) (n= WN), 





| Dalen? he” p> Hi[(a+ a) (0+ 2) +2] [M+27'] 





= ait fea [a $a) (cota) +a (M+ a" de (nz) <ew ha <e. 


In particular, (48) holds true, if f(z) =0 for >a. 


« 
h 
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For « = 0 the above considerations, combined with (13—L), yield: 
(49) | On| > leno<tn” hs’ <d(n>WN), ife<l. 


(iii) Polynomials of Hermite. Here 6, = 4, |x| <A, |f(x)| < M, and 
we write: . 
(50) "= D+ 2 (ja — aj| > hs). 


|a|SA |aj\>A 
Considerations quite similar to those employed in (ii), making use of 
(12—H, 13—H), lead to 
(51) in| |<6 (n> N) uniformly in (—A, A), 
for all f(x) such that . 
(52) f e-” x*| f(x)\dx exists.® 


—o 





6. Investigation of o, >’=o, > HA;ybi(zx) hi (a) (f(x) — f(z). 


|x—a;| Eh, 
The preceding discussion shows that, under the same conditions resp. as 
in (41, 42, 48, 49, 51) and with the same uniformity in z, 


(53—J, L, H) ~ 2a Hi \bi (x)| hi (x) | f(as)| > 0 (n > o) 


|x—-x,|> 


(h>0 arbitrarily posi limited by the bounds of the a; only), 


(54—J, L, H) 6, > Hybi(a)hi(x)>1 (n>), 


|x—x,| sh 


In fact, 


| 2-2; | 5 h 


16, DL Hibi(a)hi (@) +o 2 fids) (Bee (8, 29)). 


We are now prepared to formulate 
7. The convergence properties of Q(z). Since, by (3, 37) and one 
of the formulae (41, 42, 48, 49, 51), 


Fe) — 2@)| 
Sud DS Hebi @\li(a)-+on Dy Hild @le@F@| + Feo, 


we arrive, through (53, 54), to 
THEOREM I. (i) The interpolation polynomial 2(x), where 2: are the zeros 
iia Jacobi ee with arbitrary a, B (>0) and y;i = f(x), converges, 


°Here again (see the preceding footnote) we can establish (51), without using (12) 
but with the use of (9) only, for all f(x) such that | f(x)| < 2 (|x| = a, m-positive 
integer). 
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as n> 2, to the value of f(x) at any point of continuity of (x) (assumed 
to be bounded) inside (—1, 1), the convergence being uniform on any inter- 


val of continuity of f(x) wholly inside (—1,1). Moreover, if i a 


2 (*') — f ee resp.’ (ii) If aj are the zeros of Laguerre polynomial 
with arbitrary « (>0), 2(ax) converges to the value of f(x) at any finite 
point x >0, where f(x) is continuous, provided, f(x) is bounded in any 


eo 
finite interval, and f, e~* at1 | f(x)| da exists, the convergence being uniform 
in any finite interval (¢, A) of continuity of f(x). Moreover, «<1 implies 
2(0)>f(0). (iii) With x:—zeros of Hermite polynomial, 2(x)—> f(x) at 
any finite point of continuity of f(x), assumed to be bounded in any finite 


Ie) 
2 
‘ _ 0994, —x 2 . oY : eae fone 
interval, provided, « e-* x*| f(x)| dx exists, the convergence being uniform 


on any finite interval of continuity of f(x). 
We add the following remarks. 
a) For Jacobi polynomials we have the following inequalities :* 
lgn(z)|<gn(l) (@2 «2 ), 
(55) 
im) Slon(—D («2 425) C1 ses, 


R 


(55—bis) lone) <e V2 (—1 <2 < 1) ( = B<s}; 


which, combined with Th. 1 (i) leads to 
THEOREM II. If f(x) be continuous in the whole interval (—1, 1), 2(@), 
where x; are the zeros of Jacobi polynomial with a, 8<1, converges, as 
n>, to f(x) uniformly for —1<x2<1. With the same a, 8 (53—J, 
54—J) hold uniformly in (—1, 1). 
b)The mechanism of convergence: 2(x)—>/(x) acts “locally”, i.e. the 
said convergence at a certain point x = &!° depends on the values of f(x) 
in the immediate neighborhood of this point only. In fact, Th. I, com- 
bined with (53—J, L, H), gives: 
(56—J, L, H) f(a) =lm > Hibile) hi (xz) f (2%). 


N—> 0 |x—2z; | = 


"With « = 6 = 1 or 4, we get the results of Fejér (1. c.). 

°For which I am obliged to a friendly communication of Dr. E. G. Koghetliantz. 

°S. Bernstein, Sur les polynomes orthogonaux ..., Journal des Math., 10 (1931), 
pp. 219-277; p. 252. ; 

Throughout this and next section x is confined resp. to the intervals given in Th. I. 








ee ee 
ssasheatiope 3 
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Apply now (56) to F(x) defined as follows: 
F(X) = f(x) for |x—&| << d and =O 


elsewhere (f(z) is continuous at 2 = &), and we get: 


(57—J, L, H) lim = Hi bi(ax) hi(x) f(a) = 0 (\a—&|>0), 
u—>n $—z; = 
c) Q(x) is “stable” with regard to f(x) (cf. Fejér, 1. ¢.), i.e., writing 
Q(x): |f(@)| < M, |f@)—¢@| <4 imply resp. | 2p(x)| <M, 
| Qp(x) — Qg(x)|<rd for all n (« independent on M,n and 0). In 
fact, the above discussion shows that 
| 2(x)| < M on| 2 eee bi(a) hi (a) + =D Hi hi (a) [di(a) ] <tM 
| 2—a;| Sh, |a—x,|>h, 
(if |f(@)| < M). 
On the other hand, 
2y(x) — Qo(x) = Q(x). 


8. Application. An almost immediate consequence of the convergence 
properties of 2(x) is the following statement. The zeros of the classical 
orthogonal polynomials are everywhere dense in (—1, 1), (0, A), (—A, A) 
resp. For assume the existence of an interval (c, d)—part resp. of the 
above interval—which does not contain any x(n > N). Then, by (3), 
with x inside (c, d), 

1=o% 2D Hihila)bi(z) (c+d<ex<d—8d), 
|x—a,|>d 
which, in view of (53), is impossible. 

Since (53), for f(x) = 1, has been established by means of (9)- only 
(see footnotes on pp. 137—8), it follows that the above property of the zeros 
of the classical orthogonal polynomials (of utmost importance for the con- 
vergence of the corresponding mechanical quadratures) has thus been 
established, without using the theory of convergence of the said quadratures. 

9, Lagrange interpolation formula and Tchebycheff polynomials. 
Consider Lagrange interpolation formula 





= . Gn (x) 


ii (1—2Xi) Gn 


ai being the zeros of Tchebycheff polynomial yn(x) = 9n(x; a, 6; p). Rewrite 
(58) as 


M (2) —_ > Pn (x) , An—1 ae (2%), 








‘=1 (y—a)- ( rs gn(2i) Pra(wi) 


An 
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(59) M(x) = = Hy h(x) Gn—1 (xi) f (ai) (see (26)). 


Hereafter, f(x) is assumed to be continuous in a certain finite subinterval 
(c,d) (ax<c<d<b). 

Denote by Pn—s(x) the polynomial, of degree <n—1, of the best 
approximation (= En-1), in Tchebycheff sense, to f(x) on (c,d), ie. 
(60) En—1 = max | f(a”)— Pn (x) | < max | f(x) — Gn-1 (x)| on (¢, d). 
We have then, 

4 hi (a) 


Pra@) = 2G) 


(61) f(e)—M (a) = f(2)—Pos @— > ds e) 
f)—M() = f@)—Paa@) 


mee ae p> Hy hi(x) ens (ai) (f(a) — Pr—i (aa) ]. 


Pr-1 (xi), 








[Lf (ai) — Pus (xi), 


Hence, making use of Cauchy inequality and of (60), 








an— 2 y he. 
SF (a) — M (a) | S Fr-i f + = Su hi (ax) a Hi; Pn—1 (ai) 
i=1 i=1 
(c<ax<d). 
Furthermore, by (8,9), 


n b 
2A; P,-1(@) = I p(x) g2_,(@~)dxz = 1, 
and we thus get the following expression for the error of Lagrange inter- 


polation formula, which holds for any system of orthogonal Tchebycheff 
polynomials n(x; a,b; p):" 


f@)—M(a)| < Bal 4 








“act /. > HR ) | (a, b arbitrary), 
n i=1 














(62) oe 
= n (ex x<d) 
\S@—M(@)| < Eyal + = 2 H1%(2) | (a, b finite), 
. es _éamee 
Since, for the finite interval (a, 5), a = Vinu< 2 cs 
n . 


'! »(@) can be replaced by d(x), y(w)—bounded and non—decreasing in (a, b). 


» p(y) d , sales 
2 J. Chokhate, Sur le développement de I’intégrale f. py) 9 .-+, Rendiconti Circolo 


Matematico Palermo, v. 47 (1923), pp. 25-46; p. 33. 














i 
ie 


4 ; 
ch aged ond * 





142 J. SHOHAT. 


The problem under consideration is now reduced to 
n 
10. Estimating the sum > H;hi(x). We subject p(x) to the follow- 
i=1 


ing condition: 
(63) p(x) > p> for’ Sa#<d’ (cS cd<d <a). 
Then we write: 


D Mriee )= a, Q(x) = f p(t) 2 Hihi(t) at, 
a . 1 (° 2 
Q(z) < +f pi) 3 Hili(h at < +f. p(t) 2, Hihi(t) at 
—_ -is H; [pn (aa) ]? (by (8); c < 2s a’), 


By Markoff-Bernstein Theorem, applied to the polynomial Q(x), of degree 
2n—1, 


> Hy hi (x)<tn° Zz Hi [pn (xi) 


64 i=1 
( P as for e+eca<d—e,; o=2 for d<a<d)® 


By (8, 10), 


dBi, Ha, Hi? < Hye, 


i= A ao 
(68) DH? [yh (el <a S Hilyh (ool = @ J v@) [on @Pae. 
We thus get, under condition (63): 
| f(a) — M(x)! < En-1 ‘ +r 4 no? V fir (x) [pn (x)]? ax} 
(66) (a, b arbitrary; o, 2 as in (64)). 


\f(v) — M(a)| < En-1 ! +n? \ J. ” v(x) [oh (w)]? ax| (a, b finite). 











Let us assume we are given the development 


n—1 


(61) rr(a) =X five) — (fi =f r@) 9% @) 1 ae). 





n 
'3 For the polynomials of Laguerre and Hermite (see (27—L, H), (10)) >> Hi [gx (ad? <1, 
i=1 
so that ; 
(L, H) \f (7) — M (a) |<t Ey. n994#!, <r Ey. n+? (6, a” as in (64)). 


However, better results will be obtained below in a different way. 
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Then, by (5), (66), hee 
n—1 

\f(@) — M(@)|< Ena { + ne = Vs fi 

(68) (a, b arbitrary; o, 2 as in (64)). 


As to the coefficients 7; in (67), they can be found in some cases by means 
of the following device. We write, assuming that 


p' (x) exists and is integrable in (a, b): 


b b 
69) fi=ft0 =f p@ gn) gle dx+f° plo) 91(@) gn (a) aa 
0O<i<n-—l), 


(10) f= J r@ [gil onde = 0,1,---,n—0), 


wD 
(11) fi = po) 912) gn(@)!” — J 0'@) 94 (2) gue) dx (OS i <n—1), 


and this enables us to evaluate or estimate fj, whenever a simple relation 
exists between p(x) and p’(x).'* 
In order to illustrate, assume further that 


(72) oy is bounded on (a, b). 


Then, by Schwartz inequality and (5), 


f ‘ ‘(@) 
f. P(x) gi (x) Gn (x) w= J, p(w) ey vi (x) gn (x) dx = O(1) 
(Z — 0, l, ++), 
(73) Fi = p(@) 91 (2) on (@)|” + O(1). 


‘In case of Legendre polynomials, for ex., p'(z) = 0, so that we get at once: 
fi = 0 (G—n =0, mod.2), fi = [(2i+1) Qn+1)]?G—n = 1, mod.2). 


For Hermite polynomials, p(+o0) = 0, p’(z) = —2ap(x), so that 





fmt Gca+dD, %.@ = 2 oo este 


This not only fully agrees with (18—H) (where A(x) = 1), but gives, comparing: 


(=) i 6 Qn ' 
an An—1 





and thus we get, without any Surther consideration, 





Aaas = [= ]'= =, an = 17/4992 [T (n +1)]-*. 


an 
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If we assume, in addition, that in (63) ¢ =c=a,d’=d=b, ie. 


(74) p(x) = pod for alcxecb, 
then,’ | 

‘gn(a)|, = Pn(b)<r(m-+ 1)” (n = 0, 1,--+); 
) fil<elG+1) + )P8 @=0,1,---,n—2), 


11. Estimating the sum > H;iij(x) for classical orthogonal 
i=1 


polynomials. The sum in question is closely related to the sum 
> A; bi(x) hi(xz) we have been dealing with in the preceding sections, 
i=1 


We know (see (29, 35, 53, 54)) that for certain x 
n 
(77—J, L, H) Gy 2 Hy |b; (a)| hi (a) > 1 (n>); 
f — 
n 
(78—J, L, H) > Hi\ bi(x)| hi(a)<tn, <t, <r. 
i=1 
It follows, 2f under certain conditions 
(79) bi(x) > bo > 0 for all x; (do independent on n and 2), 
then, under the same conditions, (see (14, 62)) 
n 
(80—J, L, H) > Hihi(xz)<tn, <t, <t. 
i=1 
Replace in the expression of b;(x) a; by z. A study of the zeros of 


the polynomial b(z) thus obtained”® readily leads to the following conclusions: 
the inequalities (79, 80) hold if and only if 


(81—J) —iI+teca<l—e (a, 8(>0) arbitrary), 
ik ee (Va—1P+e<cu< (Va+i1)—e (« > 1) 

sling ‘<2 (Vae—tF-~¢ (« >1), 
(81—H) —V2+6 <5 V2—e. 


12, Another method for estimating |/(x*)— M(z)|. The first of 
the formulae (61) gives, by virtue of (60), 





SJ. Shohat, A Simple Method for Normalizing Tchebycheff Polynomials ..., Bulletin 
Amer. Math. Soc., vol. 33 (1927), pp. 427-433; p. 432. 

'©In view of (11), we must have: for Jacobi polynomials b(+1) =>; for Laguerre 
polynomials b (0) = bo and £1,2—zeros of b(z)—either real and negative or imaginary; for 
Hermite polynomials-imaginary 1,2. 
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(82) | f(a) iil M(2)| = En-1 f +2 4G) | (ec < zs d). 


In order to obtain an estimate of the right-hand member of (82), apply 

(58) tO Pp—1(a): 
Gn—1(@) we . 1 Pn—-1 (xj) 

(83) Yn (x) p> x— x Yn(xi) 

which, when differentiated and combined with (25, 26), leads to the /un- 

damental relation: 


0 Ka) SMO sco — S[HOT (1) 











We have now, by Cauchy inequality, 





n 


(85) Po 


i=1 





j mS 
es < Kus (x) f. p(t)dt (& arbitrary; see (8,10)). 





Hence, for any system of orthogonal polynomials corresponding to a finite 
or infinite interval (a,b) and for any f(x) continuous on a finite sub- 
interval (c, da) 

(86) |S (a) — M(x) | <tEn-1 V Rn-1 (x) (e < x<ad). 


In case p(x) satisfies (63) (a<c, d’ <b), a,b being finite, 


(87) Kn(x) = O(n)" 
(o=1 for’ +e<xar<d—e; o=2 for ’<ax<d). 


(88) | f (a) — M(x)|<cE,-1n (under condition (63)), 
(a, b finite, f(x) continuous in (c,d); o, x as in (87); ce; a<d). 


For Laguerre and Hermite polynomials we substitute into (86) resp.: 
(89-—L) Ky (2) = O(n") for e<a2<A, Kn(0)~n“. 
(89—H) Kn(x) = O(n?) for —ASa<SA (see (13)). 


As to Ey-1, its order, with respect to m, is known from the theory of 
polynomial approximation of continuous functions. If, for example, / (x) 
({>0) is continuous in a certain interval or satisfies therein Lipschitz 
condition of order y, then in the same interval E, = O(n~‘), O(n-*7) 
resp. Thus formula (86) enables us to state, in very general cases, for what 


'’ J. Shohat, On a General Formula -- ., Transactions of the American Math. Soc., vol. 29 
(1927), pp. 569-583; 579-580. 
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classes of continuous functions Lagrange interpolation formula (58) converges 
and to estimate its degree of convergence. 

Various theorems could be formulated in this way. It suffices to state 
for the classical orthogonal polynomials 

THEOREM III. Take in Lagrange interpolation formula (58) for x; the 
zeros of the polynomial of Jacobi, or Laguerre, or Hermite. Then corres- 
pondingly: (J) M(a)>f (x) (n>) uniformly in any interval lying wholly 
inside (—1, 1), where f(x) satisfies Lipschitz condition of order >%4, and 
uniformly over the whole interval (—1, 1), provided, «, 8 <1 and f' (2) is 
therein continuous.'® (L) M(x)>f (x) uniformly over any finite interval 
wholly to the right of 0, if f(x) satisfies therein Lipschitz condition of 
order >1. If f(x) is continuous in (0, €) and E,-n*>0 (n>), then 
M(0)>f(0).2° (H) M(xz)—f (x) uniformly over any finite interval, where 
I (a) satisfies Lipschitz condition of order > }.*° 





8 Tf, for instance, «<1, 8>1, the uniform convergence holds in (—1, 1—s). 

‘9 Thus, for « = 1, M(«x)—/f (ax) uniformly over any finite interval (0, A), where /' (x) 
is continuous. 

20(ADDED IN Proor.) In a recent paper, ,Uber gewisse Polynome...“, Math. Zeit- 
schrift, vol. 35 (June, 1932), pp. 579-602, G. Szegé discusses the convergence properties of 
a generalized Fejér interpolation formula for the same polynomials (J, L, H) (first part of 
the present paper). His method is different (no use being made of mechanical quadratures), 
and his f (2)—the function to be interpolated—is more restricted. 
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DER MASSBEGRIFF IN DER THEORIE DER 
KONTINUIERLICHEN GRUPPEN.”* 


Von ALFRED HAAR. 


1. Der Ausgangspunkt der Lieschen Theorie der kontinuierlichen Gruppen, 
die sog. Infinitesimaltransformation, wird bekanntlich mittels eines Diffe- 
rentiationsprozesses gewonnen; deshalb ist die Liesche Theorie in ihrer 
urspringlichen Form nur auf solche Gruppen anwendbar, welche durch 
soleche Gleichungen dargestellt sind, die die fraglichen Differentiations- 
bedingungen erfiillen. Dieser Theorie steht eine andere gegeniiber, die 
von Hurwitz in einer beriihmten Arbeit’ angebahnt wurde, welche man 
treffend als eine Integrationstheorie der kontinuierlichen Gruppen bezeichnet 
hat; diese Theorie wurde insbesondere im letzten Jahrzehnt durch eine 
Reihe von wichtigen Arbeiten geférdert, von denen wir hier nur die schénen 
Arbeiten von Schur und Weyl erwahnen. 

Ks liegt daher der Gedanke nahe, die Frage zu untersuchen, ob man 
in jeder N-gliedrigen kontinuierlichen Gruppe einen invarianten Integrations- 
prozep einfiihren kann (fiir Liesche Gruppen folgt dies unmittelbar aus 
einer Bemerkung von Hurwitz in der angefiihrten Arbeit). Diese Frage 
ist offenbar damit gleichwertig, ob man in der Gruppenmannigfaltigkeit 
einen Inhalts- bzw. Mafbegriff einfiihren kann, der invariant gegeniiber 
den Transformationen der Gruppe ist, d.h. der zu solechen Punktmengen 
der Gruppenmannigfaltigkeit, die durch irgendwelche Transformationen der 
Gruppe ineinander iibergehen, denselben Inhalt bzw. MaS zuordnet. 

In der vorliegenden Arbeit soll gezeigt werden, da bei jeder N-gliedrigen 
kontinuierlichen Gruppe ein solcher Inhalts- bzw. Mafbegriff tatsachlich 
vorhanden ist. Unsere Untersuchungen gelten sogar fiir noch allgemeinere 
kontinuierliche Gruppen; wir werden im wesentlichen nur annehmen, dah 
die Gruppenmannigfaltigkeit metrisch, separabel und im Kleinen kompakt 
ist. §1 enthalt die Konstruktion des Inhaltsbegriffes; im § 2 wird gezeigt, 
daB dieser Begriff alle wesentlichen Eigenschaften des klassischen Inhalts- 
begriffes der Euklidischen Ebene besitzt (und auBerdem natiirlich invariant 
gegeniiber der Gruppe ist); auf diese Resultate gestiitzt, wird im § 3 das 
Analogon des Lebesgueschen Mafbegriffes begriindet. § 4 enthalt einige 
Anwendungen, insbesondere den invarianten Integrationsprozef und die 





* Received, July 26, 1932. 
' Géttinger Nachrichten, 1897, S. 71—90. 
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Ubertragung derjenigen schénen Sitze, die Peter und Weyl iiber die Dar- 
stellungen der geschlossenen (kompakten) Gruppen bewiesen haben’. 


§ 1. Der Inhalt. 


2. Die Elemente einer vorgelegten N-gliedrigen Gruppe G deuten wir 
als Punkte einer N-dimensionalen Mannigfaltigkeit, die ebenfalls mit & 
bezeichnet werden soll. Zwei Eigenschaften dieser Mannigfaltigkeiten 
werden im folgenden insbesondere herangezogen: 1° es besitet jeder Punkt 
eine Umgebung, die eineindeutig, stetig abbildbar ist auf die offene Kugel 
des N-dimensionalen Euklidischen Raumes; und 2° die Mannigfaltigkeit 
selbst ist durch eine hichstens abziihlbare Menge solcher Umgebungen iiberdeckbar. 
In den folgenden Untersuchungen wird (mit Riicksicht auf spatere An- 
wendungen) eine etwas allgemeinere Klasse von kontinuierlichen Gruppen 
behandelt*®; wir werden namlich nur voraussetzen, dah die Elemente der 
Gruppe G Punkte eines metrischen, separablen Raumes sind, der auBerdem 
im Kleinen kompakt ist; die letzte Eigenschaft bedeutet bekanntlich, daf 
jeder Punkt eine in G kompakte Umgebung (d.h. eine Umgebung, deren 
abgeschlossene Hiille in G kompakt ist) besitzt. Man beachte, daf iiber 
den Zusammenhang von © keine Annahmen gemacht werden (so daB gewisse 
sog. gemischt-kontinuierliche Gruppen nicht ausgeschlossen werden), statt 
dessen soll nur angenommen werden, daf die Gruppenmannigfaltigkeit in 
sich dicht ist*. 

Die drei Gruppenpostulate sollen in der iiblichen Form zugrunde gelegt 
werden: 
1° eine assoziative Verkniipfung, vermbge deren zu zwei beliebigen Gruppen- 

elementen A und B ihr Produkt C= AB definiert ist; 
2° die Existenz des Identitiitselementes E (AE = EA = 4); 
3° die Existenz der Inversen (A—1A = AA = E). 

Daraus folgt bereits, da (falls A ein bestimmtes Gruppenelement ist) 

die Transformation X> XA, die irgendeinem Element X das Element XA 


* Die vorliegende Arbeit ist (bis auf unwesentliche Abanderungen) die Ubersetzung 
einer der Ungarischen Akademie der Wissenschaften in ihrer Sitzung am 18. Apri! 1932 
vorgelegten, in ungarischer Sprache verfaften Abhandlung. 

* Uber den allgemeinen Begriff der kontinuierlichen Gruppe vgl. 0. Schreier, A}band- 
lungen aus dem Math. Seminar der Hamburg. Univ., Bd. 4 und Bd. 5; ferner E. Cartan, 
Mémorial des Sciences Mathématiques, Fasc. 42. Paris 1930. 

* Diese letzte Bedingung gewahrleistet erst die Kontinuitaét der Gruppe; sie ist fir das 
Folgende zwar nicht unerlaflich, wir wollen sie aber annehmen, um triviale Fille aus- 
zuschlieBen. Die N-gliedrige kontinuierliche Gruppe erfillt offenbar die obigen Be- 
dingungen. — Da in der vorliegenden Arbeit die Begriffe: kompakt, offen, abgeschlossen, 
stets relativ zu der Gruppenmannigfaltigkeit © zu verstehen sind, so wollen wir der Kirze 
halber diese Bezeichnungen statt kompakt, offen, abgeschlossen in G benutzen. 
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zuordnet, eine eineindeutige Abbildung der Gruppenmannigfaltigkeit auf 
sich ist; diese Abbildungen bilden offenbar eine zu G isomorphe Gruppe. 

Die Stetigkeit der Gruppe formuliert man, wie folgt: Wenn die Gruppen- 
elemente A,, Ag, ---, An, --- gegen das Element A konvergieren, d. h. 
wenn die Entfernungen A A, des metrischen Raumes © gegen Null streben, 
und in gleicher Weise die Elemente B,, Bz, ---, Bn, --- gegen B 
konvergieren, so sollen 1° a ie ky ee a. +4 gegen A '—, und 
2° A, B,, Ag Bs, --+, AnBn, --- gegen AB konvergieren®. Daraus folgt, 
daB die obigen Abbildungen X— X A topologische Abbildungen der Gruppen- 
mannigfaltigkeit auf sich sind®. 

Die Kongruenz wird folgendermafen festgelegt: Ist Yt eine Punktmenge 
(in G) und A ein beliebiges Gruppenelement, so bezeichnen wir mit Wt A 
diejenige Punktmenge, die aus Wt vermége der Abbildung X¥—> XA 
entsteht; d.h. ist X das allgemeine Element von Yt, so ist XA das 
allgemeine Element von 2t.A. Die beiden Punktmengen Wt und WA sollen 
kongruent heiBen: M2MA. Zufolge der Gruppeneigenschaften ist die 
Kongruenz ein reflexiver, symmetrischer, transitiver Begriff; wegen der Stetig- 
keit der Gruppe folgt, dab, wenn Mt, = M, und Mi, offen (bzw. abgeschlossen 
oder kompakt) ist, M, ebenfalls offen (bew. abgeschlossen oder kompakt) 
sein mupi". 

3. Es sollen vorab einige einfache Tatsachen festgestellt werden, die 
bei der Definition des Inhaltes Verwendung finden. Es seien &% und B 
offene und kompakte Teilmengen von G, % bzw. % ihre abgeschlossene 
Hiillen®. Ist B ein beliebiger Punkt von %, so kann man in mannigfacher 
Weise eine der Menge & kongruente Menge angeben, die B enthalt (z. B. 
% A! B, wo A irgendein Element von % ist). Die abgeschlossene, kom- 
pakte Menge % ist daher in der Summe eines Systems solcher Mengen 
enthalten, die der offenen Menge & kongruent, also ebenfalls offen sind. 
Die Ubertragung des bekannten Borel-Heineschen Satzes auf metrische, 
separable Raume® liefert die Tatsache, daB % bereits in einer Swmme von 
endlich vielen dieser offenen Mengen enthalten ist; man kann daher um- 
somehr 8 vermége endlich vielen, der abgeschlossenen Menge % kon- 
gruenten Mengen iiberdecken. Wir bezeichnen mit h(B; 2%) die kleinste 


* Vgl. Schreier a. a. 0.3 und Cartan a. a. 0.°, 8. 6. 

° Die durch die Transformationen X—> XA der Gruppenmannigfaltigkeit gelieferte Dar- 
stellung der Gruppe ist bekanntlich einfach transitiv im Lieschen Sinne. 

"Wiirde man die Mengen Mt und AM als-kongruent bezeichnen, so erhielte man einen 
von dem im folgenden dargelegten verschiedenen Mabbegriff; auf den Zusammenhang 
dieser beiden MaSbegriffe komme ich in einer spiteren Arbeit zuriick. 

8 Wir bezeichnen im folgenden stets die abgeschlossene Hiille einer in © offenen, kom- 
pakten Menge A,B, C,---, M mit A, B, EC, ---, M. 

* Vgl. F. Hausdorff, Mengenlehre, 2. Aufl., S. 130. 
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Anzahl der bei einer solchen Uberdeckung von B nitigen, % kongruenten 
Mengen; da. h. B ist enthalten in der Vereinigungsmenge von h (B; %) Mengen, 
welche & kongruent sind, es kann aber durch eine geringere Anzahl solcher 
Mengen nicht tiberdeckt werden. ‘whe 
Die so definierten positiven ganzen Zahlen / (%; 2) besitzen die folgenden 
Kigenschaften’® 
1° h(B; B) = ay, ts Es 
2° ist B’ eine abgeschlossene Teilmenge von B (B’ <B), so ist h(¥B'; A) 
<h(B; %); 
3° ist B, +B, die Vereinigungsmenge der beiden abgeschlossenen kompakten 
Mengen 8, und Bs, so ist 


h(Bi + Be; WM <h (Bi; M+A(Bs; W; 
4° ist By ~ Bs, so ist ata re 
h(B,; A) = h(Be; %W; 
5° sind A, B, € offene, kompakte Mengen, so ist offenbar 
h(B; WM < h(B; C€) h(E; W; 


6° wenn die offenen, kompakten Mengen %,, As, ---, Wn, +++ nur einen 
einzigen gemeinsamen Punkt (A) besitzen und (fiir jedes n) An+i Teil- 
menge von U, ist, wenn ferner die abgeschlossenen Hiillen B’ und B" 
der beiden offenen, kompakten Mengen %' und 8" keinen gemeinsamen 
Punkt besitzen, so ist fiir hinreichend grofe n 


h(B’ +B"; A) = h(B’; A) +h(B"; W,). 


Man zeigt diese letzte EKigenschaft, wie folgt: Ware die Behauptung 
nicht richtig, so wiirde es, bei jedem n, eine der Menge Un kongruente 
Menge — etwa %,C, — geben, welche sowohl Punkte von %’, wie auch 
Punkte von %” enthielte. Es seien By, bzw. By solche Punkte von ¥ 
bzw. 8” und A}, baw. A,’ diejenigen Punkte von %,, die bei der Trans- 
formation X>XC, in Bh bzw. By itbergehen: Ah Cy = Bh, An Cy = Br. 
Ks konvergieren nun einerseits die Punktfolgen A, und A; mit wachsendem 
gegen A; andererseits kann man aber — zufolge der angenommenen Kompakt- 
heit und nese se von % und 8” — eine Teilfolge <m 

-<m<--- der natiirlichen Zahlen derart herauswaihlen, daB jede 
ne Punktfolgen Bn, baw. By, gegen einen Punkt B’ bzw. B” von %' bzw. 
%” konvergieren. Auf Grund der Stetigkeitseigenschaften der vorgelegten 
Gruppe wiirde daraus die Konvergenz der Elementenfolge Cy, = An, Bn, 





' Die hier auftretenden Mengen %, B, €, B’, B,, Be, --- sind natiirlich offene, kompakte 
Teilmengen von @. 
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— Ay,’ By, folgen, und es wiirde sich als Hiufungspunkt A‘ B’ = A' B” 
ergeben; dies ist aber unmdglich, da die beiden Mengen ¥’ und B” keinen 
gemeinsamen Punkt besitzen, also B’ von B” verschieden sein muB. 

4. Nach diesen Vorbereitungen wahlen wir eine beliebige offene, kom- 
pakte Menge € zum Ausgangspunkt der weiteren Untersuchungen, die wir 
als Einheitsmenge bezeichnen; um den Inhaltsbegriff einzufiihren, kénnte 
man auBerdem noch eine willkirliche Folge von ineinander geschachtelten 
offenen, kompakten Mengen ,, 2s, ---, Mn, --- (Wn41< Yn) heranziehen, 
die nur einen einzigen gemeinsamen Punkt haben. Der Einfachheit halber 
betrachten wir die abzdhlbar vielen offenen Kugeln um einen festen Punkt A, 


wae ‘ ; 
deren Durchmesser gleich = ist", und bezeichnen diese offenen, kompakten 


Mengen mit &, (xn = 1, 2,3, ---); R,, sei — wie stets — die abgeschlossene 
Hiille von Ry. 

Es sei nun % irgendeine offene, kompakte Menge; wir betrachten die 
Zahlenfolge: Sa te 

aa R- 

(1) In (B) — 2B; Kn) 
h(G; Rn) 
man erkennt unschwer, da diese (von positiven rationalen Zahlen gebildete) 
Folge beschriinkt und thre untere Grenze von Null verschieden ist. In der 
Tat folgt aus der Eigenschaft 5° der Funktion h (B; WM) einerseits (fiir 
A= K,, C = E) 


(n = 1,2, 3,---); 


In(B) < h(B; €) (ne = 1, 2, 8, --->), 


und andererseits, wenn man in der fraglichen Ungleichung &, 8, € bzw. 


durch &,, €, B ersetzt, \ 


n(&; B) 
Man kann daher aus der Folge (1) eine gegen einen positiven Grenzwert 
konvergierende Teilfolge 


In, (B), Ing(B), «+++ by, (B), - 


herausgreifen; ist B’ 2B, so strebt (wegen der Eigenschaft 4°) /,,(¥’) 
natiirlich gegen denselben Grenzwert. Mittels des wohlbekannten Diagonal- 
verfahrens kann man ferner zu irgendwelchen vorgelegten, abzihlbar unend- 
lich vielen, offenen, kompakten Mengen 





In(B) > (n = 1, 2, 3,--+). 


B, Be, Pies . Bm; ai 


eine Teilfolge m<ng<---<my<--- der natiirlichen Zahlen derart be- 
stimmen, daf fiir alle m = 1, 2, 3,--- die Grenzwerte 


" Wir beschranken uns natiirlich auf solche Kugeln um 4, die in einer kompakten 
Umgebung dieses Punktes liegen. 
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h (Bm; Rn,) 
hoa h(G; Rn,) 
existieren. Die Mengen %,, wahlen wir nun folgendermafen: Wir wahlen 
zuerst (was wegen der angenommenen Separabilitat von G méglich ist) eine 
abzihlbare, in @ iiberall dichte Punktmenge A,, As,---, Avy, --- und be- 
trachten jede in G kompakte Kugel mit rationalem Durchmesser, deren Mittel- 
punkt einer dieser Punkte A, ist. Die Gesamtheit dieser Kugeln ist offenbar 
abzihlbar. Bildet man in jeder méglichen Weise die Vereinigungsmenge von 
endlich vielen Kugeln dieser Art, so erhiilt man ebenfalls abzihlbar viele 
Punktmengen; jede dieser Punktmengen ist offenbar kompakt und offen. 
Wir bezeichnen im folgenden die auf diese Weise gebildeten Mengen in 
irgendeiner Reihenfolge mit B,, Bz, ---, Bm, --- und denken uns die Teil- 
folge m<m<---<m<--- derart bestimmt, da8 fiir diese Mengen die 
Grenzwerte (2) existieren. 

Der Einfachheit halber modifizieren wir in geringem Ma8e die bisherigen 
Bezeichnungen, indem wir die Kugeln 


Rn,, Rays >>> Mayo 
(um A) von nun an mit 





(2) Jim ln, (®.) = 


K,, Rs, wee, Ry, --: 


bezeichnen; die itibrigen Kugeln um A lassen wir fortan auBer acht. In 
dieser Schreibweise existiert der Grenzwert 


Jim li (Bn) = ee lim —® 7 
i.) i) k 


Falls Bm eine der soeben festgelegten offenen, kompakten Mengen oder eine 


Menge, die einer solchen kongruent ist, bedeutet. 
5. Den Grenzwert der Folge Pras 
. ms h(€; Kx) 
(2') / = ee 
©) = TER) 
werden wir (falls er existiert) als Inhalt der offenen, kompakten Menge © 
bezeichnen, wenn noch auferdem die Menge € eine gewisse weitere Eigen- 
schaft besitzt, die wir vorab angeben wollen. Wir fiihren zu diesem Ende 
den Begriff der Nullmenge ein. Eine Teilmenge 2 von G soll Nullmenge 
heifien, wenn es zu jeder beliebig kleinen positiven Gréfe « eine N enthaltende 
offene, kompakte Menge De gibt, fiir die 


h (Ge: Gi) 


(k = 1, 2, 3,---) 


(3) lim sup 


k=0 h(G; &) = 


ausfillt. Aus dieser Definition folgt unmittelbar, daB die Teilmengen einer 
Nullmenge, die Vereinigungsmenge endlich vieler Nullmengen und die einer 
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Nullmenge kongruenten Mengen wiederum Nullmengen sind. Wir werden 
sehen, daB der Grenzwert der Folge (2’) stets vorhanden ist, falls der Rand 
der offenen, kompakten Menge € (d.h. die Menge € — ©) eine Nullmenge ist. 

Wir miissen zuerst zeigen, daB es solche Mengen € iiberhaupt gibt. Zu 
diesem Ende betrachten wir irgendeinen Punkt A, der in 4. benutzten, iiber- 
all dichten Menge A;, As,---, Ay,---, und es sei R(r) die Kugel um A, 
mit dem Radius ry. (Wir beschrainken uns natiirlich wiederum auf solche 
Werte von r, fiir die R(r) noch kompakt in @ ist.) Ist r eine rationale 
Zahl, so ist R(r) eine derjenigen Mengen, die wir oben mit $,, bezeichnet 
haben; daher konvergiert fiir solche r die Folge 


h(K(r); Kn) 
h(G; Rn) 
gegen einen Grenzwert. Andererseits ist fiir alle m (vgl. die Kigenschaft 2° 

von h) die Funktion 





(2’") In (& (r)) — (n = 1,2,3,-- -) 


hn (r) = In (K (r)) 


eine nicht abnehmende Funktion von yr. Da die Folge dieser monotonen 
Funktionen 4, (r) bei jedem rationalen yr konvergiert, so strebt diese 
Funktionenfolge — nach einem wohlbekannten Satze — mit etwaiger Aus- 
nahme von abzahlbar vielen Argumentenwerten, fiir jedes 7 gegen eine 
Funktion 4(r). Da die durch diesen Grenziibergang gewonnene Funktion 
i(r) ebenfalls nicht abnehmend ist, so ist sie, wiederum mit etwaiger Aus- 
nahme von abzihlbar vielen Stellen, stetig. Indem wir diese beiden abzahl- 
baren Mengen der Veranderlichen 7 ausschliefen, erreichen wir, dab fiir 
jeden anderen Wert von r einerseits der Limes 

lim 4p (r) = A(r) 

n=—o 
existiert und behaupten andererseits, daB der Rand jeder Kugel R(r) (um A), 
deren Radius r nicht ausgeschlossen wurde, eine Nullmenge ist. In der Tat 
kann man, wegen der angenommenen Stetigkeit von 4(r), an einer solchen 
Stelle r zu jeder positiven Zahl ¢ solche Werte 1’, 7’, 7” von r finden, 
welche ebenfalls nicht ausgeschlossen wurden, der Ungleichung r’<r’<r<r” 
geniigen und so beschaffen sind, daB 


0 < Ar") —Ar<e 


wird. Nun haben einerseits die abgeschlossenen Mengen 8 (r’”) — K(r") 
und &(r’) keinen gemeinsamen Punkt; daher ist (zufolge der Eigenschaft 6 
von h) fiir hinreichend groBe Werte von n 


h(K (0) — K(r") + Rr"); Ra) = A(R") — KW"); Kn) + AK’); Kn): 














pit et ve 
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andererseits ist aber, da &(7’””) —R(r’") + R(7’) Teilmenge von R(r’”) ist 
(vgl. die Eigenschaft 2° von h), fiir jedes n 


h(K (0) — Kr") + K("'); Kn) S A(KO""); Kn). 
Daher gilt fir hinreichend groBe Werte von n die Ungleichung 


h(K(r'") — Kr"); Rn) < A(R"); Kn) — h(K(r"); Kn), 
d. h. es ist 


h (R (r’”) ve R(r”’); R,,) Pe (r'”) SS. (r’) <é. 





lim sup a 
n= 0 h(E; &,) 
Da die offene, kompakte Menge &(r’”) — ®(r’’) den Rand von R(r) ent- 
halt, so zeigt diese Ungleichung, dafB der Rand der Kugel &(r) in der 
Tat eine Nullmenge ist. 

Damit ist nicht nur gezeigt, daB es offene, kompakte Mengen gibt, deren 
Rand eine Nullmenge ist, sondern auch, daB jede Kugel, deren Mittelpunkt 
in der betrachteten iiberall dichten Menge A,, Ag,---, Av, +--+ liegt — mit 
Ausnahme von hichstens abzihlbar unendlich vielen — diese Eigenschaft 
besitzt, ferner, dah fiir jede solche Kugel der Grenzwert der Folge (2’’) 
existiert. 

6. Zu weiteren Mengen dieser Art gelangen wir folgendermafen: Ks 
sei 2 eine beliebige offene, kompakte Menge und ’ irgendeine abgeschlossene 
Teilmenge von &%. Der Rand von % und %’ haben keinen gemeinsamen 
Punkt; es sei 7 die Entfernung der Menge 2%’ vom Rande von % (die eben- 
falls abgeschlossen ist). Wir betrachten diejenigen Punkte der (in G) iiberall 
dichten Menge A,, ds, ---, Ay,---, die der Menge i angehéren; unser 
soeben erhaltenes Resultat lehrt, daB man um ane — sal eine 


Kugel angeben kann, deren Radius (etwa) zwischen = und © —_— ” liegt, und 


deren Rand eine Nullmenge ist. Die Gesamtheit dieser te iiberdeckt 
natiirlich die abgeschlossene Menge 12; man kann daher endlich viele dieser 
Kugeln derart herausgreifen, daB 2’ beveitn:t in ihrer Vereinigungsmenge ent- 
halten ist. Diese Vereinigungsmenge € ist eine offene, kompakte Menge, 
deren Rand wiederum eine Nullmenge ist, da der Rand yon © nur aus 
solchen Punkten besteht, die dem Rande einer der endlich vielen Kugeln 
angehért, aus welchen © aufgebaut ist. Da ferner diese Kugeln sowie 
ihre Rander Teilmengen der offenen Menge % sind, so folgt, da6 nicht 
nur ©, sondern auch die abgeschlossene Hiille € Teilmenge von % ist. 


2 da in beliebiger Nahe jedes Punktes von %’ ein Punkt der Punktmenge Aj, As, «++, Av, -** 
liegt. 
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Wiederholt man diese SchluBweise mit der Modifikation, da8 man um jeden 
innerhalb 2X’ liegenden Punkt der iiberall dichten Menge A,, Ag, ---, Ay, - 
nicht eine Kugel, deren Rand eine Nullmenge ist, sondern eine Kugel 

q 


ve . 3 ; ' 
mit rationalem Radius (zwischen > und 4 konstruiert, so fiihrt dieses 


Verfahren offenbar zu einer solchen offenen Menge, die wir in 4. mit 8,, 
bezeichnet haben, fiir die also i 
lim Jn (Bm) 
n=eO 
existiert; und es ist auBerdem — wie oben — %’< Bn, Bm< A. 
Wir haben somit das folgende Resultat gewonnen: 
I. Es sei U eine offene, kompakte Menge und X' eine abgeschlossene Teil- 
menge von UL; dann existiert 
einerseits eine U’ enthaltende offene Menge ©, die samt ihrem Rande 
Teilmenge von A ist (W< GC, € <M) und deren Rand eine Null- 
menge ist; und 
andererseits eine X' enthaltende offene Menge 8, die samt ihrem Rande 
Teilmenge von A ist (W< B, B<A) und fiir die der Grenzwert 
lim J,(8) vorhanden ist. 


nrn=0 


Der wesentliche Inhalt des ersten Teiles dieses Satzes ist die Tatsache, 
da8 die durch Nullmengen berandeten offenen Mengen in gewissem Sinne 
iiberall dicht liegen, indem jede offene Menge durch solche Mengen beliebig 
genau angenahert werden kann. 

Wir werden zeigen, dab, wenn der Rand einer offenen, kompakten Menge © 
ee Nullmenge ist, so existiert der Grenzwert 

h (€; Rn) v: 


i C — ae as = I(€ ’ 
jim (©) = lim 7.8, 1 


und dies wird die Definition des Inhaltes soleher Mengen sein. 


§ 2. Eigenschaften des Inhaltes. 


7. Den soeben ausgesprochenen Satz beweisen wir, wie folgt: 

Es sei © eine offene, kompakte Menge, deren Rand eine Nullmenge ist. 
Nach der Definition der Nullmengen kann man zu jeder noch so kleinen 
positiven Gréfe « eine den Rand von € enthaltende offene, kompakte 
Menge $¢ finden, fiir die ee 
A(Ge; Kn) <€é 


lim sup 


n= h(G; Rn) i 


ausfallt. Den Durchschnitt von © und ¢ bezeichnen wir mit ©” 


(€” = €§,), und es sei C’ = €—C"; ¢” ist eine offene, C’ eine ab- 
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geschlossene Menge. Da ©” Teilmenge von $e ist, so folgt (vgl. Kigen- 
schaft 2° von h) 


h(€"; Rn) 
l tt < 
(4) im sup 1G: &) = 


Nach dem zweiten Teile unseres Satzes I kann man eine offene, ©’ ent- 
haltende Menge % angeben, deren abgeschlossene Hille Teilmenge von € ist, 


und fiir die der Grenzwert lim 7,(%) existiert. Daher ist fiir jedes n | 
n= 


n(G; Rn) = h(®B; Rn); 


da ferner die Vereinigungsmenge von 8 (>G’) und €” die uraprtingliche 
offene Menge € ist, so ist (vgl. Eigenschaft 3° von h) 


h(€; Kn) < h(B; Kn) +h(C"; Rr). 


Die erste dieser Ungleichungen liefert die Beziehung 


tim int "© 2) — tim 2,78); 
n= h(E; Ky) n=0 
die zweite aber — mit Riicksicht auf (4) — die Beziehung 
AG; C3 Rn) 


(5) lim sup — < lin In(B) +e. 


n= h (G; +” 
Aus der durch Subtraktion gewonnenen Ungleichung — 
h(€; Kn) — im int 28 h(G; Bn) 
h(E; Kn) n=0 h(E; Kn) 


schlie8t man unmittelbar (da « beliebig klein sein kann) auf die Existenz 
des Grenzwertes 


lim | sup <€é 


h(€; Kn) , = 
rm h(E; H) ane TOY 
womit die Behauptung bewiesen ist. 

Diese positive GréBe I(€) soll als Inhalt der offenen, kompakten Menge © 
(deren Rand eine Nullmenge ist) bezeichnet werden. Dieselbe Zahl kénnte 
man auch als Inhalt von © und jeder Teilmenge von ©, die © enthillt, 
definieren. Unser Beweis zeigt, daf J(€) die obere Grenze der durch die 
Formel im I,(B) gelieferten Gréfen ist, falls B eine beliebige solche 


Teilmenge von € ist, fiir die dieser Grenzwert existiert. 
Ks soll noch hervorgehoben werden, daB der Inhaltsbegriff nicht fiir alle 
offenen Mengen eingefiihrt ist, fiir die der fragliche Grenzwert existiert, 
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sondern nur fiir diejenigen, deren Rand eine Nullmenge ist'*; man wird 
notgedrungen zu dieser EKinschrankung gefiihrt, da widrigenfalls fiir den 
Inhalt die klassischen Eigenschaften dieser Begriffsbildung nicht giiltig 
wiren. 

8. Wir wollen zeigen, daB der soeben eingefiihrte Inhaltsbegriff in der 
Gruppenmannigfaltigkeit von derselben Art ist, wie der Jordan-Cantorsche 
Inhalt in der Ebene. Die fundamentalen Eigenschaften von J(€) sind 
die folgenden: 
1° Der Inhalt ist stets gréfer als Null; dies ist eine unmittelbare Folge 

der in 4. bewiesenen Tatsache, daf im Falle irgendeiner offenen, kom- 
pakten Menge die untere Grenze der Folge /,(€) von Null verschieden ist. 
2° Sind ©, und ©, kongruente Mengen (©, ~ C3) und besitzt ©, einen 

Inhalt (d. h. ist der Rand der offenen, kompakten Menge ©, eine 

Nullmenge), so besitet auch ©, einen Inhalt, und es ist I(€,) = I(Gs). 
Denn aus der fiir ©, gemachten Annahme folgt (vgl. 2. und 5.), dab 
auch ©, offen, kompakt und der Rand von ©, eine Nullmenge ist; 
daher existiert J(€,). Die Eigenschaft 4° von h liefert unmittelbar 
I(€,) = Ts). 

3° Besitet jede der offenen, kompakten Mengen ©,, Gz, ---, €n einen Inhalt, 
so besitzt der Durchschnitt (©, ©, ---€n) und die Vereinigungsmenge 
(©, +€,+---+€,) ebenfalls einen Inhalt; da naimlich jeder Rand- 
punkt dieser Mengen dem Rande einer der Mengen ©, Gs, ---, © 
angehért, so sind die Rander von ©, €,---€, und €,+€,+---+G, 
(vgl. 5.) sicherlich Nullmengen. Die Eigenschaft 3° von h lehrt iibrigens, 
daf IG, +€,) < I(€,) +7 (C2) ist. 

4° Besitzt jede der elementenfremden (offenen, kompakten) Mengen ©,, ©: 
einen Inhalt, so ist 

I(@,+€,) = 7(@,)+7(G). 

Beweis. Da der Rand von ©, eine Nullmenge ist, so kann man — wie 
oben — zu jedem positiven ¢ eine offene Menge % finden, deren abgeschlossene 
Hille 8 Teilmenge von ©, ist und so beschaffen ist, da einerseits der 
Grenzwert tim 1, (B) existiert, und andererseits (vgl. die Ungleichung (5)) 


(5’) T(G,) < lim In (B) +e 
ist. Da die abgeschlossenen Mengen 8 und ©, keinen gemeinsamen Punkt 
besitzen, so ist (vgl. Eigenschaft 6° von h) fiir hinreichend grofe » 
h(B+Es; Kn.) = h(B; Kn)-+h (Ce; Kn). 
13 Bs ist inte wohl méglich, daB die in 4. eingefiihrten Mengen Bn (oder die Einheits- 


menge ©), die uns zum Ausgangspunkt unserer Inhaltsdefinition dienten, keinen Inhalt 
besitzen, obwohl der Grenzwert lim In (Bm) sicherlich vorhanden ist. 


r=@ 
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Da aber 8+, Teilmenge von ©,-+ Gy ist, so gilt (fiir alle n) 
h(B+Es; Kn) Sh (Ci + Co; Kn); 


daher ist fiir hinreichend groBe n 
h (Ci; Kn) +h Cs; Kn) Sh Cit Cs; Kn) > hB; Kn) +h Ey; &,). 
Daraus folgt aber unmittelbar — mit Riicksicht auf (5’) — 
I(€,) +7 (C2) => 7(€,+E:) = 11) +1 (Cs) —¢; 


d. h. unsere obige Behauptung. 

Auf Grund dieser Eigenschaft ergibt sich unschwer der folgende all- 
gemeinere Saiz: 
4° Besitet jede der offenen Mengen ©, und ©, einen Inhalt, so gilt die 


Beziehung 
TG,)+1@:) = 1G,+€)+ 1G €); 


dabei bezeichnet (wie oben) ©, -+€, bzw. ©,€, die Summe bzw. den 
Durchschnitt der beiden Mengen ©, und @,. 

Beweis. Es sei ©’ die offene Menge, gebildet von den znneren Punkten 
von €,—€,€, (offener Kern); der Rand von ©’ ist eine Nullmenge, da 
er aus Randpunkten von ©, und ©, besteht. @€’ und ©, besitzen keinen 
gemeinsamen Punkt; daher ist 


(6) I(€'+€,) = 1€)+1 (Gs); 
in derselben Weise erkennt man die Richtigkeit der Beziehung 
(7) I@'+G@,€,) = 1(')+1G,&). 


Nun ist die offene Menge €’+€, zwar nicht identisch mit €,+€,, da 
©’+€, diejenigen Punkte von ©,, die dem Rande von @, angehdéren, 
nicht enthalt; da aber jeder solche Punkt Haufungspunkt von G, ist, so 
folgt, daB die abgeschlossenen Hiillen von ©€,+€, und €’+, iiberein- 
stimmen. Daher ist 

h(©, + €2; Kn) = h(C’+ Ce; Ky) 


und folglich auch 
I(€, + ©) = 1(C'+ &). 


Ersetzt man in dieser Uberlegung ©, durch ©, €,, so erhalt man in gleicher 
Weise 


I(€'+ ©, Cs) — I(€; + ©; Es) — I(@;). 
Man erhalt daher aus den Beziehungen (6) und (7) die Gleichungen 
1(€,+€,) = 1(’)+ 7G), 16) = 1€'’)+1G,G:), 


woraus durch Subtraktion unsere Behauptung folgt. 
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5° Besitet jede der unendlich vielen offenen Mengen ©, ©s, ---, Cn, --+ einen 
Inhalt, und ist (fiir jedes n) ©n4i1 Tetlmenge von ©n, so ist, falls der 
Durchschnitt dieser Mengen ©» aus einem einzigen Punkt C besteht, 


lim I(€») = Q. 
au=—e 
Beweis. Wir wahlen innerhalb einer beliebigen offenen Menge $, die 
einen Inhalt besitzt, k verschiedene Punkte H®, H®,.-.-,H®. Vermige 
der Abbildungen 
(8) X—> X(C-1 H™®) (p = 1,2,---,k) 


entstehen aus der Menge ©, die ihr kongruenten Mengen ec, fs,.:-:, CY, 
die baw. die Punkte H™, H®,.--, H enthalten. Man erkennt unschwer, 
daB die so erhaltenen Mengen ©” (p = 1,2,---,k) fiir hinreichend 
eroBe n elementenfremd sind. In der Tat, es wiirden im entgegengesetzten 
Falle fir beliebig groBe m solche Punkte C, und C,’ von ©, geben, die 
durch zwei verschiedene Abbildungen (8) in denselben Punkt iiberfiihrt 
werden: 

C,C+ H® = C, C“ H® (p=q): 


da C, und C,;’ mit wachsendem n gegen C’ streben, so wiirde dies der 
Verschiedenheit der H®, H®,---, H® widersprechen. Folglich sind fiir 
hinreichend groBe 7 alle ¢‘” elementenfremd und in  enthalten; daher ist 


k 
k I(€n) = 1?) = 1694+ CF + .-- +€%) < 19); 


d. h. es ist fiir hinreichend grofe 
1 
I(Gn) S 7,108), 


woraus die Behauptung unmittelbar folgt. 

Man konnte diese Eigenschaften des Inhaltes auch fiir nicht offene Mengen 
beweisen; wir unterlassen dies in Hinsicht darauf, daB diese Tatsachen 
in den allgemeinen Eigenschaften des Mafbegriffes (den wir im niachsten 
Paragraphen begriinden) enthalten sind. 

Zusammenfassend sind wir zu dem folgenden Satze gelangt: 

Il. In jeder N-gliedrigen kontinuierlichen Gruppe © kann man einen 
Inhaltsbegriff definieren, vermige dessen zu gewissen offenen, kompakten 
Mengen © eine positive Gripe I(C) zugeordnet ist; dieser Begriff besitet die- 
selben Eigenschaften, wie der Jordan-Cantorsche Inhalt der gewihnlichen 
veometrie, d. h. es gelten, falls jede der Mengen ©, Gs,---,€n, +--+ emmen 
Inhalt besitzt, die folgenden Tatsachen: 
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ist ©, kongruent ©, so ist (Ci) = I(Es); 
ist ©, Teilmenge von ©, so ist I(G,) < I(s); 
es gilt das Gesetz der Additivitiit: 


I(G,) +[(€2) = I(C, + Cs) + 1G, Es); 
ist (fiir jedes n) Gn41 in Cn enthalten, so ist lim I(€n) = 0, falls die 


Mengen ©,, ©:,---, @n,--- nur einen einzigen gemeinsamen Punkt 
haben; a 

ist U eine beliebige offene, kompakte Menge und Xt’ eine beliebige ab- 
geschlossene Teilmenge von U, so existiert eine XU’ enthaltende Menge &, 
deren abgeschlossene Hiille Teilmenge von XU ist und die einen Inhalt 
besitet \* ; 

besitzt die offene, kompakte Menge © einen Inhalt, so existiert zu jeder 
positiven Gripe € eine offene Menge ©’, deren abgeschlossene Hiille in € 
enthalten ist (€’< ©) von der Beschaffenheit, daf I(C’)> I(C)—e, 
sowie eine die abgeschlossene Hiille von © enthaltende offene, kompakte 
Menge ©" (C" > €) von der Beschaffenheit, dap I(C")< I(€)+« ist™. 

Unser Satz bleibt richtig, wenn die zugrunde gelegte kontinuierliche 
Gruppe © nicht N-gliedrig, jedoch so beschaffen ist, daf ihre Elemente einen 
metrischen, in sich dichten, separablen und im Kleinen kompakten Raum 
bilden. 

§ 3. Das Analogon des Lebesgueschen Maftes. 

9. Auf Grund des Vorangehenden kann man ohne Schwierigkeiten in der 
Gruppenmannigfaltigkeit einen Mafbegriff einfiihren, der alle wesentlichen 
Kigenschaften des Lebesgueschen Ma8es besitzt und auferdem invariant 
gegeniiber Kongruenz ist'®. In voller Analogie zu dem klassischen Ver- 
fahren Lebesgues definieren wir zu diesem Ende zuerst das diufere Map 
einer in © kompakten Punktmenge 2%; um die fragliche Analogie klar 
hervortreten zu lassen, wollen wir im folgenden eine offene, kompakte 
Menge ©, die einen Inhalt im obigen Sinne besitet, als Intervall bezeichnen. 

“Vol. Satz I, S. 155. 

"Die Richtigkeit dieser letzten Eigenschaft erkennt man leicht folgendermafen: Ist 
eine den Rand von © enthaltende offene Menge, fiir die die Ungleichung (3) statthat, so 
sei erstens A= C, A' = C —C§H; ist C’ eine offene, kompakte Menge, die einen Inhalt 
besitzt von der Beschaffenheit, dab Y’< €’ und ©’< A = € ist (vgl. Satz I), so ist offenbar 

I’) >I@)—e. 


Setat man zweitens A= €+CH, A'=C, so gelangt man in derselben Weise zu einer 
Menge ©” (> ©), fiir die 
I@")<1®)+e 


ist. 


'©TIn meiner in ? erwihnten ungarischen Arbeit habe ich, um den Mafbegriff einzufiihren, 
das bekannte de la Vallée-Poussinsche Verfahren eingeschlagen. 
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Da die abgeschlossene Hiille M ebenfalls kompakt ist, so kann man (auf 
Grund des Borel-Heineschen Satzes) Mt jedenfalls in ein System von endlich 
vielen Intervallen einschlieBen. Wir betrachten irgendein abzihlbares 
System von Intervallen ©,, €;,---,@n,--- von der Beschaffenheit, da8 
jedes Element von YN in der Vereinigungsmenge dieser Intervalle enthalten 
ist, und definieren das auBere Ma ma(M) als untere Grenze der so er- 
haltenen Summen J(€,)-+ Z(€,) + (Cs) + ---; ma (M) ist stets endlich 
und > 0; ist Mt’ in der kompakten Menge M enthalten, so ist ma (M') < ma(M): 
fir zwei beliebige kompakte Mengen Wt, und Wt, gilt 


ma(M a Me) < Ma (M;) + Ma (Ms); 
sind die abgeschlossenen Hiillen M, und Mt, elementenfremd, so ist offenbar 
ma (Ds + Me) = ma (Mt) + ma (Me). 


Man erkennt ferner unschwer, dai das dufere Maf eines Intervalls € 
mit dessen Inhalt iibereinstimmt. In der Tat folgt die Ungleichung 
ma(€) < I(€) unmittelbar aus der Definition von ma; andererseits kann 
man aber zu jedem positiven « ein Intervall ©’, dessen Hiille ©’ in € 
enthalten ist, derart angeben, dab 7(€’) >1(€)—e wird. Ist nun € (und 
damit auch ©’) in der Vereinigungsmenge der Intervalle ©,, €,,---,€n,--- 
enthalten, so kann man die abgeschlossene Menge ©’ bereits durch endlich 
viele dieser Intervalle tiberdecken; daher ist jedenfalls Z(€’) nicht gréfer 
als die Summe der Inhalte dieser endlich vielen Intervallen und also um 
so mehr 


1(G)—e <1’) < TC) + 1Gs) + --» + 1G) + -- 


woraus unmittelbar 


also die Behauptung folgt. In gleicher Weise erkennt man, da® auch 
Siir die abgeschlossene Hiille € eines Intervalls die Beziehung ma(C) = = I(€) 
gilt. Ist namlich (fir ein beliebig kleines positives «) ©” ein € enthaltendes 
Intervall von der Beschaffenheit, daB J(€”)< I(€)+< ist, so ist 


ma(©) < ma(C") = 1") < 1@)+¢, 
woraus mit Riicksicht auf 
ma(€) > ma(C) = I) 
die Beziehung ma(€) = I(€) folgt?”. 


a Daraus folgt auch, da®, falls & eine das Intervall © enthaltende Punktmenge bedeutet, 
die andererseits in der abgeschlossenen Hiille € dieses Intervalls enthalten ist, die Be- 


ziehung ma(X) = ma(C) = ma(G) gilt. 
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Ist endlich das Intervallsystem 
C,, C3, ee ae Ca, st 


in dessen Vereinigungsmenge Mt enthalten ist, so beschaffen, daf 
ma(M) > ICs) + 1(C2)+ --- +1GCn)+ --- +e 


ausfallt, so gelangt man, indem man von jedem ©, diejenigen Punkte 
weglaft, welche in einem der vorangehenden Intervalle €,, 2, ---, €,_, 
enthalten sind und sodann die offenen Kerne der so erhaltenen Mengen 
bildet, zu elementenfremden Intervallen 


C, = G, Co, ©3, ---, Ca, --- 


von der Beschaffenheit, daB jeder Punkt von YW innerhalb oder auf dem 
Rande eines dieser Intervalle liegt (M<€i+©2-+ ---+@,+ ---) und 
es ist offenbar 

ma(M) = T(C1) + LCs) + --- +1(Cn)+ +--+ +e. 
Andererseits ist aber 


ma(M) < T(G1)+1(G2) + --- +LG@n)+ ---, 


da man zu jeder der abgeschlossenen Hiillen ©), ein sie enthaltendes 
Intervall €;/>€), angeben kann, dessen Inhalt beliebig wenig von dem 
Inhalt von ©), abweicht, und da diese Intervalle €,; eine Uberdeckung von M 
bewirken. Das diufere Maf ma (M) ist daher auch als die untere Grenze der 
Summen I(€1) + 7(€s) + --- +L(Ch) + --- definierbar, wobei die Inter- 
valle ©, paarweise elementenfremd und so beschaffen sind, daf M in der Ver- 
einigung threr abgeschlossenen Hiillen enthalten ist. 

10. Der Begriff der Mefbarkeit wird genau wie in der Lebesgueschen Theorie 
definiert. Ist € ein M enthaltendes Intervall, so wird J(€)—ma(C—W) 
als inneres Mafv m(M) von Me (in bezug auf €) bezeichnet. We ist 
mefbar, wenn ma(M) = m(M) ist. Die Mefbarkeit von M ist von der 
Wahl des MN umfassenden Intervalls © unabhiingig. Man erkennt dies, 
indem man zeigt, daf, falls €’ ein € enthaltendes Intervall ist (€C’>€ >M), 
jede der Gleichungen 

Ma (C-—M) + ma (MN) = IG), 
Ma (€’ —M) + ma (M) = I’) 


eine Konsequenz der anderen ist’*. In der Tat, ist ©” ein Intervall, 
dessen abgeschlossene Hiille €” in €’—€ enthalten ist und dessen Inhalt 


I(€") = IT(’)—1(C)—e 


'S da der allgemeine Fall leicht auf diesen zuriickfihrbar ist. 
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ist, wo ¢ eine beliebig kleine positive Gréfe bedeutet, so findet man 
unmittelbar 


ma(C’ —M) > ma(E" +(C—M)) = ma (C"”) + ma (C—M), 


da ©” und die abgeschlossene Hille von €—M elementenfremd sind, 


und folglich 
(9) ma (C' —M)— ma (C—M) > I(C") > 1(C') —I (©) —«. 


Andererseits ist aber 
ma (C’ —M) < ma (C’ —C)+ ma (E—M), 


und da die Menge ©’ —€ das Intervall €’ —€ enthailt, in der abgeschlossenen 
Hiille dieses Intervalls aber enthalten ist, so ist 


ma (C’—€) = I(C’—C) = I(C)—I(®), 
und folglich 
(9') ma (€’ —M)— ma(E—M) <= T(C’)—I(). 
Der Vergleich der Ungleichungen (9) und (9’) liefert die Behauptung’’. 

11. Es soll noch gezeigt werden, daB dieser MaSbegriff dieselben 
tigenschaften besitzt, wie das Lebesguesche MaB; zu diesem Ende leiten 
wir fir die MefSbarkeit einer Menge 2% (von G) eine notwendige und 
hinreichende Bedingung ab, die wortlich mit dem in der Lebesgueschen 
Theorie auftretenden entsprechenden Kriterium iibereinstimmt. 

Wir sagen, daS ein System von Intervallen die Menge Wt iiberdeckt, 
falls jeder Punkt von Mt innerhalb oder auf dem Rande eines dieser Inter- 
valle liegt. Das fragliche Kriterium lautet dann, wie folgt: 

Damit die in dem Intervall € enthaltende Menge IM mefbar sei, ist not- 
wendig und hinreichend, daB zu jeder noch so kleinen positiven Grife « 
ein abzahlbares System von paarweise elementenfremden Intervallen €,, 
C,,-+-+, Gn, --+ existiert, deren Gesamtheit Mt iiberdeckt, sowie ein eben- 
falls abzihlbares System von elementenfremden Intervallen €;,G2, ---, €n, ---, 
das ©—M iiberdeckt, von der folgenden Beschaffenheit: In jedem der 
Intervalle 
(10) €i, €i, Co, G2, «++, Cn, Cr, ++ 
bilden diejenigen Punkte, die bereits in einem vorangehenden Intervall 
enthalten sind, wiederum ein Intervall; fiir das so erhaltene Intervallsystem 

Oe. i-., €,.--- 
ice) oo 
sei die Summe 2) m(G;) = 2 (Gp) kleiner als «. 


“Ist © ein das Intervall € enthaltendes Intervall (C’ >€), so zeigt die Beziehung 
I©)+1'—O©) = mO+mC'—O© = 1), 


da6 jedes Intervall meBbar ist. 
11 
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Man erkennt leicht, daB diese Bedingung hinreichend ist; denn wenn 
man von jedem der Intervalle (10) die fraglichen Punkte fortlaf&t, so 
gelangt man zu einer Uberdeckung von © durch elementenfremde Intervalle; 


daher ist 
(11) (m (Cx) +m (G)) = mG) + 2, m (Cp)<m (6) +e. 
Da ferner 


ma (M) < a, m (G,), ma(E—M) < 2, m (C;) 


ist, so ergibt sich 
ma (M) + ma (E — M) < m(C)+e, 


woraus die MeBbarkeit von Yt unmittelbar folgt. Umgekehrt, ist )t meBbar, 
so kann man MN und € — M durch ein System €, bzw. €;, von elementen- 
fremden Intervallen derart iiberdecken, daB (fiir beliebig kleines «) 


ice) 


m(Cn) S maM +5, 2 mCi) < m(C—M +5, 
1 ra n=1 


n= 


also 


S mG.) + 


2) 


m (Cr) < ma (M) + ma (C — MY +e = m(C)+e 
1 


n= 


wird. Wenn man aus diesen Intervallen €,, ©, ©, ©3, ---, Ca, Ch, - ++ in 
der obigen Weise die Intervalle ©; bildet, so liefert (11) unmittelbar 


S mG) <e. 


; Tm Besitze dieses Kriteriums kann man die Beweise iiber die Grund- 
eigenschaften des Lebesgueschen Mafes, wie man diese etwa in dem 
bekannten Werke von de la Vallée-Poussin findet®®, wértlich auf unseren 
Fall tibertragen; es ergeben sich insbesondere die bekannten Tatsachen iiber 
die Additivitét des Ma&begriffes. 

12. J. v. Neumann und F. Rie& (denen ich ein vorliufiges Manuskript der 
vorangehenden Untersuchungen iibergeben habe) verdanke ich die inter- 
essante Bemerkung, daB man den Mabbegriff mit Hilfe der Carathéodory- 
schen Theorie der MaSfunktionen direkt aus den Ergebnissen des § 1 her- 
leiten kann, ohne den Inhaltsbegriff zu entwickeln. Man kann dabei — 
nach einer brieflichen Mitteilung von Herrn J. v. Neumann — wie folgt 
verfahren: 

Es sei wiederum 8% irgendeine der in 4. eingefiihrten abgeschlossenen 
Mengen, fiir die also der Grenzwert 


n= 0 





20 Cours d’Analyse, 2. Aufl., Bd. I, 8. 244—249. 
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existiert. Fiir eine beliebige offene kompakte Menge % bezeichnen wir mit 
u(X) die obere Grenze aller Gréfen /(B), welche solchen Mengen $ ent- 
sprechen, die in 2 enthalten sind. Man zeigt unschwer, da6 fiir zwei offene 
Mengen 2,, 2%, die Beziehung 


(12) # (i+ Us) < mw (MW) +e (Ay) 


statthat. Denn ist B< A+ %,, so gibt es solche abgeschlossene Mengen 
Y und %, dab W<W,, W< A, und B< Aj+As ist. Auf Grund des Satzes I 
kann man andererseits zwei abgeschlossene Mengen B,, B, (fiir die /(%,) 


und 1(B,) existiert) derart angeben, dab Wi< B,<%, W< B.< Ay ist; 
daher ist in der Tat 


1(¥) < 1(S,+ Be) S 1(B,) +1 (Bs) < (21) + mw (As), 


woraus (12) unmittelbar folgt. Man erkennt auch — auf Grund der Eigen- 
schaft 6° von © — daB, falls 2, und %, elementenfremd sind, 


(12’) (+ Ae) = wo (Ay) + (As) 

ist. Wenn ferner die offene kompakte Menge 2 die Vereinigungsmenge der 
Mengen 2, Us, ---, Wn, +--+ ist, wobei (fiir alle ») %, in M,41 enthalten ist, 
so ist 

(12") lim  (%n) = 1. 


In der Tat, da aus A’< MW’ die Ungleichung w(2’) < w (Xl) folgt, so 
existiert der in (12’) linksstehende Grenzwert, und man hat nur zu zeigen, 
daB er nicht kleiner als w(2{) sein kann. Ware dies namlich der Fall, 
so konnte man eine solche Teilmenge B von A angeben, daB die Ungleichung 
1(B)>(M,) fiir alle n richtig ware. Daraus folgt, daB diese Menge B 
nicht in %, enthalten, also 8 —Y,% nicht leer ist. Da andererseits 
B— %n41B offenbar Teilmenge von 8 — A, B ist, so wiirde daraus folgen, 
daB die unendlichvielen abgeschlossenen Mengen & —%, B (n = 1, 2, 3, ---) 
einen nicht leeren Durchschnitt besitzen, im Widerspruch mit der Tatsache, 
daB 8 — AB (wegen B< A) leer ist. 

Der Vergleich von (12) und (12”) (wenn man noch %,, durch %,+ +--+ +n 
ersetzt) fiihrt zu der Ungleichung 


(12") w+ et +) S wh) +e) + os 


und man erkennt unmittelbar, daG, falls X,Y Ae ist, w(%kh) — w (As) gilt. 

Ist endlich M eine beliebige kompakte Menge, so setze man (M) gleich 
der unteren Grenze aller GréBen (2%), wobei % irgendeine offene, kom- 
pakte Menge bedeutet, welche I enthalt. Die Beziehungen (12)—(12’”’) 
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zeigen, daB die so definierte Maffunktion mw alle Bedingungen erfiillt, welche 
in der Carathéodoryschen Theorie der MaSfunktionen auftreten®', Daher 
fiihrt dieses » zu einem Mafbegriff, dem alle Eigenschaften des klassischen 
Lebesgueschen Maes zukommen und auferdem gegeniiber Kongruenz 
invariant ist. 

§ 4. Anwendungen. 


13. Als erste Anwendung weisen wir auf die Tatsache hin, da bei 
Gruppen von der behandelten Art zwei meBbare Mengen MM und M’ (bei- 
spielsweise zwei o!‘ene, kompakte Mengen) nur dann_ ,,zerlegungsgleich“ 
sein kénnen, falls sie dasselbe Ma6 besitzen; WN und Mt’ werden bekanntlich 
als zerlegungsgleich bezeichnet, wenn man jede dieser Mengen in elementen- 
fremde Teilmengen 


M=MIM+---, M=—=M4+M4+... 


derart zerlegen kann, daf (fiir jedes n) Din ~ Wi, ist. Dies ist eine un- 
mittelbare Folge der Invarianz des MaBbegriffes gegeniiber Kongruenz, 
d. h. gegeniiber den Transformationen X — & A der Gruppenmannigfaltigkeit. 

14. Auf Grund des Inhalts- bzw. MafSbegriffes kann man in wohl- 
bekannter Weise einen invarianten Integrationsprozef auf der Gruppen- 
mannigfaltigkeit einfiihren; man gelangt zu dem Analogon des Riemannschen 
bzw. des Lebesgueschen Integrals, je nachdem man den Inhalt oder das 
Ma zugrunde legt. In der letzteren Auffassung heife eine in unserer 
Gruppenmannigfaltigkeit © definierte reelle Funktion f(X) mefbar, wenn 
die Punktmenge Wa, in der a < f(X) < b ausfallt, fiir alle reellen 
GréBenpaare a, b meBbar ist. Man kann dann analog wie in der Lebes- 
gueschen Theorie zu jeder in einer mefbaren Punktmenge WN definierten 
meSbaren Funktion f(X) die wohlbekannten Summen einfiihren und das 
Integral 


J, fax 


als Grenzwert dieser Summen definieren; ist f(X) meBbar und beschrankt, 
so folgt die Existenz des fraglichen Grenzwertes wértlich, wie in den 
klassischen Fallen. Aus der Invarianz des Mafbegriffes gegeniiber Kon- 
gruenz schlieft man unmittelbar, daf fiir jedes Gruppenelement A die 
Beziehung 


MA 


f(XA)aX = [ p~ax 


gilt, die die Invarianz dieses Integrationsprozesses ausdriickt”?. 





*!¢. Carathéodory, Vorlesungen iiber reelle Funktionen, 8S. 238 und S. 258. 
“MA bedeutet dabei — wie stets — die Punktmenge, die durch die Transformation 
X—XA aus M entsteht. 
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Ist f(X) eine beliebige, in der Gruppenmannigfaltigkeit G detinierte 
reelle oder komplexwertige Funktion von der Beschaffenheit, da6 die Integrale 


[fo ax und [iran ax 


existieren, so gilt daher (fiir jedes Gruppenelement A) die Beziehung 


as) [rxaax = [ranax, firaapax = frapeay, 


daher ist die Funktionaloperation O4, die der Funktion f(X) die Funk- 
tion f(X A) zuordnet, 
Oa(f(X)) = f(XA) 


eine orthogonale lineare Transformation. Fihrt man in wohlbekannter 
Weise auf © ein (vollstandiges) orthogonales Funktionensystem ein, so 
gelangt man, indem man die Beziehungen zwischen den Fourierschen 
Koeffizienten der Funktionen /(X) und /(X A) aufstellt, zu einem System 
von unendlichen orthogonalen Matrizen, das eine treu isomorphe Darstellung 
der vorgelegten Gruppe © liefert. 

15. Ist die Gruppenmannigfaltigkeit G© kompakt, so kann man ohne 
Schwierigkeiten die schéne Theorie von F. Peter und H. Weyl®* iiber die 
Darstellung der geschlossenen Lieschen Gruppen auf den vorliegenden Fall 
iibertragen, da in diesen Untersuchungen lediglich nur der invariante 
IntegrationsprozeB benutzt wird. Um dies kurz anzudeuten, nehmen wir 
an, daf die Gruppenmannigfaltigkeit © (die natiirlich metrisch und separabel 
vorausgesetzt wird) nicht nur im Kleinen kompakt, sondern kompakt ist, 
und bezeichnen mit f(X) irgendeine in G definierte stetige (reelle) Funktion” 
(Gruppenzahl). Wir fiihren — wie in der angefiihrten Arbeit — die durch 
das Integral 


F(XY-) = [rx T-) f(YT—) dT 


dargestellte stetige Funktion ein, die offenbar nur von der Verbindung X }~' 
der Veranderlichen abhangt, da —- mit Riicksicht auf (13) — die Bezichung 


[fxr VT) aT = f, AX(TY)-) f(V(LY)) aT 
= f, A(XY2 7) f(T) aT 





*’Mathematische Annalen, Bd. 97, 8. 737—755. 

"\ Wir beschranken uns der Einfachheit halber auf reelle Funktionen, da es uns nur 
darauf ankommt, zu zeigen, daB® die Peter-Weylsche Theorie auf den vorliegenden Fall 
ubertragbar ist, 








ts 
" 
y 
‘ 
| 
bi 
f 


ee ee 


ia ac 


se ae 


on ne ei The 


Ne Se ae 


: 
& 
4 ¥ 
j 
? 








168 A. HAAR. 


gilt. Um die Eigenwerte und die EKigenfunktionen des offenbar symme- 
trischen Kernes F(X Y~—!) zu konstruieren, kann man etwa — wie in der 
Arbeit von Peter und Weyl — die Iterierten 


R=F, PulkY)=[RATYRTY-)aT @=1,2,3,--) 


und deren Spuren o, bilden; die Quotienten o,: 6, -; streben gegen den 
gréBten Eigenwert 4, wie in E. Schmidts beriihmter Dissertation gelehrt 
wird. Die Anwendung der bekannten Satze tiber symmetrische beschrankte 
Funktionaloperationen auf diejenige Operation, die einer beliebigen (qua- 


dratisch integrierbaren) Funktion g(X) die Funktion f, F(X Y-) 9(Y) dy 
zuordnet, ergibt ebenfalls die Existenz der Kigenwerte des betrachteten 
Kerns. ‘ 

Es sei 4 ein v-facher Eigenwert von F(X Y~—); die zugehérigen Kigen- 
funktionen, d. h. die samtlichen Lésungen der Integralgleichung 


itt a if, F(XY~) 9 (Y) AY 


kénnen bekanntlich in der Form 


y (X) = 491(X) +e g2(X)+ rire + cy py (X) 


dargestellt werden, wobei die c beliebige Konstanten sind, 9;(X), 92(X), 
-+, py(X) aber ein (in G) normiertes Orthogonalsystem bildet: 


’ . Sie naa | 
Joo Gy(X) dX = Oq = “si = ; (p,q =1,2,---,»), 


Man erkennt unmittelbar, da8 (fiir alle » und fiir jedes Gruppenelement A) 
auch y»(XA~) eine zu 4 gehérende Kigenfunktion ist, da (mit Riicksicht 
auf (13)) 


p(X A) =A {, F(XA1Y—)9,(Y)dY =4 f, F(X4A“(YA—)“) 9, (YA) dY 


nt f, F(X¥~) g(¥A“) a 


ist. Daher ist 
Pp (XA~) —— Col (A) 1 (X) + Cp2 (A) P2 (X) Sa oe Cpv (A) yr (X), 
wobei die 


Cpq(A) = fo 9p(X4-) Pq(X) dX (p,g=1, 2,--:,”) 


in © definierte stetige Funktionen sind. Aus der Orthogonalitat der gp(X) 
ergibt sich unmittelbar 
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Jo92 X47) 9q(XA-) AX = Spy 
daher ist die Matrix »-ter Ordnung 
C'(A) = (¢pq(A)) (p,q = 1, 2,---,») 
eine orthogonale Matrix; da ferner 


yp(X(AB)) = 9,(XBo A~) = te cpr(A) 9 (XB) 


= 2 Corl A) cra(B) ¥4(X) = 2 Cn (AB) 4X) 


",qQ= 
ist, so folgt die Matrizenrelation 
C(A) C(B) = C(AB), : 


d. h., es liefern die (endlichen) orthogonalen Matrizen C(A) eine Darstellung 
der vorgelegten kompakten Gruppe. 

Die so erhaltenen Darstellungen sind im allgemeinen keine treu isomorphe 
Darstellungen der Gruppe. Man kénnte aber unschwer zeigen, da8, falls 
die stetige Funktion f(X) so beschaffen ist, da fiir jedes vom Einheits- 
element EZ verschiedene Gruppenelement X der Funktionswert /(X) + /(£) 
ausfallt, die Gesamtheit der zu allen Eigenwerten von F'(X Y—) gehérenden 
Darstellungen eine treu isomorphe Darstellung der vorgelegten Gruppe 
liefert. 

Es sei noch darauf hingewiesen, daB auch die wichtigen Sitze iiber die 
irreduziblen Gruppendarstellungen, die Peter und Weyl in der erwahnten 
Arbeit entwickeln, auf den vorliegenden Fall iibertragbar sind. 


Szecep, UNGaARN. 

















DIE EINFUHRUNG ANALYTISCHER PARAMETER 
IN TOPOLOGISCHEN GRUPPEN.* 


Von J. v. NEUMANN. 


Einleitung. 


1. Hilbert formulierte 1900 die folgende Frage’: Sei G@ eine durch 
n Parameter stetig beschriebene Gruppe von stetigen Transformationen 
einer m-parametrigen Mannigfaltigkeit M, ist es dann méglich, in G und M 
solche Parameter einzufiihren, daf alle die die Transformationen beschreibenden 
Funktionen stetig differentiierbar, oder sogar analytisch®, ausfallen? Anders 
ausgedriickt: ist auf solche G, bei geeigneter Parameterwahl, die Liesche 
Theorie anwendbar? (Vegi. a. a. O. Anm, ', *.) 

Brouwer gab 1909/10 durch schwierige und scharfsinnige topologische 
Untersuchungen’ alle G, M-Typen fiir m = 1, 2 an, wodurch die Hilbertsche 
Frage fir m = 1 bejahend beantwortet und fir m = 2 weitgehend 
geférdert wurde. 

Ein weiter unten anzugebendes Gegenbeispiel lehrt, daB die Hilbertsche 
Frage bei (in M/) intransitivem G im allgemeinen zu verneinen ist. (Fiir 
m = 1 zeigt Brouwers Liste, daB nur transitive Gruppen existieren; unser 
Gegenbeispiel entspricht dem einfachsten der iibrigen Fille: n = 1, m = 2.) 
Wir werden daher im folgenden G stets als (in M) transitiv voraussetzen. 

Unter dieser Voraussetzung werden wir fiir alle geschlossenen (in der 
topologischen Terminologie: kompakten) G zeigen, daB die Hilbertsche 
Frage zu bejahen ist. Fir nichtkompakte G@ liegen vorliufig keine 
ihnlicherweise abschlieBenden Resultate vor. 

Die vorliegenden Untersuchungen wurden durch die in Anm. ** angefiihrte 
Arbeit von A. Haar angeregt, und sie sind auf die Resultate derselben 
aufgebaut. Der Verfasser michte Herrn Haar an dieser Stelle seinen 
Dank aussprechen, daS er ihm dieselben noch vor der Publikation zur 
Verfiigung stellte. 

2. Ein wichtiger Spezialfall des Hilbertschen Problems ist G = WM. 
Denn wenn wir die Elemente von G mit a,b, x, y bezeichnen und das 

* Received July 26, 1932. 

'KongreBvortrag, gehalten am internationalen MathematikerkongreB in Paris, 1900. 
Abgedruckt in den Gétt. Nachr., 1900. Es handelt sich hier um das ,,Problem 5%. 

> F. Schur bewies, Math. Ann. 41 (1893), S. 509—538, daB fir alle jenen G, die in M 
transitiv sind, und fiir die eine Parameterwahl méglich ist, bei der alle genannten Funk- 
tionen zweimal stetig differentiierbar sind, auch eine solche méglich ist, bei der sie alle 
analytisch sind. 


*L. E. J. Brouwer, Math. Ann. 67 (1909), S. 246—267, und 69 (1910), S. 181—203. 
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Kompositionsgesetz in G mit a- 6, so bestimmt jedes feste Element a von @ 
eine Transformation von G: x>z-a*. Die Frage lautet dann: Ist es 
méglich, in G n derartige Parameter einzufiihren, da die das Kompositions- 
gesetz beschreibenden Funktionen alle stetig differentiierbar bzw. analytisch 
ausfallen? (Natiirlich sind stets Parameter ,im kleinen“, d. h. in einer 
geeignet gewahlten Umgebung der Einheit von G, bzw. eines beliebig 
gegebenen Punktes von M, gemeint.) Wir werden als erstes dieses Problem 
erledigen und dann das allgemeinere (beliebiges /) darauf zuriickfihren. 

Es geniigt natiirlich zu zeigen, daB G auf eine Gruppe G’ mit der 
genannten Kigenschaft homéomorph® und isomorph® abgebildet werden kann. 

Eine Menge @’ von k-dimensionalen komplexen Matrizen von _ nicht- 
verschwindender Determinante (k = 1, 2,---), die die Einheitsmatrix FE, 
enthalt, und mit den Matrizen A, B auch die Inverse A~ und ihr Matrizen- 
produkt A-B, ist eine Gruppe mit der Kompositionsregel A-B. Sie 
kann topologisiert werden, indem wir die Matrizen A als Punkte des 
k?-dimensionalen komplexen, d. h. des 2k?-dimensionalen reellen, euklidischen 
Raumes ansehen (vgl. a. a. O. Anm. ‘), S.5—6). Wir nehmen ferner an, 
da6 jeder Haufungspunkt (d. i. Haufungsmatrix) von G’ mit nichtverschwin- 
dender Determinante auch zu G’ gehért. Dann kann @’ in einer geeigneten 
Umgebung der Einheit homéomorph auf h (= 0, 1, ---, 2k*) reelle Para- 
meter @,,---+, @, (die in einer gewissen Umgebung von 0, ---, 0 variieren) 
bezogen werden’, ja die Matrixelemente der Matrizen von G’ sind sogar 
analytische Funktionen von @,,---, @,. Infolgedessen ist das Kompositions- 
gesetz von G’ (d. i. das Multiplikationgesetz der Matrizen, das in den 
Matrixelementen algebraisch ist) in den Parametern «@,, ---, @, analytisch. 
D.h. ein solches G’ hat die von uns gewiinschten Eigenschaften. 

Ist nun G geschlossen (d. h. kompakt), und besitzt es eine stetige Dar- 
stellung a D(a) durch k-dimensionale Matrizen, die auch treu (d. h. ein- 
eindeutig) ist, so kénnen wir so schlieBen: Die Menge G’ aller D(a) 
(a durchlauft G) ist wegen der Kompaktheit von G@ abgeschlossen, und 
auch die inverse Abbildung ist stetig, d. h. die Darstellung ist eine 
homéomorphe Abbildung. Da sie isomorph ist, ist klar. Da unsere 
Behauptung nach obigem fiir G’ gilt®, gilt sie somit auch fir G. 


*Ubt man zuerst r—>a-a aus und dann x->2-b, so wird x>ax-(a-b). G& ist 
offenbar transitiv in sich selbst. 

*D. h. ein-eindeutig und gleichzeitig mit der Umkehrung stetig. 

°D.h. das Kompositionsgesetz von G in dasjenige von G’ iiberfiihrend. 

"Dies bewies der Verf., Math. Zeitschr. 30 (1929), 8. 3—42. Vgl. insbesondere Satz I 
auf 8. 27, 

* Eigentlich fehlt noch Det (D(a))+0. Wegen D(a)-D(a~') = D(i) steht dies 
fest, wenn D(1) die Einheitsmatrix ist. Dies ist aber stets erreichbar (vgl. z. B. a.a. 0. 
Anm.’, in Anm. '2, §, 28). 
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Wir brauchen also nur die Existenz treuer stetiger Darstellungen fii 
die geschlossenen G nachzuweisen. Dieser, auch an und fiir sich nicht 
uninteressante, Satz wird daher der Hauptgegenstand unserer Betrach- 
tungen sein. 

Die genannte Darstellung D(a) wird iibrigens aus lauter unitiren 
Matrizen bestehen. Daher kénnen wir den letztgenannten Satz, unter 
Beriicksichtigung des in Anm.‘ zitierten Satzes, auch so formulieren: 
Die einzigen (im kleinen) n-parametrigen (n = 0, 1, 2,---) geschlossenen 
(d. h. kompakten) Gruppen sind die abgeschlossenen Gruppen unitarer Matrizen 
des k-dimensionalen (komplexen) euklidischen Raumes (k = 0, 1, 2, - - -) sowie 
deren homédomorph-isomorphe Bilder. 

3. Um den eigentiimlichen, analytisch-gruppentheoretisch-topologischen 
Charakter der zu verwendenden Methode zu veranschaulichen, seien jene 
Resultate der neueren gruppentheoretischen und topologischen Literatur, 
auf der die zu fiihrenden Beweise beruhen, hier zuasammengestellt. Es sind 
die folgenden: 

a) A. Haar bewies vor kurzem, daf in jeder topologischen Gruppe’. 
welche separabel’® und im kleinen kompakt™ ist, ein rechtsinvariantes 
Lebesguesches auferes Mah definiert werden kann. Infolgedessen 
kann nach bekanntem Vorgang auch eine rechtsinvariante Lebesguesche 


Integration Jf) des (dvz, symbolisiert das ,,Volumelement“ fiir die 


Variable x) definiert werden’*. Hierbei ist zu erwahnen, da bereits 
F. Peter und H. Weyl, unter Vervollkommnung von Ansatzen von Hur- 
witz, eine solche Integration fiir solche n-parametrige Gruppen kon- 
struierten, deren Kompositionsgesetz auf stetig differentiierbare Funktionen 
der Parameter fiihrt’®; das Wichtige an Haars Konstruktion ist aber 
gerade, da§ sie ganz allgemein und rein mengentheoretisch, ohne jede 


*D. h. eine Gruppe, in der ein Umgebungsbegriff definiert ist, derart, dafi die Kom- 
position a-b und die Inverse a—' stetige Funktionen von a, b bzw. von a sind. Vgl. fiir 
die Grundbegriffe der Topologie etwa Hausdorff, ,,Mengenlehre“, Berlin und Leipzig (1927), 
§ 40, 8. 226—230. 

Vol. a.a.O. Anm. °, S. 125, und (10) auf S. 229. 

"D.h. jeder Punkt hat eine Umgebung, deren abgeschlossene Hiille kompakt ist. Da 
die Abbildung «—>a-a homéomorph ist, geniigt es (bei Gruppen), dies fiir die Einheit 
zu verlangen. 

 Vgl. Carathéodory, ,,Reelle Funktionen“, Berlin und Leipzig (1918), S. 237—274; oder 
(fiir beliebige topologische Raume) in der Arbeit des Verf., Ann. of Math., 33 (1932), 
S. 574—586, Def. 2, 4 auf 8. 574, 576. ,,Rechtsinvarianz“ besagt, dab die Abbildung x > x-4 
mabtreu ist. 

‘8 A. Haar, Ann. of Math., 34 (1933), S. 147-169, insbesondere § 3. 

“Z. B. als Stieltjessches Integral ba Ad (MaB.[f (x) < 4)). 


*Math. Ann. 97 (1928), S. 737—755, insbesondere 8. 737. 
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Beziehung zu einer Parameterdarstellung, direkt zu einem Mabhbegriff 

fiihrt. Unsere Uberlegungen, die vom Haarschen Ma zu den analytischen 

Parametern fiihren, kénnen also als eine Art Umkehrung der Peter- 

Weylschen angesehen werden, bei denen das Umgekehrte geleistet wird 

— wenn auch die Schwierigkeiten von anderer Art sind. 

b) Bei geschlossenem (kompaktem) G ist das Haarsche Maf von ganz G, 
wie man leicht einsieht, endlich, kann also — 1 normiert werden. Als- 
dann sind die Operatoren- und Eigenwertmethoden und -sitze anwendbar, 
die Peter und Weyl a. a.O. Anm.  verwenden, wodurch eine vyoll- 
stindige Theorie der (stetigen) Darstellungen von G durch unitire 
endlich vieldimensionale Matrizen entsteht. 

ce) Bis hierher wurde bloB benutzt, daB G eine topologische Gruppe ist. 
Unter Benutzung der Tatsache, daB es (im kleinen) homéomorph auf 
n Parameter bezogen werden kann, wird durch topologische Betrach- 
tungen gezeigt, daB unter den in b) genannten Darstellungen auch treue 
vorkommen miissen. Hierbei werden in erster Linie zwei ,,dimensions- 
theoretische“ Satze benutzt: Brouwers Satz von der Gebietsinvarianz 
und Lebesgues ,,Pflastersteinsatz“ bzw. der damit zusammenhingende 
,Allgemeine Zerlegungssatz“ der Dimensionstheorie von K. Menger und 
Urysohn'®, 

d) Bei den topologischen Betrachtungen werden auch die in Anm.’ zitierten 
Resultate des Verf. iiber die Parameterdarstellung von Gruppen unitarer 
Matrizen mehrfach wesentlich herangezogen. 

Die Einteilung der Arbeit ist diese: In Teil I wird die Existenz der 
treuen stetigen Darstellung bewiesen, in Teil II dies auf das Hilbertsche 
Problem angewendet und das Gegenbeispiel fiir (in J/) intransitive G 
angegeben. 


I. Einfihrung analytischer Parameter in n-parametrigen 
geschlossenen Gruppen G. 

1. @ sei eine topologische Gruppe, d. h. eine, in der ein Umgebungsbegriff 
definiert ist, derart, daB a-b und a in a, b bzw. a stetig sind (vgl. Anm. %. 
Wir nennen G n-parametrig (n = 1, 2,---), wenn jedes a von @ eine 
Umgebung U(a) hat, die einer offenen Punktmenge K (a) im n-dimensionalen 
(reellen) euklidischen Raume R, (der Zahlen n-tupel «,--+, @n) homdo- 
morph ist. Nach Anm.® geniigt es, mit Hinblick auf die homédomorphe 
Abbildung z—>-a, diese Forderung nur fir a = 1 (d.i. die Gruppen- 
einheit) zu stellen. 








‘*L. E. J. Brouwer, Math. Ann. 70 (1913), S. 161—165; H. Lebesgue, Fund. Math. 2 (1921), 
8. 256—285, sowie E. Sperner, Hamb. Abh. 6 (1928), 8. 265—272; K. Menger, ,,Dimensions- 
theorie“, Berlin und Leipzig (1928), S. 251—266. 
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Aus demselben Grunde kénnen wir alle K(a) als einander gleich an- 
nehmen. Eine Translation von K(a) im Ry erlaubt es, das Bild von g 
nach 0,---,0 zu verlegen; eine eventuelle Verkleinerung von U(a) und 
K(a), K(a) als Kugel mit dem Mittelpunkt 0,---,0 anzunehmen; eine 
nachfolgende Ahnlichkeitstransformation in R,, den Radius von K(a) 
gleich 1 zu normieren. Also wird K(a) gleich Ky: a+ ---+e2<1, 


Wir bilden noch die (abgeschlossene) Kugel K 1: @+---+ar ch, Bei 
2 
der Abbildung U(a)—> K(a) = K, habe Ki das Urbild V(a). 
2 
Ki ist kompakt und separabel, also auch V(a); wenn also G@ durch 


endlich viele V(a) iiberdeckt werden kann, so ist es kompakt und separabel; 
wenn es durch abziahlbar viele gelingt, ist es Vereinigung abzihlbar 
vieler kompakter Mengen und separabel. Umgekehrt: da a innerer Punkt 
von V(a) ist, geniigen zur Uberdeckung von G, falls es kompakt ist, end- 
lich viele V(a) und, falls es separabel ist, abzihlbar viele. Wir haben 
also gezeigt: 

G ist dann und nur dann kompakt bzw. separabel, wenn es durch 
endlich bzw. abzahlbar viele V(a) iberdeckt werden kann. Wenn 
es separabel ist, ist es allenfalls Vereinigung abzahlbar vieler 
kompakter Mengen. 

Wir werden im folgenden die Analytisierungsfrage fiir die ,,geschlossenen“, 
d. h. kompakten, G lésen, fiir die ,,offenen“, d. h. blo®B separablen, G bleibt 
sie unerledigt. Im folgenden wird also G durchweg als n-parametrig und 
kompakt vorausgesetzt. 

2. In @ definierte stetige Funktionen, mit komplexen Zahlen als Werten, 
bezeichnen wir mit /(x), g(x), k(x, y), (a); die aufs Haarsche Mah 


gegriindete Integration mit \.f (x) dvz (vgl. Einl. 3., insbesondere a) und 


Anm. *, ). Wie a.a.O. gesagt wurde, ist das Ma& von G@ endlich, da 
dies fiir jede kompakte Menge der Fall ist; durch Multiplizieren aller Mage 


(und Integrale) mit dem konstanten Faktor kénnen wir daher 


1 
Ma G 
erreichen, daB Maé G = 1 wird’’. Nun kénnen wir die in Einl. 3. b) 
zitierten Betrachtungen von Peter und Weyl auf unser G iibertragen. (Vgl. 
auch Haar, a.a.O. Anm. *%, S. 167—169.) 

Jedem stetigen Kern k(x, y) ordnen wir den Integraloperator J, zu, 
der durch 


Iefla) = J kw, Sy) avy 





‘7 Dies ist die einzige Stelle, wo die Kompaktheit von G wirklich wesentlich benétigt wird. 
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definiert ist. Die Methode von E. Schmidts Dissertation'® ist auf dieses J, 
wortlich anwendbar, wenn es die Hermitesche Symmetrie hat, d. h. wenn 
k(y, x). = k(x, y) gilt. Infolgedessen treffen insbesondere die folgenden 
Behauptungen zu: 

Die von O verschiedenen Eigenwerte von J; bilden eine Folge 
i,, 42, (die Anzahl ihrer Elemente ist 0, 1, 2,--- oder abzahlbar 
unendlich). Fir jedes 4, gibt es unter den Eigenfunktionen, 
d.h. den Lésungen von Xf =4,/, nur endlich viele linear unab- 
hingige, ihre Maximalanzahl sei N, (—1, 2,---). N, solche Eigen- 
funktionen kénnen sogar normiert-orthogonal’® gewahlt werden: 
ft?,--+,fx2. Jede Funktion von der Form if (f beliebig) kann 
durch Linearaggregate endlich vieler, {” (vy = 1, 2,---,2=1,-+--, Ny) 
in G gleichmafBig beliebig gut approximiert werden. 

Sei nun » (x) eine stetige Funktion in G; wir setzen k(x, y) = 9 (xy), 
I; = Tp, und wenden das soeben Gesagte auf 7 an. Hierzu ist aller- 
dings y (yx) = go (xy) notwendig, d. h. g(a!) = » (). 

Ty hat die folgende Eigentiimlichkeit: wenn es f(x) in g(x) iiberfiihrt, 
so fihrt es f(x-a) in g(x-a) iiber (man ersetze in der definierenden 
Formel fiir J, = Ty» die Integrationsvariable y durch y- a und beachte 





die Rechtsinvarianz sowie x-(y-a~')“! = (x-a)-y™"). Also ist mit 
J (x) auch f(x - a) Eigenfunktion von 7,, und zwar vom selben Eigenwert; 
also ist #/”(x-a) Linearaggregat der f{” (x), ---, f¥?(). Wir wollen 


jedes endliche normiert-orthogonale Funktionensystem /, (x), ---, fw (2), 
fiir welches jedes fi(x-a) (i = 1, ---, N, a in G) Linearaggregat der 
Si (2), «++, fv(x) ist, ein Darstellungssystem nennen. Die /{” (x), ---, /¥? @) 
sind somit Darstellungssysteme, und wir erkennen: Es gibt eine Folge 
(von 0, 1, 2, --- oder abzahlbar unendlich vielen) Darstellungssystemen, 
so daB jede Funktion Ty f (» fest, f beliebig) durch Linearaggregate 
endlich vieler ihrer Funktionen beliebig gut approximierbar ist. 

Giibe es eine Folge 9, y2, --- von y’s, so daB jedes f durch Ty, 9’s 
(s = 1, 2,---, 9 beliebig) beliebig gut approximierbar ist, so erhielten wir 
durch Zusammenfassung der Darstellungssystemfolgen von 91, ¥2,--- eine 
neue Darstellungssystemfolge, derart, daB jedes f durch Linearaggregate 
endlich vieler ihrer Funktionen beliebig gut approximierbar ist. Hieraus 
folgt noch, da® diese Folge nicht leer und auch nicht endlich sein kann. 


'S Math. Amn. 63 (1907), S. 4833—476. 
'* Ein Funktionensystem f,, f2,--+ heift normiert-orthogonal, wenn 


a gy Jats fr i=! 
J,20%@ "10, far j +! 
gilt. 
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Eine Folge 91, 92,---, fir die T»,f fir s>o gleichmaBig in G gegen 
f konvergiert (fiir jedes stetige f), hat die obige Kigenschaft. Wenn 
U,, Uz, -+- sich auf 1 (Gruppeneinheit von G) zusammenziehende Umgebungen 
von 1 sind, und g(x) stets reell und >0, aber auferhalb von U; = 0 


ist und I, 93 (x) dvz = 1 gilt, sowie natiirlich 9 (7) = y (x) (= (2), so 
leisten diese 9,, ye, --- Offenbar das Gewiinschte. Solche g, sind aber 


zm den Us leicht angebbar: Zunachst geniigt J. ps(x) dvx >0 (statt = 1), 


Gs (x) ersetzen. Ferner ist gs(a—') = 9,(z) 





da wir sonst s(x) durch 
Vs (x) dvx 

unnitig, da wir sonst s(x) durch gs (x)+ s(x") ersetzen, gleichzeitig 

Us so weit verringernd, daf fiir alle 2 des neuen U; x, x~* beide zum alten 

gehéren. Weiter kénnen wir U, in V(1) liegend annehmen, sein bei 

V(1)>K(4) entstehendes Bild sei VU. U enthalt gewi8 eine Kugel mit dem 

Mittelpunkt 0, ---, 0, deren Radius sei ¢,>0. Liegt x in Us, so heife 

die Distanz seines Bildpunktes (in K(4)) von 0, ---, O ds(a). Dann 

erfiillt 

= Max (¢,—ds(x), 0), fiir x in Us 

= 0 ; sonst 


Ps (2) 


die iibriggebliebenen Bedingungen. 

Somit existiert die oben beschriebene Folge von Darstellungssystemen, 
wir nennen sie f(x), ---, iy, (@) (p = 1, 2, +++) 

3. fi (x-a) ist Linearaggregat der fi” (x), ---, Si, (x), also ist 


My 
Si? (a+ a) = >, =f? (a) A? (a) (wu = i, 2, tee, l = hy trey Mu; ain G). 
j=1 


Da die Si? (@) normiert-orthogonal sind, ist 


cpa) = Jf ea) IPC) dre, 


so dab ai? (a) stetig von a abhaingt. Ferner ist die Matrix A™ (a) 
= {a (a)} a, Unitar, und es gilt offenbar AM (a - b) = A (a) A™ (0). 


j,t=1,-- 
Die Matrizen A™(a) (w fest) bilden also eine stetige Darstellung von @. 

Wenn fir a,b von @ AM(a) = AM(b) fiir jedes » = 1, 2,--- gilt, so 
ist nach Definition stets 4 (x-a) = f{(a-b). Daher mub f(2-a) =f (x-b) 
fiir jedes f gelten, das Linearaggregat endlich vieler f oder durch solche 
beliebig gut approximierbar ist — d. h. fiir jedes stetige f. 2 — b— ergibt: 
fiir jedes stetige f ist f(b a) = (1), also muB b-1a—1, a=b sein™. 

*° Ist c+1, so sei U eine ¢ nichtenthaltende Umgebung von 1. Konstruieren wir / 
zu U so, wie weiter oben gy. zu U., so wird f(1)>0, f(d) =0. 
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D. h.: Die Gesamtheit der Darstellungen A (a), A® (a), --- ist treu — aber 
wir brauchen eine einzelne (endlich vieldimensionale!) Darstellung, die es ist! 

Sei M+ ----+Mu = Lu, reihen wir A®(a),---, AM(a) an der Diagonale 
einer L,-dimensionalen Matrix aneinander und besetzen die iibrigen Felder 
mit Nullen, so entsteht eine L,-dimensionale Matrix B* (a) (vgl. Abb.); tun 









































Zeilennummern |< B®) (a) > 

: ons : | BO(a) >] Ba) >] --- | BY (a) |... 

2 = pee oe a ; 

: : AM (a) 0 ie 

iL = Wid ccs saan 

I,+1 = pe es eee eS 
L,4+2 = B48 so. : 

: : O A®)(a) 

L = ok, CERES: ASTI : 
1 ee eS) ee > Oe iE ele aM 528 ws 
Dp-s1+2 = M,+ +++ +Ma142.......... 

0 | AM) |". 

Lp = Mythos Mp th Mp MOLES 

ABBILDUNG. 


wir dasselbe mit allen A™(a), A®(a),---, so entsteht eine unendlich viel- 
dimensionale, aber zeilen- und kolonnenfinite Matrix B‘(a) (vgl. Abb.). 
Die B(a) sind offenbar unitére Darstellungen von G, B® (a) ebenfalls. 
BY(a) haingt stetig von a ab, Ba) ebenfalls, falls fir unendliche 
Matrizen die Konvergenz durch die Konvergenz aller Matrizenelemente 
definiert wird®’, SchlieBlich ist BM(a) der Ly-te Abschnitt von B® (a). 
Die Menge aller B(a) (a durchlauft ganz @) heiBe G, diejenige aller 
B°(a) ©; G ist stetiges Bild von G, G@ nach dem weiter oben 
Gesagten ein-eindeutiges und stetiges Bild — da G@ kompakt ist, mué 
daher auch die Inverse der letzteren Abbildung stetig sein. 

Im folgenden werden wir zeigen, daB schon ein © ein-eindeutiges Bild 
von G, d.h. schon ein BY(a) treu ist — womit das Programm von Kinl. 2 
erfillt sein wird. Dazu werden wir aber die bisher kaum benutzte Be- 
ziehung von G zum n-dimensionalen (reellen) euklidischen Raume, d. i. die 





! Diese Topologie der unendlichen Matrizen {ces} j.1=1,2,... kann aus verschiedenen Ent- 
fernungsbegriffen (vgl. a. a. 0. Anm.%, S. 94) hergeleitet werden, z. B. aus 


Batt (fenh,{as}) = Min {fax [Max (en—n), +). 
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Abbildung von U(1) auf K(1), wirklich heranziehen miissen. (Bisher 
benutzten wir eigentlich nur, daB G topologisch, separabel und kompakt ist.) 

4. Da BY (a) eine Darstellung ist, bildet es die Gruppe G auf eine 
Gruppe ab, d.h. G@ ist eine Matrizengruppe. Wegen 17=—1 ist das Bild 
von 1 das eigene Quadrat, und da es unitar ist, mu8 es die D,-dimensionale 
Einheitsmatrix sein: Ex,,. Da BWM (a) stetig und G kompakt ist, ist auch 
das Bild kompakt, d. h. G” ist eine abgeschlossene Matrizenmenge. Somit 
sind die in Anm.’ zitierten Resultate des Verf. auf G@“ anwendbar, ins- 
besondere gilt folgendes (vgl. a. a. O., Satz I, auf S. 27): 

Es gibt Pu(= 0, 1,---, 2D) linear unabhangige, L,-dimensionale 
Matrizen Uy", ---, UZ) (die Matrizenelemente sind komplex, die 
lineare Unabhangigkeit ist aber mit reellen Koeffizienten ge- 
meint), so daB alle Matrizen exp (a,U{”+.--. + ap, Usn)™ zu @” 
gehéren. Werden die a,---,ep, auf eine geeignete Umgebung 
K® des Punktes 0,---,0 beschrankt, so erschépfen die 


exp (a U{ + ts &P, Uz,) 


sogar eine Umgebung 8 der Einheitsmatrix Ez, in @ ein-ein- 
deutig. 

Fassen wir ein Uj” ins Auge. Sei ¢,, ¢,--- eine gegen 0 konvergierende 
Folge von Zahlen >0. exp (és U;”) gehort zu @™, es ist also wenigstens einem 
BW (a) gleich, etwa fir a= ay. Die B“* (ap) liegen in G“*», sie haben 
daher einen Haufungspunkt. Wenn wir «, &,--- durch eine Teilfolge er- 
setzen, kénnen wir also erreichen, dab die B+ (ay) konvergieren. Auch 
das monotone Abnehmen der ¢,, é,, --- ist durch Aussondern einer Teilfolge 
erreichbar. Wir diirfen daher annehmen, daf beides fiir die urspriinglichen 
€, €,-+++ der Fall war. Es ist 


&s — 54170, &5 — &s41 > 0, 


und 
Be (as is+1) SS Be (as) Bw (ds41) 7 
= exp (¢, U;!”) exp (6541 Us) = exp ((és — &641) UY , 
BEM (ds ds+1*) = BHT? (ag) BY (a)! > Ennis 
wenn wir also &, &,--- durch &— &, &—é, --- ersetzen, so tritt 


ds = As M341 mit Bet) (as) > Ex,,, an die Stelle von as. Wir diirfen 
daher annehmen, da8 B“t (a,)—> Er,4, schon fiir die urspriinglichen ¢,, é, --- 
der Fall war. 





he 4s 
2 Ist A eine endlich vieldimensionale Matrix, so ist exp (A) als limes PA io 


h—>«s=0 8: 
Vgl. a. a. 0. Anm. 7, 8. 7—15. 


definiert. 
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Fast alle B“+” (as), BY (as) gehdren also zu R“+ bzw. KR“, fiir diese ist 


1 : 
Ber (as) = exp (a51 user 4 cee tf Gs plat) User), 
a1? ee *y a, Piet) aus K®*), 


[ 
® 
i 
: 


Fiir s > o strebt dieser Ausdruck gegen Ez,,,,, also 5,1, ---, @s, Puy, Begen 
0,---,0, also strebt 


ks = | o&s,1|+ SB: +|as,p,,,|>0 


(ware es = 0, SO Ware G1 =---= a@s,p,,, = 0, BY™Y(as) = Ennis 
also erst recht exp (é UY’) = BY (a) = Ez, also &; = 0, entgegen der 
Annahme) auch gegen 0. Sei 















Rare 5-55 Bang, 
8,1 a,’ » M8, Puss aes 


dann ist 


| Bs,1|+ eee + | Bs, Py, | = 1, 


Fir eine Teilfolge konvergieren die 85,1, ---, &s,p,,,; Wir diirfen daher 
annehmen, daf dies schon fiir die urspriinglichen ¢,,¢,,--- der Fall war. 
Die Limites seien baw. 4, ---, Ap,,,, es ist 


[Blt ++ +1 BP 4] = 1. 


Nennen wir den Lu-Abschnitt von U;“*? Uft?. Da B™ (as) der Ly- 
Abschnitt von B“*” (a,) ist, d. h. exp (es Uj) der von 


exp (as (Bs,1 opt? 4 reef Bs, Ps, UP); 
ist 
exp (es Us”) = exp (ats (Bs,1 US" + --- + Bs,p,,, UE). 

Sobald ¢,, «, klein genug sind, d.h. fiir fast alle s, folgt hieraus 

&s3 U," = as (Bs,1 Ue 4 dish + Bs, Pus: UP’) . 
Somit konvergiert fiir s—> oo “4 

= a ort 

= U;” gegen Ay oer area + Bp, Ue, 
Da sowohl U; als auch der Limes + 0 ist, folgt hieraus, daB me gegen 
einen Limes y + 0 strebt; dann mu aber 


- 


Re PRS ee eng reeee  R o 
“ 7 


5. peameaartn te 
a* 
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a ee 
u;Y aS 4 pet? +. Soy + ¥ ust» 


H+t 


B, Ap 
sein, d.h. U,” ist der Ly-Abschnitt von a en a i Ups, 


Somit ist jedes U;”, p = 1,---, Pu, Ly-Abschnitt eines Linearaggregats 
der i, q=1,---, Put. Diese Linearaggregate miissen linear unab- 
hingig sein, weil es schon ihre L,,-Abschnitte U;, sind, also ist Pu < Puts. 
Ferner kénnen wir die wo, q=1,---+, Pu+i, so umbezeichnen (namlich 
linear transformieren), daf diese P, Linearaggregate gerade bzw. den 
ue, «+, Un gleich werden. Nehmen wir diese Transformation nach- 
einander fir » — 1,2,--- vor, so erreichen wir allgemein: u;? ist der 
Ly-Abschnitt von U,". Dies werde im folgenden vorausgesetzt. 

5. Wir betrachten fiir jedes vy > yw exp (a1 ee RR LPy Up?) und nennen 
eines derjenigen a, deren B® (a) diesem Ausdruck gleich ist, ay(x, +++ XP,). 
Die ay (% +++ DP,) haben fiir »->oo einen Haufungspunkt a(2, --- xp,), 
weil @ kompakt ist. Ferner ist fir » >, (= m) der Z,,-Abschnitt von 
B®) (ay (a +++ xp,)) derselbe wie derjenige von 


B” (ay (1 +++ wry) = exp (@, UL + «+» +ap, UL), 
und zwar gleich 


BY? (du, (@ +++ aP,,)) = exp (% uf + 1+ PT OPy Ur” ); 


also von v unabhangig. Daher ist dies auch der L,.-Abschnitt von 
B® (a (a, +++ xpy)), dh. fast alle B® (ay (a, --- xp,)) haben denselben 
Ly,-Abschnitt wie B® (a(x, --- xp,)). Wegen Ly, > bedeutet das, das 
BO (ay (a +++ £p,)) fiir y—>o gegen B® (a(a, +++ OP, )) konvergiert (vgl 
das Ende von 3. sowie Anm. ™), also auch, daB a, (a, ---ap,) gegen 
a(x,-+-xp) konvergiert (vgl. ebendort) Da der Z,,-Abschnitt von 
Be (a(a «++ xp,)) 
exp (a, Us“? +... + xp, Uri”) 


ist, also stetig in 2,, ---, xp, ist jedes Matrixelement von BOa(a, +++ Py) 
stetig in 7,---, xp, also (vgl. das Ende von 3.) auch dieses selbst sowie 
a(a, +++ ap,). Liegt x, ---, xp, in K, so hangt schon der L,,-Abschnitt 
von B® (a(x, --+ xp,)) ein-eindeutig von 2, ---, xp, ab, um so mehr dieses 
selbst sowie a(a2, -:- xp,). Da jeder Ly,-Abschnitt von B® (a(0--- 0)) 
gleich Ez,,, ist, ist dieses die Einheitsmatrix, also a(0---0) = 1. Wenn 
wir also 2, ---, xp, auf eine hinreichend kleine Umgebung K® von 0, -++,0 
beschranken, so liegt a(a, --- zp,) jedenfalls in U(1) (in @). 

Also bildet a(x, --- LP) ein Gebiet K™ im P,-dimensionalen euklidischen 
Raume ein-eindeutig und stetig auf eine Teilmenge von U(1) ab, das seiner- 
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seits ein-eindeutiges und stetiges Bild eines Gebietes K(1) im n-dimensionalen 
euklidischen Raume ist. Aus Brouwers Satz von der Gebietsinvarianz (vgl. 
a.a. 0. Anm. **) folgt daher Py<n. Also ist PR, <P, <---<n, von 
einem gewissen # an sind also die P, konstant: Pa = Pay =--- = P<n. 

6. Sei » >. GO ist in einer Umgebung des Punktes Ex, mit dem 
Gebiet K im P-dimensionalen Raume homéomorph, also P-dimensional ; 
wegen der Gruppeneigenschaft gilt das fir jeden Punkt, also ist es als 
topologischer Raum P-dimensional (vgl. Mengers in Anm. ** zitiertes Werk, 
S. 79—80). Als kompakte P-dimensionale Menge im 2 Li.-dimensionalen 
euklidischen Raume der L,-dimensionalen Matrizen, fallt es unter den 
»Allgemeinen Zerlegungssatz“ der Dimensionstheorie (a. a. O. S. 156): 
Zu jedem ¢ >0O kénnen endlich viele Mengen §,, ---, Sz gefunden werden 
(natiirlich von w,¢ abhangend), so daB 1. jedes $; einen Diameter < « 
hat, 2. je P+2 Mengen {; keinen gemeinsamen Punkt haben, 3. 
5 +--- +5; = G® ist. Nun sei $; die Menge aller B™ (a) mit BM (a) 
in §;. Wieder gilt: 2’. je P-++ 2 Mengen $; haben keinen gemeinsamen Punkt, 
3. Sit--- +H; = GO = Menge aller B® (a). Ferner ist die Entfernung 


von B® (a) und B® (b) im Sinne von Anm. ** < Max (—., a), wenn d die 
Entfernung ihrer Ly-Abschnitte, d.h. von BY (a), BY(b) ist. Somit ist 


der Diameter von $; < Max (- ii), wenn a der Diameter von {; ist, 


d.h. < Max (--, . . Fir hinreichend grofes yw (u > 4 gilt also auch: 


1’, jedes ; hat einen Diameter <«. Nach der ,Umkehrung des all- 
gemeinen Zerlegungssatzes“ (a. a. O. S. 157) ist daher @@ < P-dimensional. 
Da es aber G homéomorph ist, ist es, wie dieses, n-dimensional. Also 
ists P>n. 


Somit ist P=n, dh. Pa = Pay = +--+ =n. 
7. Die in 5, aufgestellte homéomorphe Abbildung von x, ---, 2p, auf 
a(%,---, xp,) bildet nach dem soeben Bewiesenen fir » > (wir halten 


w fest) die 2, ---, a auf die a(x; ---2n) ab, u. zw. ein Gebiet KW des 
n-dimensionalen euklidischen Raumes auf eine Teilmenge U von U(1), das 
einem Gebiet des n-dimensionalen euklidischen Raumes homéomorph ist. 
Aus Brouwers Satz von der Gebietsinvarianz (vgl. a. a. 0. Anm. “*) folgt 
daher, daB dieses Bild U innere Punkte besitzt. 


*3Um besseren Anschlu8 an die in Anm. 2! definierte Entfernung bei unendlich viel- 
dimensionalen Matrizen zu wahren, definieren wir bei P-dimensionalen Matrizen die Ent- 
fernung so (das ist der in a. a. 0. Anm.7 verwendeten, und zur gewohnlichen Topologie 
filhrenden, topologisch gleichwertig): 
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Seien a, b Punkte von U, BY (a) = BY (b) w > Bz). Es ist 


a = a(ay-+-an), BY (a) = exp(a Ui+ --- tan Us), 
ebenso 
b= b(y +o Yn); BY (b) = exp (y, U; Uf? + one + Yn Ux), 


exp (a, Us? + «++ +a Un?) = exp (ys Us + --- + yn Ux), 


und da 2, +--+, 2% und y%,°--, Yn ZU Kw gehéren, 


also 


My = Y3°**, tn = Yn- 
Also ist a = b. Fir a + b ist somit 
BY (a) + BY (db). 


Die Menge der x-c, x in U, heiBe U-c. Ist a innerer Punkt von U, 
so ist stets a innerer Punkt von U-(a~'-a), d.h. jeder Punkt von @ ist 
innerer Punkt eines U-c. Da G kompakt ist, geniigen endlich viele U-c, 
etwa U-«,---, U-c, um ganz G zu itiberdecken. Da auch in U-c aus 
a+b BY (a) + BY (b) folgt (denn a-c—, b-c gehdren zu U, also ist wegen 
a-c-*+ b-c BY(a-c) + BY(b-c~)), BY (a) - BY(O-* + BY(H)- BY (0, 
BY (a) + BY (b)), erkennen wir: in jedem U-c, (r = 1, ---, 7) kommt 
héchstens ein a mit BY (a) = Ez, vor, insgesamt gibt es also < r solche a. 

Nennen wir die Menge der a mit B® (a) = Ei, €., sie ist offenbar eine 
Untergruppe von G, ©, > €,>---. Nach obigem ist sie fiir # > pw endlich. 
Die Elementzahlen der endlichen Ci 2EpH12 —.-- sind regen aaron 
also von einer gewissen Stelle « = jw an konstant. Die es > €-,. 
haben alle gleich viele Elemente, also ist €- = Gs 4H or oc. a 
zu CF, gehért, so gehért es demnach zu allen €.,, wp, mithin sind alle . 
BY (a) = E,, (fir » =p, also fir alle ~). Daher ist auch B® (a) die 
Einheitsmatrix, also = BO) (1), aber B& (x) ist ein-eindeutig (vgl. 3.), 
also a= 1. Da somit €;, nur die 1 enthalt, ist fir a + 1 BY (a) + Ex, 
also fiir a + b BY (a) +. "Bi (b). Also ist B® (a) ein-eindeutig, d. h. treu. 

Hieraus folgt, daB BY (a) eine hombomorphe Abbildung ist, G ist GY 
homéomorph und isomorph, so daB BY (a) und G@* die Eigenschaften der 
in Einl. 2. erérterten D(a), G’ besitzen. Wir formulieren das Resultat: 

Satz I. Die einzigen topologischen Gruppen, die (im Sinne von I., 1.) n- 
parametrig und kompakt sind, sind die abgeschlossenen Gruppen aus unitiiren 
Matrizen endlich vieldimensionaler (komplexer™*) euklidischer Riiume sowie 
die diesen homiomorph-isomorphen Gruppen. 





**Man kann sich auch aufs Reelle beschranken: dazu muf die Dimensionszahl des 
betreffenden Raumes verdoppelt und die imaginare Einheit i durch die Matrix oy a} 
ersetzt werden. 
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II. Transformationsgruppen @ topologischer Raume WM. 


1. Eine topologische Gruppe G heife eine stetige Transformationsgruppe 
von M, wenn jedem a von G eine homéomorphe (d. h. ein-eindeutige und 
stetige) Abbildung von M auf M zugeordnet ist: F,(§) (€ durchlauft 14); 
dabei soll noch 
1. die Funktionalgleichung 
Fy (Fa (&)) = hr 
gelten, : 

2. F, (§) ist als Funktion von a (bei festgehaltenem &) stetig. 

Wir setzen im folgenden G n-parametrig und kompakt sowie in M tran- 
sitiv voraus, tiber M machen wir dagegen keine weiteren Annahmen. 

Somit ist G mit einer abgeschlossenen Gruppe unitérer Transformationen 
eines endlich viel- (etwa k-) dimensionalen Raumes homédomorph und iso- 
morph (Satz), und wir kénnen es vorlaufig mit der betr. Gruppe identifizieren. 
Ferner zeichnen wir ein Element & von M aus und bilden fiir jedes § 
von M die Menge aller a von G mit Fy (&) = §: H(&). H(&) ist offenbar 
abgeschlossen und wegen der Transitivitat nicht leer; H(&) hat die Gruppen- 
eigenschaft, ist also eine abgeschlossene Untergruppe von G; die H(&) sind 
die Rechtsnebengruppen von H(&). Jedes a von G gehért genau einem 
H(§) an: dem mit § = Fy, (&), und demnach hangt § stetig von a ab. 

Wir wenden den in I., 4. fiir die dortigen G@” herangezogenen Satz auf 
G und H(&) an, dadurch mégen die (k-dimensionalen) Matrizen Uj, ---, Ux 
und U,,---, U entstehen. Aus Brouwers Satz von der Invarianz der 
Dimensionszahl (a. a. O. Anm. '*) folgt, da G gleichzeitig n- und n’-para- 
metrig ist, nm =n’. Da H(&) Untergruppe von @ ist, sind die U,,---, % 
Linearaggregate der Ui,---, Ux. Somit ist 7< mn, und wir kénnen die 
Ui,---, Un so umbezeichnen (namlich linear transformieren), da8 


Ui =U,,-:-, U =U; 


wird. Wir lassen daher die Akzente iiberhaupt fort: zu G gehdren Uj, ---, Un, 
au H(&) U,,---, 0; @<n). 

2. Wir betrachten die k-dimensionalen Matrizen exp (m Ui41+ ++: +%n-1Un) 
(m1, +++, Mz reell) und behaupten: es gibt eine Umgebung U* von 0, ---, 0 
im (reellen) » — J-dimensionalen euklidischen Raume, so da6 fiir 4, ---, un—1 
und %,---, vz aus U* und a, b aus H (&) 


exp (uy Uiyit +--+ + uns Un) + a = exp (1 Uri +++ + Uni Un)-b 
die Folge 


uy = V1) ce, Un—l = Vn—i 


(und damit auch a = }) hat. Letzteres kann auch 





—- 
a.’ 


ae 
Sg 
bal. 
- 































184 J. v. NEUMANN, 
exp (% Uiss + vies a ttn—1 Un)“: exp (vy Ui41 ++:- + Un—-1 Uy) = a-t- 


geschrieben werden, d. h. es besagt, da die linke Seite zu H(&) gehort. 
Ware die obige Behauptung falsch, so gabe es zwei Folgen uf, ---, wi), 
und v®,---, vo) (v= 1, 2,---), beide gegen 0,---, 0 konvergierend, so 
daB fir kein v 
WP = OP, ory UP = Dy 


ist, und fiir jedes v 
exp (0, Ursa + +++ un—i Un)! exp (vs: Ui4a t+ +++ vn—1 Un) 


zu H(&) gehért. Da dieser Ausdruck gegen £;, konvergiert, kann er nach dem 
in I.,4. verwendeten Satze fiir fast alle » in der Form exp (wi?U, +---+ wU,) 
geschrieben werden, wobei auch w”,---, w” gegen 0, ---, 0 konvergiert. 
Die vorliegende Gleichheit kann auch 


exp (wf? UO... +++: +0, U,)- exp (wf U,+---+ uf?) 
= exp (oh U,,,+ +--+ v®) Un) 
geschrieben werden, d. h. der Ausdruck 


exp (141 Ut4it+ +++ +a Un)+ exp (am Uy + --- +a Ui) 


hat bei Ersetzung der Variablenreihe z,, ---, x, durch w”, ---, wi, wu, ---, ul?) 
und durch 0, ---, 0, v®,---,v®) denselben Wert. Wenn er, falls z,,---,z, 
auf eine hinreichend kleine Umgebung von 0,---,0 beschrankt werden, 
%,++*, Xn eindeutig festlegt, so hat das Obige fiir fast alle vy uw” = v®,---, 
u” = v® zur Folge, d. h. einen Widerspruch mit der Annahme. 

Wir entwickeln den obigen Ausdruck in eine (iiberall konvergente) Potenz- 
reihe”> und deuten alle Glieder von Graden >2 nur durch *** an. Er 
ist dann gleich: 


1+ a Uy + +++ + &n Unt **, 





Die Matrizen U,,---, Un sind (reell) linear unabhangig. Wir erganzen 
sie zu einem vollsténdigen linear unabhangigen System, indem wir 
Un+i,+++, Uae irgendwie demgema8 hinzufiigen. Den obigen Ausdruck 
minus. 1 stellen wir dann als Linearaggregat von U,,---, Use dar, die 
Koeffizienten sind dann eindeutig bestimmt, u. zw. sind diejenigen von 
U,,--+, Un, wenn wir alle Glieder von Graden > 2 durch *** andeuten, 
gleich 


Ly #**, . +5 Int *ex, 








> Die Potenzreihenbetrachtung liebe sich vermeiden, aber am Ende von 3. kommt 
ohnehin eine solche vor. 
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Wenn wir zeigen kénnen, daB die Gleichungen 


Ly eK = Yy, +++, Mn *** = Yp 


nach 2,,---,%n (falls diese auf eine hinreichend kleine Umgebung von 
0,---,0 beschrinkt werden) aufgelést werden kénnen, so sind wir am 
Ziele. Sie kénnen aber offenbar durch y, ---, yn-Potenzreihen fiir x, ---, 2» 
aufgelést werden. Damit ist die Existenz der Umgebung U* von 0,---,0 
mit der weiter oben behaupteten Eigenschaft bewiesen. 

Diese Eigenschaft kann auch so formuliert werden: Wenn mm, ---, %¢,—1 
in U* liegt, so liegt jedes exp (#, Ui4i1t+ --- + un—1U,) in einer anderen 
Menge H(&). Das zugehérige § = &(w,,---, wn—z) in M ist somit ein- 
eindeutige Funktion von w,---, %a—1 und auch stetige Funktion derselben, 
da es stetig vom Ausdruck exp (uw, Ui4i+ --- + m1 Un) abhangt. 

3. In dem in I., 4, verwendeten Satze kam eine Umgebung 8 von 1 
in © und eine Umgebung K™ von 0,---,0 im P,-dimensionalen Raume 
vor; wir ersetzen jetzt G@” durch H(&), P, durch n—/, dann mégen 
RK”, K” §, H heiBen. Wenn um, ---, um—z in U* liegt und w,, ---, w in H, 
so nimmt 


(Uy +++ Un—t Wy +++ Wr) = EXP (Uy Uigat +--+ + un—1Un)-exp (wii + --- +0101) 


denselben Wert nicht zweimal an: Denn dazu miiBten die exp (wm Ui4i1+-:: 
---+un—1Un) im selben H(&) liegen, also die w,---, %»—1 dieselben sein; 
alsdann miifte exp (w,U,-+ ----+w;U;) denselben Wert haben, also auch 
w,-++,w dieselben sein. Somit bildet es die beschriebene a, ---, un—1W1, +, Wi- 
Menge homdomorph auf eine Teilmenge von G ab. Da aber die erstere 
Menge ein Gebiet des m-dimensionalen (reellen) euklidischen Raumes ist 
und da das Bild Teilmenge einer Umgebung der 1 in G ist, welche letztere 
einem ebensolchen Gebiet homéomorph angenommen werden kann (@ ist 
n-parametrig!), mu8 nach dem Brouwerschen Satz von der Gebietsinvarianz 
(vgl.a.a.O. Anm.'*, iibrigens ist er hier, wo es sich durchweg um analytische 
Abbildungen handelt, selbstverstandlich) das Bild ebenfalls offen sein (in @). 
Somit ist es eine Umgebung W der (dazugehorigen) 1. 

Wenn ein § von M nahe genug bei & liegt, so ist es ein §(e---tn-1), 
t1,+++, U1 in U*, Sonst gabe es namlich eine gegen & konvergente 
Folge & (y = 1,2,---), in der das nie der Fall ist. Nun ist §” jeden- 
falls = Fw (5), eine Teilfolge der a, konvergiert, da G kompakt ist; 
also kénnen wir annehmen, daB es die a®”-Folge selbst tut. Der Limes 
sei a, dann ist F, &) des Limes der &” = Fim (&,), d. h. &, so dab 
a, 2 H(&,) gehort. Also ist auch &) = Fy az); und a” a; konvergiert 
gegen 1; wir kénnen daher annehmen, daB es schon die a taten, d. h. 
“ = 1. Dann liegen fast alle a” in der Menge der 
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exp (% Uisit- +++ tna Up)! exp (u) Ui4a ++ +++ un-1 0h) = a- 


geschrieben werden, d. h. es besagt, daB die linke Seite zu H(&) gehort. 
Ware die obige Behauptung falsch, so gabe es zwei Folgen wu, ..., a”), 


und v®,---, eo) (v =1, 2,---), beide gegen 0, ---, 0 konvergierend, so 
da6 fiir kein v 


(vv) — 7) ... (vy) — 7) 
~~ = ’ Un—1 Un—-l 


ist, und fiir jedes v 
exp (0 Uitat + +++ Una Un)~! exp (4) Ui4at + + + + vn—1 Un) 


zu H(&) gehért. Da dieser Ausdruck gegen E;, konvergiert, kann er nach dem 
in I.,4. verwendeten Satze fiir fast alle y in der Form exp (w?U,+----+ wU,) 
geschrieben werden, wobei auch w”,---, w” gegen 0, ---, 0 konvergiert. 
Die vorliegende Gleichheit kann auch 


exp (w” Das + +--+) U,)- exp (w” U,+---+ wi? U;) 
= exp (™ Ois4 a ees ae wv), Un) 


geschrieben werden, d.h. der Ausdruck 
exp (741 Uiti t+ +++ +n Un) + exp (@% Ui + +++ +04 Ti) 


hat bei Ersetzung der Variablenreihe ~z,, ---, x, durch w®”, ---, w™, wu, ---, ul 
und durch 0,---,0, v™,---,v®) denselben Wert. Wenn er, falls z,,---,2,, 
auf eine hinreichend kleine Umgebung von 0,---,0 beschrankt werden, 
%,°++, Xm eindeutig festlegt, so hat das Obige fiir fast alle » u® = v®, ---, 
u®? =v zur Folge, d. h. einen Widerspruch mit der Annahme. 

Wir entwickeln den obigen Ausdruck in eine (iiberall konvergente) Potenz- 
reihe” und deuten alle Glieder von Graden >2 nur durch *** an. Er 
ist dann gleich: 


1+ a, U;+ +++ + an Unt *«*, 


Die Matrizen U,,---, Un sind (reell) linear unabhangig. Wir erganzen 
sie zu einem vollstandigen linear unabhangigen System, indem wir 
Un+i,+++, Une irgendwie demgemaf hinzufiigen. Den obigen Ausdruck 
minus 1 stellen wir dann als Linearaggregat von U,,---, Usx: dar, die 
Koeffizienten sind dann eindeutig bestimmt, u. zw. sind diejenigen von 
U;,-++, Un, wenn wir alle Glieder von Graden >2 durch *** andeuten, 
gleich o 
Ly #*H, ree, n+ KK, 





** Die Potenzreihenbetrachtung lieBe sich vermeiden, aber am Ende von 3. kommt 
ohnehin eine solche vor. 
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Wenn wir zeigen kénnen, daB die Gleichungen 


Ly eee = Yy, +++, Tn *t* = Yn 
nach 2,,---, 2m (falls diese auf eine hinreichend kleine Umgebung von 
0,---,0 beschrankt werden) aufgelést werden kénnen, so sind wir am 
Ziele. Sie kénnen aber offenbar durch y, ---, yn-Potenzreihen fiir z,, ---, x» 
aufgelést werden. Damit ist die Existenz der Umgebung U* von 0,---,0 
mit der weiter oben behaupteten Eigenschaft bewiesen. 
Diese Eigenschaft kann auch so formuliert werden: Wenn wm, ---, %¢—1 


in U* liegt, so liegt jedes exp (# Ui4it --- +n Un) in einer anderen 
Menge H(&). Das zugehérige § = §(m,---, w—1) in M ist somit ein- 
eindeutige Funktion von mw, ---, %—z und auch stetige Funktion derselben, 
da es stetig vom Ausdruck exp (uw Ui4i-+ --- + %m—i Un) abhangt. 

3. In dem in I., 4, verwendeten Satze kam eine Umgebung 8 yon 1 
in @ und eine Umgebung K™ von 0,---,0 im P,-dimensionalen Raume 
vor; wir ersetzen jetzt G” durch H(&), P, durch n—/, dann mégen 
RK”, K™ §, H heiBen. Wenn uw, ---, um—z in U* liegt und w,,---,w in H, 
so nimmt 
(Uy +++ Un—z Wy +++ wr) = EXP (ty Ui4a+ +++ + Un—1Un)-exp(w, 0+ ++» +i Ui) 


denselben Wert nicht zweimal an: Denn dazu miiften die exp (%Ui4i+-:- 
---+un—1 Un) im selben H(&) liegen, also die w,,---, tn dieselben sein; 
alsdann miibte exp (w, U,-+ ----+w;U%) denselben Wert haben, also auch 
w;,-+-, w, dieselben sein. Somit bildet es die beschriebene uw, ---, un—1W1,°*+, Wi- 
Menge homéomorph auf eine Teilmenge von G ab. Da aber die erstere 
Menge ein Gebiet des n-dimensionalen (reellen) euklidischen Raumes ist 
und da das Bild Teilmenge einer Umgebung der 1 in G ist, welche letztere 
einem ebensolchen Gebiet homdomorph angenommen werden kann (@ ist 
n-parametrig!), muB nach dem Brouwerschen Satz von der Gebietsinvarianz 
(vgl.a.a.O, Anm.?*, iibrigens ist er hier, wo es sich durchweg um analytische 
Abbildungen handelt, selbstverstandlich) das Bild ebenfalls offen sein (in @). 
Somit ist es eine Umgebung W der (dazugehdrigen) 1. 

Wenn ein § von M nahe genug bei £ liegt, so ist es ein §(e--- tn), 
th,*++,Un—-z in U*., Sonst gabe es namlich eine gegen & konvergente 
Folge & (y = 1, 2,---), in der das nie der Fall ist. Nun ist §” jeden- 
falls = Fw (§,) , eine Teilfolge der a, konvergiert, da G kompakt ist; 
also kénnen wir annehmen, da6 es die a”-Folge selbst tut. Der Limes 
sei a, dann ist F, ,&) des Limes der §” = Fym(E,), d. h. &,, so dab 


a, 7u H(§,) gehort. Also ist auch ” = F,q-1(§)), und a® a,* konvergiert 
gegen 1; wir kénnen daher annehmen, da es schon die a” taten, d. h. 
“ =1. Dann liegen fast alle a® in der Menge der 
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exp (t Uiyit -++ + na Un) + exp (wm, Ui + --- +m Uh), 


M1, °**; Un—t in U*, w,---,w in H. a, also auch dieses 


exp (w Uiti-t «++ + Un—1 Ui4s), 


gehért zu H(§)), daher ist 
GE) = E(u, +++, Uni), 


entgegen der Voraussetzung. 

E(u, +++, Un—1) bildet somit U* homéomorph auf eine Teilmenge von ¥ 
ab, von der & innerer Punkt ist. Sei O eine in ihr enthaltene Umgebung 
von &, wegen der Homédomorphie der Abbildung ist das Urbild U) von 
O eine (Relativ-) Umgebung von 0,---,0 in U* — d.h. eine Umgebung 
von 0,---, 0. 

Damit ist die Umgebung O von & in M homédomorph auf die n—/ 
Parameter 1, +--+, %-z1 in Uy bezogen. In einer Umgebung & von 1 in 
G ist, wie wir wissen, G durch a = exp (a, U,+ --- +a, U,) homdomorph 
auf die Parameter @,,---,@, in K bezogen. Das Kompositionsgesetz 
von @ lautet: 

exp (a, U, + --- + @n Up) - exp (A, Ui; + --- +8n Un) 
= exp (71 Ui +--+ +7n Un) 


(alles in K), u. zw. ist diese Gleichung in hinreichender Nahe von 0, ---, 0 
eindeutig nach 7,---,7%n auflésbar. Das Transformationsgesetz von 
in M lautet (soweit die linke Seite in W liegt): 


exp (uw: Uigi-t «++ + tn—i Un) - exp (@, Uy + +++ + an Un) 
= exp (4 Ui4it --+ +n Un)- exp (wm UO, + --- + wi Ui) 


(Ur, +++, Un—t Und %, +--+, Vn. in U*, w,,---,w in A), u. zw. ist auch 
diese Gleichung in hinreichender Nahe von 0,---,0 eindeutig nach 
Vry***, Un—ly W,+++, w auflésbar (es interessieren uns nur 1, ---, Un—): 
Wir haben noch zu zeigen, daB 7,, ---, 7n VON @, +--+, On, Ay, +++, An und 
Uy s+) Un—ly Wiy +++, WE VON W,-++, Unt, &,+°++, &, analytische Funk- 
tionen sind. Die erste Aufgabe ist Spezialfall der zweiten: mit / = 0, 
O@1, +++, Oy fiir mM, +++, Un, Bi, +++, Bn fir oy, +++, Gn, Yi, +++) Yn fiir 
%1,°+*, Un; daher geniigt es, diese zu betrachten. Wenn wir in der obigen 
Gleichung beide Seiten durch ihre (iiberall konvergenten) Potenzreihen 
ersetzen und alle Glieder von Graden > 2 nur durch *** andeuten, 80 
entsteht die Matrixgleichung: ; 


1+a@,U,+ Laity + a; Oi + (e141 +) Orga + eee + (an, + un—1) Un+ eee + *#* 
= 14+u4,0,+--- tu Ut Urit -++ + una Unt ***, 
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woraus (da U;,---, Un linear unabhangig sind) jedenfalls Zahlengleichungen 


a, eee = Wf FER, - ee, ees = Wt FH, 
141+ Uy ¥** — VY, + ***, AE On + Un—1-+ *** —_ Un—1 + *** 


folgen. Diese kénnen offenbar durch w,, ---, Un—1, @, ---, &n-Potenzreihen 
fiir v:, +++, Unt, Wi, +++, tw aufgelést werden, womit die Analytizitat dieser 
Gréfen bewiesen ist. 

Unser Resultat lautet also: 

Satz II. Die topologische Gruppe G sei (im Sinne von I., 1.) n-parametrig 
und kompakt und (im Sinne von II., 1.) eine stetige Transformationsgruppe 
des topologischen Raumes M**, Ferner sei G in M transitiv. Es ist méglich, 
eine Umgebung W von 1 in G und eine Umgebung Uy eines beliebigen & 
in M anzugeben, so dafB W und Uy homiomorph auf n bzw. m Parameter 
(m = 0,1,---, m®") begogen werden kinnen (die gewisse Umgebungen von 
0,---,0 am n- bew. m-dimensionalen [reellen] euklidischen Raume durch- 
laufen), so daB sowohl das Kompositionsgesetz von G, als auch das Trans- 
Sormationsgesetz von M durch G in diesen Parametern analytisch ausfiillt. 

4. Wir lassen jetzt die Annahme der Kompaktheit von G und seiner 
Transitivitat in M fallen. Dagegen verscharfen wir die iibrigen Annahmen: 
M sei in einer geeigneten Umgebung eines jeden seiner Punkte homéomorph 
auf m Parameter beziehbar, und F, (§) sei als Zweivariablenfunktion von 
a, § stetig’*. Es soll gezeigt werden, daB es u. U. unméglich ist, die Para- 
meter fiir a und § so zu wahlen, daB a-b und F,(§) analytisch oder auch 
nur stetig differentiierbar ausfallen. 

Es wird, wie in Einl. 1 erwahnt wurde, n = 1, m = 2 sein, u. zw. sei 
G die reelle Zahlengerade, d.h. a eine beliebige reelle Zahl, das Kom- 
positionsgesetz die Addition a+b. M sei die reelle u, v-Ebene. g(r) sei 
eine fir alle r>0 definierte, stetige (reelle) Funktion, die zu @ gehdrige 
Transformation von M sei eine Drehung mit dem Mittelpunkt 0,0, aber 
um einen von ry abhangigen Winkel auf jedem Kreise u*-+ v* = 7°: um 
g(r)a. Doh. 


Fa(u, v) = ucos{o(Vu® +e") a} —vsin{p(Vu? + v* a}, 
u sin {y(Va? + v*) a} + v cos {p(Viu? + v* Jah. 


Durch geeignete Wahl von g(r) werden wir die gewiinschten Beispiele 
gewinnen. 


2° Man beachte, daB die Beziehung von M zu Parametern nicht Voraussetzung ist; sie 
wird vielmehr bewiesen! 

"m tritt an Stelle des n —1 im Beweise. 

*°Im Falle der Kompaktheit und Transitivitat wurde beides durch Satz I bewiesen, die 
a, $-Stetigkeit insbesondere dadurch, daB F.(§) sogar analytisch gewihlt werden konnte. 
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Wenn ¢(1) = 0 fir alle r>0, <7 (79> >0, fest) gilt, aber fiir kein 
r>*ro, 80 liegt in jeder Umgebung des Punktes &, gleich 7, 0 ein Gebiet, 
in dem F,(§) = § ist, aber auch ein anderes Gebiet, wo dies nicht gilt. 
Da eine analytische Funktion ein solches Verhalten nicht zeigen kann, ist 
eine Parameterwahl, bei der Fu(§) analytisch wird, unméglich. Somit 
erledigt z. B. y(r) = Max (0, r — 79) die Annahme der Analytizitit. 

Etwas schwieriger ist der Fall der stetigen Differentiierbarkeit. Hier 
schlieBen wir so, daB wir annehmen, daf in je einer Umgebung von 0 
bzw. 0,0 solche Parameter a’ fiir a und w’, v’ fiir uw, v eingefiihrt wurden, 
daB a’-b’ und Fy (w’, v’) stetig differentiierbar sind, und daraus folgern, 
daB g(r) gewisse Eigenschaften besitzen muf. Alsdann wahlen wir ¢(r) 
so, daB es dieselben nicht besitzt, womit auch die Annahme der stetigen 
Differentiierbarkeit entfallt. 

5. Das Kompositionsgesetz fiir a’ heiBe a’ob’, die Abbildung von a auf a’ 
werde durch die ein-eindeutige und stetige Funktion a = f(a’) vermittelt. 
F(a’) ist somit monoton (wachsend oder fallend), nach einem Satze von 
Lebesgue® gibt es also Stellen, wo es differentiierbar ist. 

a’-b’ ist als a’-Funktion differentiierbar, a’ob’—* auch; hatte also a’o’ fiir 
ein a’ =a) die Ableitung 0, so hatte sie (a’ob’)ob’ ‘= a’ dort auch. 
Aber dies ist unméglich, da a’ stets die Ableitung 1 hat. Es ist 


Sa@'o¥') = f(a) +f), 


sei f(a’) fir a’ = aj differentiierbar; da a’ob’ die a’-Ableitung + 0 hat, 
ist auch f(a’) fir a’ = aj-b’ differentiierbar. D. h. f(a’) ist iiberall 
differentiierbar. Dabei ist 
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also f(a’) stetig differentiierbar. Da stets arf (a’) + 0 ist (Kime of (a’)=0 
iiberhaupt vor, so miiBte es wegen der obigen Formel immer gelten, d. h. 


J(a’) ware konstant), ist es auch die Inverse. Wir kénnen daher statt a’ 





Vel. z. B. a.a. 0. Anm, '?, Satz 7 auf S. 573. 
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wieder den Parameter a einfihren, Fy’ (w’, v’) bleibt stetig differentiierbar, 
d. h. wir kénnen annehmen, daB von vornherein a’ = a war. 


; ? a = 
Wenn die zwei Komponenten von so as (u’, v')® fir a = @ und ein 


gewisses u’, v’ verschwinden, so miissen sie es wegen 
Fapo(u', ') = Fe(Falv’, v’)) 


auch fir a=a-+b tun, d.h. fir alle a. Dann ist Fy(w’, v’) von a un- 
abhangig, was u, v = 0, 0, also uw’, x = 0,0 nach sich zieht. Fir wu’, v’ +0,0 


sind also die zwei Komponenten von a Fa(u',v’) stets +0,0. go (Vu?+v*) 

ist in u,v, also auch in wu’, v stetig; wir nehmen an, daf es stets > 0 ist, 
Qa 

g (V w+") 


ye (u’',v) = w,v 
@ (Vw) wiv ) 


gilt, so folgt aus dem soeben festgestellten Verhalten von Fa (u, v), 
2a 
a Vu? + v*) 
also g(Vu?+ v®) auch. 

Dem Kreis u?+ v? = r? (r >0, <1, wobei u?+v*<r? eine Umgebung 
von 0,0 ist, in der die Parameterdarstellung noch gilt) entspricht in der 
w', v-Ebene eine Jordankurve J,. Aus den Lagen der Kreise folgt, dab 
0,0 und jedes Jg mit s<r im Inneren von J, liegt. g(Vu?+v*) ist 
auf J, konstant, 


Sei C das Maximum von ae VEO) und sro Vit u?+v*) im 





dann ist auch in uw’, v’ stetig. Da aber identisch 








fiir uw’, v + 0,0 (Mach w’, v’) stetig differentiierbar ist, 





Inneren von “ . Sei weiter fc n<cn<— rz, 73 fest. Wir wahlen 


"7 b 
ein u2, vo auf x und ein u3, v3 aut Jy,, ihre aps oan sei S. 
Seien nun vy —1 beliebige Zahlen @;, ---, Q@v—1 Mit << ++ CQaA<"s 
gegeben, wir setzen noch @ = 7%, @y = 713. 8S shinies jedes Op 
(w= 1,---,»—1), etwa inw™, o™, u. zw. kénnen wir u”, v zwischen 
u#—D), o—D und ug, vs wahlen, was fir alle w = 2,3,---,¥” geschehen 
soll. Naturgemaf 


0 0 We: AN a en 
WY = un, wW,7” = us, %. 





 Fa(u’,v') ist ein Punkt der wu’, v'-Ebene, besteht also aus zwei reellen Funktionen. 
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Dann liegen die u”, o in der Reihenfolge ihrer » auf S, und es ist: 


| 9 x) — 9 (Qu—1)| < 2C- Enté. (w’™, o™; wy), 


Vv 
2 | 9 (Qn) — 9 (@n—-1)| < 2 c-m Entt. (wl, o&™; a’, v'@™) 
L= weed Le 


= 2C.Entf. (wv, &™; vw, v) = C- Entf. (ws, vb; ub, v%). 
Wir haben also, unter der Voraussetzung, daf fir alle r>0, <7, 
y (r)>0 ist, folgendes gezeigt: Es gibt zwei 72, 73, 0< re<cr3< ce so 
daB fiir alle Systeme Oo, 01, ---, @» Mit 72 = << ++ -< Oi oy — 7% 


2 % (On) — 9 (@p-1) | 


unterhalb einer festen (d. h. nur von 72, 73 abhangigen) Schranke bleibt. 
Wenn wir also ein stetiges ¢ (vr) angeben kénnen, derart, daB stets  (r) >0 
ist und fiir jedes r,< rg die obere Grenze der 


Vv 
| ¥ ew) — 9 @n-)| (rg = 01< 09<0 +++ < Oy_1< 0» = 1s) 
L= 


gleich © ist, so sind wir am Ziele. D. h. es wird ein stetiges positives ¢ (7) 
gesucht, das in jedem Intervalle von unendlicher Variation ist, und Beispiele 
solcher  (r) sind bekannt*'. 





31 Vogl. z. B. a.a.0. Anm. '?, 8.590—594; man bilde mit der dort konstruierten, ,,nirgends 
differentiierbaren Funktion von Weierstrab“ w(x) g(r) = 1+w(r). Zur Unendlichkeit 
der Variation vgl. 8S. 590 ebendort. 


PRINCETON, N. J. 
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AN ABSTRACT APPROACH TO MANIFOLDS. 
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Introduction. 


The treatment of combinatorial Topology here presented had its origin 
in attempts to answer two questions: 

Under what general conditions can aggregates of cells be regarded for 
combinatorial purposes as single cells? 

To what extent are the criteria defining combinatorial manifolds forced 
upon the topologist? 

Consideration of these questions was evoked—in the first case, directly, 
and in the second, indirectly—by Lefschetz’ Topology. As a natural con- 
sequence the present treatment has much in common with that text. On 
it our terminology and notation are based, although new standpoints have 
forced the invention of many—probably too many—new terms. To assist 
the reader in the latter respect an index of terms has been included. 

Contact is made with such signal contributions to topological literature 


as Veblen’s book,* Alexander’s fundamental paper,* and van Kampen’s 
thesis.® 

' Received August 6, 1932.—A preliminary account of this paper appeared as a note 
On combinatorial Topology. Proc. Nat. Acad. 18 (1932), pp. 86-89. 

* Lefschetz, 8., Topology. Am. Math. Soc. Colloquium Publications, XII (1930). 

* Veblen, 0., Analysis Situs. Am. Math. Soc. Colloquium Publications, V Pt. II (1922); 
(second edition, 1931). 

* Alexander, J. W., Combinatorial Analysis Situs. Trans. Am. Math. Soc. 28 (1926), 
pp. 301-29, 

* van Kampen, E. R., Die kombinatorische Topologie und die Dualititesiitze. The 
Hague (1929). 


191 18 






































































192 A. W. TUCKER. 


The abstract method of attack—an early source for which is the work 
of Dehn and Heegaard*—allies itself with Weyl’s important exposition,’ 
elements of which de Rham has incorporated in the first chapter of his 
thesis,* and with a pair of interesting papers by Mayer.° 

The first few sections of our paper are preparatory. In §1 cells are 
introduced as undefined elements which fit together in accordance with 
certain postulated rules; by orientation of the cells the way is prepared 
for an algebra of chains. §§ 2 and 3 begin the development of the matrix 
technique which plays such an important part in the subsequent work. 
Consistent use of matrix method is a characteristic of the paper. In § 4 
the complex is defined, and the homology groups thus brought into being 
are described in terms of certain canonical bases. 

§ 5 presents the idea of cell duality, and § 6 the complementary notions 
of the open and the closed, as well as a definition of sub-complex. The 
paper systematically exploits these concepts as powerful instruments for 
organizing and extending the theory. The reciprocations afforded by dual 
and complement combine with one another, for the dual of an open (closed) 
sub-set is closed (open). The definition of sub-complex is made as general 
as the complex will permit, with a result that most of the sub-sets we 
have occasion to consider are sub-complexes. § 7 utilizes matrix manipula- 
tion to exhibit the inter-relations between a complex and complementary 
open and closed sub-complexes of that complex. In § 8 there is a dis- 
cussion of connectedness and circuits, featuring a pair of simple separation 
theorems. 

The next three sections pertain to the first question proposed at the 
beginning of this introduction. From the “block” of § 9—itself an important 
generalization of open and closed sub-sets— it is but a step to the “‘cell- 
block” of § 10, which furnishes a specific answer to the question proposed. 
Another step leads to a combinatorial characterization of subdivision in § 11. 

By the introduction of “w-multiplication” in § 12 our algebra of chains 
becomes more nearly an algebra in the technical sense of the word. This 
multiplication is a common root for products, joins, and intersections, and 
so is a salient unifying feature. In terms of it § 13 sets forth formulas 
for the homology characters of a product complex. 





® Dehn, M., and Heegaard, P., Analysis Situs. Encykl. der M. W. III 1', A B 3 (1907), 
pp. 153-220. 

7 Weyl, H., Andlisis situs combinatorio. Revista Mat.-Hisp.-Am. 5 (1923), p. 209ff. 

8 de Rham, G., Sur l’Analysis situs des variétés a n dimensions. J. de Math. IX s., 
10 (1981), pp. 115-200. 

* Mayer, W., Uber abstrakte Topologie. Abstrakte Topologie II. Monatsh. fiir Math. v. 
Phys. 36 (1929), pp. 1-42 and 219-258, respectively. 
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At this stage the second of our initial questions is broached. An ab- 
stract treatment of intersections in § 14, relating them in particular to 
subdivision, provides a line of attack by means of which §§ 15 and 16 
obtain criteria which determine the absolute manifold. Concerning these 
criteria it is to be noticed that the conditions yielding duality relations 
seem to be less restrictive than those yielding invariance under subdivision 
as well. § 17 records various properties of the absolute manifold, in con- 
nection with which it presents the Kronecker index and looping coefficients. 

In §§ 18 and 19 the simplex and the simplicial complex are introduced 
through the medium of joins. § 20 discusses the “focal” subdivision ob- 
tained by replacing a cell by the join of its boundary cells with a new 
vertex, and § 21 the resultant regular subdivision which is possible if all 
the cells of the complex admit focal subdivision. These considerations of 
subdivision apply even to a complex having a “fringe” of openness—an 
important extension. 

The question of manifolds and the criteria determining them now recurs 
with the combined forces of intersections and regular subdivisions brought 
into action. In §§ 22 and 23 modified conditions are developed which 
lead to interesting results, involving in particular the concept of manifold 
with regular boundary. § 24 shows how manifolds, their intersections, etc. 
may be realized geometrically. 

The remaining sections are mainly concerned with the purely combinatorial 
part of what is known in general topology as the theory of transformations, 
coincidences, and fixed points. § 25 ushers in the subject; § 26 applies it 
to certain correspondences arising from welds and subdivision. In § 27 
certain results on “fixed cells” are obtained following a simple matrix 
proof of the generalized Euler-Poincaré formula. § 28 gives (combinatorial) 
reasons why correspondences can be handled through the medium of pro- 
ducts, intersections, Kronecker indices, etc. 

For his impetus in topology the writer is indebted to the lectures of 
Professor Lefschetz and the seminars of Professor Alexander. In particular 
he expresses his thanks for the stimulus and guidance he has received 
from Professor Lefschetz in the preparation of this paper. 


Abstract foundations. 

1. Cells. Chains. We deal with a finite set of elements, called cells. 
With each cell |Z,| is associated a non-negative integer p, called its 
dimension. Between any two cells |p|, |E,| there may exist a relation: 
E,|<|E,|, read |Ey| is on the bowndary of |E,|. We postulate that 
(1.1) \Ey' {KiE,| if p24, 
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and that < is transitive in that 


(1.2) | Ep|<| Ey if | Ep | <| Ey | and | Ey |< | E, |. 


Based on the p-cells, i.e. the cells of dimension p, is a free Abelian 
group having + as its rule of combination. The elements of this group 
are called p-chains. The identity element is the null chain, denoted by 0 
irrespective of the value of p. Other conventions are as usual in addition. 
To describe the explicit sense in which the group of p-chains is based on 
the p-cells we postulate that to each p-cell corresponds a unique pair of 
p-chains whose sum is the null chain and that by choosing one p-chain from 
each said pair we obtain a complete set of independent generators for the 
group. The chosen p-chain of the pair corresponding to a p-cell | Z,| is 
called the oriented p-cell Ey, the choice itself being termed orientation. 

With every pair, Epi:, EH, of oriented cells of consecutive dimensions 
is associated an integer, called their incidence number. Change of orien- 
tation of either cell of the pair changes the sign of the incidence number. 
We postulate that the incidence number of Epi: and Ey, is zero if 


(1.3) | Ep |-K | pti |. 


Intuitively the incidence number of E,4; and Ey describes the algebraic 
number of times E, is on the boundary of Ey4:. Suppose, for example, 
the opposite sides of a rectangle are matched so as to give rise to a 
cylinder or Mobius strip. The 1-cell formed by the matched sides appears 
0 or +2 times on the boundary of the 2-cell. The two 0-cells formed 
by the matched vertices appear + 1 times on the boundaries of the 1-cells. 
Orientation of course determines the ambiguities of sign. 

The novelty, if any, in the foundations (cf. Mayer, 1. c.°, pp. 2—4) we 
have laid down occurs in the relation <. The usual procedure has been 
to consider Ep on the boundary of E, only if E,, Ey-1, ---, Epu, | 
existed such that the incidence number of each pair of consecutive cells 
is not zero. That this is sometimes inadequate is shown by the above 
cylinder example, since the 1-cell obtained by matching sides would not 
be on the boundary of the 2-cell. Another example would be the confi- 
guration consisting of a 2-cell formed by the surface of a sphere with 
one point omitted and a 0-cell which is the omitted point, for there 
would be no 1-cells to use to show the 0-cell is on the boundary of the 
2-cell. 

2. A set of cells. From now on we assume that our cells are oriented. 
Accordingly we drop the use of the absolute value sign even in such ex- 
pressions as (1.1) where orientation plays no part. 
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Consider a set of cells K. Let a, denote the number of cells having 
dimension p, and if a, > 0 let R, E;, -++, Ep” denote these cells. The 
dimension » of K is the maximum p for which a, > 0. 

Any p-chain generated by cells of K, and so expressible as 


(2.1) Cp = 1, Entre Ept-:-+re, Ep’, 


the r’s being integers, is said to be on K. In accordance with our 
foundations the set of p-chains on K is a free Abelian group Gp. Let 
{Cp} be a basis for Gp, by which we mean a set of elements of Gp in 
terms of which every element may be uniquely expressed. (With non-free 
Abelian groups, which we shall encounter later, uniqueness can still be 
had by using residues, partly or wholly, as coefficients). There is at least 
one basis for Gp, viz., {Ep}. If {D5}, like {CJ}, is a basis for Gp, the 
members of {Cj} can be uniquely expressed in terms of the members of 
{Dp}. The matrix of coefficients used in doing this we denote simply by 
[(C3} / {Dh}). In conformity with this notation we denote an individual 
coefficient by [CZ/ Dk]; accordingly 


(2.2) Cp = (Cp/ Dp] Dp." 

Conversely 

(2.3) Dp = (Dp/C)] Cp. 

Substituting (2.3) in (2.2), and vice versa, 

(2.4) [Ch/Dpl(Dp/Gol = 9 (=O it stl, =1 if j =D, 
(2.5) [Dp /C) (Ch/De'] = bn. 


Hence the matrices [{C2} /{ DRM, [{ Dh} {Cs}, are inverse square matrices 
with determinants = +1. Conversely, if [{Dx}/{C)}] is a square matrix 
with determinant = +1, {Dh} is a basis if {ch} is. In particular, we 
now know that every basis for G, has the same number of members, 
ViZ., Gy. 

A p-chain which may be taken as a member of a basis for G, is called 
a basic p-chain of K. Clearly a necessary condition that a chain be basic 





‘We make the convention that if one of the indices d, ¢,---, m appears twice in 
the same term — once up and once down — it is to be summed. No attempt is made 
to associate an index with always the same range, but the range in each particular case 
should be clear from the context. 

In accordance with this convention the sign / in [C;/D5] is intended to lower the 
following index k: (The sign : will also be similarly used.) In (2.2) [C}/ Dp] plays o 
réle like that of the partial derivative appearing in the simple tensor transformation of 
a contravariant vector. 
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is that the coefficients expressing it in terms of any basis have no common 
divisor. (As a matter of fact this condition is also sufficient.) 
3. Incidence matrices. The p-chain 


(3.1) F (Eps) = % Ep 


where s is the incidence number of Ep;1 and Ep, is called the boundary 
chain of Epi on K. If a, = 0 we agree that F(Epi1) = 0. Passing 
on to Coir = th E}.. we have 


(3.2) F (Cpu) = th F (Epis) 


as the boundary chain of Cpii: on K. 

Examination of (3.2) indicates that the set {#'(Cp4:)} of all boundary 
p-chains on K is a sub-group F, of Gp. In the language of groups 
(3.2) establishes a homomorphism (multiple isomorphism) between G)41 
and Fy. 

A chain Cy on K such that F'(Cp) = 0 is called a p-cycle on K. Clearly 
the set of all p-cycles on K is a sub-group Ty of Gp. 

Supposing {C%.1} and {C5} bases for Gp11 “a Gp, respectively, we can 
certainly express the boundary chains of the members of {Cn} in terms 
of the members of {Cp}. The integral coefficients used in doing this form 
a matrix [(Ch.4}: (Cp}], called a pth incidence matrix of K. An individual 
coefficient being [Cpi1: Cpl, we have 


(3,3) F (Cys) = (Cpa: Cpl Cp. 


When we wish to exhibit [{C/1}: {C%}] in detail we write it as 





C. 'p Cp és'dakse Cy” 

Chile we cate 

(3.4) Cpt CG Lo widewes x 
; : 

ovr eae wae ck eee is 





Of course {Ep}: {Ep}] is a pth incidence matrix of K. By (3.1) each 
element [Epi1: Ep] is the incidence number of Ep, and E;. Hereafter 
we shall use this convenient notation for incidence numbers. ~ 

Let {Dji1} and {D3} also be bases for Gp11 and Gy», respectively. 
Like (3.3) we have 
(3.5) F(Dh4s) = (Df41: Dyl Dj, 
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and so, using (2.2) etc., 


(3.6) [Dois: Dj) = (D3is/Ch 4] (Cs: Ci (C}/Dj), 
(3.7) [Cps1: Cp] = (Cpia/DB sal Dosa: Dpl LDj/ Cpl. 


Accordingly [{Cps1} : {Cp}], [{D$41} : {Dz}] have the same rank e, and the 

same G. C. D.’s, which means that we have proved: 

(3.8) All pth incidence matrices of K are equivalent, i.e., have the same 
numbers of rows and columns, the same rank and the same G. C. D.’s. 

Let bp denote a basis for G,. If the 7,th member of by be replaced 
by its negative or by itself plus an integer 4 times the 7,th member (¢3 + ¢;), 
a new basis bp is obtained. The passage from b, to b, is called an 
elementary change of basis. The inverse change is clearly also elementary. 
(Cf. the “generating transformations” of Alexander, |. c. *, p. 317). 

Let [bp+1: bp] denote the pth incidence matrix determined by by+: and bp. 
The change to [bpi1:b)] may be described in terms of the (3.4) type of 
representation as a change of sign in the elements of the 7,th column or 
the subtraction from each element of the 7,th column of 4 times the cor- 
responding element of the 7,th column. Similarly the change from [bp:bp—1] 
to [bp:bp-1] may be described as a change of sign in the elements of the 
4th row or the addition to each element of the 7,th row of 4 times the 
corresponding element of the ¢th row. 

Focusing attention on a pth incidence matrix we see that by elementary 
changes of the bases of Gp41 and G, we may achieve the matrix changes 
which secure the well-known reduction to a matrix containing solely 
diagonal elements and zeros. Instead of working from the upper left corner 
as is usual, however, let us work from the lower left. In this way passage 
is made to a pth incidence matrix [{C),1} : {C)}] having the form 


yt 2 a, 
Cy © C, Bers G 








ire a ae 

(3.9) ; ae oe Se ; : 
Cn 0 0 / 0 
Cont 0 Zz 0. Cones 0 
Co g 0 OO «eee. 0 


the «’s here being the invariant Factors of the matrix. Such a matrix we 
Shall call canonical. Hence 

(3.10) By elementary changes of basis passage may be made from any pair 
of bases for Gp+1 and Gy to a pair whose incidence matrix is canonical. 
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4, The complex. We call a set of cells a complex if every boundary 
chain on the set is a cycle on the set; i.e., K is a complex if 


(4.1) F(F(Cp1)) = 0 


for an arbitrary Cpi: on it. (Cf. Mayer’s Komplexring, |. ¢.°, pp. 2-4.) 
Since every such Cy;1 is linearly expressible in terms of a basis {C}1}, 
(4.1) is equivalent to 


(4.2) FRG) = ©, 

h and p being arbitrary. However, in terms of bases {Cp}, {Cj_4} 

(4.3) F(F (Chis) = (Cpa: Gp (Cp: Cpa) Cpt 

Accordingly ese 

(4.4) [Cp+1: Cpl (Cp: Cpa] = 0 (all p) 


is a necessary and sufficient condition that K be a complex. 

The importance of (4.1) is that F, becomes a sub-group of T,, thus 
giving rise to a difference (factor) group Hp = Ip— Fp, called the pth 
homology group of K. A cycle belonging to Fy is named, for obvious 
reasons, a bounding cycle. Two cycles belonging to the same co-set of F;, i.e., 
differing by a bounding cycle, are said to be homologous on K—in symbols 


Cy ~ Dy (on K). 


Hence C,~0 denotes a bounding cycle. 

Choose bases Dpit, bp such that [bp+1:bp] is canonical. Then no matter 
what basis by-1 is taken for Gp-1 we know from (4.4) that the first e 
rows Of [bp: bp-1] consist of zeros. By elementary changes in the basis 
of Gp-1 and in the last a», — members of the basis of Gp» we may pass 
to bases by1, bp such that [bp : bps] is canonical. Since by and bp differ 
only in their last «a»—g, members, [bp+1: bp] = [bp41: by] and so is canonical. 
Hence 
(4.5) If [bps1: bp] is canonical, K being a complex, bases bp and by can 

be found such that [bp4.: bs] and [bp : bp—1] are both canonical. 

Repeated use of (4.5) gives 
(4.6) Bases for the groups of chains on a complex can be found such that 

the corresponding incidence matrices are all canonical. 
The convenience of this result justifies our unusual definition of a canonical 
matrix (cf. Lefschetz, 1. c. *, p. 27). 

Suppose Dn, +++, dps, bp, by-1, +++ are bases taken in accord with (4.6). 
Let bp denote the first oe) (= the number of unit invariant factors of 
a pth incidence matrix of K) members of by, let b; denote the next ep 
(= @p — ep = the number of invariant factors >1) members of Dp, by 
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the next @» — @p»— @p—1 members, bp the next g)-1 members, and b}, the 
last @p-1 members. Then [bpyi1: by] may be represented by 





by dp bp by dy 

bot} 0 0 0 0 0 

4.7) Ups yee eo 
bu! 0 0 0 0 0 

bai) 0 ¢ 0 0 0 

bit} 1 0 0 0 O 





where 0 represents a sub-matrix of zeros, 1 a square sub-matrix of zeros 
except for unit elements up the secondary diagonal, and ¢ a square sub- 
matrix of zeros except for integers (invariant factors) >1 in ascending 
order up the secondary diagonal. Of course [bp:b»~:] has a precisely 
similar form. 

We see that bp, bp, bp jointly form a basis for I; b) and ¢b;, where 
thy represents the members of ¥, each multiplied by the corresponding 
invariant factor in ¢, jointly form a basis for Fy. FF, and I> are clearly 
free groups. Hy, has as basis the cycles of b; and b, together, or more 
exactly the co-sets of I with respect to F, to which these cycles belong. 
The group having as basis the co-sets to which the members of b> belong 
is a finite group Tp, called the pth torsion group. The orders of the 
elements of the said basis of 7, are the invariant factors in ¢. These 
numbers, denoted by 67 (K), are called pth torsion coefficients of K. The 
group having as basis the co-sets to which the members of b) belong is 
a free group By, called the pth Betti group.’ The number of elements, 
&» — Op — Qp—1, denoted by R,(K), in the said basis for By is called the 
pth Betti number of K. Clearly H, is the direct sum of By, and 7>. 
Hence the pth torsion coefficients and Betti number, characterizing Hp as 
they do, are termed pth homology characters of K. 

A knowledge of the elementary divisors, i.e., the powers of primes oc- 
curring in the invariant factors >1, is equivalent to a knowledge of the 
invariant factors >1. Hence we shall call the elementary divisors of 
a pth incidence matrix pth torsion divisors of K. 

For future reference we introduce some terms descriptive of complexes 
possessing no torsion coefficients and very simple Betti numbers. If all 
the Betti numbers are zero we shall call a complex nudl-like, since its 
homology characters are those of the null set. If all the Betti numbers 





_ "Of. p. 188, Hopf, H., Hine Verallgemeinerung der Euler-Poincaréschen Formel. Got- 
tinger Nachr. (1928), p. 127-136. 
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are zero except the ¢th which is one, we shall call a complex t-cell-like, 
since it has the same homology characters as the ¢-cell. If all the Betti 
numbers are zero except the Oth and wth which are both one, u (>0) 
being the dimension of the complex, we shall call a complex sphere-like; 
but if the Oth and wth Betti numbers are arbitrary we shall term a complex 
quasi-sphere-like. 

Dual and complement. 


5, Dual cells. To each cell Ep, p < n, let there correspond a cell E’-? 
called its dual, or more precisely n-dual, such that 


(5.1) E”~« < E"» if, and only if, E, x E,, 
(5.2) [E"-? ; BP) = [EBpii: Bp). 


The set of cells {£7 ”} dual to the cells {Hj} of K we call the dual 

(more precisely »-dual) of K and denote by K*. (Cf. Mayer’s reziproker, 

dualer Ring, 1. c. °, p. 18.) 

(5.3) A necessary and sufficient condition that K* be a complex is that K 
be a complex. 

By (4.4) a necessary and sufficient condition that K* be a complex is that 


(5.4) (A)? : EP?) (EP? Ex] = 0 (all n—p), 
which due to (5.2) is precisely equivalent to 
(5.5) (Epis: Ey) (Hp: Eh] = 0. 


This gives the theorem since, of course, (5.5) is a necessary and sufficient 
condition that K be a complex. 

The identification by (5.2) of the elements of the pth incidence matrix 
[{Zp+1}:{3}] of K with the (xn —p—1)st incidence matrix [{E” ”}:{E” ”}] 
of K* gives 
(5.6) f(K) = o7 ?* (kK). 
Moreover 


Rip (K - — &n—p —On—p —On—p-1 
So —= &y— Cp—1— Op- 
(5.7) Kp (K) — Rn—p (K*), 


6. Open and closed sub-sets. The star St ({Ep}), (closure, Cl ({Ep}),) 
on K of a set {Ep} of cells of K consists of all cells E,(Z,) of K such 
that 
(6.1) Ey bq (Ey S Ep). 
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If a set of cells of K is its own star (closure) on K we say that it is 

an open (closed) sub-set of K. The terms open, closed, closure bear close 

analogy to the same terms in point-set theory. A star is the counterpart 

of a neighborhood. 

(6.2) The complement of an open (closed) sub-set of K is a closed (open) 
sub-set of K. 

(6.3) The logical sum and product of two open (closed) sub-sets of K are 
open (closed) sub-sets of K. 

(6.4) The logical product of an open and a closed sub-set of K is a sub- 
set closed on the former and open on the latter. 

(6.5) If 'K is an open (closed) sub-set of K, 'K* is a closed (open) sub- 
set of K*. 

These theorems, (6.2)-(6.5), are immediate consequences of the definitions 

on which they are based. 

A complex, all of whose cells belong to K, is called a sub-complex of K. 

We prove: 

(6.6) An open (closed) sub-set of a complex K is a sub-complex of K. 

Since cells of course form bases the theorem is true, by (4.2), if for each 

En+i1 Of the sub-set 

(6.7) F(F (£p+1)) = 0, 


the boundary chains being on the sub-set. For a closed sub-set (6.7) 
follows from the fact that the boundary chain on the sub-set of a cell 
of the sub-set is the same as that on K. By passing to dual cells closed 
and open are interchanged, and-so the theorem is true for an open sub-set. 
(6.8) The logical sum of two complexes each open (closed) with respect to 
that sum is a complex. 

The proof follows much the same lines as that of (6.6). For the closed 
case the boundary chain F'(Z,+:) on the sum is the same as F'(Ep4:) on 
the given complex that contains Zp+:, or the same as F(Ep4:) on either 
given complex if both contain it. Hence from the validity of (6.7) on 
one or other given complex we conclude the validity of (6.7) on the sum. 
The open case follows by taking duals. 

We call the logical product of the star of Z,'on K and the closure 
of EZ, on K the intercept, It(Ep, Ey), of Ep and E, on K. If K is 
a complex St(Ey) and Cl(E,) are, by (6.6), sub-complexes of K, and so 
by (6.4) and (6.6) It(Z», E,) is a sub-complex also. Of course Jt (Ep, Ez) 
is vacuous unless Ey < E,. 

7. Complementary open and closed sub-complexes. Let our 
complex K be divided into complementary sub-complexes ‘K and °K, 
closed and open, respectively. By adding a superscript 1 or 2 to the 
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are zero except the ¢th which is one, we shall call a complex ¢-cell-like, 
since it has the same homology characters as the ¢-cell. If all the Betti 
numbers are zero except the Oth and wth which are both one, « (>0) 
being the dimension of the complex, we shall call a complex sphere-like; 
but if the Oth and wth Betti numbers are arbitrary we shall term a complex 
quasi-sphere-like. 

Dual and complement. 


5. Dual cells. To each cell Ey, p < n, let there correspond a cell E”-? 
called its dual, or more precisely n-dual, such that 


(5.1) E"-“ < E’-? if, and only if, E, <x &, 
(5.2) [E"-? ; B*-?—}] = [Bpis: Ep). 


The set of cells {Z?”} dual to the cells {Ej} of K we call the dual 

(more precisely »-dual) of K and denote by K*. (Cf. Mayer’s reziproker, 

dualer Ring, 1. ¢. ®, p. 18.) 

(5.3) A necessary and sufficient condition that K* be a complex is that K 
be a complex. 

By (4.4) a necessary and sufficient condition that K* be a complex is that 


(5.4) [Ej ?": Er) (Ey ?: Ex?) = 0 (all n—p), 
which due to (5.2) is precisely equivalent to 
(5.5) [Ep+1: Ep] (Hp: Epa] = 0. 


This gives the theorem since, of course, (5.5) is a necessary and sufficient 
condition that K be a complex. 

The identification by (5.2) of the elements of the pth incidence matrix 
[{ Ep +1}: {E)}] of K with the (n —p—1)st incidence matrix [{E” ”}:{E" ”}] 
of K* gives ‘ 

(5.6) ?(K) = of? (K*), 
Moreover 
Rn—p (K " rages On» —On—p—On—p-t 
= kyo —— " 
So p — Op—1— Op 
(5.7) Rp (K) = Rn—p (K*). 


6. Open and closed sub-sets. The star St ({Ep}), (closwre, Cl ({Ep}),) 
on K of a set {E>} of cells of K consists of all cells Z,(E,) of K such 
that 
(6.1) Ey 5 Ey (Ey X Ep). 
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If a set of cells of K is its own star (closure) on K we say that it is 

an open (closed) sub-set of K. The terms open, closed, closure bear close 

analogy to the same terms in point-set theory. A star is the counterpart 

of a neighborhood. 

(6.2) The complement of an open (closed) sub-set of K is a closed (open) 
sub-set of K. 

(6.3) The logical sum and product of two open (closed) sub-sets of K are 
open (closed) sub-sets of K. 

(6.4) The logical product of an open and a closed sub-set of K is a sub- 
set closed on the former and open on the latter. 

(6.5) If 'K is an open (closed) sub-set of K, 'K* is a closed (open) sub- 
set of K*. 

These theorems, (6.2)-(6.5), are immediate consequences of the definitions 

on which they are based. 

A complex, all of whose cells belong to K, is called a sub-complex of K. 

We prove: 

(6.6) An open (closed) sub-set of a complex K is a sub-complex of K. 

Since cells of course form bases the theorem is true, by (4.2), if for each 

Eni: Of the sub-set 

(6.7) F(F (Eps) = 0, 


the boundary chains being on the sub-set. For a closed sub-set (6.7) 
follows from the fact that the boundary chain on the sub-set of a cell 
of the sub-set is the same as that on K. By passing to dual cells closed 
and open are interchanged, and-so the theorem is true for an open sub-set. 
(6.8) The logical sum of two complexes each open (closed) with respect to 
that sum is a complex. 

The proof follows much the same lines as that of (6.6). For the closed 
case the boundary chain F(EZ,+1:) on the sum is the same as F’(Ep+1) on 
the given complex that contains Z,i:, or the same as F'(E>+:) on either 
given complex if both contain it. Hence from the validity of (6.7) on 
one or other given complex we conclude the validity of (6.7) on the sum. 
The open case follows by taking duals. 

We call the logical product of the star of E,:on K and the closure 
of E, on K the intercept, It(Ep, E,), of Ey and E, on K. If K is 
a complex St(Ey) and Cl(E,) are, by (6.6), sub-complexes of K, and so 
by (6.4) and (6.6) I¢(Ep, Ey) is a sub-complex also. Of course It (Ep, Hy) 
18 vacuous unless Ey < Ey. 

7. Complementary open and closed sub-complexes. Let our 
complex K be divided into complementary sub-complexes ‘K and *K, 
closed and open, respectively. By adding a superscript 1 or 2 to the 
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items of notation we have built up for K we obtain items for ‘XK or *x; 
thus ‘EZ, is a cell of 'K, *g, is the rank of a pth incidence matrix of 
*K, etc. We adopt this convention as a permanent policy. 

For each p let ‘by and *by be bases chosen in accord with (4.6). Then 
the resulting pth incidence matrix of K has the form: 


SEER Eee 








Beni0 0 0 0 0 0: 0 & GO @ 
tiii0 0 0 0 0.0 0 8 8 ® 
yHi0 0 0 0 0 0 0 0 0 0 
%ul0 ¢ © 0 68 @ @ 2 6 @ 
‘Bull © 0 0.0 822.074. 4 4 
(7.1) Mule ¢ 0 000 0 0 0 9 
ule £« 0 0 0 0 0 0 0 0 
‘bn\s 2 vo @ 0 0 Ce ee 
‘Sule 2 «@ 2 s 0 Fee @ 
Dia | £ £8 @,. #4 A eee 


The 0’s in the upper right “quarter-matrix”, [*byi1:*bp], are due to ‘K 
being closed. The upper left and lower right “quarter-matrices”, [*bp+41: 'dy| 
and [7bp)41:*bp], are canonical by construction. The 0’s in the lower left 
“quarter-matrix”, [°bp41:'bp], are caused by the product condition (4.4) 
applied to (7.1) coupled in turn with the similar (p+ 1)st and (p—1)st 
incidence matrices. The v sub-matrix [”b>;1:*bp] may be supposed canonical 
since we can make elementary changes in "b+ and 74 without deranging 
anything else. The sub-matrices marked z may be reduced to zeros by 
using the unit invariant factors in the sub-matrices marked 1. In particular 
the sub-matrices [bp41:"bp], [’bp41:'bp] become 0 through applying the 
product condition (4.4) after the reduction by the 1’s has been accomplished 
in the (p+ 1)st and (y—1)st incidence matrices, respectively. The sub- 
matrices not marked z are undisturbed by the reduction of the 2’s. 

From (7.1), or simple modifications thereof, inter-relations of K, *K and 
*K may be read off. For example, we see that 


(7.2) e, = ‘e+e, t *%,; 
where *°g, denotes the rank of the v sub-matrix, [*bpia: bp]. Hence 
(7.3) Ry(K) = {Rp (*K)—*7e,} + {Rp (K)—%e,_s}: 


the two terms in braces being each > 0. (Cf. Lefschetz, 1. ¢. *, 
pp. 147-151). 
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Cycles on 'K, it should be remarked, are cycles on K but cycles on 
2K are not necessarily cycles on K. In general they are only cycles 
modulo 'K, i.e., neglecting the cells of ‘K. Using the mod notation, 
°K = Kmod'K, R,p(?@K) = Rp(K,'K), etc. (Cf. Lefschetz, 1. ¢.*, p. 35). 

If Rp(K) = 0, n>p>0, (7.3) becomes 


Rr(K) = Ra('K)+{RiC?K)—Rna(K)}, 
(7.4) Ryp?K) = Rypa(*K), 
R(K) = {Ro ('K)— R, CK)} + Ry CK). 


As for torsion nothing can be asserted in general save that any pth 
torsion divisor of K divides some pth torsion divisor of (bp41: dp]. On 
the other hand any invariant factor of the v sub-matrix, [bpi1:'bp] divides 
some pth torsion coefficient of K. If however K is quasi-sphere-like we 
can show that 
(7.5) oR (K) = of *('R) (n>p> 0). 


Since Rp(K) = 0, n>p>0, the v sub-matrix, [°0p41:'bp], must have 
maximum rank, all p, and be square n>p-+1>1. Coupling this with 
the absence of torsion coefficients and the reducibility of the sub-matrices 
marked z in (7.1) it is evident that ["bpi1:'b)], »>p>0, must contain 
a minor of order *g) (= order of [°bp11:°bp]) with determinant prime to 
the determinant of [°b}i1:°bp]. Hence the number ‘gy—1 of columns of 
("bp+1: bp] > *of. A similar argument based on [*b;:"bp-1], n>p>O0, 
gives *o > ‘0! 1. Therefore °g/ =o}, and the said minor is (bp: : ‘bp! 
itself. Applying the product condition (4.4) we have 


(7.6) [opis : Dp) Bp 2 pal + Pops : “Vpl Bp : “bp—a] = 0, 


from which we conclude, using the fact that the determinants of the 
matrices in (7.6) are prime in pairs, that 


(7.7) (OS : BR] = (Pops: “bp 


since we know them both to be in canonical form. This proves (7.5) 

since (7.6) and (7.7) hold for n >p>0. 

_ Combining (7.4) and (7.5) we have 

(7.8) If 1K and *K are complementary closed and open sub-complexes of 
a quasi-sphere-like complex K, the pth homology group *Hy is isomorphic 
with the (p—1)st homology group ‘Hp, % 2 P > 1, except that 

the nth (Oth) Betti group *B, ('Bo) may have a basis exceeding that 
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of the (n — 1)st (1st) Betti group *Bn—s (?.B,) by at most Rn (K) (Ry (K)) 
members. (Cf. Mayer, 1. ¢. *, pp. 221-24.) 

We remark that the inter-relations of the complexes in (6.8) may be 

readily exhibited by putting the pth incidence matrix of the sum complex 

in suitable form suggested by (7.1). (Mayer, 1. c. °, pp. 31-42, derives 


inter-relations of this type.) 
Let 1K* denote the set of cells of K* dual to the cells of 'K. Then 


by applying (5.7) to 'K and K, (7.4) becomes 


Ry(K) = Ry(K*) = Ro ?K*) + (Bn CK) — RB, ('K*)}, 
(7.9) Ry (7K) cians Rn—p-1 (\K*) (n >p>1), 
(Ro (K) = Ra(K*) = {Rn (K*) — BR, PK)} + Ro AK); 


and applying (5.6) to 'K, (7.5) becomes 
(7.10) a CK) = 67 ” (K"), 


These relations (cf. Lefschetz, l.c.°, p. 144) provide a basis for duality 
theorems of the type suggested by the Alexander Duality Theorem” for 
a sub-(point)-set of an n-sphere. There are results, of course, formally 
similar to (7.9) and (7.10) when the change is to *K* instead of ‘K*. 

8. Connectedness. Two cells E;, Ey of K are said to be connected 


on K if cells E, E}, ..», EB of K exist such that 


7 "Py 
ty, ty 2 ix ay) = ) ae re 
Ey < Ly 4 Ey * Ey i ytd : 


If the interpolated cells are of dimensions » and (m—1) only, we term 
EY, E,” strongly connected on K. A set of cells is connected if every pair 


of cells of the set is connected on the set. It is readily seen that: 
(8.1) A necessary and sufficient condition that a set of cells be connected is 
that it contain no proper sub-set which is both open and closed. 

For convenience let us call a connected set K strongly connected if the 
star of each cell of K contains either one n-cell or several n-cells which 
are all strongly connected on the star. Then 
(8.2) A necessary and sufficient condition that a closed sub-set L of a strongly 

connected set K does not separate K is that the n-cells of K—L be 
strongly connected on K — L. 
IN. B. Z separates K if K — L is not connected.) 


' Alexander, J. W., A proof and extension of the Jordan-Brouwer separation theorem. 
Trans. Amer. Math. Soc., 23 (1922), pp. 333-349. 
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Since L is closed the star of a cell of K—JL is the same on K—L 
as on K. Therefore K—L is strongly connected if its n-cells are strongly 
connected. If the n-cells are not strongly connected we may divide them 
into complementary sets *{Z,} and *{Z,} such that no n-cell of one set 
is strongly connected on K—L with an n-cell of the other. The closures 
of ‘{E,} and *{Z,} on K—L exhaust K—L, for the star of each cell 
contains an n-cell; and yet they have no cells in common, for a common 
cell would not have a strongly connected star. By (8.1), K—L is not 
connected. 

A basic n-cycle in which each n-cell of a complex K appears with 
a non-zero coefficient we call a covering n-cycle for K. If each coefficient 
is +1 the covering n-cycle is simple. For future reference we prove that: 
(8.3) If each St (En-1) of a complex K is n-cell-like and carries a basic n-cycle 

which contains with coefficient +1 every Ey for which (En: En) $0, 
the sum of the n-cells of K is a simple covering n-cycle for K. 

The incidence matrix [{Z,}:2Z,-:] of St(#,-1) must have rank 1, else 
Rn-1 (St(En-1)) + 0. Accordingly {Z,} must consist of exactly two cells 
—say En, En'—else Rn (St(En—1)) $1.. [Bi: En-1] and [Ey’: En) must 
be relatively prime, else St(Hn—:) has a torsion coefficient. Therefore 
a basic n-cycle on St(En—-1) must be 


+ [Fy : Ena) Bh (Ba: Ena) Ey’, 


and so if one of [Ey: En-1|, [Ex’: Ens] + 0 the other by hypothesis = +1. 
Since not both = 0, the rank being 1, [{Z,}: Z,-:] has the form: 





En-1 
| 
(8.4) m | 1 
ae oe 
This permits us to conclude that 
(8.5) C, = > Es 
i=1 


has no boundary on any St(Hy-1), and so is an n-cycle on K. 

If (8.4) holds for each St(Ep—1) of K: 

(8.6) A necessary and sufficient condition that Rn(K) = 1 %s that the n-cells 
of K be strongly connected on K. 

If the n-cells were not strongly connected C, would split up into two 
or more distinct basic n-cycles, making R,(K)>1. On Ge oer ant 
if the n-cells are strongly connected any n-cycle on K must beans 
of Cy, 
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A complex K having a covering n-cycle, Rn(K)=1, and each p-cell, 
p<, on the boundary of at least one m-cell, is called an (orientable) 
circuit. If, under suitable orientation of the n-cells of K, (8.4) holds for 
each St(EHn—1), the circuit is simple. In the latter case the covering n-cycle 
is of course the simple one C,. The first part of the argument under (8.6) 
shows that the n-cells of a circuit K are strongly connected on K. Ac- 
cordingly K is connected, for by definition the rest of the cells are con- 
nected to the n-cells. 

(8.7) Lf a circuit L is a closed (n—1)-dimensional sub-complex of a strongly 
connected simple circuit K, a necessary and sufficient condition that 
L separate K is that the covering (n—1)-cycle on L bound (i. e.~0) 
on K, 

Necessity: Let K— JL be divided into disconnected complementary sets 
'K, °K; let 'Cy be the part of C, lying on *K. Then on ‘K+L, which 
is a closed sub-set of K, F'('C,) is an (n—1)-cycle involving, with co- 
efficients +1, (n—1)-cells which are on the boundary of just one n-cell 
of 'K. The +1 coefficients show F'('C,) to be basic. It lies on L since 
'C, is a cycle on’*K. Therefore F(’C,) = +Cy-1, the covering (n—1)- 
cycle of LZ. Incidentally this shows Cy,—: to be simple. 

Sufficiency: Let F'(C;) = Cnp-1. By adding a multiple of C, to Ci, if 
necessary, we can arrange that Cy; does not involve all the »-cells of K 
with non-zero coefficients. But any two n-cells strongly connected on 
K—L must have the same coefficient in C;. Therefore the m-cells are 
not strongly connected on K—L, and so by (8.2) LZ separates K. 


Cell Consolidation and Subdivision. 


9. Blocks. Let K be divided into complementary sets 'K,*K. If no 
cell of ‘K of dimension =>¢ is on the boundary of a cell of *K and no 
cell of *K is on the boundary of a cell of 'K of dimension <?¢ we call 
*K a t-block of K. In other words a ¢-block of K is a sub-set closed 
modulo cells of dimensions <¢ and open modulo cells of dimensions >t. 
It is the logical product of its star and its closure. Therefore by (6.4) 
and (6.6) it is a sub-complex of K if K is a complex. 

The dual of a ¢t-block of K is clearly an (n —?#)-block of K*. The 
logical product of a ¢-block of K with any sub-set of K is a ¢-block of 
the latter. The complement on K of a ¢-block is not in general a block. 
But when ¢ = » or 0, a ¢-block of K becomes precisely an open or closed 
sub-set of K and so the complement is also a block. A single ¢-cell is 
a t-block. 

Let K be a complex having a ¢-block *K which is null-like except 
that R:(?K) may be arbitrary. Then K has as incidence matrices: 
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{Eq} “by “be VE) "be *ot “be 

| 
{ Ey} x a 2 {*Eea}| x 2 x 0 
"M41 | 0 0 0 “hi | 0 0 0 0 
Ma | 0 1 poy OS ee oe ae 

















(9.1) (g>t>r). 
Kia} "ha 1 aS B * 
CH} | 2 0 0 {1E,} x 0 0 ley hs 
2,1 | 2,1 De a 
bt | 0 0 0 by 2z 0 0 Fk. 
Sie 2. 2  w.« Ft Ki 
ea ee fee al 
The bases for *K have been taken in accord with (4.6), as the canonical i 3] 


form of the sub-matrices [*bp+1:*by] indicates, The sub-matrices [*b,+1:{'Z,}], 
got, [{'#,}:*%u], r <#, are O as a direct consequence of the definition 
of t-block. Application of the product condition (4.4) shows [{*Zy1} :7b?] 
and [*b:: {‘Z;-1}] to be 0. The unit invariant factors in the sub-matrices 
marked 1 may be used to reduce to zero the remaining non-zero elements 





See? os 
bah ie “eh Is 
ier + oe a ‘ 














in the same rows or columns. By doing this throughout the incidence u 
matrices of all dimensions, every z in line (horizontally or vertically) h(t a 
with a 1 could be made 0. The only other sub-matrices affected by this He 
reduction would be the remaining z’s; they also would become 0, as shown es 
by (4.4). poe 


Let "K denote a set of cells isomorphic with ‘K except possibly for 
boundary relations. Two sets of cells are isomorphic if between them there 
exists a one-to-one correspondence preserving dimensions, boundary relations, 
and incidence numbers. Let ”K denote a set of ¢-cells, R;(?K) in number, 
such that 


(9.2) 


me Fl eS 


Ga ORRIN 


_— 
See 
he 


(Aaa): (Eo) = (Be} “be, 
[Ey : {°E-a}] = Poe: {'E-}]. 


Then ’*K = "K+ K has as incidence matrices: 


("Ey} (7H) {"H) Sd. ea, 
(9.3) {"Eypis}| x (Ball 2 « ("H},  # wen 
| (Hy) ee | 
{"E,—1} 
("B,}| x (q>t>r). 
| 


Comparison of (9.3) and (9.1)—the latter with its z’s considered reduced i 
to 0’s—shows that the incidence matrices of ’K satisfy the product Be 
14 ; 
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A complex K having a covering n-cycle, R,(K) = 1, and each p-cell, 
p<n, on the boundary of at least one m-cell, is called an (orientable) 
circut. If, under suitable orientation of the n-cells of K, (8.4) holds for 
each St(H,—1), the circuit is simple. In the latter case the covering n-cycle 
is of course the simple one C,. The first part of the argument under (8.6) 
shows that the n-cells of a circuit K are strongly connected on K. Ac- 
cordingly K is connected, for by definition the rest of the cells are con- 
nected to the n-cells. 

(8.7) Lf a circuit L is a closed (n—1)-dimensional sub-complex of a strongly 
connected simple circuit K, a necessary and sufficient condition that 
L separate K is that the covering (n—1)-cycle on L bound (i. e.~0) 
on K, 

Necessity: Let K—L be divided into disconnected complementary sets 
1K, *K; let 'Cy be the part of C, lying on ‘K. Then on ‘K+ ZL, which 
is a closed sub-set of K, F'('C,) is an (n—1)-cycle involving, with co- 
efficients +1, (n—1)-cells which are on the boundary of just one n-cell 
of 'K. The +1 coefficients show F'('C,) to be basic. It lies on L since 
'C, is a cycle on*K. Therefore F(’C,) = +Cn-1, the covering (n—1)- 
cycle of ZL. Incidentally this shows C,—: to be simple. 

Sufficiency: Let F'(C;) = Cy-1. By adding a multiple of C, to Ch, it 
necessary, we can arrange that Cy, does not involve all the n-cells of K 
with non-zero coefficients. But any two n-cells strongly connected on 
K—L must have the same coefficient in C;. Therefore the n-cells are 
not strongly connected on K—L, and so by (8.2) L separates K. 


Cell Consolidation and Subdivision. 


9. Blocks. Let K be divided into complementary sets ‘K,*K. If no 
cell of 'K of dimension = ¢ is on the boundary of a cell of *K and no 
cell of *K is on the boundary of a cell of ‘K of dimension <? we call 
°K a t-block of K. In other words a ¢-block of K is a sub-set closed 
modulo cells of dimensions <¢ and open modulo cells of dimensions >t. 
It is the logical product of its star and its closure. Therefore by (6.4) 
and (6.6) it is a sub-complex of K if K is a complex. 

The dual of a ¢t-block of K is clearly an (n — ¢)-block of K*. The 
logical product of a ¢-block of K with any sub-set of K is a ¢-block of 
the latter. The complement on KX of a ¢-block is not in general a block. 
But when ¢ = n or 0, a ¢-block of K becomes precisely an open or closed 
sub-set of K and so the complement is also a block. A single ¢-cell is 
a t-block. 

Let K be a complex having a ¢-block *K which is null-like except 
that R:(*K) may be arbitrary. Then K has as incidence matrices: 








AN ABSTRACT APPROACH TO MANIFOLDS. 207 
{Ey} "bi "bo {Ey} *bt *1 °° 
, 
("Hota}| e e¢ (Een}| «x 2 0 


x 
‘be | 0 0 0 “Ki. | 0 0 0 O 
*bo+1 | 0 1 0 Bas 0 1 0 0 


PBs} by hs fe.) we, we, 47 '°” 


(9.1) 











CE} | a« 0 0 {*E,} x 0 0 
"bt | 0 0 0 "by Z 0 0 
*p? | x 0 0 "4° P 1 0 
5 ie 1 0 


The bases for *K have been taken in accord with (4.6), as the canonical 
form of the sub-matrices [*bp+1:*bp] indicates. The sub-matrices [*b +1: {*Z,}], 
got, [{'H,}:*4], St, are O as a direct consequence of the definition 
of t-block. Application of the product condition (4.4) shows [{*Ey1} :7b¢] 
and ['b: {'Zy-1}] to be 0. The unit invariant factors in the sub-matrices 
marked 1 may be used to reduce to zero the remaining non-zero elements 
in the same rows or columns. By doing this throughout the incidence 
matrices of all dimensions, every z¢ in line (horizontally or vertically) 
with a 1 could be made 0. The only other sub-matrices affected by this 
reduction would be the remaining z’s; they also would become 0, as shown 
by (4.4). 

Let “K denote a set of cells isomorphic with ‘K except possibly for 
boundary relations. T'wo sets of cells are isomorphic if between them there 
exists a one-to-one correspondence preserving dimensions, boundary relations, 
and incidence numbers. Let ”K denote a set of ¢-cells, R;(*K) in number, 
such that 
(9.2) | [{*Besa} : PEe}] = [{'Bess} : “0, 

[{?E;} ; {ys} ] = [Pot : {*Ey-1}]. 


Then ’*K = "K-+”K has as incidence matrices: 





(Ey) {Hy} {Ei} {Ex} 
(9.3) {"Epia}| # {"Eus}} «2 ("H}) x 
{” Hy} x 
{"E,—1} 
("Ey\ a (qq>t>r). 


Comparison of (9.3) and (9.1)—the latter with its z’s considered reduced 
to 0’s—shows that the incidence matrices of ’K satisfy the product 
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condition (4.4), since those of K do. Therefore ’K is a complex. It has 
the same torsion coefficients as K, for the invariant factors >1 of the 
corresponding matrices in (9.3) and (9.1) are the same. And the Betti 
numbers are the same, for clearly 

Oy — "hey = (Op —’Op) + (Op-1 — '@p—). 
Hence 
(9.4) ’K is a complex with the same homology characters as K."* 


As a corollary we have that if °K+*K (KC'K) is a sub-complex of 
K the corresponding set 
(9.5) "K-+”K is a sub-complex of ’K with the same homology characters 
as °K +-*K. 

This is because the argument applied to K and ’K is equally applicable 
to "K+ °K and "K+”K. 

If *K is a nullblock, i. e., a null-like block, R:(?@K) = 0 and so "K is 
vacuous. Let "K = 'K. Then (9.4) asserts that 
(9.6) ‘K is a complex with the same homology characters as K. 
Consequently nullblocks may be neglected in calculating homology 
characters. 

If *K is a t-cellblock, i. e., a t-cell-like t-block, R:(?K) = 1 and so 
*K consists of a single ¢-cell. 

10. Welds. To each cell E, of K let there correspond a cell P(£;), 
not necessarily of dimension p, such that 


(10.1) P(E,) < P(E,) it E, < E). 


In some respects this correspondence is the analogue of a continuous trans- 

formation in point-set theory, e. g. from (10.1) it follows that: 

(10.2) The totality of cells of K corresponding to the cells of any open 
(closed) sub-set of P(K) is open (closed) on K. 

It is evident that the product correspondence QP arising from 
QP(Ey) = Q(P(E,)), where Q is a correspondence satisfying (10.1), is 
also a correspondence satisfying (10.1). A general correspondence P can 
be best handled if it can be resolved into the product of a number of 
elemental correspondences of some sort. We adopt as elemental a corres- 
pondence P having the property that to each cell of some sub-set ‘K 
of K there corresponds a unique cell of the same dimension but that to 
the cells of *K — K—'K there corresponds a common cell, say E, 
i.e. P('Ep) is a p-cell, where P('E})+ P(E) if *#,+1Hy, and 
P(?K) = £E;. In consequence of (10.1) 





‘8 This result embraces Mayer’s Operationen an Ringen, die die Homologiegruppen 
unverdndert lassen, |. ¢. °, pp. 24-31. 
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it ‘Ey) < E; if ‘Ey < some *£,, 
E; < P(‘E;) if some *E, < ‘Ey. 


This implies that no ‘Ey <*E,, p > t, and no *E,<'E,,s <¢. So 
by definition, 
(10.4) *K is a t-block of K. 

From now on we confine ourselves to cases in which P(X) is in some 


fashion superposed on K. Let 
(10.5) P(‘E,) = 1E». 


Then from (10.3) and (1.2) it follows that 
(10.6) ‘Ey <.'E; if ‘Ey < some *HZ, and some *E, < 'E,. 


If this is undesirably stringent let (10.5) be weakened in so far as it 
affects the set of cells of 1K on the star or closure of *K on K. Labelling 
this set /2K we merely require that “*K and P('K) be isomorphic except 
for the discrepancies — P('Ey) < P('E;), ‘Ep { 'E, — made necessary 
by the failure of (10.6). On the other hand let (10.3) be strengthened 
by the assumption that the boundary relations of E; with cells of P('K) 
are just those it, (10.3), imposes. This strengthening amounts to replacing 
“if” in (10.3) by “if, and only if,”: An immediate result of these as- 
sumptions is that: 

(10.7) To an open (closed) set of K containing *K there corresponds an 

open (closed) set of P(K). 

Let K be a complex. The question then is — what conditions added 
to (10.5), or its weakened form, and the strengthened (10.3) ensure that 
our elemental correspondence preserves homology characters in the sense 
of (9.5) (“’K being P(*K)). It is immediately evident that *K must be 
a ¢-cellblock, for when °K is vacuous *K must have the same homology 
characters as Ey. Conversely, if *K is a tcellblock.and °b; can be chosen 
to satisfy (9.2), both (9.4) and (9.5) hold: In this event we call the 
correspondence P a t-weld. 

The ¢-weld is an important operation. It combines the cells of a suitable 
sub-set *K of the complex K into a single cell without affecting essentiaily 
(i) the rest of K or (ii) the sub-sets of -K containing *K. In (i) the 
reference is to (10.5) or its weakened form, and in (ii) to the strengthened 
(10.3) as well as to the results of (10.7), (9.4) and (9.5). The applicability 
of our welding operation is not as limited as might appear at first sight. 
Any *K which is a cellblock will do; we have only to create X and 
"The idea, due to Alexander, of forming a cell-like set of cells into a cell, took form 
in the Zelle of van Kampen, I. c. 5, and the combinatorial cell of Lefschetz, |. c. 2, pp. 105-6. 
Both of these “cells” are ¢-cell-like, t-dimensional sets of cells, corresponding to the type 
of t-cellblock described in (11.8). 


(10.3) 


14* 











ne eee ery 
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P(#®K) if necessary, endowing them with the requisite boundary relations 
and incidence numbers—those of E; determined by the strengthened (10,3) 
and (9.2), and those of P(1/?K) by the weakened (10.5), 

Fig. I provides some simple geometrical illustrations of welds. From 
the complex a the complex b is obtained by a 0-weld which replaces the 
triangle, its sides and vertices by a single 0-cell. The complex d is 






































Fig. I. 


obtained from a by a 1-weld which replaces the triangle, its sides and 
the one vertex not in common with the square by a single 1-cell. The 
complex c is obtained from a by a 2-weld which replaces the interiors 
of the triangle and square and the common side by a single 2-cell. 

11, Subdivision. Consider the complex K to be divided into a set of 
complementary sub-sets. Let ’a, denote the number of sub-sets of 
dimension p; if ’a,>0, let Kp, Kp, +++, K,” denote these sub-sets. The 
division of K into sub-sets is to be such that each K¢ is open on {Kp} pst. 
This makes {Kp}p<¢ closed on K. So applying (6.6), it follows that 
{Kp}nst is a sub-complex of K, and Kj a sub-complex of {Kp}pst. Let 
each Ky be ¢-cell-like. Then K has as pth incidence matrix: 

Up pUp-+- php pDp pridy pridp ++ piibp tidy ---Q0p dDp--- 
sHbper te Oe OO) Ore oe eee 6: -. 
ette |e 2: 8 oe) 1 Oe Oe ea O-. 





"a a 
piidpi |x O--- 
yd 5 

(11.1) plibp 1/2 fees 


as 1 
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As the canonical form of the sub-matrices [‘tb)+1: thy] indicates, each basis 
‘by for Kt is chosen in accordance with (4.6). Because each K; is open 
on {Ky}rss, the sub-matrices [-bp4i:sbp], r<s, are 0. The product 
condition (4.4) shows that the sub-matrices [p+1b>41: bp] are 0. The unit 
invariant factors in (ios : "bp can be used to reduce to zero the remaining 
non-zero elements in the same row. By doing this systematically for 
each "K, taking p = t—1, t—2, ---, 0 in turn, all sub-matrices marked z, 
horizontally in line with a sub-matrix marked 1, could be made 0 throughout 
the (11.1) matrices of all dimensions. The only other sub-matrices 
affected by this reduction would be the remaining z’s; they would also 
become 0, as application of (4.4) goes to show. 
To each K;' let there correspond a unique t-cell ’E;* such that 





(11.2) Biss: Ee) = [eptbiy: Cel. 
Then the set *K = {’Ey} has a pth incidence matrix: 
"Ey ibs wie 'E 
Eps | ae cwahgit © x 
(11.3) ate ae 
Ey , a x 





Since the (11.1) matrices of K satisfy (4.4), so do the (11.3) ones of ’K. 
Therefore ’K is a complex. Comparison of (11.1) and (11.3) shows that 


a&p— "Oy ~— (ep or Op) + (@p—1 —'Qp—1). 


This means that Rp(’K) = R,(K). The invariant factors of (11.3) and 
(11.1) are the same; i.e., "K and K have the same torsion coefficients. 
Hence 
(11.4) ’K is a complex with the same homology characters as K. 
As an immediate corollary we have that: 
(11.5) To any sub-complex of K formed from some of the sub-sets Ki there 
corresponds a sub-complex of ’K with the same homology characters. 

This is because the sub-complex of K and the corresponding sub-set of ’K 
are related just as K and ’K are. 

Now suppose the correspondence between K and ’K, in addition to the 
properties it has already attained in this section, is a correspondence P—i. e., 
P™ (Et) = Kf —satisfying (10.1) and also the condition 


(11.6) Ey< Ey if P(Ep)< Eu 


(E. is any cell, not necessarily of ’K = P(K)). We assume that the 
boundary relations between cells of P(K) are just those imposed by (10.1), 





<P 
q 
: af 
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and that the boundary relations between cells of K and cells of P(K) 
are just those imposed by (11.6) when E,, is a cell of P(K). Under these 
circumstances we define K to be a subdivision of ’K = P(K). 

Let ’K be a subdivision of "K—Q(’K). The correspondence ”K—QP(K) 
is then one satisfying (10.1) and (11.6). We extend to it the assumptions 
set down under (11.6). The sub-set corresponding to a cell "A; of ’K is 
clearly ¢-dimensional and open on K modulo cells corresponding to cells 
of ’K of dimensions >¢. By (11.5) P-*Q-(’Z)) is t-cell-like. A suitably 
chosen basic ¢-cycle on it will satisfy the same conditions of the (11.2) 
sort as will the basic ¢-cycle on Q-1("E;). So we conclude that K is 
a subdivision of ”K = QP(K). 

Let ; 


"K = (’Eleot + {Ee + (Ki) 4+ {Ke ct, 


and let 
PKK) = ({K—Ki+’Et 
= "1K (or-iK if k=’e). 


Conditions (10.1) and (11.6), as interpreted in accordance with the as- 
sumptions set down under (11.6), transmit themselves to each Pf, thereby 
ensuring that P;* satisfy the strengthened (10.3). By construction P7' is 
elemental .and satisfies (10.5). Condition (9.2) is compatible with (11.2). 
Each P; may accordingly be regarded as a ¢-weld, and so P may be 
resolved into a sequence of ¢-welds: 


"Go 


(11.7) Pay Pay 009s Phy ots Be 

Moreover, ‘K is a subdivision of Pf (iK). 

' Returning temporarily to the notation of § 10, let P be a ¢t-weld for 

which (10.5) holds in full. By comparing the properties of this t-weld 

with the definition of subdivision we find that: 

(11.8) In order that K be a subdivision of P(K) it is necessary and sufficient 
that every *E, be on the boundary of each cell on whose boundary 
P(?K) lies and that *K be t-dimensional. 

The first condition arises of course in (11.6). The second is in general 

redundant. This is because P(?K) will usually be on the boundary of 

some (¢-+ 1)-cell, thus preventing *K from having cells of dimension >t. 

But *K, being ¢-cell-like, must contain ¢-cells, and so is #¢-dimensional. 


Multiplication. 
12, Rules of multiplication. We introduce an operation by which 
an (ordered) pair of (oriented) cells of dimensions p and q may determine 
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a third (oriented) cell of dimension p+ q+ w (w an integer). This operation 
we call multiplication, or more properly, w-multiplication. Put in symbols 
the w-product of two cells takes the form 


(12.1) Ey X Ey = +£¥Epiqiw or 0. 


The ambiguity of sign arises from the fact that the orientation determined 
by the multiplication may be either the same as or opposite to the chosen 
orientation of the (p-+q-+w)-cell. The “or 0” alternative formally ex- 
presses the possibility that the (y+ q+ w)-cell may fail to exist. 

We postulate that: 


(12.2) (si Ep) X (tj Ef) = sit; (Ep XE), 

(12.3) Ey % E, = (— 1)(P+10) a+) Ey x Ey, 
(124) (Ey X Ey) XE, = Ep X (Ey X Ey), 

(12.5) E, X E,< E, XE, if, and only if, Ey<£,, 
(12.6) [(Epis X Ey) : (Ep x Ey)) = [Epsi: El. 


Of course it is understood that (12.5) and (12.6) are without meaning 
unless the w-products appearing therein are non-vacuous. From (12.3) 
and (12.6) follows 


(12.7) [(Ep X Eq41): (Ep X EQ] = (—1)t* [Ep : Ey). 
The w-product 
(12.8) 1K X*K 


of two sets 'K, *K is definéd to be the set of all cells obtained by multiply- 
ing in turn each cell of 'K by each cell of *K. Making the assumption 
that the cells of the set (10.8) are all non-vacuous and distinct, it is easily 
calculated from (10.6) and (12.7) that 


(12.9) FC, X2C)) = FCC,) X °C, + (—1)?*” Cp X FCC). 
Necessary and sufficient conditions that 
(12.10) F(F (Cy x *Cy)) = 0 


are that F(F(‘C,)) = 0 and F(F(?C,)) = 0, i.e., that 'K, *K are com- 
plexes. Since any chain on the set (12.8) can be expressed as a sum of 
w-products of chains on *K and °K, (12.10) is a necessary and sufficient 
condition that the set (12.8) be a complex. 

In §§ 13, 14, 18, three distinct types of w-products are considered. They 
are, respectively, the product (w — 0), the intersection (w = — n), and 
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the join (w = 1). In fact, our main purpose in introducing w-multiplication 
is to unify as far as possible these three concepts. (The relationship of 
products and joins is no new realization; e.g., cf. Lefschetz, 1. ¢, * 
p. 110). 

13. Products. A w-product (12.8), consisting entirely of distinct non- 
vacuous cells, determined by sets ‘K, °K which are complexes, is by (11.10) 
a complex. Its homology characters are completely determined by those 
of 'K and *K. In verifying this let us simplify our notation somewhat 
by using ordinary products: then w= 0, and the operation symbol is 
a plain x. (Cf. Lefschetz, 1. c. *, p. 220ff., for the point-theoretic meaning 
of products.) 

For each dimension choose bases ‘by, *bg for ‘K, *K in accord with (4.6). 
Let ‘bp x *bg, p+q=r, denote the set of r-chains on ‘Kx *K obtained 
by multiplying in turn each p-chain of *by by each g-chain of *),; then 
{"bp X *bg}p+g=r constitutes a basis for the r-chains on *K x*K. The rth 
incidence matrix [{'by x *bg}pig=r+1: {'Dp X *bg}p+g—r] contains at most two 
non-zero elements in each row and column. By simple changes we may 
arrange to have at most one non-zero element in each row and column. 

Let 'Cpis, "Cp, *Cy41, 7Cy, be members of *bpi1, ‘bp, *bg+1, *bg, respect- 
ively, such that F('Cp41) = 4'Cyp and F(?C,41) = w*C,; then by (12.9) 


FC p41 X *Cg41) = A'Cp x Cg + (— 1H ww Op x Ch, 

FCCy x *Cy41) = (—1)? w*Cp x*Cy, 

FCCp41x7C) = A°Cp x *Cy, 

F('G, xt) =0. 

By elementary changes of basis *C, x *C,41 and 'Cpi1 < *C, may be replaced 
by chains Cpioi1 and Cpi9+1 such that 


FCCp+1 x *Co41) wae: (A, I) Cotes (A, ft) = G. C. D. of A, 1) 


(13.1) 


F (Co+e+1) — 0, 

13.2 a 

(88) i pee.) = ON 
FCG,x*G,) = 0. 


After effecting all possible changes of this sort we get incidence matrices 
with at most one non-zero element in each row and column. From these 
reduced matrices the homology characters of 'Kx*K may be computed. 

The all-zero rows in our reduced (r —1)st incidence matrix corres- 
ponding to all-zero columns in the rth are precisely those determined by 
{*b5 i> Their number is the rth Betti number of ‘Kx °K; i. ¢., 


(13.3) R, (1K x®K) a Ry(*K) Ry@K). 
q=r 
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If 'K and *K are without torsion coefficients each 4, ~, (4, ~) = 1, and so 
(13.4) ‘Kx*K has no torsion coefficients if ‘K,*K have none. 
(Lefschetz, 1. c. *, pp. 225-230, has (12.3) and (12.4).) 

An actual formula for the torsion coefficients of ‘Kx*K seems out of 
the question, but from our reduced matrices may be obtained a formula 
for the number ’n,(na“) of rth torsion divisors of ‘Kx*K having the 
value x“ (x a prime, u an exponent); it is 


L2n,, (70) or = A'np (a“) Ry (?K) + Rp (K) *ng(a)} 
gh) *rg) +. (p04?) +p") Ing), 


where of course ‘wp(a“) is the number of pth torsion divisors of “K which 
= nm, ete. 

To have results for the general w-product we need only put in w wherever 
necessary in (13.3)-(13.5); thus (13.3) becomes 


(13.6) R, (2K X*K) ge _ Be CK) Ra (?K). 


(13.5) 


Criteria for the absolute manifold. 


14, Intersections. By the intersection (in m dimensions) of E, and 
Ey we mean the particular w-product (12.1) obtained by setting w = —n. 
In conformity with established notation this (—n)-product is written 
E,: Ey (cf. Lefschetz, 1. c.*, p. 165). We postulate that 


(14.1) Ey E; +0 
(14.2) Ey:Ey < Ey 


The intersection *K-'K of two complexes *K, ‘K consists in general 
of both vacuous and non-vacuous cells, the latter of which we assume to 
be distinct among themselves. However, due to (14.1), the presence of 
vacuous cells does not prevent (12.9) and (12.10) from carrying over as 


if Ey: Ep + 0 and Ep < E,. 


(14.3) FCC y-"Cp) = *Cy- FCCp) + (—1)?* FCCy) Cp, 
(14.4) F(F(C;-"Cp)) = 0. 

s 
From (14.4) we conclude that *K-'K is a complex. 
_ The intuitive background of intersections is readily illustrated by a 
simple geometrical example. Taking » = 2, let ‘K and *K be aggre- 
gates of polygonal interiors (2-cells), edges (1-cells), and vertices (0-cells) 
which overlap in such a fashion that no vertex of the one aggregate lies 
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on a vertex or edge of the other. Then *K-'K is the “fragmentary” 
aggregate contained in the common part of *K and °K. In Fig. II appears 
an example of this sort. The 
interiors, sides and vertices of the 
four triangles form 'K, say, while 
/ / the interiors, sides and vertices of 
the nine squares form *K. *K.'K 

consists of the interiors, sides and 

vertices of the variety of small 

triangles, squares, quadrilaterals 

/ and pentagons, into which 'K and 
/ *K decompose their common part. 

















In considering an intersection 
complex *K-+K it is natural to 
take the following for granted: 
that ‘K-'K = 0 = *®K-*K;; that 

Fig. IL. no ‘Ey»< some *Z,, or vice versa; 

that the boundary relations of cells 
of *K-'K are just those imposed by (12.5); and that the boundary relations 
of cells of *K-'K with cells of ‘K and *K are just those imposed by (14.2). 
Then 
(14.5) °#,-'E, < *E,-'EH, if, and only if, ‘Ey S 'E, and *H, < *E,, 
and 
(14.6) *E,:'E, <'E, or *E, if, and only if, 
‘Ey <‘E, or *E, < *#s respectively. 


Because of (14.5) the sub-set *K-'E; of *K-1K is open on {?K-'Ep}nst. 
So, if each *K-'E; is ¢t-dimensional and ¢-cell-like with a basic ¢-cycle 
iCn*'E: such that 
(14.7) (ts1 Cn Ey: tCn- Ei) = ['Eiya: El, 
theorem (11.4) applies to K = *K-'K and’K = 'K. We investigate this. 
Let ‘E,(?K) denote the set of cells of °K having non-vacuous intersections 
with 'Z,. Due to (14.1), 'Z,(2K) is open on 2K and 'E,(?K)C 'E,(*K) 
if ‘E,<'E,. In order that *K-‘E; be ¢-dimensional and ¢-cell-like with 
1Cn-'Ey as basic t-cycle it is necessary and sufficient that 'Z,(*K) be 
n-dimensional and n-cell-like with {C, as basic n-cycle. On *K-'K the 
basic (¢-+1)-cycle tin: Eis of *K- 1Frii1 has the boundary 


F(tyiCn- Eris) = (Bega: EleyiCn- Ep. 
So in order that (14.7) be satisfied it is necessary and sufficient that 


























(14.8) iCn Ey = 3G, °E; or [Eya:'E)] = 0. 
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Of course there is a precisely similar investigation of the correspondence 
between the sub-sets *H,-"K of *K-'K and the cells *E, of *K. In place 
of (14.7) we should have 


(14.7’) (Eta t4iCn: "Ee -tCn) = (Eis: ° Ed, 
and in place of (14.8) 
(14.8’) "Fe -tiCn = "Ey-tCn or PE: = 0. 


Because of (14.5), (14.1) and (14.6) the correspondences 
P(?E,+'Ep) = ‘Ep, P(E, -'Ep) — *K, 


satisfy (10.1) and (11.6), as interpreted in accordance with the assumptions 

set down under (11.6). Summarizing, we have: 

(14.9) In order that the intersection *K-'K of the complexes *K, 'K be 
a subdivision of *K, a=1 or 2, it is necessary and sufficient that 
each “E;(°K), b=2 or 1, be n-dimensional and n-cell-like with 
a basic n-cycle Cy satisfying (14.8) or (14.8’). 

In Figure II *K-'K is a subdivision of ‘K but not of ?K. 

Condition (14.8) or (14.8) is met very satisfactorily if °K has a simple 
covering n-cycle °C,, for then the part of °C, on “&;(°K) constitutes 
a suitable °C). 

15. Star and closure uniformity. Let us consider the intersection 
complex K-K* of a complex K and its dual K*. We assume that 


(15.1) E;- Ej” +0 © if, and only if, i=j. 
Then, in accordance with (14.1), 
(15.2) E,-E”*+0 _ if, and only if, E,x< E. 


This causes (14.5) to become 


(15.3) E,-E"-P<E,-E"-" if, and only if, E,< E)<E,<£,. 


We apply Theorem (14.9) to K-K*. By (15.2) the sub-set E”~?(K) 
of K is the star, St(EZ,), of Ey on K; and E,(K*) the star, St(E"~‘), 
of E”4 on K*. Suppose K-K* is a sub-division of K* (or K). Then 
each St(E,) (St(E"-%)) must be n-cell-like with basic n-cycles satisfying 
(14.8) (or (14.8')), The star of an n-cell is, of course, just itself. By 
changing the orientation of certain n-cells, if necessary, we arrange that 
each appears with coefficient +-1 in the basic n-cycle it bears. Then 
the sum of the n-cells of K (K*) is a simple covering n-cycle, for 
Theorem (8.8) is applicable. 
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If every St(H,) of K is n-cell-like and if K carries a simple covering 
n-cycle we describe the complex K as having star uniformity. This use 
of the word “uniformity” has the justification—that, if the stars of the 
cells of K have uniform, i. e., the same, homology characters, those 
characters must be the characters of an »-cell, for the star of an n-cell 
is the n-cell itself. If K* has star uniformity we describe K as having 
closure uniformity. In terms of these definitions the application of 
Theorem (14.9) to K -K* finds expression in the theorems: 

(15.4) A necessary and sufficient condition that K-K* be a subdivision 
of K* is that K have star uniformity. 

(15.5) A necessary and sufficient condition that K-K* be a subdivision 
of K is that K have closure uniformity. 

If K has both star and closure uniformity K-K* is a common sub- 
division of K and K*. These, therefore, have the same homology 
characters—which, due to (5.6) and (5.7), must satisfy the duality relations: 


(15.6) of (K) = 07” *(K), 
(15.7) Ry(K) = Rn—p(K). 


16. Intercept uniformity. Let us examine K - K* for star and closure 
uniformity. 

In accordance with (15.3) the star of a (non-vacuous) cell of K- K* may 
be expressed as a wholly non-vacuous intersection complex as follows: 


St(E,- E"-?) = St(E,)- St(E"-?), 
(16.1) St(En- E"-?) = E,- St(E"-*), 
St(E,-E") = St(E,)-E*. 


Hence, applying the w = —~n counterparts of (13.3) and (13.4) to these 
intersection complexes, we have that the star of each cell of K- K* is 
n-cell-like if the star of each cell of K and K* is n-cell-like, and con- 
versely. Moreover, if K and K* have C, and C”, respectively, as simple 
covering n-cycles, K-K* has C,-C” as a simple covering n-cycle, and 
conversely. Therefore, 

(16.2) A necessary and sufficient condition that K- K* have star uniform- 
ity (the simple covering n-cycle being of the form Cy-C”) is that K 
have star and closure uniformity. 

As a first step in tesiing K-K* for closure uniformity we notice that 

a simple covering n-cycle on K-K* is obtained by assigning the dual of 

each 0-cell Ey - E”-? the coefficient (—1)?@+/2, for by (14.3), (15.2) and 

(5.2) 

(16.3) F(Epyi- E"-?) = (Epis: Ey] (Epp: BE"? + (— 1)? E,- BE"). 
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It remains to find under what conditions the closure of each cell of K- K* 
. : 
is 0-cell-like. Let E,, Ey, ER, Fit. EY, Es r< r < Vs < eee < "ty <8) 


denote the cells of the intercept, J¢(H,, E;), of E, and E, on K, (The 
definition of intercept was given at the end of § 6). Then, in accordance 
with (15.3), Cl(E#;-.#"-") may be expressed as 


It(E,, Es) . E+ It(Es, Es) . Ei + T(E, Es) x + res 


16.4 
= ..+ + T(E, E+E, + Ey. BM, 
The terms in (16.4) are so arranged that each is an open (closed) sub-set 
of Cl(E,- E*—") modulo the totality of preceding (succeeding) terms. Hence 
if every Jt(E,y, E,) is null-like we may suppress (cf. (9.6)) the terms of 
(16.4) in turn from the beginning until only Z,- #”~* is left, thus showing 
that Cl(E;- E”-*) is 0-cell-like. 

Let us try to reverse this last argument. We accordingly suppose that 
the closure of each cell of K-K* is 0-cell-like. In (16.3) 


(16.5) [Epit: Ep] = +1 if Eyp< Epis, 


else Cl(Epi1- H"-”) has a torsion coefficient. This ensures that any 0-cell 
on Cl(E;-#"-") may be taken as its basic non-bounding 0-cycle. Con- 
sequently the removal of E,-E”~* leaves (16.4) null-like. If s = r+1, 
this means that J¢(Z,, E,) is null-like. If s>r-+1 we assume each 
It(Ep, E,) null-like for g—p<s—vr. Then knocking terms off the end 
of (16.4) until only J¢(£,, E;)-E"— is left, it results that Jt(Z,, Es) is 
null-like. Thus we conclude by induction that each intercept of K is 
null-like, 

We describe the complex K as having intercept uniformity if every 
intercept of K is null-like. This use of the term “uniformity” is justified 
by the fact that, if the intercepts of pairs of cells of K have uniform 
(i. e., the same) homology characters, those characters must belong to 
a null-like set because the intercept of a pair of cells Ep $ H, is vacuous. 
Of course, K* has intercept uniformity if K has, and conversely. In terms 
of intercept uniformity the results of the above discussion are embodied 
in the theorem: 

(16.6) A necessary and sufficient condition that K- K* have closure uniform- 
ity is that K have intercept uniformity. 

The investigation is rendered complete by the theorem: 

(16.7) A necessary and sufficient condition that K-K* have intercept 
uniformity is that K have intercept uniformity. 
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The proof is immediate, for by (15.3) the (non-vacuous) intercept of a pair 
of cells of K-K* may be expressed as a wholly non-vacuous intersection 
complex as follows: 
It(E,-E”?, E,-E") = It(K,, E,)- It( Hk", E"~), 
(16.8) | It(E,: E"-?, E,- E"") = E,-It(E"-?, E™~”), 
; Tt (Ky 4 E"?, E; « E*-?) = Jt (E,, E;) . En, 


17, The absolute manifold. If K has star, closure and intercept 
uniformity, so has K-K*, as shown by (16.2), (16.6) and (16.7); in add- 
ition, as shown by (15.5), K- K* is a subdivision of K, which entails 
that it have the same homology characters as K. We summarize this 
in the statement: 

(17.1) A complex K with star, closure and intercept uniformity is essentially 
unaffected by intersection with its dual. 

To such a complex K we give the name n-dimensional (orientable) absolute 

manifold and the symbol M. 

Let M’+) = M™. M™* (M® = M). Then in consequence of (17.1) 

each M+” is an absolute manifold with the same homology characters 
as M. Each M+» is a subdivision of M™ and so (§ 11) a subdivision 
of all M” (4 < v)— in particular, of M. 
(17.2) The product ‘Mx*M of two absolute manifolds is an absolute manifold. 
This follows from applying (13.3) and (13.4) to St (‘H, x*H,), Cl (‘E, x*E,), 
It (E,x*E,, 1E,x*Es) expressed as St ('E,) x St (#E,), ete. (It is assumed 
that the boundary relations between cells of ‘Mx *M are just those imposed 
by (12.5).) In this connection it is perhaps interesting to notice that 
M®* can be thought of as the closure on M* x WM of the set {E"-?xE,} 
of products of dual cells. The results of §§ 15, 16 could have been 
developed quite as well in terms of this “sub-product” complex as in 
terms of the intersection complex. 

On M (16.5) holds, else It(EHp, Epi1) is not null-like. In conjunction 
with (1.3) this requires that for any pair of cells of M of consecutive 
dimensions 


Eni1: Ey] = +1 or 0,” 
(17.3) . p+: Hp] 


Ey < Ep+ if, and only if, [Hpis: Ep] + 0. 


If Ey< E,, a—p >1, there is at least one Ep;1 such that Ey< Epi< X,; 
else R,(It(Ep, E,)) = 1. Repetition of this argument leads to the 
result that 

(17.4) En < Epti< Epi2<- ++ <Eya< E, if Ey>< Ej. 





‘5 de Rham makes this a basic assumption in his treatment of (absolute) manifolds, 
l.¢.*, p. 119. 
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Taken together, (17.3) and (17.4) show that the boundary relations between 
cells of M may be completely deduced from the incidence numbers. 
(17.5) The sub-complex Bd (E;) = Cl(E:)— E: of M is a sphere-like (t — 1)- 
dimensional absolute manifold.'® 

In consequence of (17.3) F(A) provides a simple covering (¢— 1)-cycle 
for Bd(E;). The star on Bd (E;) of a cell EZ, is just Jt(EZ,, E,) — & and 
so is ((—1)-cell-like. Therefore Bd (E;) has star uniformity. On Bd (£;) 
Cl(E,) and It(EHp, Eg) are the same as on M. And since the (¢—1)- 
dimensional dual of Bd(&) is isomorphic, except for dimension, to 
St(E"-t)— EF" it has a simple covering (¢—1)-cycle. Therefore Bd (Z:) 
has closure and intercept uniformity. Since C7 (E;) is 0-cell-like, Bd (£;) 
is sphere-like. 

By (8.6) the n-cells of each St(H,) of M are strongly connected on the 
star. This means that for M connectedness and strong connectedness are 
equivalent. So on account of (8.6), 

(17.6) A necessary and sufficient condition that M be connected is that 
Rn (M ) = 1. 

Consequently a connected absolute manifold is a simple circuit. 

_Let M* denote the result of re-orienting the cells of M* by the rule 

EY? = (—1)P@to2 Fr-?, Then on M- M* (16.3) becomes 


F(Epi1+ B"-?) = (—1)? (Epi: Epl (Ep - E"-? — Epi: E"™?-). 
Using (17.4) we have 


q—p—1 4 
P| > (— 1)?+” [Ep+y4i : Ep++] Eptr Lier) = Ep -h"-?— E, _e"-4, 


v=0 


Hence 
(17.7) E,- EB"? ~ Ey. E-* on M-M*, 


if Ey < E, and so also if Ep and E, are connected on M. 

Suppose M connected. Let yo denote a 0-cycle on M-M* and Ki(y0) 
the sum of the coefficients expressing 7) in terms of the 0-cells of J/- M*. 
Then due to (17.7) we have 

Yo ~ Ki (Yo) Ey, 


where Ey is an arbitrary 0-cell of M- M*. The number Ki(yo) is called 
the Kronecker index of 79. In terms of it (15.1) takes the form 
] Ei. Ep fine dj, 
and Ki ( ip ° £4j ry J 
(17.8) Ki(s; E,- ¢ Ej”) = 


a eentininnieicnsitiie- 


" In Lefschetz’ definition of manifold, 1. c. 2, p. 120, this appears as one of the conditions. 





fe age 
ne pe 
















oafiics sc tid a oe 











292 A. W. TUCKER. 


Hence, if {Cj} and {C;"~”} are bases such that 


(Ci/Eh] = [er ?/CP?| 
it follows that . 
(17.9) Ki (Cp - Cj) = (Cp/Epl (CG? / Ex”) = 9). 


Let Cp, O0<p<n, denote a p-cycle on an absolute manifold M which 
is sphere-like, Then there is a chain C4, such that F(Cpi:1)=C). Let 
(np denote an (n —p)-cycle on M*; then 


F(Cp41+€"-?) = (—1)? Cy- C-? 


and so Cy: C»-»~0 on M- M* , ie, Ki(G- 0-9) = 0. Let (rr 
denote an in — p—1)-cycle on M*; then Ki(C,)-C’"”) is the same for 
each C’/"”” such that FC?) =< = Gr? — because any two C’""'s will 
differ by an (n—~p)-cycle C"-?, The commen value Ki(C,-C’"”) is 
called the looping (linking) coefficient of Cy and C”-?-1, and denoted by 
Le(Cyp, C"-?), It is easily verified that 


Le(Cp, Cn—-P-1) = (—1)? Ki(Chi- (—-?-1), 


Joins and attendant considerations. 

18. Joins. By setting w = 1 in (12.1) the join of Z, and £, is obtained. 
We write this join simply EZ, Z,. The cells Hy, EH, are termed components 
of the join. 

The treatment of joins is facilitated by the introduction of an ideal 
cell E_, playing the réle of the unit element in the 1-multiplication.” 
This cell is such that, for every Ep, 


(18.1) E» E_y = Ey and E_; < Ep, 
and, for every Ey, suitably oriented, 
(18.2) [Zo : E41] = 1. 


This suitable orientation will be assumed whenever (18.2) is of consequence. 

If E_; be added to an arbitrary complex it is by no means certain that 
the resulting set of cells will be a complex. In case it is we say the 
primitive complex is augmentable and call the resulting complex its aug- 
mented complex. The only change in homology characters is a diminution 
by unity of the Oth Betti number. Clearly 





‘7 Of, the symbolic 1 of Alexander, J. W., The combinatorial theory of complexes. Ann. 
Math. 31 (1930), p. 294. 
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(18.3) A necessary and sufficient condition that a complex K be augment- 
able is that K* have a simple covering n-cycle. 

The covering »-cycle constitutes a boundary chain for an ideal (m+1)-cell 
dual to H_,. The suitable orientation associated with (18.2) corresponds 
to the orientation of the n-cells of K* which causes the simple covering 
n-cycle to contain each n-cell of K* with coefficient +1. 

We assume that every cell EH, has, neglecting the order of 1-multi- 
plication, a unique decomposition 


(18.4) Ep — + Ep, Ep, nl Siow E,, 


into prime components, i. e., into components having no other components 
than themselves and H#_,. Another assumption made concerning joins 


is that 
(18.5) Ey ky = 0 (p = 0). 


A p-cell is called a p-simplex if all its prime components are 0-cells, 
or vertices — to give them a more descriptive name. The join of two 
vertices A, B is by (12.3) “skew-commutative’”’, i. e., 


(18.6) AB = —BA, 


a rule valid, because of (18.5), even when A = B. Under suitable 
ordering of its vertices a p-simplex op is expressible as 


A°A!... AP, 
Any r-component of o, must on account of (18.5) be an 7-simplex 


Or = A’ A” eee A‘, 


where (% % --+ ¢,) is a combination of (01 --- p). If r = p—1, we 
have by (12.6), (18.1), (18.2) and (18.6) that 
(18.7) [Gp : G1] = +1 


according as (ép%) --- ips) is an even or odd permutation of (01 --- p). 
Hence o,»_;< 6,. By applying this argument successively to the inter- 


mediate components 
Ato An ... A Ati... A” (r<s<p) 


we conclude that the .component o,~< o,. In other words every com- 
ponent of a simplex other than itself is a simplex on its boundary. 

The set of simplexes consisting of the components of a p-simplex, in- 
cluding the p-simplex itself. but excluding E_1, is called the closed p-simplex. 
(18.8) A closed p-simplex is a 0-cell-like augmentable complex. 


15 
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Each vertex is an augmentable complex. By taking the iterated join 
of the augmented vertices we obtain precisely the closed p-simplex plus 
E_,. Theorems (13.5), (13.6) show that this complex like the augmented 
vertices of which it is composed is null-like. Removal of E_, completes 
the argument. 

(18.9) The star of a component of a p-simplex on the closed p-simplex is 
null-leke. 

Let 6) = 4,¢,-,-1. The star of o, on the closed simplex op is o,+¢,_,, 

where *6,)—,—; denotes the augmented closed simplex obtained from o,_,_;. 

Hence the theorem. oe 

19, The simplicial complex. In the usual sense of the term 
a simplicial complex 7 is a closed sub-complex of a closed simplex oy. 
We prefer, however, the designation closed simplicial complex for such a x 
and reserve the above unqualified term for any sub-complex of a ,. 
(19.1) A closed simplicial complex 7 is augmentable. 

For +a is closed on toy and so is a complex. 

A necessary and sufficient condition that a set K of cells, including E-1, 
be an augmented closed simplicial complex is that to every pair of cells 
Ey~< Eq of K there correspond a cell Ey-p—1 of K such that 


(19.2) Ep Eq—p-1 — + Ey 
and (at least) one cell E, of K, for each p<r<q, such that 
(19.3) Ey< Ey < Ey. 


Necessity follows directly from the properties of closed simplexes recorded 
in the preceding section. To prove sufficiency let us note that since 
E_41<.E, there is, by (19.3), at least one 0-cell EK, of K< E, such that, 
by (19.2), 

(19.4) Eo Eq-1 — + Ey. 


Since due to (12.6) and (18.2) [Z,: Aya) = + 
(19.5) Eq-1<. Eq. 
In turn there is a 0-cell Ej>< E,-1, and so <E,, such that 


Ey Eo Ey-2 _— + E,. 
Finally we get 


Ey Ey Ed --- EX” = +£,, 


where Ey, Eo, ete., <E,, which fact taken with (18.4) and (19.2) implies 
that each (q —1)-component of E, belongs to K. Since E, is an arbitrary 
cell of K the argument is complete. 
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- By (18.8) the closure of each cell of a closed simplicial complex 7 is 
0-cell-like. Theorems (19.1) and (18.3) unite to show that 7* has a simple 
covering cycle. Hence 
(19.6) A closed simplicial complex has closure uniformity. 
In consequence of (18.9) 
(19.7) A closed simplicial complex has intercept uniformity. 
So 
(19.8) A necessary and sufficient condition that a closed simplicial complex 
be an absolute manifold is that it have star uniformity. 

20. Focal subdivision. On a complex 'K+ £; let Bd(E,) = Clik) —E,; 

and, supposing Bd(;) augmentable, let 


(20.1) *K = E,y*+Bd(E,) or +Bad( kh). 


Besides the boundary and incidence relations rendered necessary by the 
fact that *K is a join we suppose that 


(20.2) "Ey < Ey if E< Eu, 
(20.3) [' E41 : * Ei] = e('Ey $1: E,\ (E: : ‘Eri, 


where ¢?; = E,'E;-1 or-(—1)*'Ep1 Ey. 

On *K+*K, F(F(?Ep+1)) is the same as on Cl(*K) and so is 0 since 
Cl(?K), being the join of +H) and Bd(E;), is a complex. On 'K+°*K 
F(F(*Ep41)) is the same as on ‘K+ E;, except possibly for p = ¢ or 
t+1. On 1K+£; let 

FC Eis) = + Ais: Ei] 2; 
then 
FCQ)+ (Hin: EJ F(E) = 0 


On K+ °K, due to (20.3), 


FC Es) = 10,40 By: BE) Ey F(E) or 'C:+(—1)['Eeqs: 2 F(E) Ep. 
Hence 
F(FC Eww) = FCC) + Bui: Bl P(E) = 0. 


On 'K+*K, F(F(*E;42)) is also 0 because the coefficient of a *Z is 
€(F(\E:+2): Ey] (:: "Hal, which is 0 since [F(‘Ey42): 4] = 0. This 
completes the argument that ‘K-+*K is a complex. 

We assume that the boundary relations on *K and between cells of *K 
and cells of ‘K are just those imposed by (20.1) and (20.2). Then *K is 
clearly a ¢-dimensional ¢-block on 1K-+*K. So in accordance with (11.8) 
‘K+*K is a subdivision of ‘K+; if ‘K+, is a t-weld of *K+°K. 
The latter requirement is met if *K is ¢-cell-like with a basic ¢-cycle "bi 
satisfying (9.2)—which in this case has the form 


15* 
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['Eeys:°bt] = (Eeys: Fi, 
(ot: "Era)] = [Br :1 Er. 
These incidence relations are shown by (20.3) and (20.1) to be satisfied 
if, and only if, a - 
bb = Ey F(X) or (—1) F(X) Eo, 
which of course carries the implication that F'\(Z;) is a basic (t—1)-cycle. 
To require *K to be f-cell-like is to require +Bd(E;) to be (¢—1)-cell-like, 
or—F(E;) being basic—to require *Cl (4) to be null-like, i.e. to 
require Cl(E;) to be 0O-cell-like and augmentable. Hence 
(20.4) In order that ‘K-+*K be a subdivision of the complex ‘K+E, it is 
necessary and sufficient that Cl(E;) be 0-cell-like and augmentable. 
Intuitively, in the case of a geometrical 2-complex consisting of polygonal 
interiors, edges, and vertices, this subdivision may be thought of as adding 
a vertex at the centre of one polygon and joining it by segments to the 
vertices of that polygon. 
By replacing *Bd(E;) by Bd(£;) itself in the above discussion we get 
the theorem: 
(20.5) In order that ‘K+ °K be a subdivision of ‘K+ E; it is necessary 
and sufficient that C1(E;) be null-like. 


oo —— _—- —— « . ——_ 6 — se) 





























(a) Fig. IIL. (b) 


Fig. III illustrates this type of subdivision. (The edges and vertices 
indicated by the broken lines are not part of the 2-complex considered.) 

We call a subdivision complying with (20.4) or (20.5) a focal subdivision 
—the 0-cell E, being the “focus” of the subdivision. A cell Z having 
‘C1(E;) null-like we term focally subdivisible (+ means augmented if 
possible). To distinguish between the focal subdivision corresponding to 
(20.4) and that corresponding to (20.5) the former may be called closed 
and the latter open.'® 





‘For a closed simplicial complex closed focal subdivision differs from the elementary 
subdivision introduced by Alexander, 1. c. 4, p. 8303, in that Z alone is subdivided—not 
its whole star, as is essential if the new cells are to be simplexes. Closed focal subdivision 
is like the subdivision pyramidale used by de Rham, 1. c. °, p. 130. 
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Focal subdivision is transitive in that: 

(20.6) The new cells introduced by focal subdivision are themselves focally 
subdivisible. 

For ‘“Cl(E£,‘E>) is null-like, being precisely the join of *~Z) with “C1('E,). 

(Since here orientation is not of consequence we do need to add “or 

“MCL ("Ey Eo)”.) 

(20.7) Intercept uniformity is unaffected by focal subdivision. 

Suppose ‘Eyp< E;<'H,. In It(Ep,’E,), It(‘Ep, &) is replaced by the 

join of +Z, and t((E,, E:)— Ff, i. e., a nullblock is replaced by a null- 

block. Hence J¢(*Hp, ‘Z,) remains null-like. 

Consider Jt(H,)'Ey,’E,). It can be thought of as arising from Jt(Z;, 'E,) 
by replacing E; by the join of EK with Jt(’E,, E;)—E;. The latter plays 
the réle of a subdivision of E;. Hence Jt(E,'E,, ‘E,) like It(E;,'E,) is 
null-like. 

Now suppose 'E,y<'H,<E;. It(H,'E,, E,'E,) is the join of EK 
with Ji(‘Ep, ‘#,), and so is null-like. J¢t('H,, E,’E,) consists of 
It( Ey, \Ey)+ It(Eo*Ep, Ey'Eq) and so is null-like. The argument is 
complete. 

By considering St(*E,) or St(E)'Ep) instead of It('Ep,'E,) or It(Ey'Ep,*E,), 
respectively, we have that: 

(20.8) Assuming intercept uniformity, the stars of cells on 'K+*K have 
the same homology characters as the corresponding stars on 'K + E;. 
[N. B. To St(E,’E,y) corresponds St(Z;).] 

On the other hand suppose St(EZ,)‘1E,y) has the same homology characters 
as St(H,). Then certainly Jt(‘E,, E,) must be (¢—-1)-cell-like, and so 
It('Ey, E;) must be null-like unless F(Z;) on It('Ep, E;) fails to be basic. 
The latter contingency cannot occur if. not all [‘H41: 2) = 0, ie, if 
Ri (St(E:)) = 0, else by (20.3) St(Z,'E,) will not have the same ¢-dimen- 
sional homology characters as St(E;). Hence 
(20.9) If St(Hy'Ey) has the same homology characters as St(E;) and 

Ry (St(E,)) = 0, It('Ey, E,) ts null-like. 

21. Derivability. A complex all of whose cells are focally subdivisible 
we call derivable. In consequence of (20.6) 

(21.1) Derivability is unaffected by focal subdivision. 

If a cell of a derivable complex XK is focally subdivisible in the closed 
sense so must be all cells of K on its boundary. Accordingly the cells 
of K focally subdivisible in the closed sense form a closed sub-complex 
of K. This sub-complex is augmentable; just take the logical sum of the 
augmented closures of all its cells and apply (6.8). The complementary 
open sub-complex of cells focally subdivisible in the open sense we call 
the fringe of K. and denote by J. 
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The closure of every cell of a derivable K contains cells of all lower 
dimensions, else there would be an Ey, p>O, with R,(CI(E,)) = 1. 
So, since every 0-cell of K belongs to K—J, 


(21.2) St(K—J) = K. 


The closure on K of each cell of J must contain a 1-cell of J, else the 
closure would be augmentable, i. e., 


(21.3) St({E,},) = J. 


Due to (18.3), since K—J is augmentable, 
(21.4) K*—J* has a simple covering n-cycle. 
The condition that the closure of a 1-cell #, of J be null-like implies 
that on the boundary of F, there is a single HZ, and that [Z,: ZX] = +1. 
Applied to K* this shows that 
(21.5) J* has a simple covering (n — 1)-cycle, 
viz., the boundary chain on J* of the simple covering n-cycle on K* — J*. 
On a derivable complex XK first subdivide focally all the 1-cells, then 
all the 2-cells, etc., and finally all the n-cells, multiplying each time on 
the right by the new 0O-cell introduced as a focus. The resulting sub- 
division of K is called the regular (or barycentric) subdivision of K. Let 
Aw denote the focus introduced in subdividing E;, and for uniformity let 
EK = hn. Then every p-cell of the regular subdivision is a simplex, 


i i 
(21.6) Ag) Ad) ++: Ad » corresponding to Re < Ei < vee < Ei, 


where Ee CK—J. Let K’ denote the closed simplicial complex con- 


sisting of all simplexes (21.6) with the restriction Ee c K—¥J removed. 
We call K’ the (first) derived complex of K (ef. Alexander, 1. c. *, p. 303). 
Let J*’ denote the closed simplicial complex consisting of all simplexes 


(21.6) such that Re CJ. Then the regular subdivision of K is precisely 
the simplicial complex K'— J*’. 

Suppose K* is derivable with L* as its fringe. In forming its regular 
subdivision we multiply each time on the left by the new focal vertex. 
We assume that the focus introduced in subdividing EZ} is Af), and that 

7” — Ao). Let L’ denote the closed simplicial complex consisting of 


the simplexes (21.6) such that Ee CL. Then the regular subdivision 
of K* is precisely the simplicial complex K'— TL’. 

Suppose K—L, where L is any closed (n —1)-dimensional sub-complex 
of K, has a simple covering n-cycle. Let Acp{‘t?] denote the set, aug- 
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mented if possible, of all simplexes of K’— L’ having A;,») as first vertex. 
Then 
(21.7) Subject to (17.3), a sufficient condition that K* be derivable with 
fringe L* is that each Ap |‘*?] be (n—p)-cell-like.'® 

The (fy of each Am—1 (S23) consists of a single vertex or two vertices plus 
E_1; so, using (17.3) and the fact that K—JZ has a simple covering 
n-cycle, each E' is focally subdivisible with Am@—y (2] as subdivision. 
Suppose each #”~? subdivisible with Aj (Py as subdivision, g > p. Then the 
[---] of Aco {] is a regular subdivision of Bd(Z"-”) = Cl(E"-)— E"-?, 
Consequently “Bd(E"-”) is (n—p—1)-cell-like, and so due to (17.3) 
C1(E"-?) is null-like. 

If K and K* are both derivable it follows from (5.6) and (5.7) that 
between their regular subdivisions there are the duality relations 


(21.8) of (K'’—J*’) = 0” 3" (K'—L)), 
(21.9) R,(K'—J*’) = Rap (K'—L'). 


Relative manifold criteria. 


22. Relative star and closure uniformity. In consequence of 
(18.8), (19.1) and (19.7) K’ is derivable, augmentable, and has intercept 
uniformity. What can be said concerning the derivability of K’*? 

Suppose K derivable. On the boundary of a 1-cell Z, CJ there is 
just a single Q-cell, say Ey, since Cl(E,) is null-like by (20.5). Conse- 
quently the star on K’ of an (n—1)-simplex Aq Aq --- Aw of J* is 
+A@ Aq Ag@ +--+ Ag, and so is null-like. Similarly, supposing K* deri- 
vable, the star on K’ of an (n—1)-simplex Aq Aq --- Am—y of L’ is null- 
like. In view of (21.3) these facts imply that if K’* is derivable J*’* 
and L’* belong to its fringe. We assume that the fringe of K’* is pre- 
cisely (J*’ + Z’)*, 

Let Ac» {-t-} Aq@ denote the set of all simplexes (21.6) of K’ having Ac» 
and Aq as first and last vertices, respectively; this set includes the 1-simplex 
A(y, Aq — hence the + in {.t-}, (In case g = p+1, {7} ==: E_,.) 
In similar fashion let Ac {-t-} and {-t-} 4q@ denote the sets of all sim- 
plexes of K’ having respectively Ac») as first vertex and Aj as last 
vertex. Then 
(22.1) In order that K'* be derivable with (J*’+L')* as fringe it is 

necessary and sufficient that each Acp {-*-} A@ be (q—p)-cell-like, 
that each Ary {-t-} be (n—p)-cell-like or null-like according as 
E,< K—L or L, and that each {.t-} Aq@ be q-cell-like or null-like 
according as E,< K—QJ or J. 





* This theorem can be used as a basis for proving Property I, Lefschetz, 1. c. 2. p. 122. 


Bee. 
oe 
oy 
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Necessity follows from the cell- or null-like nature of the following stars: 


Aw Am +++ Ap {-*+} dq Aietn +++ Ago, 
A@ Aq +++ Ap { 7) ’ 
{-5.} A@A@ty +++ Ag. 


Sufficiency follows from the fact that the star of any ¢-simplex 
A(p,) Ac, Fgh Aw, can be written: 


Pe Awp,) {7} Apo Ss MRED ES so) Acpy {-*-}. 


(22.2) A seyliotenet — and, subject to (17.3), necessary — condition that each 
Ag {-F -} A@ be (q—p)-cell-like is that K have intercept uniformity. 
Sufficiency is a consequence of the fact that Acp {-t -+} A@ “divided” by 
Acp may be regarded as the regular subdivision of the (¢—p—1)-cell of 
a complex isomorphic with Jt(Z,, E,)—E,» except that the dimensions 
of its cells are uniformly (y-+ 1) less than those of the latter. For ne- 
cessity we reverse the argument, using induction on g—p. But to start 
the induction each Jt(H,, EHp41) must be null-like, i. e., (17.3) must be 
valid. Suppose all intercepts It (Ep, E,) proved null-like for q—p <s—r. 
Then the {---} of Ag {-1-} 4@ may be regarded as a regular —" 
of a complex isomorphic, except for dimensions, to Jt(H,, E;)— E,— Es, 
thereby showing the latter to be sphere-like. On Jt(E,, Es), in view of 
(17.3), F(E;) is basic and E, ~ 0; therefore Jt(£,, Es) is null-like. 

Let Cl(E,, J) denote the set of cells obtained by dropping from Cl (£>) 
the cells, if any, it has in common with J. Then 
(22.3) A necessary and sufficient condition that each {-1-} Am, EpCJ, be 

null-like is that each corresponding Cl(Ep, J) be 0-cell-like. 
The theorem clearly holds for p 1. Suppose it holds for p<q. From 
{.T.} d@, EoCJ, we may remove the null-like sets without affecting 
homology characters; the part batt is +2 A@ where 2 is the regular sub- 
division of Cl(E,, J). Hence {-t.} Aw is null-like if, and only if, C7 (Z,, J) 
is 0-cell-like. 

Similarly, letting St(E,, L) denote the set of cells of St(Hp) having 
no cells in common with LZ, we have: 

(22.4) A necessary and sufficient condition that each Aig {-7 +}, EpCL, be 
null-like is that each corresponding St (Ey, L) be n-cell-like. 

From the derivability in the closed sense of K—J and K*—L* it 
follows respectively that Cl(E,, J) = Cl(E,), Ego K—2J, is 0-cell-like 
and that St(E,, L) = St(E,), EyCK—L, is n-cell-like. Combining 
these facts with (21.4), (22.3), and (22.4) we are led to definitions of 
relative star and closure uniformity. We say that K has star wniformity 
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mod L if each St (E>, L) is n-cell-like and if K—L has a simple covering 
n-cycle; we say K has closure uniformity mod J if each Cl(Ep, J) is 
0-cell-like and if K—J is augmentable, i.e., if K* has star uniformity 
mod J*. When Z or J is vacuous, the corresponding relative uniformity 
reduces of course to an ordinary uniformity of § 15. 

Suppose K—JLZ and LZ have simple covering cycles, that on L the 
boundary of that on K—L. Let Ep be a cell of LZ. Then from two 
of —St (Ep) null-like, St(Hp, L) n-cell-like, St(,)—St(Ep, L)(= St(E,) on L) 
(n— 1)-cell-like—follows the third. Hence, using (21.4) and (21.5) applied 
to K—L and L, we conclude that 
(22.5) Of the statements: 

(a) K* is derivable with L* as fringe, 

(b) K has star uniformity mod L, Cy, being the simple covering 
n-cycle on K—L, 

(c) L has star uniformity with F (Cy) as its simple covering (n—1)- 
cycle. 

any two imply the third. 

In case (b) and (c) hold for a complex K we say that K has star 
uniformity bounded by L. If K* has star uniformity bounded by J* we 
say K has closure uniformity fringed by J. Then by the above work: 
(22.6) In order that K, K*, K’* be derivable with J, L*,(J* +L’)*, 

respectively, as fringes it is sufficient—and, subject to (17.3), necessary 
—that K have star uniformity bounded by L, closure uniformity 
Fringed by J, and intercept uniformity. 

Under suitable modification the results of § 15 apply to relative star 
and closure uniformity. Thus, 

(22.7) A necessary and sufficient condition that (K—L) - K* be a subdivision 
of K* is that K have star uniformity mod L. 

And of course there is a theorem corresponding to (15.5) as this does to 

(15.4). If K has star uniformity mod Z and closure uniformity mod J, 

(K— L) -(K—.J)* is a common subdivision of K—L and K*—JJ*, and so 


(22.8) 6? (K—L) = 0?" (K—J), 
(22.9) Ry(K—L) = Rn-p (K—J). 


(These duality relations form a purely combinatorial counterpart of—or, 
perhaps we should say, basis for—the Fundamental Duality Theorem of 
Lefschetz, 1. c. #, p. 142.) 

23. Manifold with regular boundary. Let ’K denote any complex 
obtained from the complex K by one or more focal subdivisions. From 
(20.8), (20.9) and (21.1) it follows that: 
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(23.1) In order that every cell of K, K*,’K,’K* be focally subdivisible it is 
necessary and sufficient that K and K* be derivable and that K 
have intercept uniformity. 

Suppose K, in addition to satisfying the conditions in (23.1), is aug- 
mentable. Then K will have no fringe, but K* of course may have 
a fringe Z*. The regular subdivision of K will be exactly the derived 
complex K’. Hence K’ constitutes a ’K of Theorem (23.1), and so K’* 
is derivable with L’* (cf. (20.8)) as fringe. Applying (22.6) we see that K 
has star uniformity bounded by Z and closure uniformity, besides the inter- 
cept uniformity hypothesized. The star uniformity bounded by L implies, 
by definition, that Z has star uniformity. Being part of K, L has closure 
and intercept uniformity; therefore Z is an absolute manifold. Due to K’s 
closure and intercept uniformity the results (17.3), (17.4), and (17.5) apply 
to K. A complex K such as just described—i.e., satisfying (23.1), and 
augmentable—we call an n-dimensional (orientable) manifold with regular 
boundary L.*° In case LZ is vacuous, K becomes, of course, an absolute 
manifold. If K* is a manifold with regular boundary J* we say that K 
is a manifold with regular fringe J. 

Suitably modified, Theorem (16.2) carries over for the types of star and 
closure uniformity introduced in § 22. Hence if K is a manifold with 
regular boundary L, K-K* has star uniformity bounded by L-K*. In 
consequence of (16.6) and (16.7) K- K* has closure and intercept uniformity. 
Therefore K-K* is a manifold with regular boundary Z-K*. By the 
counterpart of (22.7) K-K* and L-K* are (since J = 0) subdivisions 
of K and LZ. We express these facts in the statement: 

(23.2) A manifold with regular boundary is essentially unaffected by inter- 
section with its dual. 

This reduces to (17.1) when ZL is vacuous. 

On account of (19.6), (19.7) and (20.8) K’ is a manifold with regular 
boundary L’ if K is a manifold with regular boundary Z. Li’ is a regular 
subdivision of Z just as K’is of K. We express these facts by the statement: 
(23.3) A manifold with regular boundary is essentially unaffected by regular 

subdivision. 

This includes as a special case, viz., for L = 0, a similar statement con- 

cerning an absolute manifold. 

Let us now consider a complex K with star uniformity bounded by L, 
closure uniformity fringed by J, and intercept uniformity—i. e., a K meeting 
the conditions of (22.6). The following facts follow immediately from 
definitions or previous theorems: 


© Using (17.5) and (21.7) it is not difficult to show that this definition agrees with 
that of Lefschetz, 1. c. ?, pp. 119-20. 
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(23.4) L is an (n —1)-dimensional manifold with regular fringe L 9 J. 
(23.5) J* is an (n —1)-dimensional manifold with regular fringe L* 0 J*. 
[N. B. L 9 J denotes the set of cells common to LZ and J.) 

(23.6) K- K* is a manifold with regular boundary (K-J* + L- K*). 
(23.7) K’ is a manifold with sacle boundary (L' + J*’). 


























(a) (b) 


















































(ce) (d) 
Fig. IV. 

Fig. IV illustrates: (a) a simple 2-dimensional geometric complex K 
with star uniformity bounded by ZL, closure uniformity fringed by J, and 
intercept uniformity; (b) the dual complex K*; (c) the intersection com- 
plex K-K*; (d) the derived complex K’. L consists of the four 1-cells and 
three 0-cells at the bottom and right of (a), and J of the three 2-cells 
and four 1-cells immediately adjacent to the broken lines and dots which 
limit the figure without belonging to it. Thus Z and J have two common 
1-cells in this case. 

24. Realization. Let K be a complex with star uniformity bounded 
by Z, closure uniformity fringed by J, and intercept uniformity. We 
identify the sets of simplexes Ai» {-*+} A@ of K’ with the cells Z,-£"? 
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of K-K* with a view to applying Theorem (11.4). By (22.2) intercept 
uniformity ensures that each A;») Lt. Aq is (q — p)-cell-like. Our main 
task is to show that (11.2) can be satisfied. 

Let 


Cy—1 A may ae ee eee Wee Me 
(24.1) p—1 Acp p A) Aq (y) + 


Ap Cn—p1 = bp Am Apt +++ Aa + +++ 


denote the basic cycles on the regular subdivisions (2) Ag» and Awl] 
of Ey, and E”-?, respectively. Then 


[Epti: Ep] = (—1)? 1 Ani dy, 
(24.2) uhh :*-?-l} = p, 
: p Mpti, 
and so 
Ay Mp = (— 1)? Apis Mp ti. 
Consequently 


(24.3) (—1)?@tY? 2, Wy» is constant. 
Let 
(24.4) Ap) Cy—p—2 Aq = ¥p,q Ay AH) +++ A@—y A@+ °° 


denote a basic (q—yp)-cycle on Ac» {-t-} Aq@ and let 


Cn = &€Ag@ Aw -++ Amt: 
denote the simple covering n-cycle on K’—(L'+.J*’). Then 
Cp-1 Ap) Cy—p—2 Aw Cu—q-1 

constitutes a part of +C,. Let us choose C,-»-2 so that the sign is 
(—1)lp(++e@+012, Then 

(—1)[p(p+D+aq@+i))/2 1p te Mpg = 8, 
i. e., due to (24.3), 
(24.5) Aq lp Vp,q 18 constant. 


From (24.4), (24.5), and (24.2) we have 


[Acp) Cq—p-2 A@ : Acp+-1) Cy—-(p+)-2 Ag) 
= Vp,q Ypt+i,g 
= Pp Ppt 
= [(E"?: EP) 
= [E,-E*?: E,: E*-?", 


[Acp) Cq—p—2 Aig : Ac Cg—1-p—2 Aq—n] 
= (— 1)? v9, ¢ Yp,q—1 
i (— 1)7-? Ay Ag—1 
= (—1)? [E,: Ey-1] 
= [E,- E"-?: By +E»), 
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Consequently (11.2) is satisfied, and so Theorem (11.4) applies to K’ and 
K-K*. By agreeing that 


(24.6) Ap A(p+1 akc Aq@ < Ey, if Ey: E”-? < Eu, 


where EF, is any cell, not necessarily of K, we may go further and assert 
that 
(24.7) K’ is a subdivision of K- K*. 

It is well known that any simplicial complex may be geometrically 

realized in a Euclidean space of sufficiently high dimension. Hence 
(24.8) Any derivable complex is geometrically realizable. 
In particular, the above complex K is geometrically realizable. So is 
K-K*, on account of (24.7). Consequently the absolute manifolds and 
the manifolds with regular boundaries, their duals, their intersections with 
their duals, etc., with which we have dealt so much, are fully realizable 
in the geometric sense. 


Correspondences and fixed cells. 
25, Chain correspondences. To each p-cell “EZ, of the complex “K 
(a = 1 or 2) let there correspond a p-chain 
(25.1) T”(*Ey) = (*Ey:°E,\E} 


on the complex °K (b = 2 or 1). Then to the chain ¢ "ES there corresponds 
the chain sees 
T’ (t;°Ey) = t:(°E,:°E))"E) = t: T’(*E). 


Let {“Ch} denote a basis for the group of p-chains on “K. Then 


(25.2) Toh) = (*ch:’ch’Cp 
where ; . ; 
(25.3) ‘ch °o% = (ch E (ei) :°Es| CEL/"CH. 


(N.B. °c? = [*c8/*e*ei, =e} = PEA/*ChI’Cp) 


In group terminology (25.1) establishes a homomorphism between the 
group of p-chairs on *K and a sub-group (not necessarily proper, of course) 
of p-chains on °K. To ensure that a homomorphism is induced between 
the corresponding homology groups we postulate that 


(25.4) T?(F(*Cp41)) = F(T? (*Cp+1)) 


for an arbitrary chain *Cpi1; or symbolically 7°F = FT", i. e., the 
operations F and J® are commutative. This amounts to the requirement 
that 
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T’ (FCOp)) = F(L" Cf), 
i. e., that 
(25.5)  (°CBs1: “Cp Cp : Cp) = (PC faa "OF rad CPi : Cp). 


If desired, (25.1) can be regarded as also establishing a chain corres- 
pondence between ’K* and *K*, viz., 
(25.6) TT" (Ej ”) iain CEP? : EY — 
where é 
(CH? :°E | ae (“E} :° Ed). 
If the bases ("CS } are canonical throughout, (25.5) takes the schematic 


es x 0 0 


0 0 Ol llx x OF = 


(25.7) 
ls 0 Oj] |ljxz aw al 


The sub-matrices marked s consist of zeros except for elements “C), 
u = 1,2,---, “ap, up the secondary diagonal. The sub-matrices of 
("or : Cory, [{°C%.1} :(’C%..}] marked 0 consist of zeros because of 
equations (25.5). It is to be observed that 


) a - b7)e,..— 
(25.8) ‘8 (°C, :"C%) 5 roy u+1 : C, ‘p+1 wide o~ 
Now consider the correspondence 


(25.9) T* (“chy = ("ch :*c4)*C; 
where 
T° (*G3) = T°(T’CCp)), 
and so 
(25.10) (*cp :*Ch = (ch :°ok Car :°Cz). 
Since 
[Opes :"CoyPCp :°Cp) = POxi1: “Coral (Cpr: °C> 


we have by multiplying (25.5) by ("CX :*C;#] that 
("Cpa = "Cpl [Cp Cpl = (°C P41: *Cpsal (°Cp41 = “Cpl. 


This shows that (25.9) establishes a homomorphism extending to the 
homology groups of °K. 

In accordance with the last paragraph we may allow a and } to take 
the values 1, 2 independently in formulas (25.1)-(25.8). 

26. Weld correspondences. Consider a complex K=‘K+°K in 
which *K is a ¢-cellblock. Let K become ’K by the welding of *K into 
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a single cell EH: = ”E;. For convenience let us take the bases appearing 
in (9.1) with the slight modification that 


Ep)’ = Ep} +7, 


Up is of course vacuous unless p = ¢) and let us agree that al denotes 
a sub-basis obtained from *by—1 by just reversing the order of its elements. 

With the weld we associate a chain correspondence between ’K and K 
such that: 


(26.1) [{’Ep} : {*2p}'] = [('Ep}'/(Ep}'], 
(26.2) [{’Ep} :"bp] = 0, 
(26.3) [{’Ep} 7b] = —[{' Ep} bp). 


([{’Ep}'/{'Ep}'] is of course a unit matrix; by (9.1) [{'Ep}’:"bpa] = 0, 
p <t) This correspondence satisfies (25.5) since (26.3) implies 


[{’Zp} = {'Ep}’] [{’Zp}’ :7bp—1] + [{’ Ep} :*bp] Pop: “bpa] = 0 
and since 


[(’Zpta} : ’Ep}] [{Ep} = Up] = [f’Epta} : {'Epta}'] (Zp tal 2 bp) 
in consequence of (26.1), (26.2) and the boundary condition 
[Zp tay’: Pp) (PE p} :°0pa] = [Zp tay’ = °bp] Pop “bp. 


Considerations of duality suggested by (25.6) and the fact that the dual 
of a ¢-cellblock is an (m — #)-cellblock indicate the existence of a corres- 
pondence converse to that in the last paragraph. It is defined by: 


(26.4) [{'Zp}’: ’Ep}] = [{'Ep}’/{°E>}'], 
(26.5) (Pb: {’Ep}] = — Pops: {'Ep}’], 
(26.6) ["bp : {’Ep}] = 0. 


From the two above correspondences taken in order there results a corres- 
pondence on ’K. It is the identity correspondence 


(26.7) [{’Ep} : ’Ep}] = ([{Ep}/{’E>}]. 


This verifies the fact that the corresponding homology groups of K and ’K 
are isomorphic. 

Now let K and ’K have the significance attached to them in § 11. The 
correspondence between ’K and K defined by 


(26.8) [ Ep: pe] = 4 
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clearly satisfies (25.5). A converse correspondence—which would follow 
(26.8) to produce an identity correspondence on ’K analogous to (26.7)—does 
not have a simple direct definition. But the existence of such a corres- 
pondence is guaranteed by the fact that the passage from K to ’K may 
be achieved by a succession of welds. 

27. Fixed cells. Let us consider the correspondence on a complex K 
determined by 
(27.1) ' T (Es) = (Ep: Ej) E}. 


The formulas (25.2)-(25.8) carry over with a and b dropped. A particular 
consequence of (25.8) is that 


(Coc) = ics : i ae (wu not summed), 


2 (1) (Cp : Gl a 2 (1)? (Cp: Gi 
where d = @y+1, Op +2, +--+, &@p—Op41, Or, since by (25.3) 
(ch: ch] = (e}: BS, 


Hence 


we have that 


(27.2) 2 (—1)? Ep: Eyl = 2 (1) (Cr: Gi. 


In case (27.1) is the identity correspondence 
T (Ep) = Ey 
it is clear that 
[Ep : Ej] = oj = [C): Cf) 
and that (25.5) is satisfied. Formula (27.2) becomes the Euler-Poincaré 
formula 


(27.3) 2 (—1) ay ete 2 (—1)? Rp(K). 


Consequently Hopf has aptly termed (27.2) a generalized Euler-Poincaré 
formula (cf. Hopf, l.c. "', p. 136). 

For a given value of i [EZ,: Ep] is the algebraic number of times the 
cell Ey corresponds to itself under (27.1). We call the sum [Z;: Ep] the 
algebraic number of fixed p-cells of the correspondence, and 


2 (—1)? (E} : Eyl 


the (algebraic) number of jixed cells. 
Suppose the correspondence (27.1) has the property that 


T(Ch)~ ch. 
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We call such a correspondence a combinatorial deformation Due to (27.2) 
it is seen that 
(27.4) The number of fixed cells of a combinatorial deformation is the Euler- 
Poincaré number > (—1)? Rp(K). 
It is also immediate that 


(27.5) On a complex all of whose Betti numbers are zero the number of 


Jixed cells of any correspondence is zero. 

Let K be an augmented subdivision of ’K, itself augmented and derivable. 
Consider any chain correspondence between K and ’K having the property, 
that to a chain on pK (notation of § 11) there corresponds a chain on 
C1(’E,); E-1 corresponds to itself. From (26.8) followed by this corres- 
pondence there results a correspondence 7' on ’K. 


(27.6) T is an identity correspondence. 


The theorem is true for dimension —1. Suppose it holds for dimensions 
<t. Under T chains on a Cl (’%) go over into chains on the same closure. 
So by (27.5) the number of fixed cells on the nullblock Cl(’Z;) is zero. 
But all cells on the boundary of ’Z; are by supposition fixed. Therefore 
"i; must itself be fixed, and the induction is complete. The theorem 
easily extends to the case of a derivable ’K having a fringe. 

Let K and ’K be arbitrary closed augmented simplicial complexes. To 
each vertex A‘ of K let there correspond a vertex 7” (A‘) of ’K such 
that if oa 

E, = AA"... A” 
is a simplex of K, then 
T’ (A), 77(A"), «++, 7” (A”) 
are vertices of some simplex of ’K. Let 
(27.7) T’ (Ep) = T’(A*) 7’ (4%) -.- 7"(A"). 
Consequently to Ep there corresponds 0 or + some ’E,. Of course 


T(E.) = Eun. 


Clearly (27.7) satisfies condition (25.5). 

Now suppose K is a simplicial subdivision of ’K and that 7’(A) is 
a vertex of ’E, if A is a vertex on ,K. Theorem (27.6) applies. The 
result for ’K a closed n-simplex yields the well-known lemma”’ used in 
proving the topological invariance of dimensionality, viz., 


*' Cf. e. g. Sperner, E., Newer Beweis fiir die Invarianz der Dimensionszahl und des 
Gebietes. Hamburger Abhand. 6 (1928), pp. 265-272. 
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a (27.8) The number of n-simplexes of the subdivision going over into the 
4 main n-simplex with orientation retained exceeds by unity the number 
going over with orientation reversed. 

28. Correspondences and products. In the study of correspondences 
products have played an important part (cf. Lefschetz, 1. c. *, Chap. VI). 





Ope a eee, me 
eNO ee oe 


i It is the object of this section to expose the combinatorial formalities 
4] linking correspondences with products. 
at Consider the product complex ‘K* x *K and also its dual. The dual of 
H 1p-» x 2B, may be written in conformity with (5.2) as 
He (28.1) (—1)"'B, x *B"-9, 
: ; : Accordingly the dual of ‘K* x °K may conveniently be written as 'K x *K*, 
Te and the intersection complex as (1K* x #K)-(}:Kx*K*). But the latter 
a may also be considered as the product (1K*-1K) x (#K-*K*) of the two 
1h intersection complexes, since computation shows that as far as incidence 


numbers are concerned 
(28.2) (‘H"-?.'B,) x CE, 227-8) = (—1)?8 (1 H"-? x *E,) (1B, x 2E"-8), 





In what follows we shall assume the existence of Kronecker indices when- 
ever there is an occasion for them. (As a matter of fact (17.3) together 
with a convention as to connected pieces yields a Kronecker index on 
K- K*.) 
On 'K* x?K 
(28.3) DS (—1y Perr? et Pe Er” x? Be is an n-cyele 
p 


in consequence of (25.5). Similarly 
(28.4) > (—1)??? PE BB x ?EP? is an n-cycle 
Pp 
on 'Kx*®K*, Since 
Ki CE"? x *By) « (— 1) "Ey x *E*-#)) = (—1pet0e 
we have that the Kronecker index of the n-cycles in (28.3) and (28.4) is 
(28.5) > (—1)? (Ep: "BAPE : Ep), 
Pp 


which is precisely the common number of fixed cells of the correspondences 
(cf. (25.10)) defined on 1K and *K by 


: . . 
(E,:'Ep), (PE,:*EF). 
Consider the intersection of 





y 1 2 : 2 2 pk 
t “ne ('C" = a covering n-cycle; “Cy = t E) 





AN ABSTRACT APPROACH TO MANIFOLDS. 241 


with the n-cyele of (28.4). In accordance with (28.2) it may be written 


(28.6) > 1)?” Tae ¢ Ej: : Eyl ( 1, Ei) x ( Cc, AB ?), 

For p>q, (Cy: *; *) is vacuous; for p<q, ( ‘O”"." E>) has dimension <q. 
So take p = q, suppress *C”, ‘and replace ("C,-°Ej"") by its Kronecker 
index (—1)?@+»?¢, The result is the chain 


T'?C,) = Ei :'E)'E;. 


Thus a definite process of intersection and “projection” gives a product 
interpretation of the correspondence 7". 

29, Remarks. Our first remark bears on the problem*® of classifying 
sets of cells which are isomorphic except for incidence numbers. Let {E)} 
((=0,1,---, 2) be a set of O-cells each of which has on its boundary 
a common (—1)-cell E’,;. An augmented closed simplex “oc, and the 
iterated join : 


(29.1) - I] (Ej +E’) 


are clearly isomorphic except for incidence numbers. By (12.10) the 
join (29.1) is a complex no matter what integral values 


(29.2) (Eb: E41] 


may have. Unless all the numbers (29.2) are zero the Betti numbers of 
(29,1) are all zero in consequence of (13.6), and so are the same as those 
of *o,. If the numbers (29.2) are (+ 0 and) relatively prime (13.5) shows 
that (29.1) like +e, has no torsion coefficients. 


Our discussion of the groups associated with a complex (cf. § 4) would 
be incomplete without some mention of “chains with rational coefficients” 
and “chains modulo m”’. 

Instead of Gp consider the group Gp of all chains 


(29.3) tj E; (@=1,2,-->, ay) 


with rational coefficients ¢;. Any set {Cy} of these >jphains such that the 
determinant |[{C;/E]| + 0 constitutes a basis for G2. Bases of this sort 
can be chosen, for each p, so that [{Cy+1}: {Cj\] consists of zeros except 


—asmnessmpremiagginiieibbiennaies 


* Suggested by Professor Lefschetz. 
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for @p 1’s A the secondary diagonal. The Betti group By is replaced by 
a group BE related to B, just as Gk is related to Gp. The torsion group 7, 
falls out entirely: 

For a discussion of the group Gy” —of all chains (29.3) with 4 integers 
reduced modulo m—the reader is referred to a note** dealing especially 
with this topic. 

If it would be worth while recourse might be had to general ring and 
ideal theory for the coefficients ¢;, in the forms (29.3). In the present 
paper the disadvantages of such an abstraction seemed to outweigh the 
advantages. 





Consider a chain correspondence between a complex K and a complex { £;}. 
We assume that there is just one E, of each dimension, and that each 
[E,-1: E;] == 0. The correspondence can accordingly be expressed as 


(29.4) T(Cy) = (Cy) Ep 


where /(C>) is a linear (numerical) function of the elements of the group 
of p-chains on K. As a consequence of (25.4) we have that 


Ft (Cp) = 0 if Cp~0. 


The function f(C,) is therefore analogous to an integral of total differ- 
entials on an analytic manifold. A7(C,-C"—?), for C”-? a fixed cycle, is 
such a function. 
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REGULAR FAMILIES OF CURVES:.! 


By Hasster Wuitney.? 


1. Introduction. The topological properties of families of curves, 
occurring as solutions of differential equations, were first studied extensively 
by Poincaré. Other authors have continued these investigations, building 
up a considerable theory of the behavior of such curves, as determined 
by the differential equations considered.* These equations usually are, or 
may be, taken in the form 

ot ne a ES aes 
the solutions may then be considered -as the paths of particles in n-space, 
¢ being the time. 

In this paper we study families of curves, given abstractly. The curves 
are required to satisfy a certain condition, the “regularity condition” (§ 6); 
it is certainly satisfied by solutions of differential equations. The main 
object of the paper is first, to prove the existence of cross-sections of 
these curves (§ 17), and secondly, to show how a function g = /(p, ¢) 
can be defined (under slight further restrictions), which may be interpreted 
as defining a motion of particles along the curves of the family (§ 27). 

2, Summary of results. Part I is devoted to a function of point 
sets mw; it is this function which makes possible the proofs of the main 
theorems. 

In Part II regular families of curves are defined, and necessary and 
sufficient conditions that a family be regular are given. A definition of 
the distance between two arcs due to Fréchet‘ is fundamental. The 
“motions” are defined, and the orientability of a regular family is discussed. 
A function gq = g(p, ¢) is introduced; corresponding to a point p on a 
curve C’ and a number ¢, there is a point g, which moves away from p 
as ¢ increases. By means of this function, a set of arcs lying between 
two cross-sections can be mapped topologically into a family of straight 





‘Received October 26, 1932.—Presented to the American Mathematical Society, March 25, 
1932. An outline of the paper will be found in the Proceedings of the National Academy 
of Sciences, vol. 18 (1932), pp. 275-278 and 340-342. 

? National Research Fellow. 

*See for instance L. Bieberbach, Differentialgleichungen, Berlin, 1930, Part I, Ch. IV. 

‘M. Fréchet, Sur quelques points du calcul fonctionnel; Rendiconti del Circolo Matematico 
di Palermo, vol. 22 (1906), pp. 1-74. 
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lines. A general definition of cross-sections is given, their existence is 
proved, and a few of their properties are discussed. 

Suppose we have a steady flow of fluid through space. The path of 
each moving particle is a curve C; these curves are fixed in position. 
There may also be invariant points. Given a position p of a particle and 
a length of time ¢, we may represent by g = /(p, ¢) the position of the 
particle after the time ¢ has elapsed. The set of positions the particle 
moves over during this time defines the motion (pq). In Part III we show. 
under what conditions such a flow may be defined over a given family of 
curves and invariant points. 

A family of paths is first defined. Tubes are introduced, and it is shown 
that the ends of a tubé are cross-sections, and conversely, a tube can be 
formed from a cross-section. A sequence of tubes can be found covering 
the curves of the family, and having certain properties. Using the function ¢ 
of Part Il, we define the function f over each tube in turn, till it is defined 
over the whole set of curves. Letting f be constant at the invariant 
points completes the definition of the flow. A function r(pq) is also defined 
for each motion (pq); it may be interpreted as the time taken by a particle 
in travelling from p to g. We prove finally that any two flows defined 
over a family of paths are equivalent in a certain general sense.° 


I. The function of sets wu. 


3. Definition and elementary properties of ». Let R be a separable 
metric space,® and let a, a2, --- be a sequence of points dense in R. 
Corresponding to these points we define functions f,(p), f2(p),--- by the 
equations 


We note the following inequalities: 
0<fily) <1; 
|fi(p) —Ai@| S |eai, p) — (ai, | < e(y, @)- 





(3.2) 





*We make use of the following notation: 


¢(p,q) = distance between the points (or point sets) p, 9. 
J(A) = diameter of the point set A. 

Ve(A) = all points p such that e(p,A)<e. 

W.(A) = all points p such that o(p, A) <e. 


We say a point p (or point set P) lies within, or interior to, the set A if p is (each 
point of P is) an inner point of A. FP lies within an are if it lies in the arc minus its 
end points. ACA’ signifies that each point of A is a point of 4’. 

®°See for instance Hausdorff, Mengenlehre, Berlin, 1927, Ch. VI. 
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Let A be any non-void point set in R. For a given 7, consider the various 
values of f;(p) for pCA; these values have a least upper bound U. B. 
and a greatest lower bound L.B. We put 


(3.3) yi(A) = U.B. fi(p) — L. B. fi(p) = U.B. | ily) —A@I, 
pca pCa DiQCA 


and 





(3.4) w(4) = 3, 
Using (3.2), we find 
(3.5) wi(A) < (A), w(A) S 9(A), w(A) S11. 


In the following theorems, we give some elementary properties of the 
function w. 

THEOREM 3A. If A contains but a single point, then w(A) = 0. 

For each «;(A) = 0. 

THEoREM 3B. If ACA’, then w(A)<p(A). 

THEOREM 3C. If A =A plus its limit points, then w(A) = (A). 

For this reason, the function w is of interest mainly in dealing with 
closed sets. 

THEOREM 3D. If AC We(A’), then 


u(A)< (A) + 2e, 


Consider a fixed, and take any pointpCA. There is a corresponding 
point p’C A’ for which o(p, p’) < «+8, where 8>0 is so small that for 
- some e>0, | fi(p) —filp’)|<e¢—«. Therefore 


U.B. fi(p) < UB. f(y) +e—a, LB fi(p) > LB. Aily')—et+e, 
pca p'CA’ pCA p'cA’ 


and thus w;(A)<;(A’)+2¢. Dividing by 2¢ and summing over 7 gives 
the theorem. 
THEOREM 3E. Jf ACA’ and A’ contains a point p at a positive 
distance d from A, then 
w(A)<p(4’). 


This is true, in particular, if A is closed and AC A’, A+ A’. 

Of course ~;(A) < w;(A’) for each 7; the theorem will follow when we 
have found an 7 such that ;(A)<:(4’). As the sequence a, @:,°*° 
is dense in R, there is a point a; such that o(a, p)<d/3; then 
Si(p) > 1/(1+ d/3). Now e(a, A) >2d/3, hence f:(g)<1/1+ 24/2) for 
qc A. Hence U.B.A@) a U. B. fi(p)), and thus y;(A)< mj (A’). 
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We can state the last two theorems in the form: (A) és a continuous 


and increasing function of A. 

THEOREM 3F. Jf A- A’ +0, then 

W(A+ A’) < w(A)+ Ke (4). 

The proof is simple.’ 

4, Comparison of the function » with other functions. Functions 
obeying both Theorems 3D and 3E do not seem to have been used before. 
We mention here some functions which obey these theorems partially. 
(a) The function d(A) obeys Theorem 3D but not Theorem 3E. 

(b) Let R” be Euclidean n-space, and let m,(A) be the n-dimensional 
Lebesgue measure of a set A. Theorem 3D, in a weakened form, is 
obeyed by this function. Theorem 3E will be obeyed if, for instance, 
we restrict ourselves to the closures of open sets. 

(c) The capacity of a set, say in three dimensions, obeys Theorem 3D in 
a weakened form, but not Theorem 3E: The capacity of a sphere is 
the same as the capacity of its surface. 

(d) Let R be a separable space, defined by the sequence of neighborhoods 
U,, Uz,---. (If R is metric and the points a,, az, --- are dense in R, 
we can take for these neighborhoods open spheres of rational diameters 
about these points.) For any set A, put a;(A) = 1 or O according 
as U;- A +0 or = 0; put »(A) = 2/2, This function satisfies 


Theorem 3E, as stated for closed sets, but does not satisfy Theorem 3D. 

It has the remarkable property that any two distinct closed sets have 

distinct numbers v. 

5. The function w’, Let R be a Euclidean space, or more generally, 
a metric space in which every bounded set is totally bounded.* Take any 





‘As a simple application of the function «, we prove Brouwer’s Reduction Theorem. 
We consider only closed subsets of a separable metric space R. If a (closed) set A has 
the property P, we write: P(A). Assume of P that if 45> 4:D-+-DA (A is the 
limiting set of the sequence), and P(A,), each i, then P(A). If P(Bo), then there is 
a set BC By such that (1) P(B), and (2) if B'CB and P(B’), then B= B. 

Say « (By) = wo. Let us be the lower bound of numbers « (B’) for B’ Cc By and P(B’), and 
take B,C By so that P(B,) and u(B,) = #1<40+1. In general, let i be the lower 
bound of numbers «(B’) for B’C B; and P(B’), and take Bi: c B; so that P(Bi+1) and 
“(Bi) = wicwit+ifi. Then BOB,D---DB, and P(B). As Bits cB, 
Mi+1 Su. As any set in Biyi lies also in Bi, wii 2M. AS MH S Mi + 1/i, 
lim“: = lim «4; = a number wu. As BC Bi, u(B) S » (in fact, u(B) = mu). Suppose 
B'CB, B'+B and P(B’). By Theorem 3E, “(B’)<«m(B); hence, for some k, 
“(B')< ui. But this contradicts the definition of ji. 

As we used only Theorem 3E, not Theorem 3D, the function » (§ 4) could be used in 
Place of the function « in this proof. 


* See Hausdorff, loc. cit., p. 108. 
16* 








elie iti nen 














hy Byers 


hrm 











248 H. WHITNEY.: 


bounded set A in R, and a fixed 7. If pi, ps, ---, pi are points of A, 
there is associated with this set of points P; a number d(P;) = min 
o (px, p) (which is 0 if two of the points coincide). Let m;(A) be the 
upper hound of the numbers d(P;) for such sets P; in A, and put 


(5.1) w (A) = ps ne , 


- 





and 3E.° 

In a general separable space, Theorem 3E will not be satisfied by this 
function. For set A = p,+p.+---, each p; being that: point in Hilbert 
space which has the 7th codrdinate equal to 1, ‘the other codrdinates 
being 0. If A’ is any infinite subset of these points, w’(A’) = w’(A)= V2. 

A compensating advantage in the function w’ is the following. If A 
and A’ are any two congruent sets, then yw’ (A’) = w' (A). If A’ is similar 
to A (in the common geometric sense), each distance in A’ being k times 
the corresponding distance in A, then w’ (A’) = ky’ (A). — 


This function (for bounded sets) is_easily seen to obey both Theorems 3 D 


II. Regular families of curves. 

6. Definitions. Consider two arcs pq, pq’. Let H be a homeomorphism 
between these arcs, in which p and q correspond to p’ and q’ respectively. 
Let d(H) be the upper bound of all numbers oe (r, 7’) for corresponding 
points 7, 7’ in this homeomorphism, and let 


(6.1) o(pg, pg’) = o(p'd', pd) = 6p, dp) 


be the lower bound of the numbers d(H) for all such homeomorphisms 
between the two arcs. This number we call the span between the two 


‘ (oriented) arcs (écart in the sense of Fréchet).1° Some simple properties 


of the span are given in the following theorems. 

THEoREM6A. If par and p'q'r' are ares and o(pq, p'd)<é&, 
o(gr, q'r’)<e, then o(par, p'dr')<e. 

THEOREM 6B. Jf o(pr, p'1’)<e and q lies within pr, then there. is 
a point q' within p'r’ such that o(pq, p'q')<e and o(qr, qr) <e. 


OF OG. 


THEOREM 6C. For any three arcs pq, p'qd, p’ q'; 
(6.2) o(pq, pa )<o(pq, p'g)+o(p'd, pq’). 


We shall use the word curve in this part as the topological image of 
a line segment with or without either end point, or of a circle. Consider 





* See the first Proceedings note referred to above. 
In Fréchet’s definition, all homeomorphisms are allowed. In terms of ¢, his écart 


| is the lesser of the two numbers (pq, p'q’), o(pq, q'p’). 
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a set of curves, the points of which form a separable metric space. We 
shall say these curves form a regular family F if no two of them intersect, 
and if the following condition is satisfied: Given any arc pq of a curve C 
of the family and any ¢>0, there is a 6 >0 such that if p’ lies on C’ 
and o(p, p’)<4, then there is an are p’q’ of C’ such that 


o(pq, p'd)<e. 


It is easily shown that the condition that no two of the curves "intersect 
may be replaced by the following: No two of the curves differ, as point 
sets, by at most two points. 

Any arc,lying on a curve of the regular family we shall call an avec 
of the regular family. ; 

7. Conditions under which a family of curves is regular. We 
prove here 

THEOREM 7A. A mecessary and sufficient condition that a family of 
non-intersecting curves be regular is that each point p of any. curve C be 
on an are pq of C (where q can be taken on either side of p if p is not 
an end point of C), with the following property. For every «> 0 there is 
a 6>0 such that if p’ lies on C’ and oe (p, p') <9, then there is an arc 
pd of C’ such that 
(1) p'q’ C Ve(pq and q C Ve(q), and 
(2) if *’ and s' are on p'q’ and oer’, s') < 4, then the arc vr’ 8' is of 

diameter < €, 


We prove first the necessity of the condition. Given a -point p of C, - 


take any are pq of C and any «>0. Divide pq into arcs of diameter < ¢/4, 
and take 7 less than one third the distance between any two of these 


ares without common points. Take 6<y so that if p’ C Vy(p), then. 


there is an are p’q’ with o(p 4, p’q')< 4. (1) is certainly satisfied. To 
prove (2), take 7’ and s’ on p’q’ with oe(’, s')< 4; let r and s be corres- 
ponding points of pq so that « (pr, p'r’), -o(rs, v's’) and o(sq, s’q’) are 
<q. Then o0(r’,r) < q and e(s’, 8) < y, hence oe(r, s) <3. Consequently 
rand s are either on the same or adjacent arcs of our subdivision of 
pq, and d(rs)<e/2. But a(rs, r’s')<4<e/4, and hence d(r’s') <<, as 
required. 

We turn now to the sufficiency of the condition. The theorem gives 
us certain ares pq with g on either side of p; we shall show that the 
regularity condition is satisfied, first, for these special arcs pq, then, for 
any arc pg. Divide pg = po pm into arcs popi, °**, Pm-1Pm, each of 
diameter < «/6, and let ¢, be less than half the distance between any 
two of the points po, ---, pm Take a number 4 corresponding to &, 
as given. in the theorem. From each point p: (@ +0, m) follow C towards 
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po and towards pm to the first points 7; and s; respectively not in Va.ia (pa, 
and define the ares Ci = pori; Ci = 7ri8i, Cr = 8 Pm. Take & < d,/4 
and < 0(C;7 , C7)/2 = 1, ---, m—1). Take 6 corresponding to «, as 
given in the theorem. 

If po is any point in Vy(po), there is an are po pm satisfying (1) and 
(2), with « replaced by ¢; we shall show that o(popm, popm)<¢. We 
note first that popm has points in Vyj. (pi), ¢ = 1, +--+, m—1. For 
po & Vy(po) C Ve (Ci), Pm C Ve, (Pm) C Ve,(Ci), o(Ci, Ci) > Qe, and 
PoPm is connected; hence there is a point 7’ of popm not in Ve,(C7 +¢7). 
But popm C Ve,(popm), and thus 1’ C Ve, (Ci) C Vo,.( pi). 

Let pi be a point of popm in Vy,o(pi), i= 1,---,m—1. These points 
are in the order po, pi, --:; Pm—1; Pm (they are of course distinct). For 
if they are not, then there is a point pj lying between po and pj, j >i. 
We see then just as above that pop; contains a point r’ C Vy (pi) (evi- 
dently p;C Ve,(C7)); hence e(7’, pj)<6,. But also o(pi, p) < 4,/2, 
o(pj, p)) < 4,/2, e(pi; pj) > 24, and 6, < &; hence e(pi, p)) > & and 
O(r' pj pi) > &, contradicting our choice of 0,. 

Establish a homeomorphism between each arc p;pi+1 and the corresponding 
are pipisi; this gives a homeomorphism between popm and popm. If we 
show that O(pipiti+ pipiss) << ¢, it will follow that o( pipiti, pipirs) < «, 
and hence o(popm, popm)<€, aS required. If we put 7; = 7% = po 
and 8m = Sm+1 = pm and note that ri-18:+2 C Very, (pipits), we see it is 
sufficient to show that pipisi C Ve, (ri18:+2); for then pipits C Vers (pipits, 
and thus O(pipiti+ pipiss) << ¢. If this-inelusion is false, then there is 
a point s’ of pipiz1 in Ve,(Ci-1) or Ve, (Ci), say the former. Just as 
before, we see then that s’p,, contains a point 7’ in Vy o(pis). It follows 
that e(r’, pis) << 6, and d(r’s’ pj_1) > &,, which cannot be. This completes 
the proof for the special ares pq. 

Consider now any arc pg. + We saw above that there is an are pq 
satisfying the required condition, with qo lying on the same side of p as 
q- If there is such an are with g lying beyond q, then it follows from 
Theorem 6B that pq has the required property. If not, then consider all 
such arcs pqo, and let g, be the bound of these points g) on C; q lies 
on pq. There is an arc g,q2 with the required property, gq. lying beyond 
q@ from p. 

Given an «>0, take 4<e, <@(p, qige)/2 and <e(gs, pqi)/2, and take 
4<&/2 so that if gi Vy(q), then there is an are gjg3 with o(q: 92, 9192) <41: 
There is a point go +, on pq, such that d(qoq,)<4/3, and pqo has the 
required property. Take 3 so that for any p’CV,y(p), there is an are p’ qo 
with o(pqo, p’'qo)<4/8. Take a point gj beyond 9g} from p’ so that 5(q91) 
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<9/3; then o(pq,p’gi)<y. Take an are gig: with o(q:92, qig2)<«. 
On account of our choice of ¢,, g2 lies beyond go from p’. Hence for 
any p’'CVy(p) there is an are p’g with o(pqs, p’q:)<¢, and pq has 
the required property. But this contradicts the definition of g,. The 
theorem is now completely proved. 

8, Examples of regular families. 

(a) In the wy-plane, the parabolas y = a(1+.2*), one curve for each 
value of a, form a regular family. We could also restrict a to any set 
of values we like, say to the values 0, +1, +4, +4}, ---. 

(b) Using polar coérdinates, the curves 


r=1, and r= 1-355 
one curve for each y, O< y<2a, form a regular family. We might replace 
the curve » = 1 by a finite number of curves, formed by dropping out 
points or ares from the curve. 

(c) One curve C is an open segment in the plane, and each other curve 
consists of those points in the plane at a fixed distance from C. 

(d) Let F be a set of curves forming a separable metric space, and let 
each curve be an arc. Suppose (1) for each point p on a curve C of F 
and each «>0 there is a 6>0O such that if p’ is on a curve C’ of F 
and e(p, p’)<6, then CCV,.(C’) and C’CVe(C),"" and (2) the curves 
of F are equicontinuous.'? Then F is a regular family. 

To show this, we show that the conditions of Theorem 7A are satisfied; 
it is evident that no two of the curves can intersect. Let pq be any 
curve of F, and take any point p, interior to pg. We shall show that 
~iq has the required property. (The case p, =p or g admits a simpler 
proof.) Given an e>0, take ppCpm so that d(p.pi1)<¢/2, and put 
2, = e(p1, ppe). Take e so that if p’ and 7’ are on some C” and 
e(p', r’)<Be, then d(p’r’)<e,. Take 7; C psp, and rz in p,q so that 
mit: C Ve(pi). Put 2es = e(pri,72q), and take 6 so that if 
p'CC'.V5(p,), then CCV,,(C’) and C’CV,,(C). Take any such p’; 
then there is a point g’CC’-V,,(q). We shall show that condition (1) 
of Theorem 7A is satisfied; (2) holds automatically. 


(0 >1—y), 


''We may express this by saying that the curves of F form a continuous (i.e. both 
lower and upper semicontinuous) collection. 

"That is, for every ¢>O there is a d>O such that if p and g are end points of an 
are pq of any curve C of F and o(p, <4, then d(pq)<e; in other words, the curves 
of F are uniformly locally connected. 

It is of course sufficient to assume that the curves are equicontinuous in the neighbor- 
hood of each curve of the family. 
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We need merely show that p’q’CVe(~iq), or, p’q’C Ve(peq). As 
C’CYV,,(C), it suffices to show that p ‘d:Ve,(pp.) = 0. Suppose 
s'Cp'q’: Ve,(DPs): Then as C’CV,,(C) and e(pri, req) = 2¢s, there is 
a point r'Cs'g' Ve, (7 Py 2) € Vos, (p,). But then e(p’, r’)<3e, and also 
e(p’, *) = 4% and thus d(p'r’) > &, contradicting our choice of ¢. 

In regard to this example, see § 14. 

(e) Let C be a simple closed curve in the plane, containing inside it 
the point a. Let every point inside C except for a lie on a simple closed 
curve containing a inside it. If no two of these curves intersect, and they 
are equicontinuous, then they form a regular family. ‘The proof is not 
difficult. See also § 20. 

9, The neighborhood of an arc. Take an arc pq of the regular 
family F and a 4>0. The A-neighborhood of pg, Ni(pq), consists of 
all ares p’q’ of F such that o(pq, p'q’)<4. Ni(pq) contains, in particular, 
arcs contained in and arcs containing pq. 

THEOREM 9A. The set of points on Ni(pq) is open. 

For suppose 7’Cp'q’, o(pq, pq) = 4’<4. Take 6 small enough so 
that for every r*C Vy(r’) there are arcs r* p* (if ’ + p’) and r* q* (if 7’ +7) 
with o(r’ p’, r* p*)< 4—M and a(r' q/, r* g*) << 4—7’, and so that p* and q* 
are on opposite sides of r*. Then o(p'q’, p*q*)<4—A2 and hence 
o(pq, p*q*)<A4; thus every r* in Vy(r’) is on an are of Ni(pq), and this 
set of points is open. 

THEOREM 9B. If pq is interior to a curve C of F, then for each «>0 
there is a 4>0 such that if the arcs p'q and p"q" are both in Ni(pq) 
and they have common points, then they differ at most by a point set lying 
m Ve(p)+Ve(q). 

Let pq be contained within an arc pogo and contain within it an are p; % 
so that poppi C Vejo(p) and gi qq C Ven(qg). Take 24)<« and less than 


any of the distances @(po, pg), @ (go, Pg), e(P, P19), ECG, Pods), and take 
4<4o so that all points of Ni(pq) are on arcs of Ni,(poqo). Suppose 
now pq and.p”’g” are in Ni(pq) and have the common point 7’. Let 
pogo be an arc of Ni, (Pogo) containing 1’, and take p; and qn on. pogo 80 
5 (Do Pr; Po pi); o(p Qi» pigi) and o(9; go, giqo) are all <4o. po and go are 
not on p’ q, hence p’ q' K pogo Pig Vi, (710), hence pigo-Vi,(p) = 9, 
and thus p’C po Pi; similarly q’ Cc gigo. In the same way we see that 
pac p' a" po qo. Therefore p’q’ and p’q" differ at most by subsets 
of popi and gigs, which lie in Ve(p)+Ve(q). 

10. Orientability of a regular family. Suppose a positive direction 
is assigned to each curve of a regular family F. An arc pq of F is now 
positively oriented if q lies in the positive direction from p along pq; other- 
wise it is negatively oriented. pq and gp have then the opposite. orientation. 
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We shall say the curves of F' are similarly oriented in the neighborhood 
of the arc pq of F if the following condition is satisfied. If p;q:, pegs, --- 
is a sequence of oriented arcs of F approaching pq: o(pq, pigi) > 0, then 
for every 7 greater than some N, pq and p;qi are similarly oriented. If it 
is possible to assign a direction to each curve of F so that the curves 
are similarly oriented in the neighborhood of each are of F, we shall say 
F is orientable. We always assume hereafter that the curves of a regular 
orientable family are properly oriented. 

Each regular family described in § 8 is orientable except that in (c). 

11. The motions of a regular oriented family. Let C be a curve 
of the regular oriented family F. Let K be a correspondence between 
the numbers x, O< a<1, and points pz of C. If this correspondence 
maps (0,1) continuously onto C, and 0 goes into po and 1 into p,, we 
say K defines the motion (po p,). We shall say two correspondences Ky 
and K, define the same motion (pp »,) if one is deformable into the other; 
that is, there is a correspondence K, for each y, O<y<1, such that 
if pry denotes the point corresponding to x in K,, then poy = po, Pty = Pi; 
and pry is continuous in both variables x and y. 

A null motion (pp) is determined by letting all of (0, 1) correspond to 
a single point p. 

Suppose the curve C of F is the image of a line segment and p and q 
are distinct points of C. Then if we put the are pg into 1—1 continuous 
correspondence with (0, 1), this defines a motion (pq); evidently there is 
no motion (pq)’ different from this one. In this case the motion (pq) is 
uniquely determined by its end points p and g. However, if Cis a simple 
closed curve, and we follow the points p, as x increases from 0 to 1 in 
the motion (pq), we may pass around C a number of times, and thus find 
different motions (pg). In any case, we may define any non-null motion (pq) 
as follows. Let pyr, p1 pe, ---) Pm—1q be a set of arcs of C, all positively 
or all negatively oriented. Putting p= po and ¢= pm and putting each pipi. 
in 1—1 continuous correspondence with the interval (¢/m, (¢-+1)/m) gives 
a correspondence between (0, 1) and points of C, defining the motion (pq). 

A non-null motion (pq) is positively or negatively oriented according as 
the above ares defining (pq) are positively or negatively oriented. 

If F is a family of paths and the functions « and f are defined as in 
§ 27, then we may define the motion (pq) uniquely by means of the following 
correspondence: 

(11.1) poe = S lp, xr (pq)) <2), 


Let (pq) and (gr) be two motions on a curve C, the first ending, the 
second starting, at the point g. Define these in terms of the intervals 
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(0, 4) and (4, 1) respectively. This gives a correspondence between (0, 1) 
and points of C, defining the motion (pr) = (pg)+ (qr), the sum of (pq) 
and (qr). (qp) is the negative of (pq) if (pq)+(qp) is the null motion. 

12. The space of motions. Given two motions (pq) and (p’ q’) on 
C and C’ respectively, we can define the span o[(pq), (p’ q’)] between them 
just as we defined the span between arcs: Let K be any correspondence 
defining (pq), and K’, one defining (p’ q’); this induces a correspondence K* 
between points of C and points of C’, d(K*) is the upper bound of 9 (r,7’) 
for corresponding points in K*, and o[(pq), (p’ q’)] is the lower bound of 
d(K*) for such correspondences K*. 

We may let the motions of /' be points of a new space M, letting the 
distance between two of these points be the span between the two motions. 
MM is metric and separable. A sequence of motions dense in Yt may be 
determined as follows. Let a, ag, --- be a sequence of points dense in R. 
For each 7,7>0 choose a point aj on the curve C; through a; so that 
(aj, uj)<e (aj, C)-+1/); then the points aj are dense on C;. For any 
two points aj and aj on C;, there is either one or a denumerable number 
of motions (ay ay’); the set S of all such motions is dense in MN. For given 
an €>O and a motion (po pm) of Mt, consider a set of arcs po pi, +++; Pm—1 Pm 
defining po pm (see above). If a;, is close enough to yo, there is an are 
Gi, 4, Close tO po pi, next an arc a, ai, close to p; ps, etc. This set of arcs 
determines a motion (a;,a;,) within ¢ Of po pm, as required. 

13. The function g. Let p be a point on a curve C of a regular 
family, and consider a variable point gq on C. For each are pq there is 
a number (pq) (see Part I); ~ (pq) increases continuously from zero as q 
moves away from p. Given a number a, if there is a point qg such that 
(pq) = @, we shall say gq = g(p, @): 


(13.1) g = g(p, «) equivalent to w(pq) = «. 


g is in general two-valued: if p is interior to C and @ is small enough, 
there will be two corresponding points qg; but if @ is large enough, there 
will be one or no corresponding points. 

The importance of the function g lies in its continuity: 

THEOREM 13A. In a regular family of curves, g(p, «) is a continuous 
Junction of both variables. 

By this we mean that if the are pq is interior to the curve C’ and 
q=4g(p, @), then for every «>O there is a d>O0 such that if p'CVo(p) 
and | «’—a|<d, then there is a point q’= g(p’, «') CV (q). 

To prove this, take first 7<«/2 so small that there are points 


n= g(p,e¢—3y), w= gl(p,e+3y4) 
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on the same side of p as qg, and so that the arc g,qq2:C Vej(q). Take 

d<y so small that any point p’CVy(p) is an end point of an are p’ qs with 

o(p4qz, p' q2)<4. Consider a homeomorphism between pq, and p’g2 in which 

corresponding points are distant < 7; let qi be the point corresponding to q,. 
We shall now show that 


(13.2) e(pg<a—y, wlp'g)>aty. 


To prove the first inequality, every point of p’qi being within 7 of the 
corresponding point of pq, p’qiCVy(pq); hence, by Theorem 3D, 
w(p'a<e(pu)+2y = «—y. Also pgsCVy(p’q), and thus the 
second inequality follows. 

Now take any such point p’C Vy(p) and any @’, |a’— «|< d<y. From 
the above inequalities we see that there is a point q’ = g(p’, «’) in the 
are gig. But the correspondence between pq: and p’q: shows that 
91.92 C Vn (91 92) C Ve (gq); hence q’C V_ (q). 

THEOREM 13B. g is untformly continuous over any compact and closed set 
of points p and bounded closed range of values «. 

This is an immediate consequence of the Borel Theorem. 

14. An application. Assume that the regular family in (d), § 8 is 
orientable. Then each curve of F has a first point p) and a last point p,. 
Let Sy be the set of all first points, and S,, the set of all last points. 
It is easily seen that S, and S, are closed, and are homeomorphic. We 
prove now 

THEOREM 14A, F' can be mapped in Euclidean or Hilbert space so as to 
become a family of straight line segments. 

First map Sy into a subset of such a space in which the first coérdinate 
x = 0. Let p be any point of F, on the arc py, of F, and say po is 
mapped into the point po; then map p into the point whose first codrdinate 
x = "(pop)/™(pop:), and whose other codrdinates agree with those of po. 
By Theorem 3D, we see that ~(pop,) is a continuous function of po; hence, 
using Theorem 183A, we see that the points of F are mapped topologically 
into space as required. - 

A special case of this theorem has been proved by R. L. Moore.'® 

15. The function g/. Let F be a regular oriented family. Take any 
point p of a curve C of F, and any number «> 0. If q is such a point 
of C that w(pq) = a@, put gq = g(p, @) or gq = 9 (yp, — ®) according 
as q is in the positive or negative direction from p along pq. 


ee 





'R. L. Moore, Fundamenta Mathematicae, vol. 4 (1923), pp. 106-117, Theorem I. See 
also his Colloquium Lectures, Foundations of point set Theory, p. 397. Note that it is 
fairly easy to show directly that the above mapping is continuous, aiaeiiicns: taandinam 
the family is regular. 
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g’ is single-valued, and is continuous in the same sense that g was. 

THEOREM 15A. Ina regular oriented family, if pi>p, «>a+0, and 
qi = 9 (pi, i), 9 = g'(p, &), then pi gi> pa. 

This is a strengthening of Theorem 13A. Given an e>0, choose d>0 
as in the proof of that theorem, and using the same notation, note that 
o(pqa, pa)<4y. Take any correspondence between gig and qgiq’; as 
gidCqigs CVe(g), we see thus that o(qg,giq’)<e«, and hence 
o(pqg,p'q)<«. From this we see that if g* = g(p;,,«,) (using the 
notation of the present theorem) is taken on the right side of p;, then 
?;,94; pq. But as the family is oriented, pg and p,g* have the same 
orientation for 7> some N; hence g; = gf for «> N, and p,q,> pq. 

16. Cross-sections. Let p be a point interior to a curve C of the 
regular family F. A set of points S forms a cross-section: through p if the 
following conditions are satisfied: 

(1) Each point p’ of S lies within an are go qi of F such that for some 
i’>0, each arc of Ny (qoqi) (see.§ 9) contains at most one point of 8. 

(2) p lies within an arbitrarily small arc qq, of F such that for some 
4>0, each are of Ni(qog,) contains exactly one point of S (hence 
pcs). 

(3) S is closed. 

S is a cross-section if it is a cross-section through some point. We 
might call those points of S satisfying (2) inner points of the cross-section. 

It would be reasonable to require further that all points of S be inner 
points or limit points of inner points; also 'if R is locally connected, we 
might demand that S be connected. 

Example. Let F be a regular family of curves filling a region of the 
plane (or of n-space); assume the curves have directional derivatives which 
are continuous in the region. At the point p within the arc qq erect 
a small line segment (or portion of an (n—1)-plane) perpendicular to the 
direction of go q, at p; this forms a cross-section through p. 

17. Existence of cross-sections. We prove here 

THEOREM 117A. Through any point p interior to a curve C of the regular 
Jamily F there is a cross-section 8. 

Let gq be an are interior to € and containing p within it. Take 
40<e(qo, pq) and <e(q, pq), and put U = Woe(go). For any super- 
script +, if the curve C* of F contains a point p* near p, let g> (¢>90) 
be the first point of C* in We(qo) (if it exists), following C* from p* 
towards U; ge is that point on C. Take y so small that the arc 
gan Go C Vo(qo). Say »(U+pqy) =; we shall show that on each are 
near goq: there is a point p’ for which «(U+p’q,) = a, and that these 
points form a cross-section S. 
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Take 4<y small enough so that any two arcs of Nj(q0q,) with common 
points differ at most by a point set in Vy(qo)-+ Vo(q,) (see Theorem 9B). 
Then we can assign a positive direction to each are gigi of Ni(goq:) 80 
that qo(C Vy(go)) lies in the positive direction from q;. 

Take 8< 4/2 so small that if p, and p, are the points of q q, for which 


(17.1) w(U+pidy) = © —28, w(U+peqy) = «+28, 


then p; pps C Ve(p), where ¢ is some number <o. If r* is any point 
near p on an are of Ni(qo qi), put 


r*(t) = g'(r*, 0) (t > 0), 
in the positive direction from 7*, as defined above. Put also 
tie srid Hp, qr) (k= 1,2; c>0). 


Then in particular, 
Py (typ) ss I [Pe (p, aI = Yr 


By the uniform continuity of the function g’, we can take 7,<«/2 so 
that if p{ CV,,(p,), then : 


(17.2) elm, nQ)<8 (O<tS to). 
We shall show that U+ pig, CVs(U+ p; gy); it will follow that 
(17.3) “(OU + pign)<w(UO+ pi dy) +28 = @. 


It is sufficient to show that pig, Ve(U+pigy). Putting t= to in (17.2), 
we see that p; (t.9)C Vg(q.); hence g, lies between p; and p;(¢,.), and 
P, ICP, p(t). By (17.2), p; Pity) C Va(p1Q,), and by the choice of 7, 
Pi (try) By (tro) Vg (Qy G0) S Vp Gey Go) CU; thus (17.3) holds. 

Take 7,<e/2 so that if p,CV,,(p,), then (17.2) holds with the sub- 
script 1 replaced by 2. We shall show that U+p, IC Vs(U+p, qy); then 


(17.4) “u(U+ py q,) > #(U+ pz dy) —28 = @. 


AS ps QnC pa Q and gongoC U, it is sufficient to show that ps g2,C Vis(U + p2Qr)- 
By the choice of 72, ps p2(te,2y) C Vp (pe gay); thus, as pe q2y- Voy (qo) = 0 
and 8 <4, p2p2(te,2n)- Wy(go) = 0. Therefore the point g, lies beyond 
P2(te,2y). Hence pe Gon — Va[ ps po(ta,2n)] C Va(p2qy), and (17.4) is proved. 
Take y< 71, 72 and 4, and take d so small that any point of Wy(p) lies 
on an are gogi of Ny(gog,); this are contains points p; and ps so that 
5 (qo Pr, Go Pi); (pr; po, pi ps) and o(poq, pogi) are<y. Then piC Vy, (nm) 
and p2C Vy, (ps), and on account of (17.3) and (17.4) there will be a 
point p’ of pi ps for which 
(17.5) 3 w(U+p'm) = «. 
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We shall show that the set S of all these points forms a cross-section 
through p. 

We show first that (1) holds. Take any are A’ of Ni (qoq:) containing 
a point p” of 8. p” was determined as follows: A point r” was taken 
in Wy(p), on the arc A” say of Ni(qoq:), this determined a point qy, and 
this determined p”. A’ and A” have p” in common; hence they differ at 
most by a point set in Vy(qo) + Va(qi), because of the choice of 24. Hence 
A’-Wy(p) +0, and no matter what point 7’ is taken in A’-Wy(p), deter- 
mining g and p’'CS, gq, = gq and p'’ = p”. Thus-p’ is the only point 
of A’ on S, from which (1) follows immediately. 

For some 4)>0, each are of Ni,(qoqi) cuts Wy(p) and therefore con- 
tains a point of 8. This evidently holds also for any smaller are 77, 
containing p (as S is closed); hence (2) holds. 

We must prove still that S is closed. Let p', p®,---, be a sequence 
of points in S, lying on arcs A‘, A®,---, of Ny(qoq:). These arcs all cut 
the closed set Wy(p), hence if the sequence has a limit point, it lies on 
an are A* of Ny(qoq,) cutting Wy(p), and A* contains a point p* of 8S. 
Assume now that p* exists. We shall show that for an arbitrary «* >0 
there is a d* >0 such that the points of S on all ares of Ny(qoq,) cutting 
Vy«(p*) lie in Ve+(p*); it follows then that p'> p*. If p* = p, this follows 
from what we saw above. For replacing the ¢ used above by an arbitrary « 
and choosing 7, 72 and 6 accordingly, we have o(pe p,, p2pi)<y<é/2, 
hence p’C Vejo(p; po) C Ve(p). 

Suppose now p* +p. Given an «*>0, take £* < # and <e*/2 so 
that if ps and pf are the points of A* for which 


(17.6) w(U+ py ay) = «— 28",  wU+pi ar) = «+28, 


then ps p* pf CV. (p*). Put i = “(pe qr) (k = 3,4). Note that by 
(17.2), the point q3 on A* exists. 

Take 7* so that if p, CV,. (pz) and py C V,.(p7) are points of an are A’ 
of Mi (qq), then 


(17.8) ely? (),p;Q1<8* Oc<tSty, i=3, 4). 
We shall show that p, q, CV, (U+ ps q,) and pf a, Vips (U+p, q,)3 then 
(17.9) MU+pay<«, wU+pia)>«, 


and hence the point p’ of A’ in S (if it exists) lies on the are 
P; Py V, ax (Ds p* ps) C V..(p*). Therefore if we choose 6* corresponding 
to y* as we choose 06 corresponding to 7, then any point p’ of S on an 
are A’ cutting Wy-(p*) lies in Ve«(p*), completing the proof. 
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We show first that In +8 % CU. Say pf of A* is in Vy (p,). As 
DE P¥ (t,x) CVs (P,Gon)s ANd P, Gop + Voy (Go) = 0, and &<y/2, we have 
pips (ty on) W, 1p (q,) = 0; hence q +2 lies beyond py (t, oy). As pi (t,)CV5(q,), 
py (ty) lies beyond q3- Thus +8 i= pr (to) PE (ty) C Vig oy q) CU. 

By (17.8), pg (tg) S Ve (93) C Vy Qo); thus pg, Cp, ps (tg). AS 
rh v(t) S Vye (WE Qe) and pi (t,) py (tig) S Var GX 93) C Vy, (U), 
pr CV ge(U+ ps q*). AS p; Pte sp) CV ge (DE O72) and prars3*V,,, 4) =9, 
q, lies beyond p, (tH ra) hence pf Tie — Vee [pi P; (plc Vig (Dy y) 
As also gF.,q7 CU, pf gq CV. (U+ P, 4%). This completes the proof 
of the theorem. 

18. Equivalence of two cross-sections. Let p, and ps be two 
points, or the same point, of a curve C, and let S, and S: be cross- 
sections through p, and ps respectively. We suppose that the are 
pips (if p, + ps) contains no points of S, or of S, within it. Take an are 
mq: interior to C and containing p, and p, within it, short enough so 
that it contains no points of S, or S, other than p, and p,. Take d>0 
so that every arc in Ny(qi qe) contains just one point of 8, and one point 
of S,. If Sj and 8% are those points of S, and S, respectively which lie 
on ares of Ny(qiq2), plus limit points, then Sj; and 3 are cross-sections 
through p,; and ps, and they are homeomorphic. For, to each point of 
one set, let correspond that point of the other set lying on the same arc 
of Ny(qige). If pir, pis, --- are in 8, and approach p,CS,, and 
pu and p; lie on ares A; and A respectively of Ny (qi qe), then the corres- 
ponding points si, pss, --- of S, approach the arc A; as &, is closed, 
they approach the point p, of S, corresponding to p;, and this corres- 
pondence is continuous. 

19. The local connectivity of cross-sections. We show here that 
if R is locally connected, then any cross-section is locally connected at all 
inner points (see § 16). 

If p is an inner point of S, and gq, and 4 are taken so as to satisfy 
(2), §16, take 4’ <A so that the points of S on all ares of Ni’ (Gom) 
lie in Ve(p) (e>O arbitrary). Take y so that V,(p)C Ni (Gog), and 
take d so that any point q in S- Vy(p) is joined to p by a connected set 
AC Vy(p). Let A’ consist of those’ points of S which are on ares of 
Ni (qoq:) cutting A. Then 4’ is a continuous image of A, hence it is 
connected; also A’C V.(p), and pC A, gC A. Therefore S is locally 
connected at p. 

20. Regular families in n-space. Let F be a regular family of 
curves filling a region in Euclidean n-space. A fundamental question is: 
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Is there a cross-section through any inner point of a curve which is 
a closed (n—1)-cell (the topological image of a closed (m—1)-simplex)? 
If » = 2, the answer is yes. For any connected cross-section S contains 
two points p and gq such that dropping out any other point of 9 dis- 
connects these points; hence S is an arc.* The answer is also in the 
affirmative if n = 3. For n>3, nothing is known. 

Suppose, in a given regular family, there is a cross-section S through 
the point p which is a closed (n—1)-cell. Map S onto a portion 9’ of 
the (n—1)-plane x, = 0 in n-space. If we consider only short ares 
containing points of S, we can orient them similarly. Let pq be such 
an are, containing the point po of S; say po is the corresponding point 
of S’. IfrCpq, map r into that point of the line through po perpendicular 
to 8’ for which zn = +m(por), using the + or — sign according as 
y lies in the positive or negative direction from p>. By Theorem 134 it is 
seen that this mapping is continuous; hence im the neighborhood of any 
such point p, the curves are equivalent to a family of straight lines filling 
a region of n-space. 

Example. As we noted above, a cross-section in example (e) of §8 
is an arc; we can fit a denumerable number of these arcs together to form 
an are joining C to a. If we map this are onto the radius of a circle C’, 
we can map the curves into circles concentric with C’, as in Theorem 144A. 
We can thus prove a theorem of Kerékjarté.” 


III. Families of paths. 


21. Definition. In this part we shall denote by the word curve the 
topological image of an open line segment or of a circle only. If the 
points of a regular oriented family of curves form an open subset FR’ of 
a locally compact’® separable metric space R, then the curves of F' to- 
gether with the points of R* — R—R’ form a family of paths. The 
points of R* we call invariant points. 

22. Tubes. We call a set of arcs self-compact if any sequence chosen 
from these arcs contains a subsequence p,q1, pegs, --* approaching an 
are pq of the set: lim O(pq, Pngn) = 0. A set of ares of F form a 

n ioe) 


tube T if the following conditions are satisfied: 
(1) The ares are self-compact. 

(2) No two distinct arcs have common points. 
(3) The set of points in 7 contains inner points. 





See Hausdorff, loc. cit. °, p. 222, III. 

' B. v. Kerékjarté, Topologie I, Berlin, 1923, p. 246. See also pp. 238-239. 

'® R is locally compact if each point of R is contained in a compact neighborhood of R. 
Euclidean space is locally compact; Hilbert space is not. R’ is evidently locally compact also. 





REGULAR FAMILIES OF CURVES. 261 


One might require also that all points of 7’ be either inner points or 
limit points of inner points, and that 7 be connected if R’ is locally con- 
nected, as in the definition of cross-sections. 

The sets S, and S, of points on the negative and positive ends of the 
ares of 7 we call the negative and positive ends of T respectively. The 
point sets 7, S, and 8, are evidently compact and closed. S, and 8, 
are connected if 7’ is. 

Lemma. If T is a tube with ends S, and S, and pq is an arc of F 
containing at least two points of S,-+ Sz, then d(pq) => e(S,, S:) > 0. 

This is certainly true if pq contains points of both 8, and 8. Suppose 
pq contains two points p’ and p” of S, (or of S,), and say p” lies in the 
positive direction from p’. If p’q’ is the are of 7 containing p’, then 
p'q' Cp'p” and p’p” contains also a point of S,, hence d(pq) = e(S,, S3). 

THEOREM 22A. The ends 8, and S, of a tube T are cross-sections. 

Take S, for example. If p’ C S,, take an are qgogi of diameter < A’ 
containing p’ within it, where 2’ < @(S,, S,)/3. Then any are of Ni: (qgoqi) 
contains at most one point of S,, by the lemma; hence (1), § 16 holds. 
Let p be a point of S, on an are pq of 7' containing inner points of 7. 
Then all points of pq but p and q are inner points of 7. Let qoq be 
an are of diameter < @(S,, S,)/2 and containing p in its interior, g, being 
interior to pq. Take 4 so small that Vi(q)- 7 = O and Vilg,)C 7. 
Then any are of Na(qoq,) contains exactly one point of S,, and (2), § 16 
is proved. We noted that S, was closed; hence it is a cross-section. 

THEOREM 22B. If So is a compact cross-section through po, then for some 
«>0 the set of arcs qr for which q = g/(p, —@) and r = g'(p, @) with 
pC So form a tube T, containing po as an inner point. 

Containing each point p’ C S is an are q'r’ such that for some 2’, each 
are in Ni(q'r’) contains at most one point of S%. Take w <m(p'+q’) 
and < w(p'+r’), and take 2<2' and <p/3. Take 0 <4 so that 
every point p* of S)-Vy(p’) is on an are g*r* of Ni(q’s’). Suppose 
now A is any are of F containing such a point p*, and w(A)< 4. As 
p+4q'CVi(p*q*), w(p*q*) > w(p'+q')—24 > 2, hence A does not con- 
tain g*. Similarly A does not contain r*; hence AC q*1r*, and therefore 
it contains at most one point of S. A finite number of such sets V¢( p) 
cover Sy; if 4@ is the least of the corresponding numbers 4, then any are 
A with «(A) < 4@ contains at most one point of S,. Then @ is our 
required number, and the ares pq constructeé as above form the required 
tube 7’. 

To prove this, we see first that the arcs are self-compact (use The- 
orem 15A). Note now that for any are gpr of 7, e(gpr) Se (pg) +e (pr) 
= 2a, by Theorem 3F. No two ares 4’, A” of 7 have a common point. 
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For if they did, they would form an are A with two points in 8; hence 
w(A)>4e. But w(A) < #(4)+4(A") < 4a, a contradiction. Finally, 
po is an inner point of 7. For there is an are g*r* containing po such 
that for some 4*, each are of Nix (qg*r*) contains exactly one point of S, 
and so that [Ni (q*r*)]<@. All points of some Vy(po) are on ares 
of NMi+(q*7r*) and are thus in 7’, completing the proof. 

23. First sequence of tubes. By the last theorem, if 8 is a com- 
pact cross-section through p, there is an a >0 such that if 8, = g'(S, —2a), 
S, = g'(S, —«), Ss = g'(S, «), Sy =g'(S, 2@), then there are tubes 7’ 
and 7 containing p, with ends S,; and S,, S; and S, respectively. 

If R’ is self-compact, put W, = R’. Otherwise, let W,, We,--- be 
a sequence of compact and closed sets such that each W, is interior to Wis: 
and W,+W.+--- covers R’.1" Each point of W, is interior to a tube T 
as above; a finite number of these, say 7,,---, 7i,, cover W,. If Wi FF, 
a finite number of tubes cover W,; let the new tubes required be 
Ti,41,+++, Ti, ete. We may choose the tubes so that 6(7,)<1/7 if 
k>l;. We define thus a (possibly finite) sequence of tubes 7), 7, --- 
with the following properties: 

(A) They cover R’. 

(B) Any compact and closed set in R’ has points in common with but 
a finite number of the tubes. 

(C) lim 6(7,) = 0. 


n> 


Corresponding to the tube 7; is the tube 7/ and cross-sections Sjz, Six, 
Sio (= the above SY), Si, and Sj. 

Note that it is possible for an are of one tube to contain a number of 
points on both ends of another tube. 

24, First sequence of pseudo-tubes. Any set of ares satisfying 
(1) and (2) of § 22 we shall call a pseudo-tube. We shall replace the tubes 
T,, Ts,+-+ by pseudo-tubes T;, T>,--+ which have the above properties, 
and also the following: 

(D) No two ends of pseudo-tubes have common points. 
(E) Any pseudo-tube 77 contains points of at most one of the ends of any 
preceding pseudo-tube Ti (k< z). 

From this it follows also that any are of any pseudo-tube T; contains 
at most a single point of any end of any previous pseudo-tube. 

Put 7; = 7. Suppose we have constructed the pseudo-tubes Ti, s+, T met 
covering the tubes 7,,---, 7:1, and having properties (D) and (E) above; 





7 About each point of R’ is a compact neighborhood; a denumerable number of these, 
U,, Us, +++ cover R’. Put Wi—U,+.---+0;. We can take a subsequence Wi, Ws, -*: 
of this sequence so that W; is interior to Wi4:; for Wi is contained in a finite number of 
the sets Ux, and is thus interior to some Wj. 
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we shall construct pseudo-tubes Tm, 11, °°; Tm, covering 7; and having 
these properties. We shall call the ends of any pseudo-tube Ti Sin and So. 
Take a number 4 less than any e(Sia, Siz) (1 << k < mis). Given any 
are pq of Tj, divide it into arcs pq, q2,---,Qnq, each of diameter 
<i/2, so that none of the points q, ---, dn lie on ends of previous pseudo- 
tubes, and q, lies between Sjg and Sj, and gq» lies between Sjo and Sy. 
If po is the point of pg on Sy, say gx = g'(po, Bx) (k= 1,---,n). We 
can take a number 7, and a cross-section S*C Sj containing all points 
of Sio in some Vy(po), (or rather, a pseudo-cross-section, i.e. a set of points 
satisfying (1) and (3) of § 16), small enough so that no cross-section 
(S*, &e) contains points of any end Si1,---, Sm, 2, and so that each 
pseudo-tube 7%, with ends g'(S*, 8,—) and g'(S*, Bky1+ 9) (k=1,---,n—1), 
is of diameter <4. (Tx is obviously a pseudo-tube.) Then these pseudo- 
tubes cover all points of 7; on arcs cutting S*, and each pseudo-tube 7); 
contains points on at most one end of any pseudo-tube Ws, T.. 
For each point po of Sj there is such an S*; a finite number of these 
cross-sections cover Sjop. We define pseudo-tubes as above for each such 
S*; the resulting pseudo-tubes cover 7;. We can choose the numbers 7 
so that no two ends of these pseudo-tubes have common points. If one 
of these pseudo-tubes has ends g’(S*, &k.—y) and g'(S*, Brii+y), call 
its length (8.4+1-+ 4)—(8k—y). Then if we arrange the new pseudo-tubes 
T'm,4+1) ***; I'm, in order of decreasing length, the pseudo-tubes 


é 
Ti, +++, To have properties (D) and (E). Continuing in this manner, 
we obtain the sequence of pseudo-tubes 7'i, 7, --- with all the desired 
properties. 

25. Second sequence of pseudo-tubes. We replace here the pseudo- 
tubes of the last sequence by a sequence of pseudo-tubes Ti, T3, °*°; 
which have the properties (A), (B) and (C) above, and also the property 
(F) If any inner point p’ of an arc pq of a pseudo-tube T’. lies in a pre- 

ceding pseudo-tube 7 (J <k), then all of pq lies in preceding pseudo- 
tubes. 

Put Ti = 77, Having constructed the pseudo-tubes ae oe 
With the above property, and so that the point sets Ti+-+++ Ti and 


Ti+++-+-7%_, are identical, we shall construct the pseudo-tubes 
3 


Paty +; Tn, With the property (F), lying in and filling out Ti. 
The pseudo-tube 77 may contain points of one or the other end of each 
of the pseudo-tubes i ee a OD Te ttts Ts. are those pseudo- 


tubes whose negative ends contain points of T7, put for simplicity 
& = T i: Set; k = 1, ---, M; if there are no such pseudo-tubes, put 
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M = 0. Similarly let 8;, ---, Sw be those points of positive ends of 
pseudo-tubes 71, ---, T'j-1 in Ti; if there are no such pseudo-tubes, put 
N = 0. There are 2” subsets of the numbers 1, ---, M, including the 
whole set and the null set. Arrange these in order, choosing first the 
whole set, next all sets of —1 of the numbers, etc. Call these sets 
C,, +++, Cyw. Arrange the 2% subsets of the numbers 1, ---, N in order 
similarly; call them D,, ---, D,*. Now arrange all the 2¥%+ pairs of 
these sets (Ci, D,), (C,, Daz), iti (C., Dz»), (C, D,), sc abi (Cy, Dzx) in 
the order shown. 
We shall consider each of these pairs in turn, and construct a corres- 
ponding pseudo-tube if a certain condition is satisfied. For the pair 
(C,, D,), this condition is: 
There is an arc pq of 7% such that 
(«) pq contains a point of every S; with subscript & in the set of numbers 
C;, and of every S; with subscript 7 in D;, and 

(8) if p, is the last point of pg on an Sj, 7 in Dy, or p, =p if Dz is the 
null set, and if q, is the first point of pq on an S, k in C;, or q = q 
if C; is the null set, then gq, lies in the positive direction from p,. 

The condition is satisfied automatically for (C.», D.»), there being no 
corresponding sets S;, Si. 

If the condition is satisfied for the pair (Cs, D,), then the corresponding 
pseudo-tube consists of all arcs p,q, as named above. (The pseudo-tube 
corresponding to (C.¥, D,») is just Tj itself.) We order these pseudo- 
tubes eS ree, 7: in the same manner that we ordered the pairs. 

We show first that these really are pseudo-tubes. As the S; and the S/ 
are compact and closed, we can pick out from any sequence of arcs of " 
(nxi+1 <v <n) a subsequence p, q;, po qe, +++, approaching an arc p'q’, 
where p; and p’ are in some fixed S/', 7 in D;, and q; and q’ are in some 
fixed S,, k in C; (see Theorem 15 A); we must show that p’q’ is an arc of 1. 
Say pq" is the are of 7? containing pr qx, and p*q* is the are of T? con- 
taining p’q’; then also p*p,—>p* p', qug*>q' q*. It TJ) corresponded to 
(Cs, Di), then each p* p, contains a point of each S,7 in Dz; hence the 
same is true of p*p’. Similarly g’q* contains a point of each Sx, k in Cs. 
Therefore, by property (E), p’q’ contains within it no points of S/, / in Di, 
or of S%,k in Cs. Thus p’q’ is an are of T%, and the ares of 7} are self- 
compact. As any two distinct ares of 7? lie on distinct arcs of 7; and 
no two ares of 7} have common points, no two arcs of 7» have common 
points; hence 7? is a pseudo-tube. 

We show now that the sequence 7;, T2,--- has the required properties. 
As each Tn, is identical with 7j , (A) is satisfied. (B) and (C) hold obviously. 
To prove (F), we must show that, if p’ is a point interior to an arc p: % 
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of a pseudo-tube T> y, and p lies in a pseudo-tube Ti, a< vy, then all of 
yp: % lies in pseudo-tubes preceding T?. Choose i so that nicy <n, 
and say pq is the are of Ti containing —r Us 

Suppose first 2 < mj-1; then p’ lies in a pseudo-tube of " <i-—1. If 
pq contains no points of the ends of Ti then pq lies in Ry and there- 
fore p,q lies in Try = *. Suppose pq contains a point of Si or &: 


Define the sets S; and S/’ for T; as before. If some point of pg on an Si! 
lies after some point on an S,, then all of p,q lies in pseudo-tubes 
Ti, ++ 3 Suppose then ps, is the last point of pq on any S', qe is 
the first point of pq on any S,, and pe lies before g2; in this case we 
shall show that psgz lies in a pseudo-tube 7, nf Msa<p<—y, from which 
the statement will follow again. 

If (C,, D,) is the pair of sets of numbers to which the pseudo-tube 7) 
corresponds, then pq contains points on all the %, 7 in Di, and on all the St» 
kin@;. As P lies in 7 and is interior to p, q,, either S *, has a point q* 
in pm, Or Sin has a oeint in p, p’; thus pq contains a voles on some S/', 
l’ not in Di, =" a point on some S;’, k’ not in C,. Therefore if the set of 
all S$; (S;') with points on pq gives the set of numbers Cy (Dy), Cy and Dy 
contain C; and D; respectively, and one of them contains more numbers; 
hence the pair (Cy, De) precedes the pair (C;, D;). As the condition is 
satisfied for this pair, a corresponding pseudo-tube 7, #<v, was con- 
structed, and it contains the arc pez qe. 

Suppose now m1<.4<y; then the pseudo-tube Ti contains a certain 
portion p: gz of the are pq. Then p Pa, (if p, is not p) and geq (if gz is not q) 
are both contained in pseudo-tubes 77, ---, 77-1, and thus in pseudo-tubes 
Ti, +: Se The property (Ff) is now shown to hold. 

26. The function +c’. With each motion (pq) of F (see § 11) we shall 
associate a number t’(pq) with the following properties: 

(1) c’ (pq) is greater than, less than, or equal to zero according as (pq) is 
positively oriented, negatively oriented, or is the null motion. 

(2) c’ is continuous, in that if (y; gi) > (pq) (see § 12), then t’ (pi qi) > © (pq). 

(3) 


(26.1) t (pd +r) = «(od t+ @). 
Then also if (gp) is the negative of pq, 
(26.2) u' (gp) = —' (pq). 


Ve shall define c’ successively through the pseudo-tubes Ti, Te, 
cu first 7}. If p is any point of an arc pod of T? (pC Si, go Sis), 
determining the motion (pp), put 


(26.3) t’ (pop) = (po p). 
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If q is another point of pogo, put 
(26.4) u'(pq) = (pog)—* (pop). 


t’ has so far all the required properties. 

Suppose now we have defined c’(pqg) for all motions lying wholly in 
T?-+...+ 731; we shall extend its definition through 77. Consider first 
motions (pq) lying wholly in 77. If no ares of J? are contained in former 
pseudo-tubes, we define z’(pq) just as before. If all of Ti is contained 
in former pseudo-tubes, t’(pq) is already defined. Otherwise, we define 
t'(pq) by a process similar to a method of extending the domain of con- 
tinuous functions. 

On account of the fundamental property of the sequence of pseudo- 
tubes, if c’ is already defined over any part of an are of 7%, it is defined 
over the whole arc. Let A be the set of points of S% which are end 
points of ares of 7; over which v’ is already defined; A is closed. If p 
is any point of 77, on the arc pogo of Ti, put 


(26.5) 2 = h( po; 8), 
where 

__ (pop) 

§ Se 

(Po Qo) 


s is a continuous function of jo and p; hence / is continuous in po and 
s (see § 13). We shall define r’(p op) in terms of the values t’(pop’), 
po A, p' = h(po, 8). 

Given the point py C Si;— A, put 


(26.6) a = a(po) = eo(po, A), 
and 
(26.7) Xy(po) = A+ Wy (po) (asrs2a). 


Given the point p = h(po, s), let w(p, r) be the maximum of the values 
t'(pop'), pC h[X+(po), 8] (and hence po C X;(po)). We define ct’ (pop) 
by the equation 


(26.8) t' (pop) = 


1 2a 

OS eit 

Note that c’(pop) increases as p moves away from po (as s increases). 
We show now that the new c’ is continuous. Let G be the maximum 

of t'(pop’), po C A, p'C Ti. Take any two points p = h(po, s) and 

d = h(q, 8), po; oo C Si—A. If p* =h(po, #) and e(p, Go) <4 < a(po); 

then, by Carathéodory, loc. cit. (end of § 541), we see that 





'S See C. Carathéodory, Reelle Funktionen, first edition, Leipzig, 1918, p. 617. 
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ago) &' (Gog) — 4(po)t (pop")| <= 3GO4, 


which is independent of ¢. Obviously t’(pop) is continuous in p (pp fixed); 
hence we can take qg so near p and ¢ so near s that 3Gd<e/2 and so 
that a(po)|t’(p% p*) —t' (po p)| < €/2; it follows that 


| a(qo) t’(qo g) — a( po) #'( po p) | < «. 


Therefore a(po)t’(pop) and thus t’(pop) is continuous for pC Si—A. 

We must consider next the case that pp is in A and is a limit point 
of Si—A. Take points p, = h(po,%) and ps = h(po, s,) on opposite 
sides of p so that r’( pop) and t’( po pe) differ from 7’(p p) by less than ¢/2. 
By Carathéodory, loc. cit., we see that if 4 is small enough and 
pi = h(po, 81) C Vn (pd (po C Sii — A), then 


\2'(ps pi) — 1" (po pi)| <> (i = 1, 2). 


As v'(pop’) is an increasing function of p’, it follows immediately that 
if p’ is near enough p, it lies on such an are pj p2, and hence 1’( po p’) 
differs from t’(po p) by less than ¢. Thus 7’ is continuous over its present 
domain of definition. 


If the motion (pq) is interior to Ti, define ¢’( pq) as in (26. 4). Consider 


now any motion (pq) in 7?-++----+ T?. If it does not lie in 77+ +--+ Te, 
let py, Pi P2» +++, Pmq be a set of ares defining (pq) (see § 11), chosen 
so that each px pris lies in some tube 7;. Corresponding to each px pr+ 
is a motion (px Pris) for which v’(pr peti) is defined. Noting that 
(pq) = (ppr) + (1 pa) + +++ + (pmq), we put 


(26.9) v' (pq) = t'(ppr)+e'(~i ps) + +++ +0'(pm 9). 


This definition determines r’(pq) uniquely. For if ppi, pips,++-, png is 
another representation of (pq), let q1, g2,--+,@s be the set of all points 
pre and pi; the ares pqs, 92, °-*, Ysq gives another representation of (4). 
Using these representations, we get corresponding numbers 11(pq), t2(pq), 
t3(pq). Using (26.1), we see that ri = 1, also rs = 13; hence tj = 7. 

It is easily seen that the resulting 7’ is continuous and that (1) and (3) 
hold. Hence defining z’ successively through all the pseudo-tubes Ti, Tz, ++, 
we have defined it throughout F as required. 

27. The functions + and jf. We shall replace the function «’ by 
a function + which has all the properties of c’, and has the additional 
property: If pg is an are of a pseudo-tube T (pCSa, gC Sz) and 
(pq) is the corresponding motion, then 


(27.1) t(pg) 21 
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To do this, let 4; be the minimum of t’(pq) for ares pq of 7} 
(i= 1,2,---). We can define a continuous function »(p)>0 for pc R’ 
with the tollowi ing property: If pc 77, then y(p) < 4;. For if Ty is the 
smallest 4; for any 7; having points in W, (see § 23), let y(p) = Ty, 4 
on the boundary of each W;, and in W,.—Wz,-1, let (p) be a continuous 
extension of its values on the boundaries of Wx, and Wy-1, so that 
Tl; > 9(p) = Vesa there. Now if pC T;, and pC We—Wy-1 say, then 
y(p) <1; < 4, as required. (If the number of pseudo-tubes T? is finite, 
we need merely take ¢(p) equal to the smallest 4;.) 

Take now any motion (pg), and express it by means of arcs p p,, ---, png, 
as in § 11. If we let p’ move along these arcs from p to g, we obtain 
sub-motions (pp’) of (pq); the corresponding numbers t’(pp’) increase 
from 0 to v’(pq). Thus for any value of c’, O< 7’ <r'(pq), there is 
a corresponding point p, for which c’(ppr) =. We put 


| ieee dz’ 
27.2 == —~ 
(27.2) t(pq) , ae Pe T 


Now if pq is any are of a tube Ti, then 


A; Ic’ 
rion = ae 
0 a 


Moreover, t has the properties given in § 26. 
We now define the function f. Take any point p of R’, and any number 
t. Find the motion (pq) of F for which 





t(pq) = ¢; 
q =f (p, 0. 


For any point p of R* = R—R’, put f(p, ) = p. 

Given a point p and a number ¢, there is at most a single point 
qa = S(p, t); we shall show that there always is such a point. Starting 
at p, follow along the curve C through p in the positive or negative 
direction according as ¢ is pe age or negative, until we have passed 
through n > |t| pseudo-tubes 7;, ---, Tj, such that the last point in 


Ti, precedes the first point in Tiss " Then for the resulting motion (pq), 
|t(pq’)| >n>|t]|; hence there is a sub-motion (pq) of (pq’) for which 
t(pq) = t, and thus g = f(y, 0). 

St is continuous in R’, as is seen by using the proof in § 13. Of course 
f is continuous at all inner points of R*. Take now any boundary point 
p of R*, any «> 0, and any positive integer ». Then, on account of 
property (C) of § 23, we can take d so small that if g is any point of 


put then 
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R’ in Vy(p), on the curve C of F, we must pass through at least » 
distinct tubes 77 before we pass out of V.(p). It follows that for any 
t, |t! <n, fq, ) © Ve(p); hence e[ f(p, “’), Sq, 11 = elp, S(g, I< 
for qC Vg(p) and |t| <n, and fis shown to be continuous throughout R. 

Take now any point p of R’ and any two numbers ¢,, 4. Take motions 
(pq) and (qr) so that 


t(pq) = 4, tr) = &. 
Then if (pr) = (pa+(q@n), 
t(pr) = t+h, 


by (26.1). As then g = f(p, ti), r = S(@, t), and r = f(p, t +4), 
we have f[f(p, 4), t] = S(p, t +4). As f(p, 0) = p, we have 
now proved 


THEOREM 27A. A function f(p, t) can be defined over any family of 


paths, with the following properties: 
(1) For each point p of R and any number t, —x~ <t< +o, there is 


a unique point 
q= Sip, 9 


which lies on the curve C through p, or coincides with p if p is an 
invariant point. Further, for each point q of C there is a t such that 
q=S(p, 0. 

(2) f(p, t) is continuous in both variables; that is, for. each point p, any 
number t, and any ¢ > 0, there is a 0 > 0 such that 


elf (vp, , £(p’, O<« of o(p, p') <4 and |t—t | <4. 


(3) For pCR’, f(p, t) moves in the positive (negative) direction along the 
curve C through p as t increases (decreases). 
(4) For each point p of R and any two numbers t, and te, 


(27.3) Sift, ty), te] Pt S(p; t+ te); 
also 
(27.4) J (p, 0) = p. 


Any such function f we shall say defines a flow in R. 

28. The equivalence of two flows in R. Let /, andj; be two flows 
in R. We show that one can be deformed into the other in the following 
sense: For each number x, 0 <2 <1, there is a flow fx(p, #), and this 
set of functions is continuous in x, p and ¢ together. That is, for any 
€>0, p, t and x, there is a d>0 such that e[fx(y’, t'), Selp, H<e 
if | a’ —a2|<4, @(p’, p)<6 and | f—t!<d. 
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Consider any motion (pq) of F; having defined 7 and 1 corresponding 
to fo and fi, we define the function u (pq) by the equation 


(28.1) T, (pq) = to(pat+u(pq). 
Now for any z, OS x<1, put 
(28.2) Tx (pq) = to(pg+xul(pqQ), 


and define fz in terms of tz. By writing (28.1) successively for motions 
(pq), (qr) and (pr), we see that 


(28.3) u(pa+uqr) = u(pr). 


Noting also that u(pq) is continuous, and that t)(pqg)-+ xu(pq) increases 
as q moves in the positive direction, we see that tz, and hence fz, has 
all the properties it should have; hence fz defines a flow. jf, is obviously 
continuous in x, p and ¢, and the theorem is proved. 

29, Remark on cross-sections. If we know of the existence of 
a function f in a family of paths, then we can find a cross-section through 
a point p of R’ quite simply as follows. For any point g, put q@ = /(q, ?). 
Define the continuous function 


° 


1 
(29.1) 4(q) = J, e@ (ae, p) at. 


Using (27.3) we see that (qe = qdeit. Hence, given a point ge on the 
curve through g, we find by a change of variable 


2 1+e¢ . *e ; 


and thus @ has a partial derivative along each curve: 


4’ (q) = 00(g)/dt = elm, p)— eG, Pp). 


6’ is continuous and positive near p: 6’ (p) = @(p, p). Hence on each 
curve passing near p we can find a point q for which 6(q) = 4(p); these 
points are easily seen to form a cross-section. 
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ON PROJECTIVE CONNEXIONS AND THEIR APPLICATION 
TO THE GENERAL FIELD-THEORY.* (GF. VI.) 


By J. A. ScHouten anp D. vAN DANTZIG. 


Introduction. 


In three previous papers (GF. I, II, II)’ we have given a short account of 
a new physical theory, the “general fieldtheory” which intends to give a 
unification of general relativity not only with Maxwell’s electromagnetical 
theory but also with Schrédinger’s and Dirac’s theory of material waves. 
The principal point of this theory is, that it is not founded on a metrical 
or an affine connexion but on a projective one. Hence it is closely re- 
lated to the theory of Veblen and Hoffmann? which depends on a projective 
connexion as well, and to the theory of Einstein and Mayer* which can be 
brought into a projective form as we have proved in a previous paper.‘ 
But in contrast with these theories the geometrical conditions in our 
theory are reduced to a smaller number, in order to obtain the possibility 
of adapting the projective connexion most closely to the conditions arising 
from physical considerations. The method used in this paper to handle 
the projective connexion is the one developped by D. van Dantzig,’ 
(TPZ., APD. I, II) based on the introduction of homogeneous codrdinates. 
The method used to handle spinquantities is the one developped by J. A. 
Schouten.°® 


* Received July 13, 1932. 

'GF.I, IL: J. A. Schouten and D. van Dantzig, Zum Unifizierungsproblem der Physik: 
Skizze einer generellen Feldtheorie, Proc. Kon. Ak. 35 (1932), pp. 642-655. Zur generellen 
Feldtheorie; Diracsche Gleichung und Hamiltonsche Funktion, Proc. Kon. Ak. 35 (1932), 
pp. 844-852. GF.III: Generelle Feldtheorie, Z. f. Ph., 78 (1932), pp. 639-667. 

70. Veblen and B. Hoffmann, Projective relativity, Phys. Review 36 (1931), pp. 810-822. 
B. Hoffmann, Projective relativity and the quantumfield, ibid. 37 (1931), pp. 88-89. 

3 A. Einstein and W. Mayer, Einheitliche Theorie von Gravitation und Elektrizitat, Berlin, 
Sitzungsber. Pr. Ak. 25 (1931), pp. 541-557. 

‘J. A. Schouten and D. van Dantzig, Uber eine vierdimensionale Deutung der neuesten 
Feldtheorie, Proc. Kon. Ak. 34 (1931), pp. 1398-1407. 

‘TPZ.: D. van Dantzig, Theorie des projektiven Zusammenhangs -dimensionaler Riume, 
Math. Annalen 106 (1932), pp. 400-454. APD.I,IL: D. van Dantzig, Zur allgemeinen pro- 
jektiven Differentialgeometrie, I. Einordnung der Affingeometrie, Il. X»+: mit eingliedriger 
Gruppe, Amsterdam, Proceedings Kon. Ak. 35 (1932), pp. 524-534, 535-542. 

°J. A. Schouten, Uber die in der Wellengleichung verwendeten hyperkomplexen Zahlen, 
Amsterdam, Proc. Kon. Akad. 32 (1929), pp. 105-108. Die Darstellung der Lorentzgruppe 
in der komplexen Fz, abgeleitet aus den Diracschen Zahlen, ibid. 33 (1930), pp. 189-197. 
DE.: J. A. Schouten, Dirac equations in general relativity, Journ. of Math. and Physics, 10 
(1931), pp. 239-283. 
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In the first (geometrical) part we develop the theory of a general pro- 
jective connexion with a fundamental quadric in each local space. Different 
kinds of homogeneous and of anholonomic systems of reference are intro- 
duced in §§ 1, 2. Instead of the vectors and affinors of affine geometry 
we introduce points and projectors (§ 3). They are defined with respect 
to two different groups: the group ,4+: of transformations of homogeneous 
coordinates and the group % of point-transformations. In § 4 the relations 
between the homogeneous coérdinates and the local (projective) EZ; on the 
one hand and the ordinary inhomogeneous coérdinates and the local (affine) 
E, on the other hand are considered. In general the EH, cannot be iden- 
tified with the En, but this is possible as soon as a field of hyperplanes 
in the FE; is introduced (§ 5). Then these hyperplanes are identified with 
the hyperplanes “at infinity” of the EZ». If a fundamental quadric is 
introduced into each Ey (§ 6) the polar hyperplanes of the contactpoints 
can be used as such hyperplanes at infinity and the local space gets a 
euclidean metrical geometry. In §7 an account is given of the theory 
of general projective connexions and this theory is used to determine in 
the §§ 8, 9 a class of projective connexions whose relations with the 
fundamental quadric are established by means of four geometrical con- 
ditions. A fifth geometrical condition, though a superfluous one, (because 
it follows from the first physical condition of the second part) is intro- 
duced also in § 9 because it simplifies considerably the geometrical pro- 
perties of the projective connexion and its introduction enables us to 
give a short account of these properties at the end of the geometrical 
part (§ 10). 

In the second (physical) part we specialise the theory for n = 4 and 
for a quadric with index +3. Then five physical conditions are imposed, 
by which from the class of projective connexions found in the first part 
one and only one connexion is singled out, having all the physical properties 
desired. The first condition (§ 12) is that the world-lines of charged masses 
are the geodesics of the connexion. By the second one (§ 13) the differ- 
ential equation of the world-lines gets a second meaning: the point of total 
energy and momentum p” (which comes in our theory in the place of the 
vector of total e.a.m.) is covariant constant along a world-line. So the 
equation of motion is at the same time the theorem of conservation of 
energy and momentum. It is remarkable that in this form of the equation 
the indetermined potential vector y; does not occur anymore but is replaced 
by the wholly determined covariant point g, of the local hyperplane at 
infinity. §14 contains a review of the theory of spinquantities and their 
covariant differentiation. This theory is applied in § 15 to Dirac’s equation 
and in this paragraph we impose. the third condition which requires that 
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the most simple linear differential equation that can be built be identical 
with Dirac’s equation. It is possible to write Dirac’s equation in a form 
which contains g, instead of gu (§ 16). On account of the fourth con- 


. , h , 
dition which requires that the operator > Ve be quantumtheoretically 


equivalent with the point p, of total energy and momentum the Hamiltonian 
function arising from the equations of the second order derived from Dirac’s 
equation gives the equation of the world lines in canonical form. It is 
remarkable that this Hamiltonian function contains the two points of inter- 
section of the quadric with the line through the contactpoint and the point 
at infinity of the current-vector. If we introduce into the equation resulting 
from the variation principle the most simple invariant that can be built 
from the projector of curvature (§ 17), we get equations which can be 
identified with the combined equations of the gravitational and the electro- 
magnetical field. This identification (fifth condition) fixes the value of the 
last unknown constant but one, so that only one constant » remains which 
determines the unit of length. In the last paragraph we deal with the 
relations of our theory to the older theories. 


I. Geometrical part. 
1. The n-dimensional manifold H,. The n+1 variables «” 


(x,-+-,@=0,1,---,m), the primary variables, be subject to the trans- 
formations of the group n+: of all transformations 
(1.1) 2 = x” (x, at, +++, 2), (x',---,a' =J0, 1',---, n’) 


where the «”’ are homogeneous analytical functions of degree one,’ regular 
and independent in the domain considered. A system of »-+1 numbers 2” 
of which at least one is not zero is called a point, the x” are called the 
(v)-codrdinates of the point. Two points 2” and y” are called coincident 
if a factor exists, such that y” = 42”. Each totality of all points, coincident 
with a definite point is called a spot. The totality of all o” spots is called 
the Hn. A point of a spot of the H, is called point of the Hy. There 
are oo”+1 points of the H,. The equation (1.1) defines the transformations 
of codrdinates. But an equation of the form 


(1.2) 2” ae x” (x, ai, tery x"), 

"A homogeneous function f of degree one is not necessarily linear, i.e. expressible 
in the form ay x” with constant coefficients av. It is defined by the property f(ex”) = ef (x”) 
for any @ and can be expressed (but not in a unique way) in the form a,2” with co- 
efficients a, which are arbitrary homogeneous functions of degree zero, i.e. only depend 
on the ratios of the a”. 


oe 


ta separ SP 








Ve 
ea 


wi on 

















274 J. A. SCHOUTEN aNnp D. VAN DANTZIG. 


where the x” are homogeneous analytical functions of degree one, regular 
and independent in the domain considered, defines a point-transformation 
of a special kind, viz. transforming spots into spots. Of those transform- 
ations we use here those special ones 


(1.3) 2” = 02” 


which leave every spot invariant. Obviously @ is an arbitrary function 
of the x”, homogeneous of degree zero. These transformations form 
a group %. 

Every function of the «” considered in this paper is homogeneous of some 
degree x. Any such function f(x”) may or may not be invariant under 
transformations of Hz4:. But the different values belonging to the points 
of one and the same spot are always connected by the equation 


(1.4) f=ef, Sf=Sfex’). 


If x is zero, f is invariant under %. Equivalent with (1.4) is Euler’s 
condition of homogeneity 


0 


thus for the x” which are homogeneous of degree one: 


(1.6) wR =a’, Mm = dpx".* 
The partial derivatives of a homogeneous function of degree r are homo- 
geneous of degree r—1. Hence, the A, being homogeneous of degree 0, 


(1.7) wdyML = 0. 


We now define several geometric objects of the H,. A function p 
of the x”, invariant under $np+41, and transforming under % in the follow- 
ing way 
(1.8) p = op 
is called a scalarfield of degree v. 

A system of n+1 functions ~ or w,, which transform under p41 and 
* in the following way 
(1.9) a) vw” = AP ew’; B) v” = ov” 

(1.10) eluy = Abu; Bw = ew 

*For the meaning of the sign h over = see the end of § 3. 


*The indices » and »’ take the values 0,---, and 0’, ---, n’ resp. totally independent 
from each other. 
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resp. is called a contra- or covariant pointfield of degree v. The functions 
v’, w, are called the (»)-components of the pointfield. As usual the term 
“field” is often dropped. A field need not be defined over the whole 
H,, but we only consider fields which are defined for at least all points 
of one definite spot in H,. Two contra- or covariant points of any de- 
gree, belonging to the same spot of the H,, are called coincident if we get 
one from the other by multiplication with a scalar factor of some degree. 

Now we define an E,'° with the codrdinates 2” by the transformation 


(1.11) = AP 2’, 


in which formula the Ay are the values of 02/82” in a definite spot 
P of the Hy, and call this Zx the local Ep belonging to this spot P. 
Then to every system of codrdinates 2” in H, belongs one and only one 
system of coordinates in Ex. The points of degree zero as defined above, 
which belong to the spot P are in one to one correspondance with and 
may therefore be identified with the points of this Hy. But a contra- 
variant pointfield »” of degree r of H, corresponds for every point of the 
spot P with one point of the EZ, and these points undergo the point- 
transformation (1.94) if the point of P is transformed according to (1.3). 
We call a variable point of this kind a point of degree xv of En. Hence 
in Ey there is no independent group playing the role of ¥ in H, but 
for every degree there exists such a group dependent on §, which re- 
duces to identity if the degree is zero. These groups are representations 
(“Darstellungen”) of , just as the group of projective transformations 
of local codrdinates belonging to Ay is a representation of Sn41. A spot 
of Ex is the totality of all points of E> coincident with a definite point. 

According to Euler’s condition of homogeneity (1.5) the 2” themselves 
are not only codrdinates of a point of H, but also components of a point 
of degree one of Ex. The corresponding point in the Ex is identified 
with the point a” of H, and is called the contactpoint of the En. Also 
the spots of those two points of H, and E> are identified. Because 


(1,12) da” = Ay dz’, 
(1.13) dz” = e(dx’+ x" d log @) 


the dx” are not components of a point. They transform in the right way 
under $,4: but in the wrong way under §. If y” = 2”+ dz” is a point 
of a spot in an infinitesimal neighborhood of the spot of the point x” in Hn, 
the codrdinates y” of y with respect to another codrdinate-system (»’) are 


‘°An Ex is an n-dimensional manifold with an ordinary projective geometry. 
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1 
(1.14) y” = 2" (y) = 2+ da" dyn” + 9 dat dt diya?’ +.-.,1 
therefore, apart from quantities of the second order 
(1.15) y= y, 


i.e. the y” transform under n+: like a point of the Ey of x”. Under § 
the y” transform as follows 


(1.16) y” = xy) = eyy” = (e+ de)y’. 


Because e-+dg is not a power of g, the y” transform under ¥ unlike 
a point of any degree. Thus the point y” of H, can not be identified with 
any point of the E, of x”. But because at all events ¥” is proportional 
to y” we can identify the spot y” of H, with the spot of Ex which has the 
same codrdinates. This identification is exact, apart from quantities of the 
second order in dz”. 

The measuring-points belonging to the coérdinates x” are the points of 
degree zero 

Vv 


(1.17) =~ 6; e) == 6). 


The indices right over and under the central letter which are used only 
as numerating indices to distinguish the n-+-1 different points do not trans- 
form and are called dead indices, contrary to the other transforming ones, 
which may be called living indices. 


e and e) form the local system of reference, denoted by (v). The com- 


ponents of a point with respect to (v) are the coefficients of the measuring- 
points if the point is written out as a sum of multiples of measuring-points. 
The components of the system (v) with respect to (v’) are 

(1.18) @ =A. yy =A. 

Obviously, as in the case of affinors, addition (only for projectors of the 
same degree), multiplication, transvection, alternating and mixing of pro- 
jectors are invariant operations. ; 

2. Anholonomic local systems of reference.'* Instead of the Ai 
from (1.6) we can take (n+ 1)? arbitrary homogeneous functions Aj of the 





'' The unity-projector and -affinor and differentialoperators are not recapitulated: 
An} xi An A, Pop ae Vo Vu an= 0) Ons etc. 


" For the meaning of the « over = see the end of § 3. 

'S Comp. J.A.Schouten, Uber nicht-holonome Ubertragungen in einer Ln, Math. Zeitschr. 30 
(1929), pp. 149-172; J. A. Schouten and E.R. van Kampen, Zur Einbettungs- und Kriimmungs- 
theorie nicht-holonomer Gebilde, Math. Ann. 103 (1930), pp. 752-783. 
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x” of some degree q’, continuous and regular in the domain considered and 
with the determinant +0. We then get a local system (»’) entirely 
independent of the choice of the primary variables: 


(2.1) e = At ; e =H; AA =Ai, 

and the components of a point with respect to (»’) are 
vy’ , » 
v =A; 

2.2) F 

( wy = at W). 

The ; 
(2.3) zs =Ax 


are now components of the contactpoint with respect to (»’). They can 
be used as primary variables if and only if 


(2.4) Qew == At: Ou Any = U, 

(2.5) q = 0, 

because according to the first condition 4) dx” is an exact differential: 
, R 1 yp 

2.6 ” = ——— dz’ 

(2.6) Ay, dx q+ dx 


and according to the second condition it is the differential of x”. Hence 
the expression Qrw and q’ are characteristic for the anholonomy of the 
system (v’), the system is holonomic if and only if they both vanish. In 
the anholonomic case we write 


(2.7) (dx)” = AY da” + dx’. 


3. Projectors and general geometric objects. A system of 
homogeneous functions of the x” of some degree, given with respect to k 
arbitrary holonomic or anholonomic local systems of reference and defined 
for at least all points of one definite spot of the H,, which transforms 
in a definite way if each of the local systems is transformed in some 
definite way, is called a field of a (projective) geometric object.“ The 
functions are ‘the components of the geometric object, they are called 
intermediate if k>1. If the number of functions is (n+ 1)? and if the 
system transforms like the product of ¢ arbitrary contravariant points and 





‘The term geometric object introduced by J. A. Schouten and E. R. van Kampen, Math. 
Ann., 103 (1930), p. 758, is an alternative of the term “invariant” formerly used by the 
Princeton school. Comp. The Foundations of differential geometry by 0. Veblen and 
J. H. C. Whitehead, Cambr. Tracts No. 29, 1932, p. 46. 
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s = p—t arbitrary covariant ones the geometric object is called a projector 
of valence’ p, contravariant valence t and covariant valence s. F. i. in the 
case k = 2: j 

ye OMe Me oe ae eV we pets OMe Ms 
(3.1) Xy...2% — Fie st ise Xj, od ° 


A point is a projector of valence one and a scalar may be considered as 
a projector of valence zero. 

The A, in (1.6) and (2.2) are intermediate components of a projector 
called the wnity-projector; its non-intermediate components Aj ae” 
are 1 or 0 if y= A or v +A resp. If we perform a point-transformation 
of & and after this a transformation of codrdinates of p+: in such a way 
that the new coordinates of the new points are equal to the old codrdinates 
of the old points: 


(3.2) 


ae sae y 
C=, 16 


ar’ eA e x’ = x”, 

and if the components of a geometric object 2:1" with respect to a holo- 
nomic local system after this double process for a constant @ transform 
into e® 2:, « is called the excess’® of 2. 

Obviously the excess of a sum of projectors is equal to the excess of 
each term’® and the excess of a product is equal to the sum of the ex- 
cesses of the factors. The excess of a projector is invariant under partial 
(and, as will be proved later on, covariant) differentiation, contraction 
and transvection with x”, x” having the excess zero. 

An equation is called a projector-equation if its right or left side is 
a projector non zero. If it admits every transformation of the local systems 
to holonomic or anholonomic other ones, and this for each lower or upper 
living index separately, then the other side is a projector too with the same 
valence and the same excess. Te 

Following an idea of J. A. Schouten we will use different signs = to denote 
(if necessary) the different groups which may leave an equation invariant: 

= only for equations which are invariant under transformation to 
arbitrary holonomic or anholonomic codrdinates (and for quantities, 


‘5 We use the word “valence” instead of the word “degree”, used in former publications, 
in order to avoid collisions with the notion of degree of a function. 

'® This process is a special case of the trailing along (mitschleppen) of a codrdinate system, 
well known in problems of deformation in ordinary and Riemannian geometry. 

The big points stand for any number of indices. 

'8The excess corresponds with Veblens “weight” or “index”. If t is the degree of 
the components of a projector with respect to a system of reference with degree q, the 
excess ¢ is e = r—q(s—t). The degree t changes if the degree of the system of 
reference changes but the excess is invariant. 

'® A sum of projectors has only a sense if the valences and the excesses of all terms are equal. 
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i. e. geometric objects with linear transformation of the com- 
ponents, f.i. affinors, projectors, spinors, densities, etc. even for each 
index separately), and under arbitrary transformations of the group §. 
~ for equations which are invariant under arbitrary holonomic trans- 
formations (i. e. under the group ,41:) and under %. 
“. for equations which are invariant under transformation to » arbitrary 


holonomic or anholonomic nonhomogeneous codrdinates (k); (h, ---, m 
=1,---, n) (for quantities for each index separately), together 
with Ay = w 2”, AY = —q (comp. § 5) and under ¥.*° 


= means == for n = 4. 
for the transformations belonging to —, if (&) is holonomic. (It is 
to be noted that (c) (defined p. 290) nevertheless is anholonomic.) 
-. for the transformations belonging to = if (k) (and therefore also (c)) 
is orthogonal.” 
= for equations which are true with respect to the system or systems of 
coérdinates used in the equation itself, without anything being said 
about the question whether it admits any transformation or not. 
By using these signs we will always mean a minimal statement; they 
never exclude the possibility that the equations admit any other trans- 
formation than those mentioned. Equations which are only true with 
=, = ete. but not with = are only used for brevity; by adding some 
easily calculated additional terms they can always be written with =. 
Only equations with = can be differentiated covariantly without any danger 
of arriving at incorrect results. 
4, Inhomogeneous coérdinates and local systems. We introduce 


n arbitrary mutually independent functions &* (h,---,m = 1,---,n) of 
the x”, homogeneous of degree 0: 
(4.1) BK =0; E> wu, 


analytic, regular and independent in the domain considered. They are 
subject to the group G, of all transformations 


(4.2) Bk’ — gk’ (gt... , gn) 


where the &*’ are nm analytic functions, regular and independent in the 
domain considered. The transformation of the & is totally independent 
of the transformation of the x”, hence the &* are scalars of degree zero 
with respect to Sni1 and the x” are scalars with respect to Gn. 

Tf no index 0 occurs, of course = may be used instead of =, 

*! Equations which admit orthogonal transformations of (k) without any index 0 occurring 
may of course be written with ——. 
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A system of n numbers & is called an (affine) point, the totality of all 
points an X,. There is a one to one correspondence between points of 
the X, and spots of the Hy. 

Anholonomic systems of reference (k’) can be introduced in the X, in 
the usual way, starting with a holonomic system (k) and introducing n° 
arbitrary functions E* of the &* continuous, regular and with determi- 
nant + 0 in the domain considered. But they can be obtained also in a direct 
way by introducing a system of n(n-+1) arbitrary homogeneous functions 
E; of the x” of degree —1, continuous and regular in the domain con- 
sidered, with a matrix-rank equal to » and which are subject to the 
condition ; 

(4.3) Ey, x = 0. 


These Eu belong to a system of inhomogeneous codrdinates & if and 
only if 
(4.4) 3,2}, = 0. 


Starting with the affine transformations to holonomic or anholonomic 
systems of reference we define now the local E,,™ affine scalars, vectors, 
affinors and other (affine) geometric objects, just in the same way as we 
defined above the local Ex, (projective) scalars, points, projectors and 
other (projective) geometric objects. The affine scalars may obviously 
be identified with the projective scalars of degree zero. 

Of course more general objects exist, having with respect to some in- 
dices the properties of an affine geometric object and with respect to 
the other indices those of a projective one. If they behave with respect to 
these indices like an affinor and a projector resp. we call them projector- 
affinors. The simplest example is 


(4.5) E; uz a, &*, 


transforming like a contravariant vector in k and like a covariant point 
in 4 and supplying the link between affinors and projectors. To every 
contravariant point belongs one and only one contravariant vector and to 
every covariant vector one and only one covariant point: 


fade = k oy 
(4.6) ve 
WwW) => i Wi. 

Here the contravariant vector 'x* depends on the point v”, not on the 
corresponding spot alone. Because of (4.3) ‘wy, is always incident with 
the contactpoint. 


* An E, is an n-dimensional manifold with an ordinary affine geometry. 
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The contactpoint and its spot correspond with the vector zero. A 
straight line through the contactpoint in E> is in one to one correspondence 
with a direction in E,. If we identify as usual the point x” with some 
point, “the origin” of its local Z,, there is a one to one correspondence 
between the points in the neighborhoods of the first order of these points 
in E, and X,, which is exact, but for quantities of the second order. 
As there is also an exact one to one correspondence between the points 
of the X, and the spots of the H,, there is a one to one correspondence of 
the spots of an infinitesimal neighborhood of the spot of the contactpoint in 
the En and the points of such a neighborhood in the E,, exact but for 
quantities of the second order (comp. p. 276). But there is no such corre- 
spondence between the spots of the Z, and the points of the Ey outside of 
such a neighborhood. In particular there is no definite hyperplane in E,; 
which corresponds to the hyperplane at infinity of the Ey. 

5. Introduction of a field of hyperplanes in the E,.* A field 
of hyperplanes 4g, in the local Ey, which do not pass through the contact- 
point, determines uniquely and is determined uniquely by a covariant 
pointfield gq, of excess zero, subject to the condition 


(5.1) gaz = —ao, 


» being an arbitrary positive constant, chosen once for all.** Such a field 
determines a one to one correspondence between the points of the local £, 
and those spots of the local Ey, which do not lie in the hyperplane of q,. 
The contactpoint of the Ey, corresponds with the origin of the Z, and on 
corresponding straight lines through these points; the spots in E; incident 3 
with g, correspond with the points at infinity of the Z,. Analytically 
we get this correspondence in the following way. By means of EX a holo- 
nomic or anholonomic system of reference (‘) is defined in the Z,. Starting 
with this system we define a system of measuring points (c); (a,---, = 0,1,---,n) 
in the Ex by means of the equations 


= ee * pk, 
(5.2) ry aj Ai a Ei; 
a= A= —oa.” 
If E; are the solutions of the equations 
RA=E; MK = Aiton’, 
Ei q@ = 9, 


*3 Comp. APD. I where t; is taken instead of our — ~' 4). 

4We prefer to take w in the right side of (5.1) instead of 1, in order to be able 
to give a physical dimension in the physical application of the theory. 

*5 All components of projectors having an index 0 differ from the corresponding com- 
ponents used in GF. I, II by a factor w. 





(5.3) 
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then “ 
(5.4) Et Ey = Ai, 


where Aj is the unity-affinor in the Z,. The contravariant measuring- 


points are 
* 


* y 
Pee A; seks EV; 
(5.5) gear 


—— 0 - 


~~ 


—1 v 
@ 7 25 


os 


The system (c) is never holonomic because the degree of Aj is —1. 
Q, vanishes if and only if the system (k) is holonomie and 


weal 


; j 
(5.6) Qui = 9; qui = Ougu+ Qiu dw = Om qu- 


With respect to the system (c) all components of x” and q, are zero, 
except x9 == w and gq = —1. 

EY and Ef establish a one to one correspondence between contra- and 
covariant vectors and contra- and covariant points incident with qj and «” 
resp. The difference between two contravariant or covariant points cor- 
responds with a vector if and only if the weights of the points, defined by 


(5.7) v= = — vw” @: w= wm = ow, a * 


are equal. The point in the HZ, with the radiusvector » corresponds with 
the spot of all points defined by 


(5.8) v = u(w 2” + EY 4’). 


* is the difference between the point of this spot with weight 1 and #2’, 
and is called the vector between o-1x” and this point. The vector ‘v* 
defined in (4.5) is the difference between the point ” and w—!v2” and is 
equal to vr*. Hence we arrive at the well known point-addition of Moebius. 
The linear element, the vector between x” and «”+dz2” is 


(5.9) dx” = Eide’ = Fak = da” +o 2” qo da* 


where the &* are holonomic or anholonomic inhomogeneous codrdinates 
in the X,. 

The field qg, being once introduced, we identify vectors and their 
corresponding points by giving them the same principal letter. Then the 
difference between EL and A vanishes and the affine and projective 
components of a vector v” and wi, are connected by the equations 


The weights used here differ by a factor » from those used in APD.I and GF. I, IL 
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k ’ k 
* — Aty” for v gy = 0; vo” = Ake’; 


oni “= A} wi, for wi a = 0; w= Aw. 

Vectors are then only a special kind of points (viz. points lying in the hyper- 

plane at infinity), affinors and projectoraffinors a special kind of projectors. 
6. Introduction of a fundamental quadric. In every local E, we 

introduce a non-degenerate quadric, not passing through the contactpoint. 

This quadric determines uniquely and is determined uniquely by a symmetrical 

projector Gix, subject to the condition of normalisation 


(6.1) Giu a at = —@’* 


where » is the constant introduced in (5.1). 
Giu has the excess zero and is called the covariant fundamental projector. 
The contravariant fundamental projector G!”’ is defined by 


(6.2) Gin. GQ? = AM. 

We use Gi, and G*” for the raising and lowering of indices as usual and take 
(6.3) Q = oz. 

Then for the covariant point gi the equations 

(6.4) gat = —o, gag = oa = —1 


hold. Hence in each local EZ, we can build three geometries: 

a)A non euclidean geometry, by introducing the quadric as the absolute. 
In the neighborhood of the contactpoint it gives the same ds* as the 
geometry mentioned under c. This geometry is not used in this paper. 

b) A euclidean affine geometry by introducing the hyperplane of qi as 
the infinite. 

¢) A euclidean metrical geometry by introducing the quadric as a measuring 
hypersphere with radius » in the geometry mentioned under b. The 
hyperplane of g, becomes the infinite, its intersection with the quadric 
the isotropic sphere at infinity. 

The latter geometry is used in this paper. Hence affinors are all those 
and only those projectors whose transvections with g” and qi all vanish. 
The vanishing of 2%, belonging to (c), introduced in § 5, now depends on the 


vanishing of the alternating projector qya af dt.gu1- Because of 
1 , h 
(6.5) gina? 5 1 du+ On 0+ Ga Op a) = 0 


We have qui a* = 0, hence gna is an affinor, viz. a bivector. 
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The weight v of a point v” is now 
(6.6) y= —v"” qv = ae yw” ry 


and the vector between g” and v” is 


v 
(6.7) i” = — — 9. 


The square length of the linear element d'x” is given by 


(6.8) dst Gin dat d'art x Jin dx? dct am gj AE AES, 
where 
(6.9) Fin = Ain Gos = Gat a du = Ali gu 


is the covariant fundamental tensor. The contravariant fundamental 
tensor is | 
(6.10) g” = Ae GQ = Gig = eg’. 


We define as the value |\v”|| of a point v” 
(6.11) o”|| == |Wvy vl. 


It is zero if and only if the point lies on the quadric and is proportional 
to the weight of the point. If the point is a vector (i. e. lies in q,) its 
value is equal to the absolute value of its length. 

7. Projective connexions. A linear connexion for projectors with 
excess ¢ is defined by the equations®’ 


Vup = OnpteQup; 
(7.1) Vue = One + Mur +eQuv’; 
Vu we, = bn w~— Dy wrt € Qu wi. 


The 17}, and Q, are (n-+1)* and n+1 functions of the x” of excess zero 
(degree —1). Hence the excess of any projector is invariant under covariant 
differentiation. If p has the excess zero, 2“ 8,p vanishes, hence V,p is 
then a vector. 


The /7j, are not components of a projector but are transformed in the 
usual way 


(7.2) Wie = FLY Wig + AB, Oy AR, 


but the Q, are components of a covariant point. From (7.2) it follows that 





*“'TPZ., pp. 419/420 and 451. 
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ae td h ¥ 
(7.3) Sig = Mig + Qiu = May 


is a projector of excess zero. If Si, vanishes the connexion is called 
symmetrical. 

Contrary to the affine case the expression x* 17}, for a holonomic system 
is a projector of excess zero, which is closely connected with the invariant 
derivative , of x”: 

(7.4) Qa = Vax” = of Wht Ay. 


The expression 17}, 2” for a holonomic system is a projector of excess 
zero as well: 
(1.5) Py = Qt 285" at * Mh, "+ A, 


which occurs in the often used relations®® 


Fst LV” = + Phav'+eQe’, 
7. 
a Vn w, = —wy Pp +eQui 


where 


(7.7) Q = Qur+1 = o%+1. 


The differential dx” has not the properties of a point (comp. (1.13)). Hence 
dx*V, is invariant if and only if 2“V,v” is zero for every choice of v’, 
that is if P’; and Q vanish.2** But if g, 1s introduced there is another way 
to em a covariant differential by means of the vector d’x” defined in 
(5.9): 
bu" = a" Vp” = dv +My da" tev" Q, dx" 

+ 0) (PX uv" + 6 Qu’) qe dz®, 
bw, = dx" Vuw, = dwj—wy Minder + ewiQ, dx” 

+ wo" (—w, P+ €Qwi’) Jo dz*. 


(7.8) 


A covariant differential determines uniquely and is determined uniquely by 
a displacement viz. a projective mapping of neighboring local Ey on each 
other, characterized by the vanishing of this differential. Therefore we 
say in the case that P”, and Q vanish that the connexion is a displacement. 

If P’, and Q don’t vanish the connexion generally does not determine 
a displacement; it does only, by means of d’z” if a qi is given. But it 
determines always a correspondence between any contravariant pointfield v” 
of excess zero and its corresponding field “V,v”. Vice versa in case qi 





* TPZ. pp. 422 and 452. 
*TPZ., p. 424. 
* APD. I, p. 531. 
19 
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is given, the connexion is determined by the displacement and the cor- 
respondence combined. Because of «*V,4 =O for every scalar 4 of 
degree zero the projector corresponding to 4v” is 4a2"V,v”. Therefore 
the correspondence determines uniquely a projectivity for the spots of the E, , 
but the projectivity determines this correspondence only apart from an 
arbitrary factor. In particular the point corresponding to x” is 


(7.9) YY = Pia = V2". 


If a field gi is given, the projective connexion defines uniquely an affine 
connexion: the affine covariant derivative of an affinor is the affinor-part 
of the projective covariant derivative of that affinor: 


: k ok 6 2 on 
(7.10) V; v0 = A}, Vov 5 V; wu; = Aj; Vo Wry 
or in projective coérdinates 
A 
(7.11) v.70 = AG Vo v for vq = 0, 
‘ A 
Vu w= Agi Vo Wn for Wy q =z @ 


This affine connexion is not a projective one because it is only defined 
for affinors, but it can be extended to a projective one by the additional 
conditions 


A A A 
(7.12) Vu q’ = 0, Vu q@ = 0, Qu == @, 
A 
Denoting the parameters of this extended affine connexion by Ty, we have 
A 
, — Thy a Ty 
(7.138) = Vug—  Pyqu—o “Qt dePo Ay qua 


—q v ~—2 Vv — 
+0 geQ ALI +o qqb” +o “baud ™ 
where 


Vuta = AQVedg, P= AGP, 


(7.14) $e 
Y= 4.0, = AF 


are the affinor-parts of the corresponding projectors without a prime, 
whereas ) = —}” wr Moreover we have 


(7.15) a a — Ale ite + ak 6, Ai—q" 8, Ma; 


k ‘ : 
where in —= Ij are the ordinary parameters of the affine connexion. 
3° See APD. I, p. 532. 
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8, The projective connexion belonging to the fundamental 
quadric. The first geometrical condition which we will impose on the 


projective connexion is: 
1. The fundamental quadric is covariant constant, i.e. a covariant point s, 
of excess 0 exists, such that 


(8.1) Vu Qhyy = Su Gir. 


Because of (7.6) we have for every point v” of excess 0: 


(8.2) —o” Vy P'; el q Vo y=+ 0 Gy r v® + sGy, v, 
where 
(8.3) Ss = 8 q" 
or 
1 
(8.4) Pap = ~ Gru. 


Because of (8.2) and (7.9) we have 
(8.5) q* Vag, = wo * bj+s8q. 


The second geometrical condition is: 
2. The hyperplane of q, is invariant under the correspondence (in other 
words: the field corresponding with a vectorfield is a vectorfield). 
Then from (8.5) follows 
(8.6) b, = 0. 


But from (8.4) follows by transvection with q*q": 


(8.7) b= ae so*, 
hence: 
(8.8) Y = -> sw*q”. 


The third geometrical condition is: 
3. The point corresponding to any point v” is situated in the polar hyper- 


plane of v”:*! 
(8.9) vy, Pre = 0. 


Then from (8.4) we see that 8, is a vector: 


(8.10) = 8,9" = 0, 





"It would also be sufficient to require this only for the case v” is a vector. 
19* 
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hence P;, is a bivector: 

Pan) = 9; 

bY = w P”, — —wPi’¢ aes ©: 
From (7.3) and (8.1) we get 


(8.11) 


y oh Vv 
Ty, = {7 }—s Ait > 3” G, ,—28" Ap) + Say 
(8.12) 


v vO f 
Lae} = 7 PEO 1 Oye +p Gig — By Ga 
and from (8.11) 


1 
a) wo? Qn — Qua t+ Sua t+ 2 Day 8s 
(8.13) b) o* Pi, = ud + Sa 
¢) 8) oe 4 Say g’q”, 


Suar Za, Ta** and S'j,” being affinors defined by 


1 
a) Sua = A Soon oe Sud” To Sui) 


“S 
b) Zn) = AN 8. r{oo)7 = = Sy{pa?” — | uM)» 


(8.14) i 
c) Tuy = AGS, (00)9" = By (ui)? — 7 uM)» 
d) 8'y,” = Alte Sze « 

Hence 


Pree peo » “Vv “Vv 1 Vv 
(8.15) Sy = Sin —Sand —29(4(Z,) + Ty] \— > HAI y] 7 : 


For the affinor-part of Q), we write 


(8.16) QM. = es Ay Qos ati @(9,,) 4 i Sui +2 Pi): 


The covariant derivatives of A, and Jua are of course not zero: 

v Vv —j} v — y ¥ 
(8.17) VuAy = Vu dd ae Qaud +o ‘Qu dt sud » 
(8.18) VI = = 2@- * Ar Qiyut Sp UW +s uu Jiv* 


9. The Riemannian connexion belonging to the fundamental 
quadric. If & are the holonomic codrdinates of the X, of § 4, then 


(9.1) ape aka 


* The projectors S,,, Z,,, and T,,4 differ from those used in GF, I, II by a factor 


ri 
x; gi = AtF gin. 
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and the X, is a V» with the linear element (6.8). The fundamental 


tensor gi defines an ordinary Riemannian connexion /: 
R Ry, 
(9.2) Vign = 90; Sy =0. 


These equations can of course be translated into projective ones. Now 

our fourth geometrical condition is: 

4. The affine connexion, determined by the projective connexion (defined in 
$7), is for projectors of excess zero identical with the ordinary Riemannian 
connexion. e 

Accordingly we write V instead of the V of §7. From (7.11), (8.18) and 

(9.2) follows 


(9.3) Su =— 0, 
and from (8.13a), (8.16): 
(9.4) Qu = Wu- 


Equation (7.13) becomes now by means of (8.11), (8.13), (8.16): 


Ar Ya R —i 
Xin = Du — My = +07 0 Qu — Pi qu—UQw = 


(9) = ¢ Gut Sua+2 Tua) —Iu (Qi +87 —2Z;) 
au +S.+2T;). 


Obviously the Riemannian connexion, considered projectively is not 
symmetrical: 


: Ry v 
(9.6) Sau = Wu‘ - 
From (9.3), (9.4) follows: 
oe Ry WV Vv 4 ‘4 
9.7) Syl = Siu’ + Xia = — Saag’ —2 9p, 2-29 Tay» 


Which is because of (8.15) equivalent with 
(9.8) | iy,” = 0. 


Instead of the codrdinates £* mentioned above we can also use an anholo- 
nomic system (k) as defined in § 4; we can choose this system in such 
a way .that 


9.9) gu +g --»S + gm = +1; gy =O for i $j. 
The system (k) is determined but for Lorentz-Fitzgerald transformations. 


The operator 0; is for all holonomic and anholonomic systems defined by 


the equation 








i 
ie 
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If . system (k) happens to be holonomic, 0; has the same 2 





as if applied to functions of degree zero. But contrary to —— 


oF ay 
operator 2; can be applied to functions of any degree. With respect to 


any holonomic system (k) the parameters of the Riemannian displacement 
are the Christoffel-symbols: 


R k h k\ 
(9.11) my = T§*~ \if, : 
but with respect to any holonomic or anholonomic system (k) the 17 are 


R | casaiall k 
(9.12) Nii = Vij aaa Ave irk + Al 0; Aj = ‘at XG i +29" Gh 2, 


where of course the intermediate system (k’) has to be holonomic and 2/; 
determines the anholonomy of the system (k). If in particular () is ortho- © 

R 
gonal, tid 0. It is well known that in this latter case the Mj are 
not symmetrical in z and 7: 


: R / 
(9.13) ri = Mj — OF +29" gre Qh 


but that the coefficients of rotation of Ricci 


(9.14) Vikj = ij gk 
are alternating in zk: 
(9.15) Yin j = 0. 


To deduce the relations between the projective connexion and the 
Riemannian one we may introduce the anholonomic system of reference (c), 
(a,---,g =0,1,---,n) of §5 in such a way that with respect to (c) 
a contra- or covariant vector v” or w, has the components (0, v’, ---, v”), 
or (0, wy, - ** Wa) resp. The components of g” and q, all vanish but for 

q° ==1 and Q = —1. If the system (k) is orthogonal, the only non 
sani components of G;,, are 


(9.16) + Geo = +6, =--- + +@ ~— 1. 


The system (c) is determined but for arbitrary holonomic or anholonomic 
(in the special case just mentioned only orthogonal) transformations of 
the system (x). The components of any point v” or w, are 


Oo 2 = kv 
Uv = — vw" = — @ 1” gy; yk == Aky ea 
n 

Ww =v = o'w 2’; w; == Ad W). 


(9.17) 





k k ° . 0 
%y = Ayv” instead of = would mean that v” were a vector, ie. v = 0. 
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Hence the intermediate components of Aj are 


Ay 


Sa ¢ k 
2 —q =—etnm; At = Al; 
Ay = gg =e "'2’; Ai = Aj. 


(9.18) 


According to § 2 (2.5) this system is characterized by 


q =! 
wonders | 
Qn = dab q° + Abe oF. 


If the system (k) is holonomic, we have 


(9.19) 


(9.20) t, = gab q « 
R 
The parameters of the Riemannian connexion x with respect to this 


R 
system all vanish but for the I}. 


R Rk R 
(9.21) Tn = a == MS = 0, 
mk 2 rk. 
The parameters of the projective connexion WZ are 
(9.22) Hi, = Alpe Mu + Ao oA, 


hence the only non-vanishing components of Mj are: 


t 
+ 


km yk @ * 
Mj ea) Vy ace lig ’ 
My = o Qs, 
ux TS wo PX, 


Ty = @ * Qi 


(9.23) 


in accordance with (9.5). 
Now we impose the last geometrical condition.** 

5. The point x” is always displaced in a direction perpendicular to d'x”. 
Hence 





(9,24) Gy (6x”) d’a? = (Ga Vax") a'a* d’a” = 0 

“This geometrical condition is superfluous because it follows from the first physical : 
condition. For that reason we will not use it in the physical part. We have imposed a | is 
It here because of its geometrical character and in order to get a more complete division hs Pi 


between the geometrical and the physical part of this paper. Pet : 
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_ 


for every direction d’x”, from which follows using (8.13), (9.3) that 


(9.25) Qan) = Pip = 0, 
hence Q,,, is a bivector. 
10. Curvature. The projector of curvature belonging to Thy, is 


(10.1) Bigg celia. Otw ial ad - Tow TTY, 5 2 Qi Mt, 
7 a jen v 
= 2 Oy L (Al 2 Ty) 1° 
From the well known relation® 
ooo = s ; a a . 8 — a 2 
(10.2) Noni on — — 37, Xia pl — 2X or Xia t 2 Sin Xie ; 


R 
where N,,,;° = K,,;° is the ordinary Riemannian affinor of curvature 
with respect to homogeneous codrdinates, which can be defined similarly 


to (10.1) by means of the «a From (10.2) we get by means of (9.5), (9.7) 


R R R 
Neji’ — Kopi” = — 207 Vi Qa 2@ Wp Voy PALO UV wo Vy 


(10.3) —20-* Ow Qa uy 20° Gon Pia 


—3 o..—2 y 
—2w PY Cn Goi G2 Poa Been Uy 2 . 
By contraction this gives: 


0 


a ry’ ° °@ oe 
Nwa— Kyi i Noni — Koni 


cae R ° melt R . R 
= q,V,P4+o DV oC — QV, 7 


(10.4) Ae ; ie , 
+o (Qou P+ En Qe) -—2 Gon Py 
+ Oy VT, P50 Qr— wo TQin . 
(10.5) ws Kug 
= © "Qo (2 PP? QO") — 20 dog P°°— T’+ Tyo T®, 
where 
(10.6) T = w- Q, iis t gf. 








J. A. Schouten, The invariants of linear connexions with different transformations, 
Amsterdam Proc. Kon. Ac. 30 (1926), pp. 276-281, formula (10). We will use the opportun- 
ity to correct some misprints in this paper: in the second member of equation (2) a factor « 
should be adjoined; the second term of the right member of the first equation of (6) 


4 
should be — Ra MNwttLpj0)9°"; the third term in the right member of (10) should 


be +28,, - A},”. 
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The projector N,,,,” satisfies the following identities 


a) 2 Nagi = %, P,, 


b) Nona e = = 2 iy Vg t 25,8 QV,» 
ts ¢) Mapa x8 20 iw Si + 48, (wp S Sie ’ 
d) Vix Nop =e — 280° N,, nol 
and because of (8.1), (9.3) 
(10.8) Nongn = (Viw 8 “ Son * 85) Gy a 


From (10.7d) follow by contraction the identities 


Vo Nopa® —2V to Nur = —48xw° Nase — 2Sapn° Noi, 
(Oe ag (wa®— + Nat) = —285.° Ne°— Spee Not” 


11, Geometrical properties. We can decompose the quantities Q,,,, 


Py, and 8, into: 


(11.1) Qiu — Qiu — Io Qo And sa wo” bj qu — o* bay Qui 
(112) Py = Phy—gp P% Ang —@ Bi qu— © ‘baggy’ 
(11.3) Sy = 8y—8Qu- 
The connexion with the parameters (9.23) has the following mutually 
independent geometrical properties: 
Correspondence: 
a) The field x"V,,v” corresponding to any vectorfield is a vectorfield. 


This is equivalent with 
(11.4) de P*, A, = 0. 


b) The vector corresponding to any vector v” is perpendicular to v”: 


(11.5) Paw = 0. 
Because of (8.4) and (8.7) this leads to 
(11.6) ;s= 0; b = 0. 


Because of b = 0 the field corresponding to any pointfield is a vector- 
field (comp. a)). 





*© Comp. TPZ., pp. 422, 452. 


ee a 
ang penn 











2 Anabel 


£ 
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c) The vector corresponding to x” is zero: 
(11.7) b” == 0. 


Hence Pin = Piam is a bivector. 
Displacement: 
d) The covariant differential of x” is always a vector: 


(11.8) We Ve An = 0. 
e) The point x” is displaced in a direction perpendicular to d'x”: 


(11.9) Tin = Quay == @, 


Hence Qin = Qtiy) is a bivector. 
f) The covariant differential of xj, is a covariant vector: 


(11.10) s, = 0. 
Equivalent to e) is 
e*)The covariant differential of a (contravariant) vector in the direction 
of this vector is a vector. 


II. Physical part. 


The projective connexion we have found in the first part of this paper 
is not wholly determined. It depends, apart from the quadric and the 
contactpoint, on two bivectors P,, and Q),, which may still be arbitrarily 
chosen. We might fix them by means of geometrical conditions, but we 
prefer not to do this for the following reason: the geometrical part as it 
is now is common to the several prominent unification-theories, if inter- 
preted projectively. Moreover in all these theories the bivectors P), and Q;,, 
are proportional to q),,: 


(II.1) — 0 Pry = Pans —*Qay = @9pi 


where p and g are real numerical constants. But the theories differ in the 
values of these constants. As 
a h h ” 
(11.2) Tw = 94 Iq = 01 Oy (Gay, 2”) 
fix and therefore the whole projective connexion by virtue of (II.1) depend 


only on the quadric and the contactpoint. 
In the physical part we will suppose 


(11.3) n= 4 
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and we will identify the spots (not the points!) of the H, with the events 
of space-time. Further we will suppose the index of G,,, to be 3.°° Hence 
the only non-vanishing components of Ga and gi are, if the system (k) 
is orthogonal: 

Gi = Gre = Gs = 1; Goo = Gu = —1; 


fui = Sie = fu = 1; Iu = —1. 


12, Geodesics.** In our projective geometry geodesics in the ordinary 
sense do not exist, because displacement of a vector does not in general 
lead to a vector but to a point. But instead of displacing a linear element 
as in the ordinary case, we can displace an arbitrary point on the line 
of the element. Then we get in the neighboring EZ, a line through the 
contactpoint and the displaced point and we can go on on this line with 
the displaced point etc. The shape of the resulting curve depends obviously 
on the choice of the initial point on the tangent (and not only on the 
direction of the tangent) because the contactpoint is generally not covariant 
constant. Now a general point p” on the line of any linear element d&* 
is given by the equation 
o 4 


p — pq, 1 
(12.1) Me are He a dv? = —-, ds’, 
pe = p® — —; € 
c dt 


or, in general codrdinates 
l dx” , ak 
12.2 vy — 0 i vi. = an Me cum. 
-_ . v (peta) . dt an Zs 
p’ is the weight and iJ the length of the vector between qg” and p”, which 
will be taken timelike. The differential equation of the geodesic, got by 


of - . . = 4 My iri 4 
displacing p” in the direction of d&* is obtained by requiring a to be 
coincident with p”: 


(12.3) Sp” b 


ee 
By multiplying p” with ¢ S°* we see that the right side of (12.3) may 


without restriction be supposed to be zero 





dt 
_ “'For the reason see GF. III. If w* is chosen negative, the index is +4. This case 
1s dealt with in GF.IV: J. A. Schouten, Zur generellen Feldtheorie; Ableitung des Impuls- 


energiestromprojektors aus einem Variationsprinzip, Z. f. Ph. 81 (1933), pp. 129-138. 
**In this paragraph we will not suppose the last geometrical condition to be fulfilled, 


because it follows automatically from the first physical one. 


(12.4) a ox @, 




















TOR a re eee etree 
Ns 2 wa EL ae Re SS 
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in which case both the weight of p” and the length 7 will satisfy auto- 
matically some differential equation: 


J 2 l ry 


ey pa a wAQ,, Hin, 


(12.6) log (+1) = = a v+tq ie 
The equation for p® being homogeneous, the geodesic will be independant 
of the initial weight, but it will depend generally on the initial length as 
the contactpoint generally is not covariant constant. 

The equation (12.4) can be expressed in the Riemannian derivatives of 7” 
by means of (12.5, 6) and (9.5): 











R 
02” a aa ERs 
(12.7) < - aie Qi, 7 Poa 8 07 0", 
or written in full: 
d ae pk a a 
dt i dt dt 


(12.8) , 
(d@&J 2 |, (déP (aby (dd) 
=7@ qt Sy — 20) — Te de ds de - 





Now it is well known that the equation of the world-lines of points with 
mass m and charge e moving in a field with a gravitational tensor 9 and 
an electromagnetic bivector 











R a 
(12.9) Fy = 206 9 = 2 04 oy ® 
18 
d (eG AH ee ae BY 
(12.10) 2 ae Vij .e + et pr a 


Hence if we impose the first physical condition: 
1. The world-lines of charged masses with different ~ are the geodesics for 


different 1, 
then the vectors in the right members of (12.8) and (12.10) must be equal 


for every / and every 7”. Hence 7 must be proportional to a 


(12.11) t ie ho 
ée 





*° G1, Pa, Ps are the components of the magnetic potential vector; —. is the electric 
potential. 
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and 
k 1 a 
(12.12) Qrjt+ Ski — = Fyj— 2 (2. + - Tn i ) 


vanishes by transvection with 2”. By transvecting (12.12) with two mutually 
orthogonal vectors om f, ” we see that 





(12.13) Ty = 9; 

hence by (8.16) 

(12.134) Oy = Wn = —  qut Sy), 
and 

: k a 

(12.14) — Fg = — oT Oy- 











From (12.13.a) and (12.6) follows that 7 and therefore & is constant; the latter 
constant has the dimension M@—? Z/? and is independent of 7 and 7”, hence 
of the choice of the particular geodesic.* Because of (12.5), (12.13a) implies 
that also the weight of the displaced point is a constant along the geo- 


desic, which can therefore without loss of generality be taken equal to =: 
(12.15) py = mi?+ -t: 


13. The point of energy and momentum. The electromagnetical 
bivector Fj is related physically with the potential vector 9; by 


or, written in homogeneous codrdinates 
8) Py * 282 9; 


and geometrically with the covariant point of the plane at infinity by 
c ¢ 
(13.3) Fyy = en Qin == q Ve Qui: 


Now let us suppose that Qin were proportional to q,, with a constant 
factor of proportionality: 

h 
(13.4) —otQ, = Vadu = Up = Od Qul- 


Then the difference of Pu and g - qu would be the (projective) gradient 





of a scalar which we will write = = dn log Xx: 





(13.5) ou = ye eto du log X). 
*“1 is a numerical constant and has no physical dimension. 














ee 
wim + 
dea teeta SS3E 


a 


pa arenes 


Re 
ni 
: 
af 
i 


Set tierce adidas Se GP 3 ¥ by sien, 
Payeas ser 4 oe . m - 
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As gu is a vector, transvection with q, shows that 
(13.6) Hb Ou log X =— 1, 


hence X is homogeneous of degree (and excess) one. 
Now m2” , the vector of kinetic energy and momentum and it is well 


known that —¥ may be considered as a vector of potential energy and 


momentum.’® But by means of the equation (13.5) we could replace the 


vector —93 (which is only determined but for an additive gradient) by the 


point q = q, Which is totally determined. Hence we might consider 
this point as the “true” point of potential energy and momentum and look 
upon = 9; as the “apparent” vector of potential energy and momentum 
which appears only if we choose the gradient which may be added to 
q a q, in such a way that the sum is a vector. From this point of 
view the point 

(13.7) mi’+q 





ae 
2 ! 
would be the point of total energy and momentum. Contrary to ¢, the 


points appearing in this expression are wholly determined. Now we drop 
the assumption (13.4) and wea we impose the second physical condition: 


2. The point py = eine as a % which is covariant constant along every 
geodesic, is the point of ae energy and momentum, i. e. it differs from 


mM ty + <r only by a projective gradient: 
(13.8) % = 7 +o 8, log X). 


We get from this condition, using the fact that k is a constant (§ 12): 





(13.9) 7 81a qa — Fa Ga = O, 
or 
(13.10) Rin ee 

eae k Dip |* 











‘Tf the vector »” is timelike and taken as time-axis, its value becomes ~ times the 
ordinary potential energy. 
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With the aid of the condition (12.14) for the equation of the geodesics 
we get from (13.10) 
(13.11) —e Qa = 2d 


Hence our provisional assumption (13.4) follows from the second physical 


condition and 
(13.12) q = 2. 


The equation (12.4) which is at once equation of motion and theorem 
of conservation of energy and momentum allows another geometrical inter- 
pretation. According to E. Cartan‘ we can consider the displacement 
along a (non-closed) curve as a continuous “developing” of the local 
spaces on each other. According to this idea the local spaces belonging 
to the different points of the curve, become identified with each other; 
to a pointfield along the curve belongs then and only then a uniquely 
determined immovable point v” of the image-Z:, if it is covariant constant 
oe 
1, @.  % = 0). 

If we apply this to the 
local spaces of a geodesic, 
we see that the fundamental 
quadric and the point. of 
energy and momentum are 
covariant constant. If we 
introduce into the 
E; instead of the | y 
euclidean metric K 
belonging to q” 
either the eucli- 
dean metric be- 
longing to p” (i.e. with p, 
as hyperplane at infinity and 
p” as centre of the quadric) or 
the Lobatschevskian metric 
belonging to the quadric, then 
the motion of the material 
point in space-time maps 
itself in Ef as a rotation Fig. 1. 








Bull. Soc. Math. 


“Comp. for instance E. Cartan, Sur les variétés a connexion projective, 
de France 52 (1924), pp. 205-241. 
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(of both g” and 7”) around the fixed point p” (see Fig. 1). Writing 
(12.4) in the form 


PS O80 ih e Bee, ie 
(13.13) 5 ee q” = i "4 om’ i 

we see that the four-dimensional vector (point at infinity) of force k’ lies 
in the polar plane of the line through 2” and q” and signifies apart from 
constant factors the velocity of 7” and qg” under the rotation mentioned 
above. 


According to (6.11) the “value” of the point +” or mc?” is the proper 


mass m or the proper energy mc* resp. of the material point. Therefore 


perhaps it would be plausible to consider the value of the remaining part 
, : 


| Ce q” 
of cp”, 7 Re ax 


of the material point.‘ 
For the electron this energy is about 10*° times as large as the mass- 
energy mc® but it does not give a contribution to the inertia. 
14. Spinquantities.*4:“* We introduce the Dirac-numbers «°, (a, ---, 
g = 0, 1, 2, 3, 4)** (by the equations) 


! = > as a kind of electrogravitational proper energy 





8 


on 
a@ g@) = G@, 
(14.1) (a a) ue = a (a a), 
a = glererat, 


Each « may be considered as a co-contravariant spinor (affinor of 


local — with valence 2 and accordingly may be written «,, 


(4, -++, @ = 5, 6,7, 8). The unity spinor, corresponding to 1 be written @{. 


“The points n” and 'n” in which the quadric intersects the straight line through 9” 
and p” are in reality complex conjugated, because the direction of this straight line is timelike. 


over the space 





“Tf the integral of the energy-density belonging to the potential is 
outside of a sphere has a given value H, the double radius of the sphere is rer On 


the other hand the radius of gravitation belonging to this energy E is - _ =—; FE. These 


two radii are equal if and only if EF has the value << mentioned tag 


“See D E., and also J, A. Schouten, Uber die in der Wellengleichung verwendeten hyper- 
komplexen Zahlen, Amsterdam, Proc. Kon. Ak. 32 (1929), pp. 105-108. Die Darstellung 
der Lorentzgruppe in der komplexen E,, abgeleitet aus den Diracschen Zahlen, ibid. 33 (1930), 
pp. 189-197. 

** (February 1933.) A more recent development of the anylisis of spinquantities, including 
the cases where the index of Gry is +4 (w?<0) and +1 is to be found in GF. IV and in 
GF.V: J.A.Schouten, Zur gonerelion Feldtheorie. Raumzeit und Spinraum, Z.f. Ph.81 (1933), 
pp. 405-417. 

“In §§ 14, 15, 16 the system (k) is always taken as an orthogonal one. . 
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«° determines two invariant planes HZ, and E, in spinspace.‘* Every 
spinor can be decomposed with respect to these planes f. i. 


a =4-+7, 
(14.2) a® — jsta7, 
ak % gk pre Be =sakt, pe = Taku, 


sand 7 are the unity spinors in E, and E,. The codrdinates in these 
planes can be chosen in such a way that the components of 4* and A* and 
of « and « are complex conjugate. We write a contravariant spinvector 
in the first plane vo, (a,---, q = 5,6) and the spinvector with complex 


conjugate components in the other plane o*, (YW, ---, G@ = 5,6). The 
components of +, +, A* and A* are 

ae Bre . 
(14.3) M te pthe 

it, Boa 


8" and * lie with one index in one plane and with the other one in the 
other plane. Obviously *” 
BYU — gis, pi = pi pi, 


(14.4) Bu) = get, pi = Bi Bi, 


A covariant differentiation for contravariant spinvector-densities of weight 
¢ and excess (and degree) « and covariant ones of weight —} and of 
excess (and degree) « is given by ** 


VuX° = 0,X°+ Aan X44 6QX°, 


(14.5) - 
Vu Xo = Ou X4— A Au Xe +6 Qu Xa, 

where 

(14.6) hy 0 


and Ain is transformed as follows under arbitrary transformations of co- 
drdinates in space-time and spinspace, which are totally independant of 
each other: 


Cc’ , Cc’ B 1 D'’ B Cc’ 
(14.7) AA’ oe Ay jets Adu -- aR Ou aa’ — z aR Ou «b mae 


Such a covariant differentiation of spinquantities may be fixed by the 
condition that the covariant differential of «°°, vanish. It is well known, 





“Comp. DE., p. 251. 
“DE., p. 252. 
““DE., p. 280. 
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that because of 3, G* —+ 0 the codrdinates in the local spinspaces can be 
chosen in such a way that the ordinary differential of «°°, vanishes. If is 
are the parameters of the covariant differentiation of contravariant spin- 
vectordensities of weight } with respect to the system (c) in space-time 
and with respect to these special coérdinates in spinspace, then we have 


Cc Cc B C B 
(14.8) Ve a, om Op a", - Tn ann + App aA — ap Aan = 0. 


Now because of (14.6) for every choice of b the sedenion .44, may be 
written as a sum of multiples of the five sedenions «°°, and the ten 
sedenions al@dC ; 


(14.9) Any = (+ 


Substituting (14.9) in (14.8) we get 


1 | 
(14.10) AY = — {Maw ane, 


» wii 1 [adic 
Ay «:"5) at (F An» Cea} *) gape 


From this equation follow the values of the parameters Ain with respect 
to any system of codrdinates (C’) in spinspace by means of (14.7).“* For 


the Ag which belong to the Riemannian connexion we find in the same way 


Ro 1 Rk. 
(14.11) A = —T Maw png 
hence by means of (9.5): 
R 
(14.12) Ay —4y = — Xi," a &— Lo 2Qy a” — gy Pre”), 


R 
From (14.11) we see that 74 == 0 in cartesian codrdinates in case there 
is no gravitation. By decomposition of (14.10) we get 


1 ” 
Ay = — 3 Mi Bi‘, 
1 —;. 
Any = an Th Bice x, 
(14.13) 1 
* ings 
Ay = +>? is Bisa , 
c * 1 
Aq = Ties ily Bis ae 





“The general formula is 
Pte et: ig 
A, = — Mf, at+ge 2 One, vs ra 


In GF.IIT, p. 661 (9.7, 9, 18, 14) and note ? the sign is erroneous. (February 1933.) 
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A pseudovectordensity is a vectordensity which is determined but for an 
arbitrary scalar factor. The parameters of the covariant differentiation 
of contravariant pseudovectordensities of weight +} and degree 0 have 


the form 


e2 
(14.14) Mint =—eh Pn, 


y* being a covariant point transforming in the following way 
, ch 

(14,15) 2 = Gat og On 

if the vectordensity gets a factor 9. 


15, Dirac’s equations. Dirac’s equations for Riemannian space-time 
49 
are 


. h Rk 
(15.1) si {* (2, yP+ 48, wr} —~<9, yt —meys == Q, 
(15.2) pe Al, 64 4 HORS be c— 9g 
E,\= (2; ve + 48, wt) —— 9, yr + mey® = 0. 
They can be combined into the one more simple equation 


R 
(15.3) te"(4 a+ A—~-9) _ meie'l y=0. 


a 


This equation can be brought into the simple form*? 


(15.4) + wey =0 

. ; « 
by taking 

0 0 mec 

(15.5) 9; = §;; Po = — 

We now impose the third physical condition 

3. The equation 

i 

(15.6) — at, y = 0, 


W being a pseudovectordensity of weight +}, is identical with Dirac’s 
equation for Riemannian space-time. 





“ DE., p. 265; contrary to that paper e denotes here the positive charge, hence e<_0 
for electrons. 


DE., p. 283. 
20* 
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Now (15.6) can be written, using (14.12) ~ 
h R h R 4 
0 = F ihe Vay + — ah (Ap — Ap) — 
(15.7) 


4 


R 
= 4 at V, w+ = 4 wo! (Pan — 2 Qin) a” w 


hence the equation (15.6) is equivalent with Dirac’s equation if and only if 














(15.8) Pin = 2 Qin e 

which is equivalent because of (8.13) and (12.13a) to 
1 1 

(15.9) Zy = 7 OW = —y Wt Si). 


Using (8.13), (12.14), (13.10) and (15.8) we see that all bivectors which 
occur in our theory are now proportional to q),: 


(15.10) oP, = —Pphps 8’. = — Wp 
1 
(15.11) Sin = @—1N) ain; Ly = 9 @—P)Gn- 
Cc 
(15.12) Fy, ~— 17, Vu 
with 
(15.13) p=2%q=4. 


From (15.12) and df gu ~ 0 follows, q being a constant, of course Max- 
well’s second equation: 


R 
(15.14) Va Fun = 


The connexion for quantities of excess zero is now wholly determined. 
It is remarkable that because of (9.5) and (15.9) 


R 
(15.15) Stiun = Stdiurr- 
Now from (14.12) follows 
R 
(15.16) alt An — at Ay 4 fo (Pip — 2 Qa) oeAv9 


or, using (9.7), (12.13) and (15.11) and writing in full: 


R 1 R ; 
acest ap Mau — Oe Adu = 4 Sau] —Staur) oe a: 





*! If this condition were not fulfilled, Dirac’s equation would contain an additional term 


h . : 
of the form — + > (P—29 dip «#0 which would give rise to a kind of spin-term.” 


‘(February 1933.) The additional term is dealt with in GF. V. If we impose the con- 
dition that the divergence of the current vector vanishes, it can only appear if the index 
of Gin is +4(w*<1) or +1. 
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Hence (15.8) is equivalent to the identity of the operators a4, and 


she If we had introduced instead of the third physical condition the 
condition of the identity of these operators we should have got immediately 
the equation (15.8). 

16. Different forms of Dirac’s equations. The form (15.6) of the 
Dirac equations, written in full and in general coérdinates: 


(16.1) aM", {Op ? + Aku ws)—~ guy +imequy® | = 0 


is inconvenient for two reasons. Firstly the displacement of projectors 
and affinors occurring in the macrocosmic equations is independent of e 
and m (they occur only in the differentiated object), but the covariant 
differentiation itself used in (15.6) depends on e and m. Secondly the in- 
determined vector y, could be eliminated from the macrocosmic equation 
of the geodesics and replaced by the determined point g,. But in (16.1) 
both yz and gy do occur. The second inconvenience can be removed by 
introducing instead of the pseudospinvector-density W° a spinvectordensity 
52 


we of degree tor 
(16.2) ye = x- 7K YC, 

Then (16.1) passes because of (13.5) into 

(16.3) alin | (Oy Ah BA) — (<—imd uv? } = 0, 
or, using (14.5): 

(16.4) at{ 7, —(£—imd ute oQu| w = 0. 


We now impose the fourth physical condition, which allows us to de- 
termine Qu: 


4. The operator se Vu°* ts quantumtheoretically equivalent to the point of 


total energy and momentum pu:°* the algebraical equation equivalent to 
__ 16.4) | has always a solution # +0." 

? This is the only place where the constant w appears in an essential way; in all 
other formulae it is merely an irrelevant dimensional constant. As 

Because of the identity of «A, and a# A, proved in §15 we can take--V y just 


as well, 


“This condition is plausible because the influence of the charge ¢ consists (because 
- ° e 
of (12.15)) in changing the kinetic energy and momentum mi” from p” into p"— ; q. 


Tn this case it has at once two linearly independent solutions. 
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This algebraical equation has the form 


(16.5) acl Nu F = 0 
with 
é ‘ é 
(16.6) m= ru—(4-—ime} qu+ 7 @ Qu. 


Now an equation of the form (16.5) has a solution “+0 if and only if 
nun = 0 as is seen at once by operating on (16.5) with an, 
Hence 








} 2 
(16.7) | nu ||? = | miu + icqu) + 0 Qu a 
or " 
(16.8) Fy @*Qu Qt + sem © Quit + 21" @ Qua = 0. 


Because this must hold for every direction of the vector 2”, the second 
term must itself be zero for every 7”; i.e. the vectorpart of Q, must be 


zero. Because Q, must be independent of = the two remaining terms 


must vanish separately, hence 


(16.9) Q = 0. 
Indeed 

16.10) mt Pine bee t 

(16. tert = 9 —(~ Fimela 


are the two points of intersection of the quadric with the straight line 
through p” and q” (see fig. 1). 
The Dirac equation becomes now 


h e : 
(16.11) an Vu— (= —im o} qu} = Q, 
It is to be noticed that e occurs explicity only apparently because (16.11) 
can be written 


j U . , Vv 
(16.12) (Fa ay pt al Ay $i mat qu) e-0, a= Aa’, 


where e occurs only implicitly (in the degree of ¥). Although the equation 
(16.12) is actually real, it is not possible to consider only real solutions ¥, 
because the degree of # is imaginary, i.e. 4% must be a common solution 
of both (16.12) and 


: e 
(16.13) ah Ou, = —7 o 7B. 
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The Hamiltonian function is 





= Tee Gann! nt +n nl 
(16.14) 1 Qe 2 
~ ame {PAP — 22 a+ (te — mc} fo" Gy, . 


By partial differentiation with respect to p, holding gq’, G,, and G” 
constant and by partial differentiation with respect to q, holding p, constant 
and considering the G,, G*“ as functions of x” = wq”, we get the 
equation of the worldlines of charged masses 








0H 1 e d'q” d’ 
= — |p’ — —q’) = — = 7 
0 py om (» k r) dt ’ dt mon, 
(61) See. ee 
re ee AuDy ® ae ay 


From (16.10) and (16.14) follows 
(16.16) H = 0. 


By iteration of the operator in (16.4), we get the wave equations of the 
second order in the form 


(16.17) oH (+7 —zat imem) {4 Pu — {gut imeay| y= 0, 
# being a normalized spinvectordensity of weight + z and excess 
—io ir" By going back to a w with excess zero, ae in (16.17) changes 
into ~~ 94. Decomposing then « into & and # we get the two equations 


of the second order in the ordinary (Riemannian) form.’® Of course these 
equations can be obtained as well by the elimination of y* and ¥* from 
the two equations resulting from the decomposition of (16.11). 

The Dirac-equation (16.11) can be brought into another quite remarkable 
form. If we operate on the left side with «° + — at qu we get 


(16.18) — gay, = (-— ime} w, 
7 


This equation shows that the solutions of Dirac’s equation are the “eigen- 


functions” of the operator A ap V, which belong to the “eigenvalue” 
a 


7 ; 
> —tme. 
k 


© DE., p. 281. 
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If we use in (16.18) the Riemannian differential operator V, instead of Vu 
(which is permissible because of (15.8)), we get because of 


q? - . sp itine, = 0: 


h .® e 
(16.19) = gt V, = — wy, 
hence (16.18) takes the form 
h + ee R . aT} uiv 
(16.20) + a whl B= ime se; a= Ma, 


which has the remarkable property that the mass itself is eigenvalue of 


an operator. 
17. Variation. The most simple principle of variation is 


(71) éi = [fy V Gda2 dz! da® dx? dzt=0; G= Det (Gru); 
where G,, has to be varied and 2” and » to be kept constant. 

(17.2) 5G xy ay = at a 3 Gay, = —N%, 6G! = 0. 

We suppose that P,, and Q,, differ only by constant factors from q),: 
(17.3) — oO Pry, = PQs = — © TQ = Ap» 


but we will not yet use the values p = 4, g = 2 found in § 15 and § 13. 
Denoting dx? dz! dz? da? da* by dt we can split up 6J into three parts: 


(17.4) oc — 6/,+01,+6];, 
where 


61, = { (06) art [ O66) Ny, de 


on f Gi? (Ny ao 5 NGi,) t) Git dt 
(17.5) 


1 
= f G2 (:, ar 7 Ky,,] — (— pat 2p) G8 Guo 
1 R 
+E 274+ 2p) yet" dn + (+a) V9 ae | 8G) ae, 
bl, = feos SM,” fae 


(17.6) 
= fo (2—p—q) (07 Vous — ai Ane) (6a) dr, 
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3 1/2 Au v ute v | 
f R 
(17.7) = f ow (g—1)\— 22 p—q—1) Vea? 


+ Bp—4—2) a9 4,6} (6) de, 


in which formulae integrals of divergences have been omitted. Hence 
we have 


2 1 “ 
éo[ = f ow (6 G44) dr [(x:, wai o Kg] 
-O 1 0 
(17.8) —2(¢?—2pqt+2p) (oi de ~~ G00 4 Dip 
R 
+ 2(q°’—2pq+2p) a Ve as] =. 


Hence the variational equations are 


1 
(Kin 3 Koi) 





(17.9) 2__9 2 hk? 1 
<a = Pp < (Fi? Fue — Feo Fay) = 0; 
R 
(17.10) 2(¢— 2pat+2p) Ve Fi! =e 0, 


On the other hand the field equations for the gravitational and electro- 
magnetic fields in empty space are (written in homogeneous coérdinates) 


A 
2 


Now we impose the fifth physical condition: 

5. The affinor part of the equation resulting from the variational principle 
(17.1) is equivalent to the combined equations of the gravitational and the 
electromagnetic fields in empty space. 

This condition is then and only then fulfilled if 


(17.12) —2(q?—2pqt+2p)k® = xq’. 

From this equation follows that for real values of k 

(17.13) g’—2pqt2p<0. 

Substituting the values of p and q deduced in §15 and § 13 we get 


; 1 
hy Kay + 7s (Fi® Fae — Fee F ax,) = 0. 








(17.14) | n=V= |. 








The only remaining constant is w, determining the unit of length. 
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The remaining variational equation (17.10) gives Maxwell’s first set of 
equations for the electromagnetic field in empty space, whereas Maxwell's 
second set has already been found in § 15. 

18. Relations to the older theories. The theories of Kaluza-Klein, 
of Veblen and Hoffmann and of Einstein and Mayer (the latter in the pro- 
jective form in which we have brought it) are closely related to our theory, 
The whole geometrical part of this paper is equally applicable to all these 
theories. They can all be characterized by the relation 


(18.1) Vu Gy = 0, 
together with relations of the form 


(18.2) ert Qin = VWUins <r Pin = PU» 
c 


(18.3) Fy, — It k Vip» 


with constant f, p and q. Apart from the first-mentioned theory they differ 
(apart from details which are for our present purpose not relevant) only 
in the values of p and q. 

Now we have seen that the right form of the geodesics requires the 
relation 
(18.4) f= 


that the theorem of the point of energy and momentum requires 
(18.5) gm 8, 

that the form of Dirac’s equation without additional terms requires 
(18.6) p = 2q 


and that the variational principle requires 


(18.7) k= yz, q+0, 


where as the +-sign of »? demands 


(18.8) qg—2pqt+2p<0. 


Equations (18.3) and (18.4) can be considered as to define the physical 
quantity F,,, by means of the geometrical quantity Vip: 

The theory of Veblen and Hoffmann is characterized by the property of 
symmetry Sj," = 0, hence p = gq = 1. It therefore gives neither the 
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theorem of he point of energy and momentum, nor Dirac’s equation without 
additional term, nor the +-sign of *.° 

The theory of Einstein and Mayer in its projective form is characterized 
by the condition that an ordinary covariant differential (by means of 
dx”, not of d’x”) exists, hence it requires p = 0. It therefore gives 
neither Dirac’s equation, because this would require g = 0, contra- 
dictory to (18.8) nor the +-sign of w*, The value of qg can’t be fixed 
by the data Einstein and Mayer have given. It can be fixed f. i. as 




















' 
‘ 
' 


ee 
| *2 no field equations 





p 





2 
i ure: ++ +-W <0 
Signat : whee W2>0 


Fig. 2. 


q = 2, in which case it gives the theorem of the point of energy and 
momentum, 
The theory of Kaluza-Klein is not a fourdimensional-projective one, but 
a fivedimensional-stationary one. Now the difference between those two 
kinds of theories is quite unessential. For a fivedimensional Riemannian 
' This refers only to the projective connection actually applied on physics in the papers 
cited in note ? on page 271. The more general theory of projective connections developped 
but not yet physically exploited in Veblens Generalised Projective Geometry, Journ. Lond. 
Math. Soc., 4 (1929), pp. 140—160, covers the whole (p, q)-plane, as does our theory if 
P and q are not specialized. 
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geometry is stationary if it allows a one-parameter group of motions. The 
paths of this group form a fourdimensional manifold which can be con- 
sidered as a general projective manifold.’ By “projectivising” it in this 
way the theory of Kaluza-Klein is brought into accord with our general 
scheme, and is found to satisfy all our geometrical conditions. But the 
geodesics are given by 

(18.9) pPYVup” = 9, 


instead of p'“Vup” = 0. Hence instead of the condition (18.4) arises 


(18.10) tS =pta 
and instead of (18.5) 
(18.11) ptq= 2, 


whereas the other conditions remain unaltered. Now the theory of Kaluza- 
Klein is a symmetrical one, hence p = q = 1. Their theory gives there- 
fore the theorem of the point of energy and momentum” but it does not 
give Dirac’s equation and the +-sign of ’. 

Mapping our results in a (p, g)-plane (Fig. 2) we can’ therefore say: 
the theories of Kaluza-Klein and Veblen and Hoffmann are mapped by 
the point (1,1); the theory of Einstein and Mayer by the q-axis or parti- 
cularly by the point (0,2), and our theory by the point (2,4). The points 
of the p-axis and of the hyperbola g?7—2pq+2p=0 don’t give the right 
field-equations and are therefore excluded by any theory. The image of 
the theory must lie on the straight lines g = 2 (energy and momentum)” 
and p = 2q (Dirac) and within the hyperbola (w* > 0). But these are 
exactly the conditions our theory fulfills. 


58 Comp. APD. II, pp. 538 and 542. 

*° But it is to be noticed that in a fowrdimensional interpretation the equation of the 
geodesics (18.9) has no simple geometrical meaning. 

° Or p-+q = 2 if (18.9) is chosen as equation of geodesics. 

°! (February 1933.) If we allow additional terms in the equation of Dirac then for w<0 
all points q = 2, p<2 are possible. But for w?>0 only the point q = 2, p = 4 is 
possible if we hold to the condition that the divergence of the current vector vanishes. 
(GF. V). 

















A CORRESPONDENCE BETWEEN CLASSES OF IDEALS 
AND CLASSES OF MATRICES.' 


By CrLarporNeE G. LATIMER AND C. C. MAcDUFFER. 


1. By the well-known Hamilton-Cayley theorem, a square matrix D, 


is a root of 
(1) S (a) = +h, oe '+------ +kn = 0, 


where + f(a) is the characteristic determinant of D, it being understood 
that when D is substituted for x, k, is replaced by k,J, J being the 
identity matrix. If A is a matrix of determinant + 1, the elements of 
D' = ADA are integers and D’ is also a root of (1). The question 
arises as to whether or not every matric root may be thus obtained from 
one by proper choice of A. 

If D, D’ are related as above, A as before being a unimodular matrix, 
we shall say that D’ is similar to D. This relation is symmetric and 
transitive. The totality of all matrices similar to the same matrix will 
be said to form a class. 

Since every square matrix, with rational elements, is a root of its 
characteristic equation, it is a root of a uniquely determined equation of 
lowest degree, < m, with rational coefficients, the leading coefficient being 
unity. This is called the minimum equation of the matrix. If D and D’ 
are similar matrices and one is a root of a given equation, the other is 
also a root. Hence a necessary condition that two matrices be similar is 
that they have the same minimum equation. 

Hereafter, let f(a) in (1) be any polynomial such that (a) the k’s are 
rational integers, k, +0, (b) the factors of f(x), with rational coefficients, 
Which are irreducible in the rational field are distinct. We shall consider 
only those matric roots of (1) for which (1) is the minimum equation. It 
will be shown that there is a one-to-one correspondence between the 
classes of such matric roots and the classes of ideals in a set © of ele- 
ments in a certain linear algebra. For the case where /(z) is irreducible, 
& is equivalent to the ring defined by an algebraic root of (1). 


‘Received, June 24, 1932. 

*It will be understood throughout this paper, unless the contrary is explicitly stated, 
that all matrices referred to are square matrices of the same order m, the elements of 
which are rational integers; also that the coefficients of all polynomials referred to are 
rational. 
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2. Consider the matrix 








0 1 0 0 | 
0 0 1 0 
C= 
0 Peet 1 
a, RPT oie —k, J 
The characteristic determinant of this matrix is |C—xJ| = (—1)"f(q). 


In the matrix (C—zJ), the determinant of order »—1 in the upper 
right-hand corner is unity. Hence (1) is the minimum equation of C.° 

Let & be the algebra, the elements of which are all polynomials in C. 
An element 9(C), of & is zero if and only if g(x) is divisible by f(z). 
Since the irreducible factors of f(x) are distinct, it follows that if 
y*(C) = 0, where a is a positive integer, then y(C) = 0. Therefore % 
contains no nilpotent elements and is semi-simple. 

Let G be the set of all polynomials in C with rational integral coefficients. 
In a paper, hereafter referred to as Tr., MacDuffee obtained certain 
results on ideals in a set of integral elements in a rational semi-simple 
algebra.* He employed Dickson’s definition of such a set.° Under this 
definition, such a set is characterized by four properties, R, C, U, M. 
However the property M, the maximal property, was not employed in Tr. 
and the results are valid for sets with the properties R, C, U; in particular, 
they are valid for the set G considered here. 

We employ the same definitions of ideal, class of ideals and non- 
singular ideal as given in Tr., noting that 2% is a commutative algebra. 
For the case where f(x) is irreducible, G is evidently equivalent to the 
ring R = [1, 0, 6°, ---, 6”—], i.e. the set of all polynomials with integral 
coefficients in an algebraic root 6, of (1). The present definitions of ideal 
and class of ideals are then equivalent to the usual definitions. 

We may take as a basis of G, Cé1*(¢=—1,2,---,m).° Then the 
matrices Cy of p. 76, Tr., are Cp = C?1(p=1,2,---,n). If & is a 
non-singular ideal in G with the basis 


o; = gal+ge2C+---+ginCc™™ = 1, 2,---»m), 


and if G = (gi), by Theorem 4, Tr., G C?—1 G—! = D?— (p = 1, 2, «++, 0); 
where the elements of D = (dj) are rational integers. These powers 
of D are the class matrices of &, relative to this basis. (1) is the minimum 





* Dickson; Algebras and Their Arithmetics, p. 109, Theorem 1. 

* An Introduction to the Theory of Ideals in Linear Associative Algebras; Transactions 
of the American Mathematical Society, Vol. 31 (1929), pp. 71-90. 

° Dickson, ibid, pp. 141-142. 
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equation of D since the same is true of C. We find Co;= >) dy a, 
(ij =1,2,-+++,n). If D’ is in the same class as D, D' = AD A~ where 
A= (ay) is unimodular. Then ; = >) ay @; (i = 1, 2, ---, m) form a basis 
of & and the class matrices of &, relative to this basis are powers of D’. 
Thus for every class of non-singular ideals in G, there is a corresponding 
class of matric roots of (1) of the required type. Furthermore, by Theorem 6, 
Tr., this class of matrices is unique. 

It remains to show that if (1) is the minimum equation of a matrix D, 
then D is in one of the classes referred to above. Since f(x) divides the 
characteristic determinant |D—2xJZ| of D, it follows that | D—-2xT| 
= (—1)" f(x) and the g.c.d. of the (x—1)-rowed minors of this determi- 
nant is unity.6 Then the invariant factors of D are all unity except 
In =f (x). The same is true of the invariant factors of C. It follows 
that there is a non-singular matrix G, the elements of which are rational, 
such that GCG = D." After multiplying G by a properly chosen 
scalar, we may assume that all its elements are rational integers. By 
Theorem 4, Tr., G is the matrix of an ideal, R. It follows that D is in 
the class of matric roots of (1) corresponding to the class of ideals 
containing &. We have then the 

THEOREM. Let f(x) =a" +k, av" 14+.--+kn, where the k's are rational 
integers, kn +0, and assume that the algebraic roots of 


(1) I(x) = 0 


are distinct. (1) is the minimum equation of a matrix C. There is a one- 
to-one correspondence between the classes of square matrices, of order n and 
with rational integral elements only, which have (1) as their minimum 
equation and the classes of non-singular ideals in the set © of all polynomials 
in C with rational integral coefficients. 

From the above conditions on f(a), we have f(a”) =f, (x) «fs (a) - --- -fs(@); 
Where the f; are distinct polynomials, with rational integral coefficients, 
Which are irreducible in the rational field. If 6; is an algebraic root of 
Si(x) = 0, let R; be the set of all polynomials in 6; with rational integral 
coefficients (i = 1,2,---,s). There is a uniquely determined polynomial 9, 
of degree less than that of fi, such that gi(x)-f(a)/Ailw) =1, modulo fi(x) 
G@=1,2,..., s). If A; is the number of classes of ideals in Rj, it may 
be shown that there are exactly h = /y-hs-----hs classes of ideals in 
or there are more than h classes according as all or not all of the coefficients 
of the s »’s are integers. 








° Dickson, ibid., p. 109, Lemma and Theorem 1. 
‘Dickson, Modern Algebraic Theories, p. 104. 
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If F is an algebraic field of class number unity, the results of the above 
theorem may be generalized to the case where the k’s and the elements 
of the matrices are integers of F. We define similar matrices as before 
except that the determinant of A is a unit of F. 

3. In this paragraph we shall give two numerical illustrations of the 
theorem. It will be noted that if w,, w,,---, @», form a basis of an ideal 
and if G@ is the corresponding ideal matrix, the matrix GCG = D=(d;) 
is given directly by Co; = Djdyo; (¢ = 1, 2,---, ). 

It is well-known that the field defined by a primitive fifth root of unity 6, 
is of class number unity and 1, 6, 6", 6° form a basis of the set @’ of all 
integral numbers in the field. Hence for the case f(x) = 2*+ 2*+ 27+ 241, 
the set G of the theorem is equivalent to G’ and there is a single class 
of fourth order matrices which are roots of f(x) = 0. Then every such 
matric root is similar to 


0 1 0 0 
vu) eet ee 
/ 0 0 0 1 

= 1 ets) 


Consider the case f(x) = 2?—2+6. It is known that (a) 1, 6 form 
a basis of the set G’ of all integral numbers in the field defined by a root 6, 
of f(x) = 0, (b) G’ is of class number three, (c) representative ideals 
from the three classes are {1} = [I1, 6], R= [2,1+6], KR? = [4, 14+4].° 
The set © of the theorem is equivalent to G’. Forming the class matrices 
for each of these ideals, we obtain 


2 en _ [-12 _ (-14 
ae ae i} Pum al 2) ae (—s 3): 
Then every second order matric root of z?—2+6 = 0 is similar to one 
and only one of these D’s. 


* Hecke, Vorlesungen iiber die Theorie der Algebraischen Zahlen, pp. 177-178. 
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ON LINEAR FUNCTIONAL OPERATIONS AND THE 
MOMENT PROBLEM FOR A FINITE INTERVAL 
IN ONE OR SEVERAL DIMENSIONS.! 


By T. H. HinpesrRanpt aAnp I. J. ScHOENBERG. 


The note by T. H. Hildebrandt? on the moment problem for a finite 
interval, which deduces the Hausdorff theorem on moments from the theorem 
of Riesz on linear functional operations, suggests the question whether 
conversely the Riesz result is derivable from the Hausdorff theorem in 
a simple way, thus giving a new proof of the Riesz theorem. In the first 
part of this paper we show that this is actually the case. Incidentally, 
there is suggested a very simple and elegant method of proving the Riesz 
theorem directly. 

The object of the second part of this paper is to extend to the case 
of several variables, the methods of the note by I. J. Schoenberg* on. the 
moment problem, as well as the results indicated above, for the one- 
dimensional case. Detailed consideration of this extension seems also to 
be justified by the fact that it requires the deduction of properties of 
functions of bounded variation as related to Stieltjes integrals in several 
variables. 

For convenience, the results obtained by this extension are stated and 
proved for the case of two variables only. The extension to more than 
two variables presents no essential difficulty. 

1. A derivation of Riesz’ theorem from the Hausdorff theorem. 
Let L[f] be a linear continuous functional operation on continuous 
functions f(¢) on (0, 1). Then there exists an M such that for every /: 


IZ(f]| s MIS), 
Where || f|| is the maximum of |/| on (0,1). Let L[¢] =n. Then 


L[e(a—s"] = pin— (7) erst ++ +(—1* apm = 4” pn. 


Now observe that since 


n 


> (™)ma—om = ¢+1—-9 = I 
: aan m=0 m 

‘ Received, July 9, 1932. . 

* T. H. Hildebrandt, On the moment problem for « finite interval, Bulletin of the Amer. 
Math. Soc., vol. 388 (1982), pp. 269-270. : ; 

*L.J. Schoenberg: On finite and infinite completely monotonic sequences, Bulletin of the 


Amer, Math. Soc., vol. 38 (1982), pp. 72-76. 
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and *(1—-t)"-" > 0 for O< t< 1, we have 


i: ea (*) ma —or-m| <1 


m=0 


if ¢m. — +1. Consequently by choosing the ¢m properly, we obtain 


(2) arn =| 35 (2) 


for every n. Hence the Hausdorff hypothesis is satisfied, and there exists 
a function of bounded variation x(¢), such that 


1 
Lit] = tn = fax). 
By using the Weierstrass approximation theorem and the continuity properties 


of J fdxz and of L[f], we then obtain the Riesz theorem, that for every 
continuous function 7 (¢) 


n 


Ca > 


m=0 


<M 





1 
Lifl =f) fax. 


2. A direct proof of Riesz’ theorem. It is however, more elegant 
to proceed directly using the Bernstein polynomials 


y= . aad 1 \ am —_— fyn—m 
main = Z(t) (t)eu on 
Let us define a sequence of functions y, as follows: 
(a) gn(O0) = 0; 


(b) 9n (™+0)—yn(™ —0) = (”) zie —ay—m); 


(c) g(t) is constant in the intervals oar m+ 1 
holds for 0<¢<1. 6 a 
Then 





and gn(t) = ¢a(t+0) 


L{Ba(f)] = Py (™) (”) Lyena—or—m| = [Fd gn. 


Now on account of the inequality (1) the functions y, are uniformly of 
bounded variation. Hence applying the theorem of Helly on compactness 
of a set of functions of bounded variation, there exists a subsequence 
gn, Of the gn, converging to a function of bounded variation g. Then by 


the properties of Stieltjes integrals‘, f. Sdgn, converges to J Sdg, while 





‘E. Helly, Wiener Sitzungsberichte, vol. 121 Ila (1912), pp. 225-226, See also the paper 


of H. E. Bray, Elementary properties of the Stieltjes integral, Annals of Math. (2), vol. 20, 
pp. 180-181. 
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from the continuity of Z[f] and the uniform convergence of B,(/) to 
f(), it follows that L[Bn, (f)] converges to L[/], so that 


Lif) = [sOay(0. 


Since | fd is not affected by changing » at a denumerable set of points, 
this » will agree with the above function x excepting possibly at a de- 


numerable set of points interior to (0, 1). 
3. On Stieltjes integrals and functions of bounded variation 


of two variables. In order to extend the previous considerations to 
functions of two variables, some properties of Stieltjes integrals and of 
functions of two variables of bounded variation are needed. Let /(z, y) 
and x(x, y) be defined and finite in the unit-square U(0 < # <1,0<y< 1). 
Let 


O = my << +++ Capi <r = 
(2) 0 


=yon<<¥i<Kw=! 
and let us consider the so called double increment of x 
A(x; vita, Yt, Vis Y) = K(ei4a, Yjd—AGiL, Y)—Ai, Yi) + xe, Y))- 


The Stieltjes integral is by definition the limit 


p—l 


)) : “1 a . 
(3) lim > a (Sy, MD AK5 wiv, yirr, Vi, Y) = J oS (@,y) dardly x(x, y) 


Jd—>071=0 
in case this limit exists, where d is the largest subinterval of both divi- 
sions (2), while &j and 4 are any numbers subject to the restrictions 
“Sk Su, y Sw < Yitr- Fréchet® has shown that this integral 
exists if 
(«) f(x, y) is continuous in U; 
(8) The double variation of x(x, y) in U 
p= 
V(x) = Least upper bound of , pe A(x; ri41, Wii, Zi, Y) 
is finite, 4 
Let us suppose that these conditions are satisfied. It follows from the 
definition (3) that neither V(x) nor the Stieltjes integral change, if x(x, y) 
is replaced by x(a, y)+a(x)+A(y), where a(x) and A(y) are arbitrary 
finite functions for 0 << a#<1 and O<y<X1, respectively. In particular, 
replacing (x, y) by x(x, y) — x(a, 0) —x(0, y) +0, 0), we see that without 
loss of generality we may suppose also 


(7) x(@@,0) = x0,y) = 0 fr OS e51, 0S yS1. 


°M, Fréchet, Nouvelles Annales de Mathématiques (4), vol. 10 (1910), pp. 247-248. 
21" 
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In the present paper we shall say that x(x, y) is of bounded variation, 
if x(x, y) satisfies both conditions (8) and (y).° 
A function 9(x,y) defined in U will be called monotonic if 


(8) A(g;§&4,2,y) 20 fr Of e<F& O11, OS y<y <1, 
(7) p(x, 0) = 90,y) = 90 fr OS r1, 0S yS1. 


It follows in particular that a monotonic function (x, y) is non-decreasing 
in x, for y fixed, and also non-decreasing in y, for x fixed. Hence x<z', 
y<y imply (x, y)<9(a’,y’). Hardy’ has shown that a function z(z, y) 
of bounded variation may be expressed in the form 


(4) x(a, y) = 9(%, y)— YW, y), 


where g(x, y) and w(x, y) are both monotonic. 

We shall need the following 

Lemma 1. Let {yn(x,y)} be a sequence of functions which are uniformly 
of bounded variation in U. Then there exists a subsequence {xm(x, y)} of 
the given sequence and a function x(x, y) of bounded variation in U such 
that throughout U 
(5) lim %m(z, y) = x(x, y). 

mM >o 


If f(x,y) is continuous in U, then 
(6) lim ih S (ax, y) dee dy xm (x, y) = =[[ ST (a, y) de dy x(x; y). 


mM >D 

Let us first consider the case when the functions x, (x, y) are monotonic 
(in the sense described above) and uniformly bounded. The set R of 
points (r,s) of U with both codrdinates rational is denumerable. By the 
usual diagonal method of Cantor we construct a subsequence {zn'(z, y)} 
converging at all rational points (r,s) to a limit which we call x (7, s). 
The function y(7, s) thus defined over the set R obviously satisfies the 
monotoneity condition (4) and (y’) with respect to this set R. A theorem 
of W. H. Young® shows that x (7, s) will have a definite limit at all points 


® According to the definition of Hardy and Krause a function , (, y) is called of bounded 
variation if (8) is satisfied and both y(a,0) and y(0,y) are of bounded variation in the 
sense of Jordan. See E. W. Hobson, Functions of a real variable, vol. 1 (8rd edition, 
1927), § 254. However, the more restricted condition (y) will be very convenient for our 
present purpose. See also C. A. Fisher, Linear functionals of n-spreads, Annals of Math. (2), 
vol. 19 (1917-18), pp. 38-39. 

'G.H. Hardy, On double Fourier series, Quarterly Journal of Math., vol. 37 (1906), 
pp. 57-59. 

*'W.H. Young, On multiple integrals, Proc. of the Royal Soc., vol. 93 (1917), p-31- 
See also E. W. Hobson, loc. cit., § 308. Young’s proof of his theorem, which is stated for 


a function defined in every point of U, obviously holds also for a function 7(*, 8) defined 
on the set R. 
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of U with the possible exception of a set S of points contained in a de- 
numerable set of line segments of the form 


Viz 20n=% OS ysl OF & <1; i=1,2,3,---) 
H: y=y, OS27251 Osg<1;j—1,2,3,---) 


Extend by continuity the definition of x (7, s) at all points not in S. Then 
tn'(u, y) converges to x(x,y) at every such point. Indeed, «>0 being 
given, one may choose two points (7, s,), and (72, s:) with 1 <a2<7rp, 
& <y Ss, and such that 

x(x, y)—#@ <4 (n,%) S x, y) 
On the other hand 


IA 


% (12, 8) <x (a, y) +e. 


Xn' ("15 81) <s yn’ (x, y) < Xn' (V2, 82), 
and hence, on account of the convergence at rational points, 


x(a, Y—é&< an (1, 81); An' (V2, 82) <x (a, y)+eé 
for n’ sufficiently large, that is to say, 
x(x, y)—xn' (a, y)| << for n’ sufficiently large. 


Hence zn’ (x, y)>x (a, y) at all the points where this function is defined. 
On the line segment V,, the zy» are functions of y alone and we may 
get a subsequence x, converging on V,, by applying the theorem of Helly. 
In the same way we get a subsequence Xn, (Of %p;) converging at every 
point of H,; then a subsequence Ani (Of %p;,) converging at every point 
of Vz, and so on. The diagonal sequence of this sequence of sequences, 
Say %m, converges at every point of U to a function x(x, y) which is 
necessarily monotonic. We have x = x on the set RF and also outside of S. 
If xn (x, y) are uniformly of bounded variation, then 


An (x, y) = Gn (x, y)— Wn (x, y), 


Where gy, and W, are monotonic and uniformly bounded. There is a sub- 
Sequence gy, (of y») converging to a monotonic function y, and similarly 
a subsequence Wm (of W»’) converging to a monotonic function Y. Then 
km = 9m—Wm—>% = y—wW throughout U and the first part of our lemma 
IS proved. 

To prove (6) it suffices to use the relation (5) only for the points of R. 
Let M denote an upper bound for the total variations of zm and x. Let 
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0(6) be the least upper bound of the oscillations of f(x, y) in every 
rectangle 4 <x%< am, yyy Of both dimensions <d. For «>0, 
the uniform continuity of f(x, y) implies the existence of a ¢ with 
0(d)<e/3M. Let the numbers a; and y; defining the divisions (2) be 
rational and all subintervals <6. H.E. Bray has shown (loc. cit. His 
proof for simple integrals applies for double integrals as well) that 


11 p—1 q-l 
f J S da dy Am— D2 S fle Gj) A(Xm5 Tit1y 8}+15 Vis 8) 
i=0 j= 


and also 


1 1 p—1 q—1 
of, fae dy2— ; y F(a: 5 3) A (x5 Vit, 8415 Vi §)) 


1=0 j= 


< 0(0) M< é/3 








< 0(9) M< ¢/3. 





By (5), the two double sums will differ by less than ¢/3 for m sufficiently 


large, hence 
1 (71 1 (1 
Lf fee dyxm— Jf" Pedy x| <e 


for m sufficiently large. Hence Lemma 1 is completely proved. 

We prove next the following 

Lemma 2.° Let x(x, y) be a function of bounded variation in U. 
A necessary and sufficient condition so that 


() [rev dedyx(e,y) = 0 


Jor every function f(x, y) continuous in U, is that x(a, y) shall vanish 
throughout U with the possible exception of a set of points lying on two 
denumerable sets of line segments of the form 





Viza=& O<ys1 O0<&<1; i=—1, 2,3,-->), 
Aj: y = 4, V<ae<1 (0<a<1; 7 =1, 2, 3,-->). 


The sufficiency of this condition is immediately proved, since one may 
take the divisions (2), which lead to the definition of our integral (7), so 
as to avoid the line segments V; and Hj. Then the double sum (3) is 
always zero and hence (3) leads to (7). 

To prove the necessity, we set f(x, y) equal to f(x) for every y, 
gy) for every x, where f(x) and g(y) are arbitrary continuous functions 
on (0,1), and obtain 


1 
[fe@dente, 1) = O and Jo oavxa, y) = 0, 


* This lemma is due to ©. A. Fisher, loc. cit. 
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respectively. From this we conclude’® that x(z, 1) and (1, y) vanish 
identically except for a denumerable set of values & of x and 4} of y 
interior to the interval (0, 1). 

If now f(x, y) be assumed to be any continuous function of bounded 
variation, then the a f x(x, y)dxdy f(x, y) exists also and the integration 
by parts process is applicable’, which because of the behavior of x(z, y) 
on the boundary and at the vertices of U gives: 


1 (1 1 1 
(9) [re Y) dandy x(x, y) =f x(x, y) dadyf (x, y). 


If now, following Riesz, we allow f(z, y) to range over the set of mono- 
tonic continuous functions: 


zy for OS2<8, OSy<1, 
ache bee ees i, OSes. 
JON) oe tor OS est, ySy 1, 
Sy for F§oxrx<ol, yoy, 


then we obtain for every (&, 7): 


3 
Lf xe, yydxdy = 0. 


As a consequence, we have 


1 S+dE (*yt+dy 
dEdy Je J x(x, y)dady = 0 


from which we conclude that x(x, y) = 0 at all points of continuity of 
x(x, y). Utilizing the continuity properties of x(x, y) and the fact that 
x(x, 1) and x(1,y) vanish except at a denumerable set of points interior 
to the interval, we obtain the desired result that x(x, y) must vanish at 
every point of U excepting perhaps points lying on one of the segment 
Vi and H; of (8). 

From the fact that a continuous function can be uniformly approxi- 
mated by a sequence of polynomials, it follows that equation (7) is equi- 
valent to 


1 #1 
™ J. [lcm u" dedy x(c, y) = 0 tor m,n = 0,1,2,---. 


By applying Lemma 2, we obtain information concerning the determination 
of a function of bounded variation by its moments in the following co- 
rollary which is equivalent to Lemma 2: 
See F. Riesz, Annales de I’Ecole Normale Supérieure, ser. 3, vol. 28 (1911), pp. 38-39. 
"See Hobson, Functions of a Real Variable, § 448. If in the definition of the Stieltjes 
integral, we assume that & is independent of j, and 7, independent of i, then the con- 
dition that f(a, y) be of bounded variation may be omitted. 
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CoroLuary. If x(x, y) and X(a, y) are any two functions of bounded 
variation, then a necessary and sufficient condition that they have the same 
moments, i. e. that the set of equations 


1 (1 1 (71 es 
a [fam yndedy xe, ) = fp Jay" dody Xe, y) 
(m, n = 0, 1, 2, --») 


shall hold, is that x(x, y) = x(x, y) everywhere in U with the possible 
exception of a set of points contained in a set of line segments of the 
form (8). 

4, The theorem of Hausdorff for double sequences. Let uw, 
(m,n =0,1,2,---) be a real double sequence. We attribute to the 


expression 
k 4l 
A; A: Mmn 


the usual meaning where the first operator At applies to the first subscript m 
and the second operator A} applies independently to the second subscript n. 
We shall say that the given double sequence is completely monotonic if all 
the inequalities 

At AP timn > 0 (k,h, m,n =0,1,2,--+), 


are satisfied. It is readily seen that jm, is completely monotonic in each 
subscript for every fixed value of the other subscript. The most general 
completely monotonic sequence is given by the following 

THEOREM 1. Let pomn(m, n = 0, 1, 2, ---) be a given real double sequence. 
A necessary and sufficient condition that there exists a monotonic function 
x(x, y) satisfying the system 


1 (1 
(12) Mmn = i) a” y" de dy ¥(x, Y) (m,n = 0,1, 2,°- )y 
is that the system of linear inequalities 
(13) AK A timn > 0 (ky hy m,n = 0,1, 2, -+»), 


shall be satisfied. 
A necessary and sufficient condition that there exists a function x(x, y) 
of bounded variation satisfying the system (12) is that the sequence 


(14) 2 0 (*) (?) [a Aa pane | (p = 0,1, 2,--") 
shall be bounded. ~ 

The proof given by Schoenberg (loc. cit.) for the similar theorem regarding 
simple sequences is readily extended. We show that mn defined by (12) 
with x monotonic is the most general solution of the system of linear 
inequalities (13). The identity 


mi} \n 





i i as 2 
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i 1 (*1 
Mt A an = ih am y" (1 — x) (1 — y) de dy x(a, y) 


shows that (12) actually defines a solution of (13). To prove the converse 
that every solution “tm, of (13) may be expressed in the form (12), we 


first solve the finite system 
(15) At AF mn > 0 k+m<p;htn<p), 


involving the (p+ 1)® variables jim, (m,n = 0,1,---, p). The identities 


k ah k ah k i] 

A; As Ln = Ay As bm+i,n + Att Ay Umnys 
k ah k ah k ah-- 

A; A, Lmn = A; A, Mm,n+1 a A; A; R Mmns 


show that (15) is a consequence of its partial system 


(16) Ay” Aa” bmn = 0 (m, 2 0, 1, oe p). 
The solution of this last system amounts to the inversion of the linear 
transformation 

(17) Cpmn = Sieg at” pen (m, n= 0, 1,--:, p). 


Let us consider the new operator 
k 
V* tm = Um + (;) Umti tres + mth. 


We have seen in the case of simple sequences that the two linear trans- 


formations gE 

Um = Av-m Um and tm = V?—" vm (m —_ 0, 1,-++, p) es 
are inverse to each other (Schoenberg, loc. cit., systems (6) and (7)). Pe 
Applying this result to (17) we get successively ‘% 









p—-n —m __ pP-t ppm 
Ab knn >= vi Opmns mn = V2 Vi Opmn: 
Hence 


(18) fimn = VE" VE" epmn  — (m, n= 0, 1, - ++, p) 


is the linear transformation which is inverse to (17). Hence (18), with 
pmn > 0, represents the most general solution of the system (15). The 
explicit form of (18) is 


p—™ p—n 
—m —n 
kn = 4 (? Op, m+u,n-v 
u=0 v=0 u v 
or 
As eo ce (2 _ " 
mm r=m 8=n hie s—-N Core 
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Introducing the quantities 


(19) Amn oe (?) Ve Cpmn = (7) te A?-™ eg 


m m 


the last system becomes 


R Xe r(vr—1)---rv¥—m+1) ' s(s—1)--- (s—n-+1) 
(20) Mn = 2.562 Gee pig--))---@~-a+).” 
(m,n =0,1,---,p). 





Let us define in U a step-function x»(xz, y) as follows: 
(a) xp(a, 0) = we y) = 0. 
(b) A(x»; = +0, 2 +0, 7-9, * +9) aay eee ee eG 


(c) xp(a, y) is ate in oer of the rectangles m/p<a2<(m-+1)/p, 
n/p<y<(n+1)/p, as well as on each of the line segments 
milp<a<(m+1)/p, y=1; «=1, n/p<y<(n+1)/p; and 
kn (@, y) = %p(a@+0, y+0) for OMe <1, O<y<l. 


From (16) and (19) we see that y»(x, y) is monotonic in U. 
Suppose that fm» is a solution of (13). Then (20) holds for any value 
of p with dps > 0 and 
tp (1, 1) = > Aprs = HMoo- 


7r,8=0 


On the other hand, for m and n fixed and for p>m, p> n, (20) may 
be written in the form 

















=f pps 
(3) (1-2) (24 
nits ‘ -1 We dy dy Xp (2, ¥) 








(3 


1/71 
—_— Mm on 1 
J fe y daily pv, ) + 0(5). 


The remark that the sequence of monotonic functions xp(z, y) is uniformly 
bounded and Lemma 1 readily complete the proof of the first part of our 
theorem. The proof for the second part of the theorem which is concerned 
with the solution of bounded variation is quite similar to the proof in the 
case of a simple sequence and needs no further explanation. 
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For statistical purposes it might be of interest to know in what case 
the monotonic function x(~,y) in (12) is also continuous. W.H. Young 
has shown (loc. cit.) that the continuity of both functions x(z, 1) (Q<2<1) 
and y(1,y) ©<y<1) is necessary and sufficient for the continuity of 
z(x,y) in U. Criteria for the continuity of these functions may be derived 
from the formulas 


: 1 
[mo = [oo dex, 1), Lon ={ y”" dy x(1, y) (m, n=0,1,2,---), 


(which follow from (12), for f(x, y) =x” and y” respectively, by integration 
by parts), applying one of the criteria for the similar problem for simple 


sequences. ** 
5. The theorem of F. Riesz on linear functional operations 


for continuous functions in two variables. The following extension 
of the Riesz theorem is due to C. A. Fisher (loc. cit.): 

THEOREM 2. Every continuous linear functional operation L{f| defined 
Sor functions f(a, y) which are continuous in the unit-square U(0 << # <1, 
0< y < 1) may be represented as a Stieltjes integral 


(29) Lif =Jo J) Fv) de dy x(@, v), 


with x(x, y) of bounded variation in U. The function x(x, y) ts uniquely 
defined in the sense of Lemma 2. , 

A first proof of this theorem follows immediately from our Theorem 1 
by a direct extension of the considerations of § 1 and needs no further 
explanations. We prefer to extend the direct proof for the Riesz theorem 
given in § 2. 

Suppose that 
(23) Lif] < M-\lF\ 


holds for every f continuous in U. The Bernstein polynomials 


24) Bai) = FS r(™, 2) (2) (fen a—ayen ave 


converge uniformly’ to f(x,y) as p>, q—>. Let us define in U 
a step-function x» (x, y) by the conditions (a) and (c) of Section 4, while 
(b) is replaced by the following condition 





"See Th. Kaluza, Math. Zeitschrift, vol. 28 (1928), pp. 200-202, and I. J. Schoenberg, 


Math. Zeitschrift, vol. 30 (1929), pp. 761-767. 
'® Bernstein's original proof for the case of one variable can be readily extended. 
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(b’) 
= (?) (*) L[x™ y" (1 — x)?-™ (1 ieee y)?—] (m, ne 0, 1,-- *, p). 
m 
For suitable values ¢m, = -++1 we get as a consequence of (23) 


Vp) = enn (2) (?) Lom y* 1 — 2)?" 1 — yr 


m,n=0 


= L| Deu (2) (2) am ya —ayr-ma—prr| < wy, 
which shows that the functions zp are uniformly of bounded variation in U. 
On the other hand from (24) we get 


LBm A = & s(=, ~) (2) (7) nko wa — od — yr] 


m,n=0 & Pp m 
1 fl 
=f J I(x, y) da dy %p (x, y). 


The uniform convergence of the Byy(f) to f(x, y) and Lemma 1 complete 
the proof as in Section 2. 

We finally remark that Hildebrandt’s derivation of the Hausdorff theorem 
from the theorem of Riesz (loc. cit.) may also be immediately extended to 
prove our Theorem 1. It is based on a property of the Bernstein polynomials 


expressed by the relation 
r—1 s—1 


Byp(Prs) = Prs(x, y) + DD D> Aw (x, y)/p", 


uw=lv=1 
where P,s is a polynomial in (a, y) of degree (7, s) and the Ay» are poly- 
nomials in (x, y), of degrees not exceeding (7, s), which do not depend on p. 


UNIVERSITY OF MicHIGAN, ANN ARBOR, MICH., 
AND UNIVERSITY oF CHIcaGo, CuicaGo, ILL. 


(ADDED IN Proor, Marcu 1933). J. D. Tamarkin has kindly called our attention to 
the fact that LemmalI is not new but was given by J. Radon, Wiener Sitzungsberichte, 
vol. 122 IIa (1913), pp. 1837-1342 and vol. 128 Ila (1919), pp. 1092-1094. Radon’s paper 
should also be mentioned in connection with Fisher’s Theorem 2. 








ON THE SUMMABILITY OF FOURIER SERIES. II.* 


By Ernar Hitie anv J. D. TAMARKIN. 


1. Introduction. The present paper is the second of a series of memoirs 
devoted to the general theory of summability of Fourier series. The first 
and third memoirs of the series' are dealing with the problem of summation 
of Fourier series with the aid of Nérlund’s and Hausdorff’s means respect- 
ively. Here we are concerned with general definitions of summation which 
satisfy the condition of being “effective” in a certain sense when used 
for summation of Fourier series. We establish relationships between 
definitions of summation possessing various effectiveness properties. Most 
of our results are valid not only for trigonometric Fourier series, but for 
general Fourier series associated with arbitrary orthonormal sets. 

The following terminology and notation will be employed. Let 


(1.01) totut--- tint ::: 


be an arbitrary series, convergent or not, and %& = (damn) be a matrix of 
a definition of summation, which consists in constructing the “m-th transform” 


i-¢] 
(1.02) tn = 2, Amn Un 
of (1.01) and evaluating the “generalized sum” of (1.01) as defined by 


(1.03) e = lim ta. 
m—>2 
For brevity we shall speak simply of a “transformation 2”. 
Let f(x) be an arbitrary function integrable over a given interval (a, b). 
If in addition 


[[r@parce, p21, 


we shall say that f(z)C Ly. It is convenient to allow p= 2 and to 
introduce the corresponding class L,.. It is customary to identify this 
class with the class B of functions measurable and essentially bounded on 


* Received August 20, 1932. Revised during November 1932. Some of the results contained 
in this paper were presented to the Am. Math. Soc., March 26, 1932, and to the International 


Congress in Zirich, September 1982. . 
‘Hille-Tamarkin [1,2]. The numbers in brackets refer to the Bibliography at the end 


of the present paper. 
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(a, b) (when sets of values of x of measure zero can be disregarded), 
For reasons to be explained below, we shall depart from this usual notation 
and shall designate by L,, the class of all functions continuous on (a, )), 

The class Z, becomes a linear vector metric complete space® if we in- 
troduce the norm of the element fC Ly, 


3 Wee x af 
ith = [Gc J, wer aa] it p<e: 


Wf lo = max |f(a)), 


asxeb 





(..04) 


and define the distance between two “points” /, g of the space L, as 


(1.05) (f, 9) = \|\f—g\\p- 
Let 


b SR 
(1.06) G1 (X), ~2(X), +++, Pn(w), +++; J. gi(x) gj(a) dx = by 


be an arbitrary orthonormal set for the interval (a, b). It will be assumed 

throughout this paper that the set {y,(x)} satisfies the following conditions. 

(«@) The functions ¢,(x) are continuous. 

(8) The set {¢n(x)} is closed in Z,,, which means that an arbitrary /(x)C L,, 
can be approximated in L,, as closely as we like by means of finite 
linear combinations of the functions g(x). 

As a consequence of condition (4) we state 
(y) The set {yn(x)} is complete in Z,, which means that the conditions 


b ever 
(1.07) J. f@ n@ dz = 0, a 1;2,-; folk, 
imply f(x) = 0 almost everywhere.® 
Let f(x) be an arbitrary function CL,. On setting 
b RS Pr 
(1.08) tn = JF) on) de, m= 1,207 


we designate by S(x;,f) the formal Fourier series of f associated with 
the set {yn(zx)}, 


(1.09) S(a)~ Sa; f) = 2, Sn 9n(a). 
We shall say that this series S(a;,f)C Ly if its generating function f(x) CL» 


Let us apply the transformation 2% to the series (1.09). We shall be 
concerned with the problem of convergence in L, of the m-th transform 





* We refer to Hildebrandt [1] and Banach [1] concerning the terminology of the general 


theory of linear operations and transformations used in the present paper. 
3 Orliez 1, pp. 4, 6. 
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of this series to the function f(x). There is no difficulty in computing 
the m-th transform of (1.09) when % is of finite reference. When & is 


of infinite reference, the series 
(1.10) = mn Jn Pn (x) 
r= 


defining this m-th transform may not converge. Still it can be used for 
our purposes provided (1.10) is also a Fourier series CL,. In this case 
we define as the m-th transform of (1.09) the function which generates 


(1.10), and put 
i?) 
tm(ax; f)~ 2, tmn Jn Yn(x). 
ra= 


With this notation we can formulate the following 
DEFINITION 1.1. A transformation A is said to be effective in the mean 
of order p, or simpler, (Lp)-effective, if it satisfies the conditions 
(E.1) The series 
«0 
(1.11) tm(a;f)~ 2, mn Sr gn(x) C Lp, m=1,2,--- 
n= 
whenever f(x) C Ly; 
(E.2) The m-th transform tm(x;f) converges to f(x) in Ly, 
(1.12) \| tm (a3 2) — F(x) |\p >0 as mo. 
If conditions (E. 1), (E. 2) are satisfied not for all f(x)C Lp, but only for 
those of a certain sub-class Lp of Lp, we shall say that U is (Ly)-effective 


on b 
It is customary to designate by p’ the conjugate exponent, 





(1.13) p’ = rear ; ©; or 1 according as 1<p<»; p=1; orp=® 


respectively, so that always 
1 1 
(1.14) —+ > = 
p t Pp 


It will be assumed that 1 < p<. 

Our main result can now be stated as follows: 

(A) The classes of (Ly)- and of (Ly)-effective transformations are identical. 
(B) IF © is (Lp)effective, then % is also (Lq)-effective for an arbitrary 4 
between p and yp’. 

We see therefore that the property of being (L,)-effective is symmetric 
with respect to p = 2, and that the class of (L,)-effective transformations, 
considered as a function of p, increases or decreases, according as p in- 
creases from 1 to 2, or from 2 tooo, reaching its possible maximum for p= 2. 

There is a considerable number of articles in the literature dealing with 
(Ly)-effectiveness, and particularly, with (Z,)- and (Z,,)-effectiveness of 
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various specified classes of transformations.* To the best of our knowledge, 
however, the relationship between the various classes of “effective” trans- 
formations has not been investigated. 

The reader will notice that our Theorems (A) and (B) strongly resemble 
some well-known results of the theory of factor-sequence transformations 
of Fourier series. It will be seen in the sequel that the resemblance is 
not merely formal, and that these results are fundamental for the proofs 
of our theorems. 

Our discussion is considerably simplified by using some simple facts of 
the general theory of linear transformations in abstract spaces. In order 
not to interrupt the exposition we collect all necessary preliminaries, in 
the form of lemmas, in § 2. The general results concerning (L,)-effective 
transformations are derived in § 3. The remainder of the paper deals 
with trigonometric Fourier series. In § 4 we give the general form of 
certain, fairly extended, subclasses of (Z,)-, and (Z,, )-effective transformations 
for trigonometric Fourier series. In the last §5 we discuss the (Z,)- 
effectiveness of the “convergence” transformation for some special classes 
of sine and cosine Fourier series. From our present point of view there 
is an essential difference between the “identity” and the “convergence” 
transformations, whose matrices 2%‘ and ¢° are represented respectively by 


(2) man = 1, m, n= 1, 2, hd 
c ‘££ eo 1,2,++-,m, 
(2°) ann = lo, n = m+1,-° 


* Without any pretense of being exhaustive we mention the following memoirs which 
have points of contact with the ideas or methods of the present paper: Gross [1]; Hahn [1]; 
Orlicz [1]; W. H. and G. C. Young [1]; Zygmund [1]. The definition of (L,,)-effectiveness 
is closely related, but not identical, to the definition of (F)-effectiveness introduced in our 
memoirs [1,2]. It should be observed that the property of being (L,,)-effective implies 
the uniform convergence of the m-th transform t»(a;f) to the generating (continuous) 
function f(x). This property is apparently more restrictive than (Z,)-effectiveness, so 
that the identity of these two classes of transformations is far from being obvious a priori. 
In fact, the present paper has originated in an attempt to construct a transformation WM which 
is (L,)-effective without being (L,,)-effective. As observed before, our definition of the 
class L,, deviates from the usual one where L,, designates the class B of all essentially 
bounded measurable functions g (x) with the metric || g||s = upper measurable bound 
of |g(x)|. In such a space, however, even the simplest and best known transformations 
obviously are not effective since, in general, the m-th transform tm (a; f) does not converge 
uniformly to f(x). That is why we are compelled to restrict the space L,, to conta 
only continuous functions. [Nevertheless, the problem of effectiveness of a transformation 
in the spate B can be attacked successfully as will be shown in an addition to the present 
paper, to appear in the next number of these Annals. Added in the proof.] 

°M. Riesz [1] pp. 487-490, where other references are found. See also Orlicz [1]. Our 
notation will differ slightly from that of Riesz. 
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The matrix 2‘ is of course always (L,)-effective, 1 << p<, while A%¢ is 
(L,)-effective only for l< p<. 

9, Auxiliary propositions. I. We start with some indispensable notions 
and facts of the general theory of transformations in abstract spaces. Let 
U(z) be a transformation which codrdinates with each point x of a linear 
vector metric complete space 8** a unique point y of another linear vector 
metric complete space 8,. The transformation U will be designated as an 
operation, if 8, reduces to the space of real or, more generally, of complex 
numbers; in this case ||U(x)|| = |U(x)|. Without any danger of confusion 
we shall use the same notation for the norms in the spaces 8 and &,. 
We say that 
1. U(x) is continuous at. x if || U(@’) — U(ax)|| > 0 whenever ||a’— x|| > 0, 

and continuous (in 8) if it is continuous at each «Cc &. 
2, U(x) is limited, with the bound My if 


(2,01) My = 1.u.db. L9@!) = up. |\0@! <0. 
o¢aec& |x| jai] = 

3. U(x) is linear if 

(2.02) U (ey @ + ¢2. x2) = & U(a,) + C2 U (a). 


4. A sequence of transformations {U, ()} is bounded on a set EC& if 
there exists a constant Cr depending on F such that 


(2.03) | Un (x)|| < Cr, 2c KE. 
The sequence {U,(x)} converges to Up(x) on EF if 
(2.04) | Un (x) — Up(az)|| - 0 as n> @; rCk. 
Of course HZ may reduce to a single point x. 
5. A sequence of linear limited transformations {U,(x)} is uniformly 
limited if 
(2.05) My, =< M<oa 
which is equivalent to the condition 
(2.06) | On (x)|| < M||x|\, n= 1,2,--- 


where M does not depend on x or n. 

The following lemma is fundamental in the theory of sequences of linear 
limited transformations. 

Lemma 2.1. If a sequence of linear limited transformations {Un (x)} con- 
verges at each point of & then the sequence {U,(x)} is uniformly limited." 
The sequence {Up (x)} then converges to a linear limited transformation Uo (x). 





“A space of type (B) in the terminology of Banach. 
” Banach [1], p. 80, Theorem 5. 
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It is well-known that in order that a linear transformation U(z) be 
limited it is necessary and sufficient that either (i) U(~) be bounded on 
the boundary of the unit sphere ||x||—= 1, or (ii) U(x) be bounded in an 
arbitrary fixed sphere ||2 — || < 7, or else (iii) U(~) be continuous at 
a single point x. 

We note that the most general form of a linear limited operation 1(/) 
on Ly, (1 < p< @&) is given by 


b 
(2.07) uf) =f fog@at 
with 
(2.08) g)CLy, MM = \igliy 


where, in the case p = 1, g(¢) is an arbitrary bounded function. 
In the space L,, we have 


b 

2.0) W=ffodeo, m=f ldo) =V, 

where «(s) is a function of bounded variation, normalized according to the 
condition 

2.10) a) = F[a+0+em—O], a<a<b. 


II. We shall need some properties of linear limited transformations on 
Ly to a sub-set of Ly. 

LEMMA 2.2. Let U(f) be a linear limited transformation on Ly to a sub- 
set of Ly» and W(g) a linear limited transformation on Ly to a sub-set 
of Ly, 1S ps. Tf the relation 


(2.11 fiounae = ['sw@ ae 


is satisfied for an arbitrary pair of functions fC Ly, gC Ly, then the 
transformations U and W have the same bounds 


(2.12) My = My. 


Proof. Let M be the bound of the bilinear operation 


b ab 
Qs, 9) => ai, gU(f) dx = =a S Wg) dz, 


viz., 


: M=1Lud.|Qf,9l, le = Iiglle = 1- 
silce 








| a [ s@v@ae 


< lel liPip; gpCLyp, wolLy, 
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we have loll Up < 

Ig lip’ || )| S Mv, 

anal <{ ne a 

\S lp |W) |» < Mw, 

whence 
M < Mop, M < My. 

On the other hand, an arbitrarily small ¢ >0 being given, we can find two 
functions feC Lp, ge C Ly such that 


| U(fe) \lp = Mv —«, || W (ge) |\p’ = Mw—e, | Fe llp = || Ge |i = 1. 


At this juncture we have to consider separately the cases 1< p<, 
p=1, p=. Without loss of generality we may assume that all the 
functions concerned are real-valued. Let 1<p<o. Upon putting 


Fw) = [| WGe) lly | WGe)|?-* sgn W(ge), "lly = 1, 


g (x) = [|O(fe) |p? |OGe)|?* sen (fe), Ig’ l = 1, 


we find 
Qs, Je) = || W (ge) \\p" = Mw—«<M, 


Qf, 97) = ||U (fe) lp = Mv —e <M, 


whence it follows M = My = My. 
Now let p=1, p' =o. There exists a function g’C L,, such that 


Q(fe, 9") = \|U(Fe)|h—¢ = Muv—2e, 9" \lo = 1. 


Indeed, on putting go = sgn U( fe) we have 
Q(fe; Go) = || U(fe)|1- 






The function go is measurable and bounded and |/go||s= 1. It is plain 
that there exists a sequence of continuous functions {g,(x)} which converges 


to go(x) almost everywhere, while ||g,||. = 1. We have then 


Joo @ UU de [ goo) (fe) de as v>O, 


Hence, for » sufficiently large, 


|Q(fs; gr) — Whe; 9o)| <6, 









and we can take g” (x) = g,(a). 
There also exists a function /”C L, such that 






Q(f", Ge) = || W (ge) |! —& 2 Mw —2e, fl, = 1 


22° 
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Indeed, W(g-)C L,, is continuous; there will exist an interval IC (a,b) 


in which 
|W (G6) loo —& S| Wg)! S || WG) lle 
Now define 





| (b — a) sgn W (g,) 
mI 
(0 elsewhere. 


f" (@) = P «zc, mI = length of J, 


Obviously 
wy ) 1 ¢ r ~~ lw | | 
Qf. Ge) = aT | W(ge)| dx = | W (ge) tho —#'s A Nh = 1, 
I 


Thus we conclude again that M = Mp My. The case p=, p = 1 
can be treated in an analogous fashion and Lemma 2.2 is now completely 
established.‘ 

III. We now pass to the theory of factor-sequence transformations. 
A sequence of constants {a,} is designated as a sequence of class (p, p), 
1<p<, with respect to the orthonormal set { 9, (x)} if, when being 
applied to an arbitrary Fourier series 


ah n Pn (x) 


of class Ly, it leads to a Fourier series 
ice) 


é an Jn Pn (x) 


r= 


of class Z,. It is well-known® that the classes of factor-sequences (p, p) 
and (p’, p’) are identical. . 

LemMA 2.3. If a factor-sequence {an}C (p, p), 1 < p< @, then the 
transformation Ta (x; f) = Ta (f) defined by 


(2.13) S(a)~ Pe Gn (x) C Ly, 
n=1 
eo 
(2.14) Ta (a3 f)~ 2, dn tn Pn (x) C Lp 
n= 


7In the case 1<p<o Lemma 2.2 is also immediately derived from the fact that the 
transformations U(f), W(g) satisfying (2.11) are adjoint of each other, and so have the 
same bounds. Cf. Hildebrandt [1], p. 200; Banach [1], p. 100. In the case p= 1 (orp=~) 
a difficulty arises owing to the fact that the space L,, (or Z,) is only a non-dense part of 
the space where the adjoint of U (or of W) is defined. We prefer to give a direct proof 
instead of investigating this point, which can easily be done, however. 

* M. Riesz [1], p. 489, in the case of trigonometric Fourier series. In the general case, 
posal 1], pp. 22-24. It should be observed that our notation (0 , ) corresponds to (C, C) 
of Orliez. : 
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is a linear limited transformation on Ly to a sub-set of Ly. The corresponding 
transformation defined by 


2) 
(2.15) g (x) _ 2, gn n(x) S Ly’, 
v2) 
(2.16) Talx3 g)~ 2, An Gn Pn (x) C Lp, 
a= 


is also a linear limited transformation on Ly to a sub-set of Ly, and we 


have 
217) MP=Luwr. |G) |p= M?= Lab. || Tr@ lp’. 
i|p=2 IIo | p=2 


Furthermore, the relation 


b 
(2,18) f g(x) Tala; f) dx =['ro Tala; f) dx 


holds for an arbitrary pair of functions f(x)C Lp, g(x) C Ly. 

Proof. The facts stated in this lemma are partly known and partly are 
readily derived from various passages of the above-mentioned papers by 
M. Riesz and Orlicz. The fact that the transformations Ta (/) and Tu (9) 
are limited follows immediately from a general result of Banach.’ When 
1 <p <o the relation (2.18) has been proved by Orlicz.’° Being sym- 
metric in f, g it holds also when p = ©. Now it only remains to apply 
Lemma 2.2. 

Lema 2.4. If {an}C(p, p) = (p’, py’), 1S p <®, then also {an} Cg, g) 
for any q between p and p’. The transformation Ta (x; h), hC Lg, is limited 
on every Lq and has the bound 


(2.19) M2 < MY = Me”. 


The expression log Mz? is a convex function of q." 

3. (L,)-effective transformations. We return to the notation of § 1 
and first investigate conditions. under which a transformation % is (Lp)- 
effective. We observe that, in view of the above discussion, the m-th 
transforms tm» (x; f), tm (x; g) of the Fourier series 


(3.01) F(a) ~ a Sr Gn (x) C Ty, 
0 
(3.02) gla) ~ > gn n(x) C Ly 
n=1 





* [1], p. 118, Theorem 8, proof. 

"T1], p. 23. 

"This lemma is merely a special case of a fundamental result of M. Riesz, [1], p. 481, 
Theorem V. 
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determine linear limited transformations on Ly, Ly’, respectively, provided 
condition (E.1) is satisfied for a fixed value of p or p’. Hence the problem 
of (L,)-effectiveness reduces to the investigation of the convergence of the 
sequence of linear limited transformations tm (x; f) in the space Ly. 
Lemma 3.1. Jf a transformation U is (Ly)-effective for a fixed p, 


(3.03) im >il as m>, n = 1,2,--- 
Proof. Vt U is (L,p)-effective, we must have 
Iltm (x; 1) —S(@)\lp > 0 as moo 


for an arbitrary function /(z)C ZL». On setting here f(x) = 9, (x) we 
obtain 

|| Tom (x; Gn) — Yn (a) |\p = |dmn—1 | ll nll» >0 
which yields the desired result. 

THEOREM 3.1. In order that a transformation AU be (Lp)-effective, 
1<p< 0, it is necessary and sufficient that (i) U be (Ly)-effective on every 
sub-set Ly which is dense in Ly, and (ii) that the sequence of the associated 
m-th transforms of the series (3.01) be a uniformly limited sequence of trans- 
JSormations on Ly. Insofar as the sufficiency is concerned, condition (i) can 
be replaced by a less restrictive one, viz., (i') U is (Lp)-effective on a (single) 
sub-set Ly dense in Ly. 

Proof. The necessity of the condition (i) is obvious. The necessity of (ii) 
follows immediately from Lemma 2.1, since the (Z,)-effectiveness of the 
transformation 2 implies 


\| Tm (x; f) —f(x)\|p>0 as mo, 


i.e. the convergence in Ly of the sequence of linear limited transformations 
Tm (x; f) at each point f of the space Ly. 

Assume now that conditions (i’) and (ii) are satisfied. Then an arbitrary 
function f(x)C Ly can be approximated in Ly as closely as we like by 
a function of Lp. Hence, if f(x)C LZ, and an arbitrarily small «>0 are 
given, we can find a function w,(x)C Ly such that 


é 
2(M+1)’ 


Since %& is assumed to be (L,)-effective on Ly there exists an mp = mo(é) 
such that 


If — Welly S M,, < M. 


tm (3 We) — We (2)|lp < - ee a> me 


ON SUMMABILITY OF FOURIER SERIES. II. 339 


Then 
lI Cn (a; f) —F(@)\\p < |lem (x; We) — We (@)\\p + | tm (S— We)|lp + || S— We'|lp 
< 


ge THIS — Yelle +l\f— lly < « 


which proves the sufficiency of conditions (i’), (ii).’” 

Remark 3.1. If condition (E.1) is satisfied, t~(x;,/) is a linear limited 
transformation on Ly. Let MS be the bound of tm(x;f). Condition (ii) 
of Theorem 3.1 states that the sequence {M,\”} must be bounded. We set 


(3.04) lim My,” = My” 
mn 
and designate this constant as the (Z»)-bound of the transformation 2. 
THEOREM 3.2. The classes of (Ly)-effective and of (Ly’)-effective trans- 
formations are identical, and have the same (Ly)- and (Ly’)-bounds. 
Proof. Let & be (Ly)-effective. First we see, by Lemma 3.1, that 


(3.03) dm >l as m>o; oz 1,9,---. 


Now consider the set L° consisting of all finite linear combinations of the 
functions yn(a). By property (y) (p. 330) of our orthonormal set {yn(x)} 
the set L° is dense in L,. Since || ||, < || f|),, whenever 7 <72, the 
set L° is also dense in any L,, 1<q<om. It is readily seen that 2 
is (Ly’)-effective on L°. Indeed, let 

8 


w (a) = = Cy Py (x) 
be an arbitrary function C L®. Then, by (3.03), 





U 











lem lc; W)— (a) || = = (amy — 1) cy Gr (a) 


< & | me —1) lev | {Ie |lp 70 as mo. 
Y= 


Hence condition (i’) of Theorem 3.1 for the (Z,’)-effectiveness of 2% is satis- 
fied. In view of the (L,y)-effectiveness of 2% condition (E.1) is satisfied, 
and so the transformations tm(x;,f), tm(a; 9), fC Lp, gOLy’, are limited, 
and, by Lemma 2.3, have the same bounds Mj,” = M,??. By Theorem 3.1 
we have 
MY?” aad lim MY?” ao lim Mw” pene MY < oO, 
mM >o mo 





"2 The argument which we use here is analogous to an argument of Orlicz [i], pp. 13-14. 
Hahn [1] has considered a general class of representations of a function f(x) by means 
of singular integrals which possess the property of converging in the space L, to f(z). 
It is readily seen that in the case of Fourier series the singular integrals of Hahn reduce 
to transformations which satisfy the sufficient conditions of our Theorem 3.1. 
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It follows that condition (ii) of Theorem 3.1 for the (L,’)-effectiveness is 
also satisfied, and so % is (L,)-effective. 

Remark 3.2. If the condition («) (p. 330) of continuity of the functions g,(x) 
is replaced by the condition: (@’) The function , (x) are essentially bounded 
(not necessarily uniformly in ), then an analogous argument will show 
that every matrix U which is (L,.)-effective with respect to the set {pn(x)} is 
also (L,)-effective. We do not know whether the converse holds under these, 
more general, assumptions. 

THEOREM 3.3. If a transformation A is (Ly)-effective, 1 < p<, then 
A is also (L,q)-effective for any q between p and p’, and 


(3.05) MS < MY = MY”. 


Proof. Using the same set L° as in the proof of Theorem 3.2 we see 
that condition (i’) for the (Z,)-effectiveness is satisfied. Condition (ii) is 
also satisfied; indeed the (L,)-effectiveness of U implies, in view of Lemma 2.4, 
that t(a; h), hC Ly, is a limited transformation on L,, while 


“ ) - oe 
P< MP, ME < iim UP = MP. 
mM >on 


We close this section by proving 
THEOREM 3.4. The condition (3.03) and 


(3.06) |dma| < A, m, 0 = 1, 2, -»: 


are necessary and sufficient in order that the matrix A be (L,)-effective. 
In particular every regular transformation is (Lz)-effective.® 

Proof. Let (3.03), (3.06) be satisfied. If f(x) is an arbitrary function 
Cc In, we have by Parseval’s identity 


| : co 1/2 oO 1/2 : 
tm (x; f) ile — [| nn Fal < 4| > fal =A IF lle» 
ra= =] 
Now let ; 
alc; f) =» = a pr (x) 
v=1 


be the n-th partial sum of the series (1.09). Then 


| tm(S)—Sile < | Tm(')-—Tm (Sn) |p + || 82 —S lle + | 
S (A+ 1) || s—S la + || tm (Gn) — sn 


Since ||sn,—f\jp>0 as noo and, in view of (3.03), |\tm (Sn) —Sn lp >0 as 
mo, n being fixed, it follows that ||tm(/)—//\|p>0, and so, conditions 
(3.03), (3.06) are sufficient. 


'S A regular transformation is one which transforms every convergent series into a con- 
vergent series with the same sum. See the discussion in § 5. 


tm (8n) — 8p | le 
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To prove the necessity of these conditions we observe that the trans- 
formation which carries f(x)C Lz into tm(x;f)C Ly, may be considered as 
a transformation which carries an arbitrary element § = (x, 22, ---) of 
the space J» with the metric ||£|| = [> |, |?) into the element 


tm (&) aan q@™ = (Ami %1, Ame %2, ++-)C le. 


It is well-known that a necessary and sufficient condition that this trans- 
formation be limited is that the sequence {a@m,} (for fixed m) be bounded. 
Furthermore 


The condition of the (L,)-effectiveness of 2 can be interpreted by stating 
that ||t~(§)—§||>0 at each point §C/,. By Lemma 2.1 the sequence 
of transformations {t»(§)} must be uniformly limited, and (3.06) follows 
at once. Necessity of (3.03) follows from Lemma 3.1. 

4, ([,)- and (L,,)-effectiveness for trigonometric Fourier series. 
In the present section we are concerned with trigonometric Fourier series 


cs] 7 
fa)~ Saf) = f+ 2 fre + fn), fn= = f fit) im dt. 
r= a / —z 


The interval (a, b) reduces here to (—z, 2) and f(x) is assumed to be 
periodic. The transform of S(z;) by means of a factor sequence 
{, G1, +++, Qn, +++} is defined at present by 


a(x; f) ans Ta(f)~ ao Jo }- 2, nl Son o** +- f_a e-*) 
r= 
while the m-th transform of S(a;,/) by means of a matrix W is 


es) 
Um (2; f)~ mo So : a Amn (fn nd +f. PT anes 


n=1 


It is obvious how the results of § 3 should be modified with the present 
notation. 
As concerns the factor-sequences of class (1, 1) = (~@, %) we state 
Lemma 4.1. A necessary and sufficient condition that a factor-sequence 
{an} C(1, 1) = (00, 0) is that 


(4.01) an =|" eit d a(t), n= 0,1,--: 
—n 
where «(t) is an arbitrary function of bounded variation such that 


(4.02) ni 0. oe — (0. 

















ry 
ie ® 
4 
¥ 
ot 
{ 





342 E. HILLE Anp J. D. TAMARKIN. 


Tt can be assumed without loss of generality that «(t) ts normalized accord- 
ng to 


(4.03) a() = + [at+0+at—O], —w<t<n. 
The transformation Ts (f) is then represented by 

7 
(4.04) Ta (x; f) = [" fet t) da(t)." 


We observe that the integral of the right-hand member is taken over the 
closed interval (—- 7, =) in the sense of Young-Lebesgue-Stieltjes, and reduces 
to the classical Riemann-Stieltjes integral when fC L,,. In the case fC L, 
this integral exists for almost all 2 and represents a function C J,. 

In the following discussion we shall consider the class © of trans- 
formations 2% which sum the Fourier series of an arbitrary step-function 
y(x) to the value g(x) at each point of continuity of (zx). 

THEOREM 4.1. The most general expression of the elements of a matrix 
XC S which is (1y)- or (L,,)-effective ts given by 


(4.05) dma = .. eit d &m (t); mn = 0, 1,2,---. 
Here &,,(t) are functions of bounded variation such that 
1 
en(t) = > [a,, (+0) +a» ({— 0)]. —tt<aA, 
(4.06) ae 
Gm (— th = — am (4), am (0) = 0, 


(4.07) tem (2) > tm (x+0)—emn(2—0)>0 as mon, O<xK<7A, 


(4.08) Vn = 2 |" \dam ()| << A<om., 
The (Iy)- and (L,,)-bounds of X are given by 


(4.09) My = Mg = lim Vm. 
m—>o 

Proof. If X is (L,)- or (L,.)-effective, conditions (E.1) and (E.2) are 
satisfied with p = 1 and p =o. As in the proof of Theorems 3.1, 3.2 
it follows that the sequence of transformations {tm(x;,)} is uniformly 
limited (in Z, and in L,,). Since 

‘'M. Riesz [1], p. 488. The notation of Riesz is slightly changed here. The function 
«(t) is defined only for —2 <¢< 7. We shall assume, without loss of generality, that 


outside of this interval « () equals « (+7) according as t>>7 or t<C—7. The same agreement 
will be made tacitly concerning the functions o» (t) below. 
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(4,10) My? sane “yg =" | d Gm, (t)| 


we conclude that (4.09) holds; (4.08) then follows. 
By hypothesis % CS. If we choose for y(¢) the periodic step-functions 


defined by 


1 if 0O< |jt}<a<q, 
eae ts if |t| > 2, 
{0 if. —awst<a, 0<acaq, 
rio = {1 if ¢ = 2, 
0 if t>z2, 


we find respectively (Lemma 4.1) that 


xc—O 
rn 0; 91) = J, den (t) = 2am (2—0) > 910) = 1, 
tm(0; Y2) = &m(x + 0) — am(x— 0) > g2 (0) = 0, 


which in view of (4.06) establishes the necessity of (4.07). The necessity 
of (4.05) and (4.06) follows from Lemma 4.1. 

Assume that conditions (4.05)-(4.08) are satisfied. It follows immediately 
from (4.07) that UC S. We now pass on to the proof that the trans- 
formation & is (Z,,)- and (Zj)-effective. First let f(x) be an arbitrary 
function C L,,, viz., periodic’ and continuous. In view of (4.05)-(4.07) 
we have, as m—> o, : 


mle; f)—F a) = J ole, t) dam (t) + 0(1), 
where 


o(z, ) = f(«tdot+fae—p—2f (a). 


Let us investigate the integral 
o in 
T= ["o@,p dent) = [+ f= hth. 


Since f(x) is continuous, being given an arbitrarily small «>0, we can 
fix a 6 so small that 


\Z,| < Amaxjo(z, t)| < = 
Ostsd 
Let g(x) be an arbitrary step-function and 


| w(x, t) = p(xt+it+o(e—t)—29(). 
We can write 


i, = Mc (x, t)— o, (x, £)] dam(t) +f" w, (x, t) dem(t) = h+h’. 
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The number 0 being fixed, select the function g(x) in such a way that 


lo(z,)—m(2,)|/ <4, |hlsqAs 


| 


In view of (4.07), after the function g(x) has been fixed, 


Jo (x, thdemn()>0 as mo, 


uniformly in 2. Hence, for sufficiently large values of m and uniformly 


in 2, 


é 
| Mg < — . 


On combining these results we obtain 


itm (x; f) — f (x) | < é, 


uniformly in x, or 


ltm(a; f)— SF (x) |e 70 as mao 


which establishes the (Z,,)-effectiveness of 2. 

The (L,)-effectiveness of % follows from Theorem 3.2. 

The transformations 2% which transform convergent series into convergent 
series with the same sum are called regular. We designate by & the class 
of all regular transformations. It is plain then that RCS. . Necessary 
and sufficient conditions for the regularity of a transformation % are 
given by 


(R.1) , dmm>l aS mM>O; n=0,1,2,°*°; 
06 
(R.2) 2, | mn — Amn-+H | <A 
t= 


where A is a fixed positive constant.’ 

THEOREM 4.2, The most general expression of the elements of a regular 
matrix XL which is (L;)- or (Lip )-effective is given by (4.05), where the function 
&»(t), in addition to conditions (4.06){4.08), satisfies also the condition 


(4.11) am (t) = Am Y (t)+ Ji Bn (u) du, 
where mis a constant and y(t) is the function defined by 
4 if ¢>0, 
(4.12) y(t) =) Oift=0, tl<a; 4(t+2a) = 00, 
—} if t<0, 


© Of, Hahn [2], pp. 33-34. 
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and Bm(t) is a function CL, such that the series 


v2) 
(4.13) D | Ymn Ls Ynn >= {. ert (1 — ce) By (dt 


n=0 
converges for each m = 0,1,2,+-+ and has a sum which is uniformly bounded 


m m. 
Proof. We have only to investigate the additional conditions (4.11)-(4.13). 


Since & is (L,,)-effective, we have for f(x) = e””, 


Amn = [ein dam (}) = tO; f)>fO) = 1 


so that condition (R. 1) of the regularity of & is automatically satisfied. 
For simplification we define adm, for negative values of » by putting 
Am—n == Omn- Then 


, ai 
fimn — Ama = f. ent (1 = et) da, (t) = [em dAm(b 
where 
t 
We set 
B(t) = ct+An(b) 
and choose the constant c under the condition 
B(a) = B(—n”). 
Then 
7t 
dma — dans = J em adB(t) = —in [om Bo at =ah, nt0, 
bo = 0. 
Condition (R. 2) of the regularity of 2% implies, and is implied by, the con- 
vergence of >'|b,|. Hence >}, e* is as an absolutely convergent Fourier 
. —— —e 
Series and represents a continuous function which equals 
d Dn ening — d B(x) 


dx “Fo —in dx 





Thus 
Bit) = ct+anm(O (1 — &) + [a Gm (u) du 


is absolutely continuous and has a continuous derivative, which shows that 
&m (t) (1 — et ) 


is absolutely continuous on (—7, 2). Hence om (¢) is itself absolutely con- 
tinuous on (—z, 7), except perhaps at t= 0, where @m (t) may have 


















Ld 
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a jump, ad» say. Thus we have (4.11) and the proof of the last statement 
of Theorem 4.2 follows at once. 

5. (L,)-effectiveness of convergence. We have already mentioned 
in § 1 that the “convergence” transformation which is defined by 


(5.01) dma = 1, or 0 according asn<morn>m, m=0O,1, 2,-:- 


nm 


(5.02) tm(x;f) = 8m(x; f) = 8m(@) = 8m = fo + =, fn” + f_5 em), 
r= 

is not (L,)-effective. We shall indicate two sub-sets of Z, on which the 

convergence is (Z,)-effective. These sub-sets will be constituted by sine- 

or cosine-series 


ie) 

(5.03) S(x2) = D msinnz, 
n=1 
2) 

(5.04) C(a) = D meosnz 
n=1 


where the sequence {gq}, in addition to being positive and | 0, is subjected 
to certain other restrictions. Instead of saying that the convergence trans- 
formation is (L,)-effective we shall say that the corresponding Fourier 
series converge in the mean to their generating functions. 

THEOREM 5.1. Jn order that the sine-series 


eo 
(5.05) S(z) = D> a sinnz, gn VO, 
n=1 


converge in the mean to a function f(x) C L,, it is necessary and sufficient 


that the series 
nr 


(5.06) Pe 


n=1 7 
converge. 

Proof. The condition (5.06) is necessary and sufficient in order that (5.05) 
be a Fourier series, and hence that S(z)C L,.%* Now, if ||f— sn||:7 0 
then S(x)C LZ, which shows the necessity of (5.06) for the convergence 
of (5.05) in the mean. 

To prove the sufficiency of (5.06) we first observe that (5.06) implies that 


ic) 
(5.07) 2, (dn — Qn+1) log n << 
and that 
(5.08) Qniogn>O0 as n>o, 


© Young [1], p. 46. 
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This follows from ie 
ze = 30 (Gv — Qv4i1) + Gn Qn; 
A bd > gn(On — Fm—1) © Qn log (: *), 
v=m 

where 
iii 1t+3+ —~ +7 wlogn. 


’ Now we have 


2 sin — 5 [sn (x) — Sm—1(x)] = = dry 2sin — 5 sin vx 
n n—1 


= 2% [ty4-1 (a) — ty (x)] = —mtm(x) + Qn tnt (x) + = (qv — Qv+1) ty41(@), 


= =m 


ty(x) = 1— cos (-—+] z, 


whence 
n—1 


| 80 (a) — sm(@) |b S dm Lm + dm Inia + 2) Qe — gra) Dots, 


an 1 ~1 
= fou —_— — = ¢ ’). 
i} : cos (» 5 2| sin 3 . dx )(log 7) 


From (5.07), (5.08) it follows that the sequence {s,(x)} converges in the 
mean. There will exist then a function f(x) C Z,, to which s,(x) converges 
in the mean. Since f(x) has the same Fourier coefficients as S(x)C Ly, 
these two functions must be equal almost everywhere. Hence ||S—s»||,—> 0, 
and Theorem 5.1 is established. 

In the case of the cosine-series (5.04) the situation is less satisfactory 
owing to the fact that no simple necessary and sufficient conditions are 
known which have to be imposed on the sequence in order to make 
C(x)C L,. It is known" that the condition g, | 0 is not sufficient that (5.04) 
be a Fourier series. On the other hand simple sufficient conditions have been 
found by Young and Kolmogoroff.’® They consist in the assumption that 
4x90 while the series 


e-) 
p> n| A? gn|, Agn = Qrn— An41; A* gn — Adn re A qn+1; 


where 


converges. These conditions are satisfied in the particular case where 
qn} 0, Agn {0 (the sequence {gn} is convex). For this class of cosine 





" Szidon [1], p. 126. 
'S Young [1], pp. 44-45; Kolmogoroff [1]. The conditions of Kolmogoroff : are more general 
than those of Young. 
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a jump, dm» say. Thus we have (4.11) and the proof of the last statement 
of Theorem 4.2 follows at once. 

5. (L,)-effectiveness of convergence. We have already mentioned 
in § 1 that the “convergence” transformation which is defined by 


(5.01) dma = 1, or O according asn<morn>m, m=O,1,2,.-.. 


UG 


(5.02) tm(a;f) = 8mn(a3 JS) = 8m (x) = 8m = fo + 2 fn me + fy; eine), 


is not (L,)-effective. We shall indicate two sub-sets of L, on which the 
convergence is (Z,)-effective. These sub-sets will be constituted by sine- 
or cosine-series 


i) 
(5.03) S(2) = Da Qn sin na, 
r= 


”D 
> Mn COS nx 


n=1 


(5.04) C(x) 


where the sequence {gq}, in addition to being positive and | 0, is subjected 
to certain other restrictions. Instead of saying that the convergence trans- 
formation is (Z,)-effective we shall say that the corresponding Fourier 
series converge in the mean to their generating functions. 

THEOREM 5.1. In order that the sine-series 


in.) 
(5.05) S(z) = Dasinnz, gas 0, 
n=1 
converge in the mean to a function f(x) C Ly, it is necessary and sufficient 


that the series 
nr 


(5.06) 2 


n=1 0 
converge. 

Proof. The condition (5.06) is necessary and sufficient in order that (5.05) 
be a Fourier series, and hence that S(x)C Z,.1* Now, if ||,f— snl|:7 0 
then S(x)C L, which shows the necessity of (5.06) for the convergence 
of (5.05) in the mean. 

To prove the sufficiency of (5.06) we first observe that (5.06) implies that 


ic.2) 
(5.07) 2, (Qn — Qn41) log n < 00 
n= 
and that 
(5.08) qQniogn>O as n>w, 





© Young [1], p. 46. 
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This follows from a 
z= = 30 v (Gv — Qr4i) + Gn Qn; 
VD n 
D> aalon— ems) ~ an log (™), 
where 
ij watt ita. ++ wlogn. 
Now we have 


2 sin — 5 [on (2) — 8m—1(x)] = r dy 2sin — 5 ~ sin vax 
n n—1 


= 2% [ty+.1 (x) — ty(w)] = —qmtm(x)+ gntnys(a) + D (qr — gra) tr41(@), 


- vr=m 


ty(x) = 1— cos (»— 3) 2, 


whence 
n—1 


ll Sn (x) — Sm (x) lla < dm Im + qn TIn41 + a (qr —_ Qv+1) Ty41, 
y=m 


thse 1 a | 
= | [- cos (-—+] 2| sin dx = O(log yr). 
eJ0 2 2 


From (5.07), (5.08) it follows that the sequence {sp(x)} converges in the 
mean. There will exist then a function f(x) C Z,, to which s,(x) converges 
in the mean. Since f(x) has the same Fourier coefficients as S(x)C L,, 
these two functions must be equal almost everywhere. Hence ||S—s,||,—> 0, 
and Theorem 5.1 is established. 

In the case of the cosine-series (5.04) the situation is less satisfactory 
owing to the fact that no simple necessary and sufficient conditions are 
known which have to be imposed on the sequence in order to make 
C(z)C L,. It is known" that the condition g» | 0 is not sufficient that (5.04) 
be a Fourier series, On the other hand simple sufficient conditions have been 
found by Young and Kolmogoroff.* They consist in the assumption that 
4.0 while the series 

«© 

2 n|A* gu |, Agn = Gn — Int1; A? gn — Aq ie Agn+1; 
converges. These conditions are satisfied in the particular case where 
Qu 0, Agn {0 (the sequence {gn} is convex). For this class of cosine 


where 








" Szidon [1], p. 126. 
* Young [1], pp. 44-45; Kolmogoroff [1]. The conditions of Kolmogoroff : are more general 
than those of Young. 























348 E. HILLE anp J. D. TAMARKIN. 


series it has been proved by Kolmogoroff that a necessary and sufficient 
condition that (5.04) converge in the mean to f(x)C TL is given by 
Qn logn—> 0. 
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SUMMATION OF FUNCTIONS OF A COMPLEX 
VARIABLE.’ 


By R. D. CARMICHAEL. 


Introduction. The object of this paper is to develop the theory of 
the principal solutions of the equations, 


F(x+o)—F@) = g(x), Gawt+o)+G@(z) = 29(), 


under two classes of hypotheses concerning the given function g(x) and 
to give as an application a theory of expansions in series of Bernoulli- 
Hurwitz functions. 

In part I a definition of principal sums is employed which is closely 
related to that of Nérlund (1. c.) but differs from his in putting the emphasis 
upon solutions of approximating equations rather than upon processes of 
summing divergent series and integrals. The theory of such principal sums 
is developed, by a very direct method, for the case of functions » (x) having 
the asymptotic character (1.15). 

In part II are found several theorems concerning integral functions of 
exponential type. A definition of principal sums of such functions is pro- 
posed. A general theory of the summation of these functions is developed 
by means of modified or generalized sum formulas of the Euler-Maclaurin 
type, here introduced for the first time. A very direct method is given 
for developing the Fourier expansion theory of principal sums of functions 
of exponential type. 

Finally, in part III, necessary and sufficient conditions are constructed 
for the expansion of functions in series of Bernoulli-Hurwitz functions, 
including the special case of Bernoulli polynomials. 


I. Summation of functions having a defined asymptotic 
character. 
1.1. Principal sums. If isa given constant different from zero and 
if y(x) is a given function then solutions of the equations 


(1.1) o Ay F(z) = F(a+o)— F(x) = o¢(2), 
(1.2) 2Vw G(x) = G(a+o) + G(x) = 29(2), 


‘Received, May 14, 1932.—Presented to the American Mathematical Society at the 
Summer Meeting in Los Angeles in 1932. 
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will be called sums and alternating sums of (x) respectively. The con- 
stant w is called the span of the symbols 44 and VW». The general solution 
of (1.1) [(1.2)] is obviously the sum of a particular solution and an arbitrary 
function P(a) [7(x)] such that P(x + )— P(x) = 0 [x(x + @) + a(x) = 0]. 
Solutions of these equations obviously exist. Owing to the nature of the 
arbitrary elements in the general solutions, the essential problem? of 
summation is that of determining solutions having characteristic properties 
of particular interest. It will take different forms for different classes of 
functions y(x). In each case such special solutions will be called prin- 
cipal sums. 
If the series in the equations, 


(1.8) F@) =—« Sotho), G6@) =2 3 —v9@+ho), 


converge the sums F(x) and G(x) defined by them will be called respect- 
ively the principal sum and the principal alternating sum of y(x). More 
generally if the series in the equations, 


(1.4) F, (elo) = fq) — 9 & y(e-+ he) Vere, 
(1.5) Gy(o\0) = 2S (—1) 9@-+ho) eer, 


where 7 is such that 7m >0O and where f(y) is independent of x, converge 
they define functions F,(x|@) and G,(x|) satisfying respectively the 
approximating equations 


(1.6) Aw F(z) = g(@)e™, VoG(x) = g(ae™; 


and these solutions are such that if they exist for every 7 such that 
4 >0O and if the limits, 


(1.7) bs ala = F(x|@), beri eal es G(a|@), ya >Q0, 


exist the functions F'(z|w) and @(ax|w) defined by them are solutions of 
equations (1.1) and (1.2) respectively. These solutions will be called 
respectively the principal sum and the principal alternating sum of (2). 
The second is uniquely defined by the named process while the first is 
defined only up to an arbitrary additive constant, this being admitted 
owing to the possibility of varied choice in selecting the function /(7). 
Except for this additive constant the solutions defined in the more general 


*Norlund, Acta Mathematica 44 (1922), pp. 71-211. See other papers referred to in 
this memoir. 
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case exist and are identical with those in (1.3) whenever the latter exist, 
as one may readily show. 

The principal solutions thus defined are identical with those of Nérlund 
(I. c.) when the latter exist, though in the case of F(x|») our definition 
is different in form from that of Nérlund. In Nérlund’s definition the 
principal emphasis is upon certain processes of summing divergent series 
and integrals; in ours it is upon the passage from the approximating 
equations (1.6) to equations (1.1) and (1.2) by letting 7 approach 0 in 
such way that argy = — argo. 

By changing « to z—o we may put equations (1.1) and (1.2) into the 


forms 
(1.8) A_w F(x) = y(@—o), V_-wG(x) = g(x—a). 


Whereas the original equations involve the span » these have the span — o. 
If the function y(x) has suitable properties we may treat the new form 
of the equation as we have already treated the original form and thus 
arrive at the second principal solutions (in contrast with which the fore- 
going may be called the first principal solutions) in the form 


(1.9) F(|—o) = lim F,(2|—o), @(e|\—o) = lim G,(2|—«), yo<0, 
4=0 4=0 


where 
(1.10) F, (x|—o) = F,() 4 o> 9 (x —ko) 2 e—kew) | 
=1 


(1.11) G, («| — o) = 2 (—1) 9 (a4 —ko) o—™. 
=1 


Results of interest will arise from an examination of the relations of the 
second principal solutions to the first. 

In the case when f(y) and f,(7) may be chosen independent of || it 
is easy to verify the following relations (Nérlund, 1. c.) by first establishing 
them for the case of the approximating equations and then taking the 
limit as y approaches zero: 


@ 
oG (2 “| » m even; 
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n—1 


(12) P(e + 22 a) 


s=0 
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(13) Bay P(e |) 
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(1.14) = -1y G (x4 <° a) _ a (x|*), n odd; 


and the equations obtained from them by replacing » by —®. 
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The following three theorems are readily established (the second and 
third being proved by aid of the first): 

THEOREM 1.1. If S{p(x)} denotes a principal sum (or alternating sum) 
of (x) in accordance with any one of the foregoing four definitions, then 


S{ag (x) +by(x)} = aS{y(x)}+bS{y@)}, 


where a and b are constants, provided that the indicated sums in the second 
member of the equation exist and provided that the arbitrary constant (when 
it occurs) is suitably determined for the sum in the first member. 

THEOREM 1.2. If Q(x) is a principal sum of Aw Q(x) and is such that 
the series in the relation 


F(x|o) = Q@—o 2 {9 @+ko)—do Q(a+ke)} 


converges, then the function F(x|@) is a principal sum of 9(x). 
THEOREM 1.3. If P(x) is the principal alternating sum of Vw P(x) and 
is such that the series in the relation 


G(a\o) = P@)+2 2 (—1 (9 @+ho)—Vo P(x+ko)} 


converges, then the function G(x\w) is the principal alternating sum of 9 (2). 

It is obvious that theorems corresponding to the last two may be stated 
for the second principal sums. 

1.2. Formal solutions in domains D;(#). By a domain D)() we 
shall mean a region of the complex zx-plane such that if 2» is in the 
region then 2)-+s@ is also in the region where s is a variable real number 
whose range depends on 2» and consists either of all real numbers or all real 
numbers s such that s>b where b is a non-positive real number depending 
ON Z. A domain D,() will also be called a domain D, (w) if there exists a 
sector formed by two rays from 0 to © and containing in its interior the ray 
from 0 (exclusive) through —w to o such that the sector and the domain 
have no point in common. A domain D,() will also be called a domain 
D;() if for every a» there exists a real number s such that 2+s0 
is in the domain. By Ds (w) we shall denote a region which is at the 
same time a domain D,(m) and a domain D,(). We shall sometimes 
write D;(), without assigning the value of i, when it is a matter of 
indifference to the truth of the proposition which type of domain is 
considered. A domain D;(—) may be obtained from a corresponding 
domain Dj() by reflection on the line through 0 perpendicular to the line 
joining 0 and ». It is obvious that suitable sectors afford particular 
domains D;(o). 
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Let us now suppose that » (x) has the asymptotic form® 
(1.15) y (x)~p(x)+ q(x) log rtqtatate.. 


in some domain D;(), where p(x) and g(x) are polynomials in x with 
the possibility that one or both of them may be identically zero. Without 
loss of generality we may (and we do) assume that p(0)=0. Then 
there exist unique polynomials 7 (x) (with r (0) = 0) and s(x) and a unique 
set of coristants ao(= 0), a, d2,--- such that the functions 

adu-1 


(1.16) Qu (x) boc 1) +-8(a) log a a+ “* + an “+ oe shnel 1, 2, 3, eS 
have the property that 
Aw Qu (x) = p(x)+ q(x) log x 





¢ ¢ + | 
tatSt- +O 4 te, lel>lel. 

Likewise there exist unique polynomials g(x) (with @(0) = 0) and o(z) 

and a unique set of constants a, a, @,, --- such that the functions 


(1.17) Pula) = g(@)-+o(@) log 2a + +--+, w= 0, 1,2, ++, 
have the property that 
Vo Pulx) = p (x) + q(x) log x 


peat pe. 4 SM 4, Jol >|ml. 





If we let w become infinite in (1.16) and (1.17) the second members become 
infinite series (in general divergent) which we denote by S(x) and R(x) 
respectively. We shall say that these series afford formal solutions of 
(1.1) and (1.2) respectively. 

1.3, Actual solutions in domains D;(w). We shall now prove the 
first of the following two theorems, omitting the similar proof of the second: 

THEOREM 1.4. If (x) has the asymptotic form (1.15) im some domain 
Di(@) and if for a given positive integer w the function Qu(x) is defined 
as in (1.16), then equation (1.1) has the solution 





*One might assume a more general asymptotic form 
nr 
8 Cas 
9 (@)~ > (og x) {p. (x) + .co6+ + Stee}, 
s=0 


Where n is a positive integer and the ps (x) are polynomials in x, and proceed by a suitable 
modification of the methods of the text to obtain results comparable with those here 
Presented; but the interest attaching to the more general problem is not increased in 
Proportion to the added complication. 
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(1.18) Fla) = Qu(@@)— o> (9 (a+ kee) — der Qu (2 + keer} 


If S(x) is defined as in the last paragraph of § 1.2 then F(x)~S(zx) in 
any domain D,(w) contained in D;j(m). This solution F(x) is the only 
solution of (1.1) in D;(w) for which the difference F(x) — Q, (x) approaches 0 
as x becomes infinite in D,(). It is therefore independent of w. 

THEOREM 1.5. If p(x) has the asymptotic form (1.15) in some domain 
D;(w) and if for a given non-negative integer w the function Pu(x) is 
defined as in (1.17), then equation (1.2) has the solution 


(1.19) G(x) = Pala) +2 3 (—1)! {p(e+ko) —Vo Pula+ko)}. 


If R(x) is defined as in the last paragraph of § 1.2 then G(x)~ R(x) in 
any domain D,() contained in D;(»). This solution G(x) is the only 
solution of (1.2) in Di(w) for which the difference G(x) — Po (x) approaches 0 
as x becomes infinite in D,(w). It is therefore independent of wu. 
We employ the following lemma,‘ now classic in the difference calculus: 
LemMA. If t= «w-+iv where wu and v are real and if »=>2, we have 
~ 1 1 a 
—-+—]) ji > 
2) rr ae (rr +3) if w20 and #0, 
pa 





1 
K=0 EE < hs iis 


There exists a constant VM such that 


lp (a+ ko) — dw Qu(x+ko)|<M\x+ko|-“- 





(a +R] if «<0 and vt 0. 


when z is in Dj() and |~+ko| is large. Hence, since ~ > 1, the series 
in (1.17) converges and defines a function F(x). That F(z) is a solution 
of (1.1) may be verified by direct substitution. Replacing x by ¢ in the 
foregoing inequality and employing the lemma, one shows that F(z)~S(z) 
in D,(). Since the difference of any two solutions of (1.1) is a periodic 
function of period w, the remainder of Theorem 1.4 is readily established. 

It will be observed that if we start out with a domain D,(w) then the 
sums F(x) and G(x) of the function g(x), obtained in the preceding two 
theorems, belong to the same class of functions as that to which (2) 
itself belongs. This remains true if we replace F(x) by the sum F(x)+¢ 
where ¢ is an arbitrary constant. Hence the processes of summation 
employed in forming F(x)+ ¢ and G(x) from g(x) may be applied to these 
sum functions themselves, and then to the repeated sums thus obtained, 





‘See, for instance, Batchelder’s Linear Difference Equations, p. 24. 
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and so on indefinitely. If the polynomial g(x) in (1.15) is identically zero, 
the process of alternating summation in Theorem 1.5 may be repeated for 
the class of functions g(a) for which g(x) = 0; but this is not true in 
general for the process of summation in Theorem 1.4. 

The formal solutions obtained in § 1.2 are unchanged if we take equa- 
tions (1.1) and (1.2) in the form (1.8). But the solutions corresponding 
to (1.18) and (1.19) are different, at least if we use the span —w (rather 
than ») as is natural owing to the form of (1.8). Corresponding to the 
last two theorems we therefore have the following two which we state 
without proof: 

THEOREM 1.6. If p(x) has the asymptotic form (1.15) in some domain 
D;(—) and of for a given positive integer w the function Qu (x) is defined 
as in (1.16), then equation (1.1) has the solution 


(1.20) F(x) = Qu@+ o 2 {y (x — » — ko) —A_» Qu(x — ko)}. 


If S(x) is defined as in the last paragraph of § 1.2 then F(x)~S(x) in 
any domain D,(—) contained in D;(—@). This solution F(x) is the only 
solution of (1.1) in Di(—) for which the difference F(a) — Q; (x) approaches 0 
as x becomes infinite in D,(-—@). It is therefore independent of pt. 

THEOREM 1.7. Jf p(x) has the asymptotic form (1.15) in some domain 
Di(—) and if for a given non-negative integer w the function Py (x) is 
defined as in (1.17), then equation (1.2) has the solution 


(1.21) G (x) ans Pu (x)+2 z (—1) {g (c—o —ko) —V_-w Pu (x —ko)}. 
=0 


If R(x) is defined as in the last paragraph of §1.2 then G(x)~ R(x) in 
any domain D,(—w) contained in D;(-—o). This solution G (x) is the only 
solution of (1.2) in Di(—) for which the difference G(x) — Po (x) approaches 0 
as x becomes infinite in D,(—w). It is therefore independent of u. 

With respect to the processes of summation in the last two theorems 
one may make remarks concerning repeated summation similar to those 
made in the case of the first two theorems of this section. 

When the asymptotic relation (1.15) holds both for D;() and for Dj(— ©) 
there _is an important problem of the relation of F(x) and F(x) and of G (x) 
and @ (x), to be treated in § 1.5. 

1.4, Principal sums of g(x). We shall now prove the following 
theorems: 

THEOREM 1.8. The first and second principal sums of 4a Qu(x) are both 
equal to Qu(x)-+-¢ where c is a constant. 

THEOREM 1.9. The first and second principal alternating sums of Vo Pu (x) 
are both equal to Py, (x). 


EE EE ee 
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The function Q, (x) [Pu (x)] is the sum of Q, (x) [Po (x)] and a polynomial 
in 1/x. From Theorem 1.1 and the proposition stated at the end of the 
second paragraph of § 1.1 it follows therefore that it is sufficient to prove 
these two theorems for the cases » = 1 and w = O respectively. 

We have 


[v2] 
—0 > Aw Q (a+ ko) eo aetho 
k=0 


a {Q, (a+ko) — Q (a+ kw + w)} A 7er™ 
a (x) ” i aad +3 a1 (a+ k@) jg Vor peel e 7 ae+kw—w) } 
p=1 


= Q(ae"7" + (1 — om) 5) Qs (a+ ko) eo 7erhm) 
= Q(x) e177 + (1—e™) g (w, 4), say. 


Therefore in order to establish Theorem 1.8 for the first principal sum it 
is sufficient to show that 


(1 — €%) (gn (@, 1) — gn (0, 4)} and (1 —e™) {hn (aw, 4) — hn (0, 4)} 
both approach 0 with 7, where 


(2) 
gn (2,9) = D> (a+ ko) e~7eteo | 
k=1 


2] 
hin (ae, 9) = 2 (w+ ew)" log (w+ ko) eri 


and n is a non-negative integer. 
Now if D; denotes the nth derivative with respect to 7 we have 


Jn (x, %) = (— ind D;, ey et+kw) on (— 1)" D;, {e—7@+)/ (1 6 *)}. 


Hence gn (x, 4) — gn (0, 4) is (—1)" times the nth derivative with respect 
to 4 of a function which is analytic at 70, whence it follows that 


gn (x, 4) has the property needed for the proof. 
We have 


hin (a, 9) = > (a+ko)" {log @ + log (k-+ x/w)} e—7er™ 
k=1 


= log p> (at ka) e~Ietko 4 gn], (x, 8), 
=1 
where 


In(v, 8) = = k+2/ 0) log (k-+-a/ w) e~8&+a/) | $= 4o. 
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From the property of gn(x, 4) just established it follows that it is now 
sufficient to show that as s approaches 0 through positive values we have 


lim (1 — e) {ln (x, s) —1,(0, s)} = 0. 
Using the well known formula 
log (k+a/o) = { t1{et— etktem) dt, R(k+2/o)>0, 
we have for s greater than 0 the relation 


iv) 
ly (a, 8) == (— 1)" Dt p> e—8k+x/w) { ¢-1 {et— —tk+ax/w)) dt 
k=1 


io ace ad et e—sdta/w) Sehina 

= (—1) vs { 7 ine §6-er dt. 
Hence 7, (x, s) —1,(0, s) is (—1)” times the mth derivative with respect 
to s of a function of s which is analytic at s = 0. Therefore /,(z, s) 
has the required property. 

Thus we have established Theorem 1.8 for the case of first principal 
sums. The other part of the theorem is similarly proved. 

Only obvious modifications of the foregoing arguments are needed for 
the proof of Theorem 1.9. 

By aid of Theorems 1.1, 1.8 and 1.9 and the proposition at the end of 
the second paragraph of § 1.1 a ready proof is obtained of the following 
theorem: 

THEOREM 1.10. The solutions F(x), G(x), F(x), G(x) in Theorems 1.4, 
1.5, 1.6, 1.7 are respectively the principal sums F(x|), G(x|o), F(x|—), 
G(a|—) of the function (ax). satisfying the hypotheses of the respective 
theorems. 

1.5, Relations between first and second principal sums. These 
relations take their most interesting form when ¢(z) is a rational function; 
this is the case which we shall treat. Then the asymptotic forms of the 
functions F(x|) and G(x|) [F(2|—o) and G(x|—)] of Theorem 1.10 
are valid in a region D,(w) [D,(—)] which coincides with a sector of 
angle 2~—dé where 0<:d6< 42. We shall suppose that loga has the 
same determination in the two sectors on the ray whose points have the 
argument $7-++argw. Then the periodic functions F(«|)— F(x|—«) 
and G(x|w)— G(x|—w) have no essential singularity in either end of a 
periodic strip, as one sees by aid of the asymptotic forms of the functions 
involved. 

But the singularities of F(x|) and G(x|) [F(z|—#) and G(x|—«)] 
in the finite plane consist of poles at the points a;— ko [aj+ko+ o] 
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where k = 0,1,2,--- and where the « are the poles of (zx) in the 
finite plane, the orders of the poles in the set congruent to a; being not 
greater than the order of the pole of p(x) at x = «; or a congruent point. 
This is proved by observing that in the case of any one of these functions 
there is a half-plane in which it is analytic and of such sort that it may 
be continued analytically from this half-plane into the complementary 
half-plane by aid of the simple difference equation satisfied by the function. 

Therefore the periodic function F(a|o)— F(a|— @) [G(a|)— G(x|—o)] 
is a rational function o(t) [odd rational function 9 (¢)] of ¢ where ¢ = ¢27#/o 
[¢ — etix/o) | 

Moreover, when ¢(x) is a particular given rational function of x then 
the positions of the poles of F(x|w), F(x|—), G(a|), G(a|— o) are 
in each case completely determined together with the principal parts at 
these poles. It may be shown that these descriptive properties of these 
functions regarding their singularities together with their asymptotic re- 
presentation by Q,(x) or P,(~), as the case may be, and the fact that 
F(x|\o) — F(x|—) is of period » while G(x|#)—G(x|—o) changes 
sign when z is replaced by «+ are sufficient to completely characterize 
these four functions independently of the equations by means of which 
the functions were defined in the first case. An illustration of this pro- 
position is given in the next section. 

1.6. Applications to the sums of 1/z. For the case when (x) =1/z 
and » = 1 the functions F(z|») and F(x|—) of Theorem 1.10 will be 
denoted by w(x) and W(x) respectively. The forms of these functions, 
as given in Theorems 1.4 and 1.6, lead readily to the formulas 





ae ee Se 
We) — —y— Be ee 


“ ae < 1) 

W(x) = mi r+ {++ El 
where y denotes Euler’s constant. The leading term in the asymptotic 
form of both these functions is logz. We have 


D@) = y@+2er 


=: 
These functions have the following properties: 

(1) (x) is single-valued and analytic throughout the finite plane except 
for poles of the first order with residue —1 at the points 0, —1, —2,--°; 

(2) W(x) is single-valued and analytic throughout the finite plane except 
for poles of the first order with residue +1 at the points 1, 2, 3, --:; 
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(3) lim (y (2) — log} = 0, —ha—e < arge < hate, 

é being a small positive quantity; 

(4) lim {@(w)—logz} = 0, 4u—e < arga < §ate; 

r= 
(5) @(~)— w(x) is a periodic function of period unity. 

Here it is understood that logz has its principal determination when 
arga = 4 and that in (3) [(4] it is then rendered unique by a cut 
from 0 to © along the negative [positive] axis of reals. 

It is readily proved that w(x) and w(x) are completely characterized 
by these properties in the sense that if g(a) and g(x) are functions having 
the properties of W(x) and w(x) here stated then g(x) = w(x) and 
g(x) = W(x). 

By considering ‘similarly the first and second principal alternating sums 
of 1/x one is led to the functions f(x) and A(z), 








ie a se co (—1)*-! 
A(z) = 2 > ae B(x) = 2 & a—k ’ 
vs it _ 3s 
Biz) = A(x) sinawax ’ 


with the following characterizing properties: 

(1) &() is single-valued and analytic throughout the finite plane except 
for poles of the first order at the points 0, —1, —2,---, the residues 
being alternately +2 and —2; 

(2) 8 (x) is single-valued and analytic throughout the finite plane except 
for poles of the first order at the points 1, 2, 3, ---, the residues being 
alternately +2 and —2; 


(3) him B(x) = 0, —ta—e < arger < n+ 8; 
(4) Jim 8(@) = 0, ta—e < arge < §n+8; 


(5) the function P(x), P(x) = B(x)—A(x), has the property that 
P(x+1)+P(x) = 0. 

By means of the properties of the four functions treated in this section 
several classic expansions of trigonometric functions are readily obtained, 
as, for instance, the partial fractions expansion of cot 7x and sec 7~z. 

1.7. Applications to the sums of logz. If one uses the span 1 and 
forms the first and second principal sums of log and takes the exponential 
of the resulting functions, then,® when the arbitrary constants are determined 








*This is carried out for I’ (z) by Nérlund, Vorlesungen iber Differenzenrechnung, 
pp. 109 ff. One prefers to make a (not difficult) modification of the method of Noérlund 
so as to avoid employing the product expansion of the sine function in deriving the results. 
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in a convenient way, one has the functions I(x) and I(x) with the same 
asymptotic form (but in different sectors) where 


oo 


— 2) oh Ped ot ee . oe (1—=) Jk 
T@ were T] (1+ ac ; (x) 277 é I] L i eulk 


r(a) = (1—e&*) F(a). 


These functions satisfy the equation g(z+1) = xg(zx). Or these functions 
may also be obtained by integrating w(~) and w(x) and taking the ex- 
ponential of the resulting functions. The fundamental properties of these 
functions may be very rapidly developed from this point of view. It may 
be shown that they are completely characterized by the possession of the 
following properties: ; 
(1) I(x) is single-valued and analytic throughout the finite plane except 
for poles of the first order at 0, 1, 2, ---, with residue 1 at 0, and 
it vanishes nowhere in the finite plane; 


(2) I(x) is an integral function; 


(3) lim F@a-eHne = @nys, —La—e < age < Late; 
r=0 2 ti = 2 

(4) lim P(a)a~*+1? & = (2n)'2, ins <arge < sae 
r= _ “+ 44 2 


(5) T(a)/T(x) is periodic of period 1. 


If one uses the span 1 and forms the first and second principal alternating 
sums of 4 logx and takes the exponential of the resulting functions, then® 
one has the functions y(x) and y(x), namely: 

co 1 oo 1 
= —Y)1/2 er ek—2 *% T(r) — 120-2 a—2kyl 2k 
y@) = 2c] ae F@=ieem" |]. 


k=1 k=1 


Moreover we have 


re+ly@=2, Fyet+ly@—-2, Fe) = ieot > may (2). 


The leading term in the asymptotic representation of the functions log (x) 
and log y(x) is 3 log zx, ; 
It may be shown that y(z) and y(x) are completely defined by the 
following properties: 
(1) y(z) is single-valued and analytic throughout the finite plane except 
for poles of the first order at —1, —3, —5, ---; it has zeros of the 
first order at 0, —2, —4, ---; 





°See Nérlund’s Vorlesungen, pp. 115ff., for (a). 





SUMMATION OF FUNCTIONS OF A COMPLEX VARIABLE. 361 


(2) y() is single-valued and analytic throughout the finite plane except 
for poles of the first order at 2, 4, 6, ---; it has zeros of the first 
order at 1, 3, 5, -->; 


(3) lim y@a7? = 1, oe Sargr s J e+e; 
L=0 2 2 

(4) lim y(a)a—!? = 1, or < are < Sate; 
r= 0 2 2 


(5) y(x)/y(x) is periodic of period 2. 
By means of the properties of the four functions treated in this section 


several classic expansions of trigonometric functions are readily obtained, 
as, for instance, the product expansion of the sine function. 


II. Summation of functions of exponential type. 


2.1. Functions of exponential type.’ If f(x) is an analytic function 
which is regular at 2% and x,, then by expanding /(x) in powers of x—x 
and suitably dominating the expansion it is easily shown that 


lim sup | f(a) |!" = lim sup | f(a) |", 
n=O n=e 


where the superscripts denote derivatives with respect to x. If these 
superior limits have the finite value gq (q > 0) then f(z) is an integral 
function; in such a case we shall say that f(x) is of exponential type q. 
This terminology is justified by the following theorem: 

THEOREM 2.1. A necessary and sufficient condition that the function f(x) 
shall be of exponential type q is (1) that numbers o shall exist for which 
it is true that for every positive number « there exists a quantity M, depending 
on € and o in general but independent of x, such that for all (finite) values 
of x we have 
(2.1) fF (a)|< Me@t® 2! 


and (2) that q shall be the least possible value for such numbers «. More- 
over, when f(x) is of exponential type q, we have 


om IF @|< Mater ert, n= 0,1,2, +++ 


where M is independent of x and n. 

Inequality (2.2) is readily proved by aid of the expansion of /” («) in 
powers of x. Taking m = 0 we see that (2.1) is satisfied for every 7 
such that « > q. We complete the proof of the theorem by showing 


"See Hilb, Mathematische Annalen 82 (1920), pp. 1-39, 85 (1922), pp. 89-98; Perron, ibid. 
84 (1921), pp. 31-42; Polya, ibid. 89 (1923), pp. 179-191; Pincherle, Acta Mathematica 48 
(1926), pp. 279-304 (first published in 1888); Hurwitz, ibid. 20 (1897), pp. 285-312. 
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that (2.1) can not be satisfied for any o less than g. From (2.1) and 
Cauchy’s inequalities for the coefficients of the power series expansion of 
f(x) it follows that for every positive number @ we have 


if (0)| << Mo e+? . nt. 


Putting @ = n/(o-+ «) and using the fact (easily proved by elementary means) 
that 


lim (n! en)" = 1, 
n= 


we find that 
lim sup |f (0)/4" < ote, 


n= 


Hence (2.1) can not be satisfied when o<q. The theorem is therefore 
established. 

We shall have occasion to employ the following (readily demonstrated) 
theorems stated here without proof: 

THEOREM 2.2. If f(x) and g(x) are two analytic functions of exponential 
type not exceeding q and if a is a constant, then the function h(x), 


ha) =f" 9Of@—dat, 


is of exponential type not exceeding q. 
THEOREM 2.3. If f(x) is of exponential type q and if the radius @ of 
convergence of the power series > a, t* is greater than q then the series 


Bo ax f™ (a) 


is uniformly convergent in any whatever finite region of the x-plane and 
defines a sum function g(x) of exponential type not exceeding q. 

THEOREM 2.4. Let f(x) be of exponential type not exceeding q and let 
it have the period a. Let n denote the greatest integer not exceeding 
alq/(2n). Then f(x) has the form 


f(a) = a Cy, eRe 


where the c’s are constants. Moreover every function f(a) of the latter form 
is of exponential type not exceeding q and is periodic with period «. 

2.2. Sum formulas of the Euler-Maclaurin type. By expanding 
F(a+ ) and G(x-+) in powers of » by means of Taylor’s theorem and 
employing the operator D to denote differentiation with respect to x, the 
equations, 


(2.3) Aw F(z) = 9 (x), Vu Gia) = y (x), 
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may be written in the symbolic forms 
(e°? —1) F(a) = g(a), (e+ 1) G(a) = 29(2) 
whence one has the symbolic formal solutions 


(2.4) F(x) = o(e°?—1)"* 9), Gia) = 2(e°? + 1) g(a). 


Now we may ae 
m 


w l 
Pr sots pt Dh peer 2y i/o + postersl 
+ $ we 





(2.5) 


2 es 1 
ett yp A) 2 Sete ¥ esas] 


w” 
+ > Pa SBR iy ”, 
v=1 v! 


where m is a non-negative integer. When m = 0 we shall understand 
in each case that the finite sum as to » is omitted. We shall conventionally 
allow m to be infinite, understanding that the second line in each formula 
is then to be omitted. When m is finite the radius of convergence of the 
infinite power series in (2.5) [(2.6)] is (2m+2)7/|o| [(2m+1)a/|o]], 
as one sees from the analytic character of the function represented by 
the series. 

Replacing ¢ in the last two equations by D and substituting the resulting 
symbolic expansions for the corresponding symbolic operators in (2.4) and 
then applying these expansions term by term to g(x) in the respective 
cases and simplifying the parts of the solutions contributed by the finite 
sums in accordance with the method which is usual in the symbolic solution 
of non-homogeneous linear differential equations, we obtain the following 
formal solutions of equations (2.3): 





(2.6) 


” ed -x) 








F(a) = —toyet { glu) du +22 y(u) du 
(2.7) a Bc: ion 
+ 2 Ber 9 @), 
yv=2 Vv. 
Gian) = g(a) —= Pp J cos Gr—Dse—* g(u) du 
(2.8) a 


4. = ie" = 2" g(a), 


Where a is any vila chosen constant. It may be shown directly, 
by aid of relations obtained from the identities (2.5) and (2.6), that these 
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expressions afford formal solutions of equations (2.3). Conventional inter- 
pretations are to be given to these formulas when m = 0 and when m = w 
in accordance with the statements following (2.5) and (2.6). 

When m = 0 we have in (2.5) and (2.7) formulas of the Euler-Maclaurin 
and Boole-Nérlund types respectively. Formula (2.7) for m = o has been 
treated by Wedderburn.*® In the general case of finite m we shall find 
the formulas useful in the summation of functions of exponential type gq. 
We shall call (2.7) [(2.8)] the modified Euler-Maclaurin [Boole-Nérlund] sum 
formula. 

Putting a = 0 in (2.7) and (2.8), replacing w by x—+?t in the integrals 
and then in each equation combining the terms involving integrals and 
simplifying by aid of the trigonometric identities, 

1 


1+2coséd+2cos20+--- +2cosmé = sin (m+ =) 6/sin > 6, 


2cos@-+2cos30+ --- +2cos(2m—1)6 = sin2m6/sin6, 


we have the formal solutions 








pager © * sin(2m+1)2t/o a 
PO ae ort J, ina tie 9 @— Hat 
* 4 
+2 a — gy’) (x), 
a 1 (* sin2mat/o 
(2.10) — 0 — > J etn TO OOF 


scm) @” 
+2 Ay oe y™ (x). 


Taking m = © we have the following modification of the Wedderburn 
formulas: 








PEs | ; * sin(2m+1)2t/o My 
(2.11) F(x) 7% y (x) + lim i. ile y(x— tdt, 
am 0-2)» - ml 

Om=0 Jo sinnt/o * ; 


On replacing these limits by the corresponding limits of averages, as 
in the case of Cesaro summability of order 1, and simplifying by aid of 
the trigonometric identities, 








sind + sin30+ .-. +sin(2m—1)6 = aeme ' 
sind+sin26+.-..+sinmo = eee 


* Wedderburn, Annals of Mathematics (2), 16 (1914), pp. 82-85. 
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we have the following formal solutions: 


1 * 1—cos2mat/@ 
(2.13) F(x) = — 7 e9@)+ lim f Smsintnile 9% — Dat, 


0 


f cosa t/w—cos(2m+1)2t/o 


2m sin? x t/@ 








(214) G2) = 9(@)—— lim o(e—tat. 


io) 


We shall now prove the following two theorems: 
THEOREM 2.5. If (a) is of exponential type not exceeding q and if m 
is the integer defined by the relation 


2am < |wo|\q<2a(m+1), 


then the first equation (2.3) has a solution F(x) defined by the modified 
Euler-Maclaurin sum formula (2.7); and F(x) is of exponential type not 
exceeding q. If (x) is of exponential type q then F(x) is of exponential 
type q. 

THEOREM 2.6. If y(x) is of exponential type not exceeding q and if m 
is the integer defined by the relation 


(2m—1)a < |o|q<(2m+1)2, 


then the second equation (2.3) has a solution G(x) defined by the modified 
Boole-Norlund sum formula (2.8); and G(x) is of exponential type not 
exceeding gq. If p(x) is of exponential type q then G(x) is of exponential 
type q. 

In order to prove Theorem 2.5 consider the second member of equation (2.7) 
When y(x) and m satisfy the conditions named in the theorem. The first 
two terms represent functions of exponential type not exceeding g. That 
each of the terms in the finite sum as to » (when this sum is present) 
represents a function of exponential type not exceeding q follows at once 
from Theorem 2.2 and the obvious fact that cosaz is of exponential type |a|. 
That the infinite series in (2.7) converges and represents a function of 
exponential type not exceeding qg follows from Theorem 2.3 and the known 
region of convergence of the power series in the second member of 
equation (2.5). Therefore the second member of equation (2.7) is a sum 
of a finite number of functions each of exponential type not exceeding q, 
Whence it follows that the function F(x) defined by this equation is of 
exponential type not exceeding g. That this function satisfies the first 
equation (2.3) may be shown by direct substitution. If F(x) is of ex- 
ponential type g, then F(a-+)—F (zx) is of exponential type not ex- 
ceeding g,. Hence F(x) is of exponential type q when g(x) has this 
property. This establishes Theorem 2.5. 

A similar argument leads to the proof of Theorem 2.6. 
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2.3. Principal sums of functions of exponential type. When g(z) 
is of exponential type q we shall say that a solution of the first [second] 
equation (2.3) is a principal sum [principal alternating sum) of (x) if the 
solution is itself of exponential type g. No solution of either equation can 
be of lower type than that of (7). 

The following theorems are easy consequences of Theorems 2.5, 2.6, and 2.4: 

THEOREM 2.7. If (x) is of exponential type q and if m is the greatest 
integer not exceeding |w|g/(27) then the most general principal sum of g(x) 
is the algebraic sum of any particular principal sum (always existent) and 
the function 


m 


= Ch ezknix|o 


k=—m 
where the c's are arbitrary constants. 

THEOREM 2.8. Jf w(x) is of exponential type q and if m is the greatest 
integer not exceeding $+ |w|q/(27) then the principal alternating sum of 
y(x) is unique when m = 0 and is otherwise the algebraic sum of a particular 
principal alternating sum (always existent) and the function 


m 


po Ch e2k—)nix|w 
k=—m-+1 


where the c’s are arbitrary constants. 

These two theorems, for the case m = 0, are given by Hilb (I. c., 
pp. 90-91). In the general case they are, in view of our Theorem 2.1, 
equivalent to theorems obtained by J. R. Purdy® by quite different means 
and under hypotheses of a different form. 

The sums of 9(x) referred to in Theorems 2.7 and 2.8 are of the same 
type as the function (x) itself. Hence the indicated process of summation 
may be applied in turn to these sums and in this way repeated sums of 
any order may be obtained. 

There are other ways of forming principal sums [alternating sums] of 
a given function y(x) of exponential type g. If we write 


g(x) = ao tartagaz*?+.---, 
fo = 4+ 





1 n! dn 
at oe a2, 445 ‘tl>4@, 
and if C’ denotes a circle about 0 as center and of radius @ greater than q 
then we have 


1 4 ; 
g(x) = az fener at. 


*J. R. Purdy, “The treatment of finite integration by means of the Cauchy integral 
theorem,” (unpublished) Illinois dissertation, 1930. 
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Pincherle (I. ¢., pp. 285-86) and Hurwitz (1. c.) have observed that equa- 
tions (2.3) have the ur solutions 
* Qe 


: Be 1 i 
2.15) Fa) = oG aie o fiat, G@) = oF campy fat, 


provided that C does not pass through a singularity of an integrand. 
We shall now prove the following theorem: 








THEOREM 2.9. If C is the circle |t} =q-+e«, where « is positive, and if 


neither of the functions e**—1 and e”-+-1 has a zero in the circular ring 
q<\t| <q+e, then the function F(x) [G(x)] in the first [second] equation 


(2.15) is a principal sum [alternating sum] of the given function g(x) of 


exponential type q. 
From (2.15) it follows that a constant MM; exists such that 


\F(a)|< Me e@t©!!, | G(ax)| << My eat i", 


Then from Theorem 2.1 we see that F(x) and G(x) are of exponential 
type not exceeding g-++¢. But these functions are unaltered as « is de- 
creased provided that it remains positive. Hence the functions are of type 
not exceeding q; and therefore they are of type q since g(x) is itself of 
this type. 

If in the integrals in (2.15) we replace w(e*'—1)— and 2(e%*+ 1) by 
their expansions in (2.5) and (2.6) respectively, the integer m having first 
been chosen so that in the respective cases we have (2m+2)a/|w) and 
(2m-+1)2/|@| greater than q, and if we perform the integrations term 
by term, after having multiplied the factor e* f(t) into the series, we have 
formulas which readily yield in the following results: 


| ef) 
(2.16) F(a) = yer t ar, 2, |r aenilo! 
+2 Be? Sg), 
1 1 t t 
adic, Oo — i i de aae tepals 


+ PA Ag = 9 (a). 


These formulas are sisidiaty equivalent to (2.7) and (2.8) respectively, 
as we shall now show. For the case of (2.16) we observe that the function 


1 e f(t) 
uy (x) = amet t+2yv7i/@ et 


Verifies the relation 
uy (x) +2Qy rin (ax)/o = (x). 





24* 
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Thence it follows readily that the first line in the second member of (2.16) 
defines the same function as the corresponding part of (2.7) except for an 
exponential sum of the same form as that in Theorem 2.7 with coefficients ¢, 
For the case of (2.17) a similar remark is available. Hence formulas (2.16) 
and (2.17) are essentially equivalent to (2.7) and (2.8) respectively. 

2.4, Other formal solutions. It is convenient to record here other 
types of formal solutions. For the sake of brevity and simplicity we 
present them mainly for the case of the equation 


(2.18) F(x@+1)—F(z) = ¢(@). 
If g(x) has the form 


es («+ 2) 


then equation (2.18) has the solution 


,  { ret) gf 
_ = J, F@—t—l 2t+1 








provided that the path C is independent of x and passes through no sin- 


_gularity of either integrand. 


Similarly, if 
1 . 
y (x) = T@ J re+ ogoat 
then (2,18) has the solution 
sig i Mo ae 
F(x) = Te—1) ft («+ bg@dt. 
Again, if 
gjdt 


) = Iie 
then (2.18) has the solution 


= g (t) dt 
= re | 1—i F(a+t—})° 


Finally, if we employ the transformation of Nérlund?® and write 


.. °| ae 
9) = F@ J. r(t—2) ’ 


then the equation G(x+1)+G(x) = g (a) has the solution 











eee 1 g(ijdt 
OG) = l'(a—1) Jo (t—2) T (t—2z) ° 





* Norlund, Enzyklop. d. Math. Wiss. 11 C7 (1923), p. 720. 
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9.5. Fourier series expansions of principal sums. It is con- 
venient in this section (and involves no real loss of generality) to take 
» = 1; and this we do. For the circle C in the first equation (2.15) we 
take the circle C, about 0 as a center and of radius (27+ 1), greater 
than g, where 7 is an integer. We write 





(2.19) F.(@) = if, ofa. 
: . 2ai Jc, d—1° 
We form similarly the functions F,+,» (a), p = 1, 2, 3,---. First we prove 
that 
(2.20) lim F,+» (x) = 0 
p=ea 


when 0<.x< 1; when a)>= 0 we show that x may have the range O< 7<1. 

Write ¢= u-+7zv where u and v are real. Then the two parabolas 
v =u® and v = —u* cut the circle C,,, in four points, thus separating it 
into four ares. The two of these arcs which cut the real axis we call 
major arcs; the other two we call minor arcs. We write 6=arg?t. As 
p becomes infinite the range of @ on a minor arc approaches zero. 

Take first the case when a = 0. Then a constant M, exists such that 
\f (t)|<M,| ¢|-? for all ¢ on all the circles C,.», p = 0,1, 2,---. There 
also exists a constant M, such that | e” (e'—1)-!|< M, for all x in the 
range 0 <x <1 and for all ¢ on all the circles C,,,. Then 


Frio @)|<@ a) M, My [| t|-*| at 


Chip 
Thence we have (2.20) for the case when a) = 0. 

In order to complete the proof of (2.20) it is evidently sufficient to show 
further that it is true when f(t) = 1/¢ and zx is in the range O0<a7<l. 
For the minor ares it is sufficient to employ the inequality |e” (e*— N<M, 
and to make use of the fact that the range of @ on a minor arc is infinitesimal 
as p becomes infinite. Thus the part of the value of F,+, (x) contributed 
by the integral along a minor arc is seen to be infinitesimal as p becomes 
infinite. That the part contributed by the integral along a major arc is 
also infinitesimal as p becomes infinite follows readily from the value of f(t) 
and the fact that for a fixed x in the range 0< 2< 1 there exists a constant 
Mg such that | te (¢—1)-1|< M, for all ¢ on major ares of all circles C,+p, 
p=0,1,2.-... 

Having established (2.20) we note that the difference F, (x) — Fi+» («) 
is equal to the negative of the sum of the residues of the integrand in 
(2.19) in the circular ring bounded by the circles C, and C,+p. As p becomes 
infinite this sum of residues becomes an infinite series, while from (2.20) 























a 
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it follows that this series is convergent. We are thus led to the following 
result: 


(2.21) Fr(a) = - > Af @kmi e+ f(—BhmieM), O<a< 1, 


Moreover, when a = 0 this holds for the range O< 2<1. It may be 
shown that for « = 0 or « = 1 the sum of the series is } {F,(0)+ F,(1)}; 
this is done by observing that the proposition is already proved when 
a = 0 and that it is easily established when /(#) = 1/¢ and hence is 
true in general. 

Thus we have established the Fourier expansion of F(x) for the inter- 
val (0,1). The result is obtained in a different way by Hurwitz (1. c.), 
whose analysis assumes that F(z) is known to have a Fourier series 
development, whereas our argument establishes that fact. 

In the case of the second equation in (2.15) we take C to be the circle I, 
about 0 as center and of radius 277, greater than qg, where ¢ is a positive 
integer, and we write 


(2,22) Gad on oo ji ZF Fib at. 


Proceeding as in the previous case one may prove that 


i,¢) 
(2.23) G, (x) = 2 2 { f(2k ai + wi) e2k+h mix 4. f(— 2k wi — wi) e-Pkt Ta} 
0<e< i, 


while for x = 0 and x = 1 the sum of the series is 4{G,(0)+ G,(1)}. 
Moreover, when a = 0, the equation (2.23) is valid for the range 0< #<1. 

In equation (2.21) [(2.23)] we have the Fourier expansion of a particular 
principal sum [alternating sum] of g(x). By applying Theorems 2.7 and 2.8 
one may easily obtain the Fourier expansion of any other particular prin- 
cipal sum of g(x) and indeed of any sum of exponential type; what is 
requisite in each case is to determine the coefficients in a finite number of terms 
at the beginning of the series, the expansion being already known to exist. 

In a recent paper (Trans. Amer. Math. Soc.) I have generalized the theory, 
of Fourier series in a direction suggested by the results just given. 

As an application of the theory here given we have the Fourier expansion 
of 2", bine m is a non-negative integer, in the form: 





= 34 enmNcy 0<e<l, 


where 
I = +5 ee) ae A Ae shat n(n a Donn F 


This is obtained by cS _ = (4+ 1)" — 


wet 
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III. Expansions in Bernoulli-Hurwitz Functions. 
3.1. The Bernoulli-Hurwitz functions. The Bernoulli polynomials 
B,(x) may be defined by means of the identity 





te ics) ” 
(3.1) Dank = = B, (x) aa? 
whence it follows that 
SE ae ee dt be ; 
(3.2) B(x) = a ee 5 y=0,1,2,--. 


where C’ is a circle about 0 as center and of radius less than 2a. The 
Bernoulli-Hurwitz functions B,,,(x) we shall define by the relations 
y! ez dt 


: a yr =0,1,32,---, 
Q2nmi Jo eé—l1 tt’ . shite in 





(3.3) By,»(a) = 


where C; denotes the circle of radius 7(27-+ 1) about 0 as a center. Then 


we have 
Byo(x) — B,(x), y= 0, 1, 2, we % 


oor ae { e2kaic 4. (1 ” e—2knizr\ 
y = 0,1,2,---, r= 1,2,3,---. 


From § 2.5 it follows readily that 
_ (1 2.2»)! & cos2kax 














3.5) Boy, = ———_~.—; <zs1, »>0; 
(3.5) Boy.» (x) On Ss i ese), * 
; —_ (—1)""12-(2v+-1)! BS sin2kax jo <s5 41, +>, 
(3.6) Boy+i,Ax)= (Qruprti » Sts je" i? ? 10 <a< 1, y=0. 
— from (3.1), (3.2) and (3.4) we have the identity 
Q2hrieht = Vkrie—*ix 

(3.7 Ki >0, 

+s Qhni-t =2B Oe 


The function of ¢ in the left member of this equation is ‘ait in the 
interior of the circle |¢] = 27(7 +1) and has a singularity on its boundary. 
Therefore 27(r-+1) is the radius of convergence of the power series in 
the second member. Hence, for every x, we have 


(3 8) : age 1 
lim sup = 9n0+1)’ 


More precise information is available for certain values of x. From 
(3.8) and the value of By,-+1(a) in terms of B,,,(x) afforded by (3.4) we 
have 


By, r (x) 


< ry = 0,1,2,--- 





: By, + (x) e2r+Danix en 2rtimia fly 1 
l , pes 1 4S 
pokes 2 (2(r +1) ai)” T (— 2(r+ Iai)” 2(r + 2) 


v=% 





























372 R. D. CARMICHAEL. 


Hence if o is such that (r+ 1)/(7+2)<o0<1 then for sufficiently large 
values of » we have 
| By,» (x) [2 nilr + 1)]’/r! + {e2r+ Dain + (— 1)” e~sr+ aie) | <a”, 


Therefore 
(3.9) lim Boy,» (a) [2 72(r + 1)]?”/(2v)! = —2 cos 2(r +1) xz, 


(3.10) lim Boyj1,r (a) [22i(r + DY '/2r + 1)! = —2isin 2(r+ we, 


Hence if x, and x, are such that cos 2(r-+1)aa, + 0 and sin2(r+1)72, + 0, 
then we have 








. Boy, (a1) wee. 1 ges 

(3.11) tim | (29)! —~ On +1)’ 
: Boy-+s,r (a) Ort) _ 1 

(3.12) tim | Sr+i! | 3 Seen 


From (3.3) it may readily be shown (compare Hurwitz, l.c., p. 287), by 
a method essentially equivalent to that employed in establishing Cauchy’s 
inequalities for the coefficients of a power series, that if x is confined to 
a given region S of the complex plane and if @ > ¢*! in § and is in- 
dependent of x, then an absolute constant M exists such that 


(3.13) | By, + (2)| << Me?” a-” vV/(2r+ 17 
for all x in S. 

3.2. Connection with the problem of summation. If »(z) denotes 
the integral function 


p(x) = a+ax+agu*+ --- 
then since B,,,(x-+1)— B,,,(~) = va”— the equation 


J(c+1)— fla) = 9(a) 


obviously has the formal solution 
is) 
(3.14) f@ = 2 dy1¥ By,r (a), 


where 7 is now understood to be a function of ». Hurwitz (1.c.) shows 
that this is an actual solution and that f(x) is an integral function when 
r is properly chosen as a function of » and in particular when r = ”. 
This proposition is very easily proved by aid of (3.13). Hurwitz also 
determines a necessary and sufficient condition that (3.14) shall afford a 
valid sum of y(x) when r in (3.14) is held fixed and the series in (3.14) 
is required to converge uniformly in every finite region of the plane. From 
(3.11) and (3.12) it follows at once that it is necessary to this result that 
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(x) be of exponential type not greater than 2~(r+ 1) while from (3.8) 
it follows that it is sufficient if »(~) be of exponential type less than 
2a(y+1). What remains to complete the analysis will appear incident- 
ally as we proceed. 

The series which we shall investigate are of the form of the series in 
(3.14) with r held fixed. The case r = 0 has been treated by Nielsen" 
by a method different from that which follows here. 

3.3. Series of Bernoulli-Hurwitz functions. Let us now consider 


series of the form Es 
(3.15) > ty By, r(x)/v! 
v=0 


where 7 is a fixed non-negative integer. 
If « = a is a point at which series (3.15) converges and if 4(7r+ 1) 2, 
is not an odd integer then from (3.11) it follows that 


(3.16) lim sup | Ce» /@ < 2a(r+1). 
v=0o 


If « = a, is a point at which series (3.15) converges and if 2(r+-1)a, 
is not an integer then from (3.12) it follows that 


(3.17) lim sup | cy41 (V+ < 2n(r+1). 
v=e 


When conditions (3.16) and (3.17) are satisfied and p is a positive 
integer it follows from (3.8) that the series 


2) 
(3.18) an Cy By, r+p (x)/v ! 
v=0 


converges absolutely for all values of zx, while from (3.13) it follows that 
this series converges absolutely and uniformly in every preassigned finite 
region. 

Taking py = 1 and employing (3.4) and (3.15) to (3.18) we see that 


‘the series 
e (r+1) Nix e (r+) mia | 


(3.19) zo (27-41) ni)” + (—2(r+1) 270)” { 


converges whenever series (3.15) converges. Hence if x, and 2, are points 
of convergence of series (3.15) and if 4(r-+1)a, is not an odd integer 
and neither of the quantities 2(r + 1) x, and 2(r + 1) (a: —2z) is an integer, 
then both the series 


(3.20) (—1)"%  é. & 
2, (2(r+1)21)”’ “i } 
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converge. Moreover, these series converge absolutely provided that (3.15) 
converges absolutely for « = 2, and x = a. Thence it follows that 
series (3.19) converges (or converges absolutely, as the case may be) for 
all values of x and that it converges uniformly in every finite region. 

From the named properties of series (3.18) and (3.19) and their relation 
to series (3.15), we now conclude to the following theorem: 

THEOREM 3.1. If the series (3.15) converges [converges absolutely] for 
x= x and x = x, where 4(r+1)a is not an odd integer and 2(r +1), 
and 2(r-+-1) (a,—2z) are not integers, then in every finite region of the 
x-plane this series converges [converges absolutely] and uniformly. Moreover 
the series a 


« 
(3.21) Par 
v=0 


converges [converges absolutely] for t = +2mi(r+1) and hence also when 
|t| >2a(r +1). 

The hypotheses of the theorem are satisfied whenever there is any region 
(however small) in which series (3.15) converges [converges absolutely]. 
But it is possible for this series to converge at one point (2 = 0, for 
instance) without converging in any region. 

3.4. Remark on certain series of polynomials. The following 
example will serve to illuminate the hypotheses in Theorem 3.1. Let g(t) 
be a function of ¢ having the following properties: (a) it is analytic in the 
circle |¢|<<; (b) it vanishes to the first order at ¢ = @ where 0<|a|<g; 
(c) it vanishes nowhere else in the circle |¢)<@; (d) at ¢ = 0 it has the 
value 1. Form the expansions 


Fp (x) t”, 


5 F gt (t— oe (ce) 


ext 








= 2 Q (wt, 


where g(t) is the derivative of g(é) with respect to ¢. Then P, (x). is 
a polynomial in x of degree » and 


Q, (a) = P, (a) + a’! &/9' (a), 
From function-theoretic considerations it follows that 


lim sup | P, (@)//” = |e\—, — lim sup |Q, (a)|"" < et<Ja|-. 
; y=o 


v=o 


From these superir limits and the given relation between P, (x) and Q, (z) 
it follows that 


lim |P, (a) |" = |a|—. 


v=o 
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Now if the series 
v2) 
(3.22) > ¢, P, (x) 


v=0 
converges [converges absolutely] at 2 = x, it follows that lim sup |c,|"” < «| 


and hence that the series a 


> co W(x) 


v=0 
converges absolutely and uniformly in every preassigned finite region, the 
uniformity being established by aid of the Cauchy inequalities for the 
coefficients Q, (x) in the power series >'Q,(x)t”. Therefore the series 
D> & converges [converges absolutely] for « = 2,; whence it follows 
that it converges uniformly in every finite region. We are thus led to 
the theorem: 

THEOREM 3.2. If the series (3.22) converges [converges absolutely] at any 
single point x = a then in any whatever finite region it converges [con- 
verges absolutely] and uniformly. 

By differentiating with respect to x both members of the defining relation 
for the polynomials P, (x) we see that 


P, (a) = P41 (a), y == ©,1,3,:--. 


The case g(t) = 1— ¢ is of interest. In this case P,(x) has the value 


x x* a” 
I+ sp tort ee tars 
and this is a “section” of the power series expansion of e”. 

3.5. Expansions in Bernoulli-Hurwitz functions. If a function 
F(z) should have two distinct expansions in series (3.15) for the same 
value of r, then F(a +1)— F(x) would have two distinct expansions in 
non-negative integral powers of x. Since this is impossible, we have the 
following theorem: 

THEOREM 3.3 No function F(a) can have two distinct expansions in series 
of the form (3.15) for the same value of r. 

Suppose that F(x) has an expansion of the form 


ig 
(3.23) F(z) = of Cy By,r (x)/v! 
v=0 
where the series meets the convergence conditions described in Theorem 3.1. 


Then we have 
(3.24) F(e+1)—F(@) = > Cr4i x" /v! = (x), 
0 


v= 


Where (a) is defined by this relation. 
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converge. Moreover, these series converge absolutely provided that (3.15) 
converges absolutely for « = 2, and x = 2%. Thence it follows that 
series (3.19) converges (or converges absolutely, as the case may be) for 
all values of x and that it converges uniformly in every finite region. 

From the named properties of series (3.18) and (3.19) and their relation 
to series (3.15), we now conclude to the following theorem: 

THEOREM 3.1. If the series (3.15) converges [converges absolutely] for 
x2 = x and x = a, where 4(r+1)a és not an odd integer and 2(r +1)2, 
and 2(r-+1)(a,—2z) are not integers, then in every finite region of the 
a-plane this series converges [converges absolutely] and uniformly. Moreover 
the series 


i¢) 
(3.21) 2, ty 


converges [converges absolutely] for t = + 2mni(r+1) and hence also when 
\t| >2a(r+1). 

The hypotheses of the theorem are satisfied whenever there is any region 
(however small) in which series (3.15) converges [converges absolutely]. 
But it is possible for this series to converge at one point (z = 0, for 
instance) without converging in any region. 

3.4. Remark on certain series of polynomials. The following 
example will serve to illuminate the hypotheses in Theorem 3.1. Let g() 
be a function of ¢ having the following properties: (a) it is analytic in the 
circle |t|<@; (b) it vanishes to the first order at ¢ = « where 0<|a|<o; 
(c) it vanishes nowhere else in the circle |¢}<; (d) at ¢ = O it has the 
value 1. Form the expansions 


—— Vv ext eee oe » 
<= Pw, erp = 2 Q, (wit, 


where g(t) is the derivative of g(t) with respect to ¢. Then P, (x) is 
a polynomial in x of degree v and 


Q, (x) = P, (a) + a1 &/9' (a). 





From function-theoretic considerations it follows that 


lim sup | P, (~)/!” = |e@\-1, lim sup |Q, (@)|"” < e-t<|a|-4. 
v=o v=® 
From these superior limits and the given relation between P, (x) and Q, (x) 
it follows that 


lim |P, (x)|¥”" = |e\-. 
v=o 
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Now if the series 
oO 
(3.22) > c, P, (x) 


v=0 
converges [converges absolutely] at « = 2, it follows that lim sup |c,|/”" =< «@, 
and hence that the series 


2 
x Cy Qy (x) 
v=0 


converges absolutely and uniformly in every preassigned finite region, the 
uniformity being established by aid of the Cauchy inequalities for the 
coefficients Q, (x) in the power series > Q,(x)t”. Therefore the series 
> e converges [converges absolutely] for 2 = 2x,; whence it follows 
that it converges uniformly in every finite region. We are thus led to 
the theorem: 

THEOREM 3.2. If the series (3.22) converges [converges absolutely] at any 
single point x = a then in any whatever finite region it converges [con- 
verges absolutely] and uniformly. 

By differentiating with respect to x both members of the defining relation 
for the polynomials P, (x) we see that 


Py (a) = Pri (x), y = ©,1,3,:--. 


The case g(t) = 1— ¢ is of interest. In this case P,(x) has the value 
x x* of” 
Its tet Sod 2 te 
and this is a “section” of the power series expansion of e”. 

3.5. Expansions in Bernoulli-Hurwitz functions. If a function 
F(z) should have two distinct expansions in series (3.15) for the same 
value of r, then F(a -+1)— F(x) would have two distinct expansions in 
non-negative integral powers of x. Since this is impossible, we have the 
following theorem: 

THEOREM 3.3 No function F(x) can have two distinct expansions in series 
of the form (3.15) for the same value of r. 

Suppose that F(x) has an expansion of the form 


(3.23) F(a) = > cy By, (x)/v! 
v=0 


where the series meets the convergence conditions described in Theorem 3.1. 
Then we have 


(3,24) F(a+1)—F (x) = Scots x”/v! = (a), 


where (x) is defined by this relation. 
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From (3.24) we have the values 
cy = F”(iy—F (0), y= 1,9... 


wy 


where F(x) is the vth derivative of F(x), while from (3.23) it follows 
that c is then defined by the relation 


i-2) 
Qr+l)eo = FO— 2, cy By, (0)/r!. 


If we write / 
q = lim sup | ¢ |*” 
v=o 


it follows from (3.16) and (3.17) that g2a(r+1). The function 9 (z) 
in (3.24) is of exponential type q. 
Write 
C 


(3.25) fO= Fret lt>e 


and form the function 
1 ao .. ae 


where C is a circle about 0 as a center and of radius g+e where « is 
a small positive quantity and g+e<27¢@, @ being the least integer such 
that 2~e>q. Then, since H(x+1)—HA(x%) = g(a), it follows from 
Theorem 2.9 that H(x) is of exponential type g. Moreover, we have 





H(z) = 2, cy By,p—1(x)/v!, 


as one sees by using the series in (3.25) and performing a term-by-term 
integration in evaluating A(z). 

If 9 =r+1 then F(x)— HA (x) = c Bo, (x) and F(z) is of exponential 
type not exceeding g. If e< yr we have 


F(z) i H(z) = Co Bo,o-1 (x) + 2, se 2 k-” { etenia + (— 1)” e— 2kix| . 


Then F(x) is of exponential type not exceeding the greater of g and 27r. 
A more precise statement concerning the type of F(x) can be obtained 
from the last equation in terms of properties of the coefficients c,. 

The following theorem contains a part of the preceding results: 

THEOREM 3.4. If a function F(x) has the convergent expansion (3.23) 
then F(x) is of exponential type not exceeding 2(r+1). 

Let us next consider the case of a given function F(x) of exponential 
type g where 2a7r < q<2a(r+1) and let us write 


9@) = Fet)—Fe = = — 
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Define f(t) as in (3.25).. Then the equation 
h(x+1)—h(x) = ¢ (x) 
has a solution of the form 


a SR ee 
h(a) = sts [arr 


where C is a circle about O of radius q-+e less than 2a(*+1) where 
« is a small positive quantity. This function h(x) is of exponential type 
not exceeding g and it has the expansion 


2) 
h(a) = D> c» By r(a)/v!. 
vy=1 


Then F(a) —h(ax) is a periodic function of period 1 and of exponential type 
not exceeding g. From Theorem 2.4 it follows that it has the form 





F(a2)—h(a2) = ‘ bi Ay, erie 


where the a, are constants. 

Hence we have the following theorem: 

THEOREM 3.5. Any given function F(x) of exponential type q such that 
2Qavr << q<2na(r+1) has an expansion of the form 


r 2) 

(3.26) F@) = > aperriv + a, cy By,» (x)/v!, 
=-r v= 

where the a’s and c’s are (uniquely determined) constants. 

From § 2.5 it follows that the Fourier expansion of A(x) in the interval 
(0,1) involves no term in &” for which |k|<r+1. Hence the finite 
sum in the foregoing expansion of F(z) is the sum of the first » + 1 terms 
of the Fourier expansion of F(x) in the interval (0,1). 

If p is a positive integer we have from (3.4) the relation 

: > k-” { e2knia + (— 1)” ¢—?kti} 
Oni” cH é 
On substituting this value for B,,,(«) in (3.26) we are led readily to the 
following corollary: 

CoroLtary. The function F(x) has an expansion of the form (3.26) 
with r replaced throughout by r+p where p is any non-negative integer. 
In each case the finite sum as to k consists of certain terms of the Fourier 
series for F(x) in the interval (0,1). 

Finally let us suppose that F(x) is a given function of exponential type 
2(r+1), Then, as we have seen, we have an expansion of the form 


r+1 oo 
(3.27) F(a) = . > Ak erknia 1 2, Cy By, r+ (a)/v ! 
1 vo 


=—-s,f— 


By,» (%) = By,r+p(@)— 
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in which the a’s and c’s are uniquely determined. If F(x) also has an 
expansion of the form (3.26) then the coefficients c, must be the same 
in the two cases, as one sees from the power series expansion of 
F(xz+1)—F(a). Hence the expansions (3.26) and (3.27) can coexist 


only if the series 
i°.) 


oy 2r-+1 mia 1 (1 v p20 + aie 
A Garett eee 
converges. Moreover, when this series converges it gives the negative of 
the terms for k = +(r+1) in the finite sum in (3.27); furthermore, when 
this series converges the two expansions (3.26) and (3.27) coexist. 
These considerations lead to the following theorem: 
THEOREM 3.6. Let F(x) be any given function of exponential type 
2a(r+1). Write 





Cy = F(1)— F™ (0), y = 1,2,--.. 


Then a necessary and sufficient condition that F(x) shall have an expansion 
of the form (3.26) is that each of the following series shall converge: 


~  —))"e 
ya (207 (r+1)” ’ 


The theorems and corollary in this section 3.3 afford necessary and 
sufficient conditions for the expansion of functions in series of Bernoulli- 
Hurwitz functions. Such series together with a jinite number of terms 
from the Fourier series afford expansions, valid throughout the finite plane, 
of any given function of any exponential type gq; and no function outside 
of this class has such expansions. 





a = 0,1. 
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EIN BEISPIEL 
ZU NORLUNDS SUMMATIONSVERFAHREN.' 


Von G. SzEa6. 


Im Juli-Heft der ,Annals“ lese ich eine Note von Herrn R. E. Gilman,? 


in der eine Potenzreihe 
Pt+PRhet Pet cee + Pye™+ coe 


mit folgenden Eigenschaften konstruiert wird: 
1. Fir n> gilt Pho ow. 
: eee 

n 


3, > |P»y— P»-1| = O(| Pal). 


v=1 


4. Bei radialer Anniherung + — 1 — 0 ist 


| Pn1™| 


lim inf = = 0. 
| Pol 


Dadurch gelingt es ihm, die Tragweite der Summationsverfahren von Nor- 
lund und Abel miteinander zu vergleichen. 

Man gewinnt leicht ein Beispiel der verlangten Art, indem man sich auf 
das folgende Resultat von Herrn O. Perron stiitzt:* Es sei 


el? : 


bo] co 


I(z3. 8) = 2 Cn (x) 2” = (1 — 2) 


dann gilt die asymptotische Formel 
1 @ 


x 2 e2 eV an I +0 (.-2)] ; 





Cn (x) = - 
n(x) Va 
Der Fall x reell und « <0 ist dabei auszuschlieBen, unter den Potenzen 
und Wurzeln sind die Hauptwerte zu verstehen. Fiir reelle und positive x 
sind die Koeffizienten c,,(a) offenbar positiv. Sie hangen mit den Laguerre- 


2 , - 
schen Polynomen folgendermafen zusammen: ¢n(x) = e” Ln “(—2)." Sie 
kénnen also nur fiir reelle und negative « verschwinden. 


‘Received, October 26, 1932. — Auszug aus einem Briefe an Herrn J. D. Tamarkin. 

? A remark on Norlund’s method of summation. Diese Annals, (2), 33 (1932), 8. 429—482. 

*Uber das Verhalten einer ausgearteten hypergeometrischen Reihe bei unbegrenztem 
Wachstum eines Parameters. Crelle’s Journal, 151 (1921), 8. 63—78; s. insbesondere S. 77. 

‘Beziiglich der Bezeichnung vgl. Pélya-Szegd, Aufgaben und Lehrsitze aus der Analysis 
(Berlin 1925), Bd. II, S. 294. 
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Wir setzen nun 
P, = t(a), x= ee?, eo>0, O0<p<n. 


Wegen 2R Vaz =c>O ist dann 1. richtig. Ferner ist auch 2. erfiillt, 
sogar in der scharferen Form 


Aeth — 1+0(n7*). 





Hieraus folgt 


n 


n 
DIP — Pal = 2 IP! 
v=1 


v=1 





P, | Be - —? 
a aead — of 5 ery |, 





also 3., da ja 
n a n 2 oad ar 
> ery 2—@Q eo (eV — ave] — Oe”), 
v=1 v=1 


Wir beweisen schlieBlich 4., wnd zwar mit lim statt lim inf. Setzt man 
namlich a’ = @ cos? 5, so wird R(Vx2—V 2x’) = 0, folglich 


ay = cos exp [z (cos y — cos® 2\| ly +0 (n7?)). 


Es gibt also eine nur von x abhangige positive Zahl A, derart daf 


| Cn (ar)| > A cn a’) 
gilt, d. h. 


> | Pale > Af’; 1). 
n=0 


Hieraus schlieft man 





| > Pn r®| i aie IS @sr)| __ At exp (2°85 £—*) 9, 


1—r 


pe a 
Gg 
2° 
(sogar wesentlich mehr). 

SchlieBlich sei bemerkt, da6 die Funktion > P, 7” bei dem obigen Grenz- 
iibergang fiir rs << gegen Null konvergiert, waihrend >| P,|7" fiir 
alle O0<¢<~a unendlich wird. 


KOn1asBERG, Pr. 


da 9 cosy <g cos’ Es sind somit samtliche Forderungen 1.—4. erfiillt 
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1. Introduction. 


The problem of analyzing the complex of notions associated with the 
use of variables in logic has already been solved to a certain extent in 
my previous papers. In fact, this has been accomplished by constructing 
a symbolic theory in whose formal developments variables do not appear 
explicitly, It is not, however, convenient to continue the study of logic in 
that manner. The notation for variables, although it involves assumptions 
capable of analysis, has nevertheless numerous advantages; and it is the 
object of the present paper to show how they may be introduced into 
the formal developments without loss of precision. 

Variables* have been eliminated from the formal developments hitherto 
because their use, without an underlying analysis, is incompatible with 
one of the main aims of logical investigation, viz., to state the presuppositions 
of logic with the greatest possible definiteness and simplicity. That this 
incompatibility exists may be seen from the two following considerations, 

1) As used in ordinary logic, variables are not the names of any entities 
whatever, but are “incomplete symbols”, whose function is to indicate 
possibilities of substitution. Every logical proposition can, indeed, be 
thought of as a statement solely concerned with the constant entities 
which appear therein.‘ 

‘Received April 16, 1932.—Presented to the Am. Math. Society, Dec. 31, 1930. For 
abstract see Bull. Am. Math. Society, Vol. 37, p: 28 (Jan. 1931). 

*National Research Fellow 1931-32. 

*The word variable is here used in its mathematical sense, meaning a special kind of 
symbol distinguished from constant. Cf. Convention 3 below. 

‘Thus consider the proposition / (x) (a =x). This may be stated in the form, “the 
property of being equal to itself has universal validity”. So stated it expresses a relation 
between the three constants 1) universality, 2) equality, and 3) the operation which converts 
a relation into the property of being an entity having that relation to itself. These three 
constants are denoted in combinatory notation by //,@, and W, respectively; and the 
above law may be stated in the form + J/(WQ). This example shows, incidentally, how 
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It follows that an abstract theory involving variables as primitive ideas‘ 
cannot have a direct logical interpretation.® This consideration suggests, 
and the existence of a variable-free combinatory logic proves, that such 
primitive ideas are superfluous. Furthermore, the elimination of variables 
is an improvement in that the number of variables must be infinite if all 
their functions are to be performed,’ while the same results can be achieved 
in a variable-free logic containing only a finite number of primitive ideas.* 

2) The ordinary use of variables is such that significant logical facts, 
being inherent in the notation itself, escape explicit formulation. We cite, 
as an example, the fact of being a relation or property (special cases of 
above mentioned possibilities of substitution). Moreover, certain equivalences 
exist between different sequences of substitution operations. No apparatus 
is available whereby the propositions expressing such facts may be formally 





the ideas in this and the following paragraphs may be verified from an inspection of the 
symbolic theory above mentioned; but as a matter of fact they seem at least inherently 
probable on their own account, and where a part of the motivating influences which 
preceded the construction of the formal theory. 

5]. e., primitive ideas essentially similar to variables in their functions. Such theories 
have been constructed by Hilbert and his school. See especially J. v.. Neumann, Zur 
Hilbertschen Beweistheorie, Math. Zeitschr., vol. 26 (1927), pp. 1-46. 

°T.e., an interpretation such that each primitive idea of the abstract theory is inter- 
preted as denoting a definite logical concept. 

7For if the number of variables were finite, say 100, then we should be able to construct 
only functions with not more than 100 variables; whereas by the constructions outlined 
in ILA (see reference below), we can construct functions of any number of variables, so 
long as we have functions of at least two variables to start with. The system would, 
therefore, lack a certain closure property which is of theoretical importance, even if it 
should be possible to evolve all the logic we wanted for practical purposes by means of 
functions of not more than 100 variables. It is worth noting that, in the system of von 
Neumann above cited, only a finite number of the constituents, other than variables, are 
really primitive; the rest are essentially defined, and can theoretically be eliminated 
entirely. Thus the fact that there are an infinite number of primitive ideas in von 
Neumann’s primitive frame is due to the presence of variables therein; and on this 
circumstance, presumably, rests his statement (1. c., p. 4) that the positive integers with 
all their properties are “inhaltlich unvermeidbar”. 

SA remark of Schénfinkel’s (Math. Annalen vol. 92, p. 315 [1924]) is essentially to the 
effect that, in any theory containing the non-formal primitive ideas of combinatory logic, 
the number of formal primitive ideas, if originally denumerable, can be reduced to one. 
Fot let X:, X:, X;,-+-+ be the original formal primitive ideas. If we introduce the new 
primitive idea Y, then we can define X, = YY, X,=YX,, X; = YX:, etc. But there 
is certainly a sense in which such an elimination of formal primitive ideas is a mere triviality, 
while the elimination of variables to form a combinatory logic free from such symbols is not. 

* Thus, to repeat an example already mentioned (Amer. Jour. Math., vol. 51 (1929), p. 369), 
the following two ways of combining the three entities (a, y), a, b are equivalent: i) sub- 
stitution of a for x to obtain » (a, y), then b for y; ii) substitution of b for y to obtain 
y (x, b) and then a for x. This equivalence can be seen in no other way than by observing 
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proved. On the contrary, entities are represented by composite symbols 
involving variables, these symbols being neither simple names, since they 
have structure,’® nor descriptions of the entity concerned as the end product 
of a unique construction process, since there are usually several such 
processes, each equally compatible with the symbol; but they form graphical 
representations, so to speak, such that a variety of properties of the entity 
represented have to be apprehended from the intuitive nature of the graphing 
medium. The ideal of simplicity and definiteness requires that such dependence 
on intuition be reduced to a minimum. Indeed, a formal theory should conform 
as closely as possible to the following criteria: a) every entity should be 
denoted either by a simple symbol not presupposing any of its properties, 
or else by a symbol which is a description of the entity by some one of 
its characteristics, in particular as the result of a unique process of con- 
struction out of the primitive entities; b) all the properties of entities should 
be stated in propositions which are either a part of the primitive frame, 
or are formally derivable therefrom according to the rules. Whether or 
not it is possible to actually attain this standard,” it is at least possible to 
approximate to it more closely than the ordinary use of variables will allow.’* 


that the symbol for the end product, viz. g (a, b), is the same in both cases. The distinction 
between i) and ii) is moreover more than a mere question of order in which processes are 
performed; for in the ordinary conception the substitution of a constant for a variable when 
there is only one variable present is a process different from that when there are two, and 
in the latter case it makes a difference whether the first variable be used for the substitution 
or the second. In the notation of combinatory logic the result of process i) is gab, that 
of ii) is Cpba, the equivalence being explicitly provable by means of Rule C. 

By structure is meant structure having significance. The simpler words of ordinary 
discourse have structure, but this structure is—barring inflections and the like-purely phonetic 
or typographical, so that these words are simple symbols. 

"Tt may be argued, for example, that even the notation of combinatory logic does not 
meet the requirement exactly. Thus suppose a, b, c, d, are entities, and consider ((ab) (cd)). 
To construct it we have the following operations to perform: i) formation of (ab) from a 
and b, ii) formation of (cd) from c¢ and d, iii) formation of ((ab) (cd)) from (ab) and (cd). 
The notation does not specify in which order the operations i) and ii) are to be performed. 
This is, however, merely a question of order in performing operations; the operations them- 
selves do not differ as was the case in the previous footnote. 

These conclusions have previously been expressed by saying that the rules for a logic 
with variables would necessarily be more complex than for one without variables. But 
the complexity of rules involves two things: a) the complexity of statement (number, etc.) ; 
b) amount of intuitive information presupposed for their understanding. Of these the second 
is naturally more important than the first; indeed the rules for a logic with variables would 
perhaps not be essentially more complicated, in the first respect, than those for a logic 
without them. The point is that the rules for a variable logic, if stated, would necessarily 
presuppose more information of the second kind; moreover it is probable that no matter 
how carefully the rules were formulated, there would still be some intuitive information 
presupposed by the very use of the symbolism. But this is essentially the same idea as above. 

25* 
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The preceding considerations do not, however, militate against the intro- 
duction of variables by means of definitions on the basis of an underlying 
analysis. In fact, some of them argue in favor of such a course, since 
the fact that entities will then be denoted by expressions which display 
certain of their properties intuitively is an advantage. In the present 
case the underlying analysis is furnished by the combinatory logic of my 
previous papers; the actual introduction of variables is the thesis of the 
present one. This introduction amounts, essentially, to the following: 
a) definition of expressions involving variables by specifying uniquely how 
the entity to be represented is to be constructed out of the primitive 
entities; b) proof that the entities so represented actually have the pro- 
perties which one is accustomed to infer from their representation. The 
theory so modified lacks none of the precision of the underlying analysis, 
i. e., it conforms to the ideals stated above to precisely the same extent 
as does the underlying analysis. Moreover, the proof mentioned in b) comes 
to this, that a process is given whereby any inference which we can make, 
directly or indirectly, by the use of variables may be resolved into an 
aggregate — — not infrequently a complicated one — — of inferences, each 
of the exceedingly simple sort constituted by the rules of the underlying theory. 

The variables so introduced are here called apparent; because the true 
significance of the term apparent in connection with logical variables is, 
as I see it, simply that the variables are incomplete symbols serving as 
convenient ways of expressing propositions which theoretically can be 
expressed without them. The position taken above is therefore that all 
variables appearing in the formulas of a logical theory are apparent, at 
least in interpretation. But not all types of logical variables are here 
considered. Attention is confined to those types whose meaning in use 
can be defined in terms of the entities already postulated. Existential 
apparent variables, not being of that character, are not considered; but a 
theory of the ordinary kind of such variables can be superposed on the 
treatment here given by defining them in terms of negation.’ 

The developments of this paper have a distinctly formal character, in 
that they are practically translations into the new notation of a synthesis 
already completed. In the latter part of the paper, to be sure, the synthesis 
is pushed a little further, and new axioms are introduced; however, these 
developments are essentially the establishment of formulas having as their 
interpretations certain principles previously proved as rules. On the other 
hand, the theorems of this paper constitute an explicit formulation of the 
rules governing apparent variables of unrestricted generality. As such 
they form the basis for further developments of combinatory logic now in 
course of preparation; indeed the reader who is not interested in the 
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underlying analysis can take them as fundamental. It will be found that 
these theorems, together with the primitive frame for the algebra of 
propositions, form a complete foundation for the ordinary calculus of 
functions,"* provided one bears in mind the admission in the 2nd edition 
of the Principia Mathematica” that there is no need for introducing “free” 
variables into logic at all.” 

A final remark concerns the difference between the use of variables here 
contemplated and that indulged in hitherto. It is not quite correct to say 
that variables have not yet appeared in the formal propositions explicitly; 
they have not appeared at all, either explicitly or implicitly. Every formal 
proposition of the present theory is a statement that a given particular 
entity is an assertion; its formal demonstration consists of a series of 
steps, each of which is an application of one of the rules, whereby the 
proposition may be derived from the axioms. The only use of variables 
so far has been in connection with theorems and their proofs. These 
theorems are statements about the theory which are capable of being 
judged by an intelligent mind surveying the theory from outside; their 
proofs are intended simply to convince such a mind that the stavements 
made are true. The variables have made it possible to make complicated 
statements of this character, and in this they stand on the same footing 
as the words of ordinary language. But in the future variables will be 
used according to prescribed rules as constituents of symbols which denote 
actual entities, and hence will appear in the symbolic expression of formal 
propositions. Yet the reader should note, in the first place, that the 
definitions enable us to eliminate these variables and, in the second place, 
that it is still always possible, in any particular case arising under the 





ST. e, the engere Funktionenkalkiil of Hilbert and Ackermann (Grundziige der 
theoretischen Logik, Berlin, 1928, Kap. 3). 

" Introduction, p. XIII. 

'’ If we make the agreement that, when X is an expression involving the variables 
1, U2, +*+, 2m, We are to interpret Hilbert and Ackermann’s assertion of X to mean the 
assertion of (a, a, +++, am) ¥ (as defined below in Def. 4), then the relevant rules and 
propositions of the “engere Funktionenkalkiil” are consequences of the theorems proved 
and axioms assumed below as follows: 

Regel «: follows from Theorem 7. 
Regel 8: = Theorem 12. 
Regel y, first part: follows from Theorem 15. 
Axiom e: = Ax. Ih. 
The propositions and rules of Hilbert and Ackermann concerning the existential quantifier 


can be proved by defini 
ir 5 = N.I-BN, (N being negation), 


(Ex) ¥ = 3({(x]%) ——(¥ being an expression involving @). 


This however, will not be discussed here. 
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theorems, for a mathematical Methuselah to construct the formal proof 
of the assertion concerned in the course of m years. The theorems, in 
fact, uniquely describe how the gentleman should proceed. 


2. Preliminary Conventions. 


Reference will be made to my previous papers as follows:*® 
I. Grundlagen der kombinatorischen Logik, Kapitel I. Am. Journ. Math., 
vol. 52, pp. 509-525 (July, 1930). 
II. Same, Kapitel II. Am. Journ. Math., vol.52, pp.526-536, 789-834, (July 
and October, 1930). 
Ila. Some additions to the theory of combinators. Change as indicated, 
Am. Journ. Math., vol. 54, pp. 551-558 (July 1932). 
III. The universal quantifier in combinatory logic. Annals of Math., Series2, 
vol. 32, pp. 154-180 (1931). 

Symbols following the above numerals will refer to the divisions and 
subdivisions of the paper concerned according to the scheme used in that 
paper itself. 

DEFINITION 1. The symbol IP, defined in III 4, Def. 4 shall henceforth 
be replaced by Pr, i. e., 

Pr = B, My, Py. 


CONVENTION 1. The word assertion will be used henceforth as the English 
equivalent of ‘“Formel” in IC. Formula will be used for propositions of 
the form + X, k & (as in Ila, Convention 4), ete. 

ConvENTION 2. If X is any entity, the notation * X shall mean that the 
formula | X follows combinatorially (Ila, Convention 5). Similarily, if % 
is an expression involving the variables 2,, 2%2,---, Ym, the notation IK x 
shall mean that the formula +, X follows combinatorially, and so on. 

CONVENTION 3. The term constant shall hereafter denote any symbol 
which either stands for a definite entity, or else is to be regarded as so 
doing throughout a given context in contradistinction to the variables of 
that context. By context is here meant a definition, theorem, or the like. 
In applying such a context to a particular case, the unspecified constants 
may be interpreted either as entities, or else as the variables,—or expressions 
involving the variables—, of some other context.’” In the latter case the 
formulas, if any, of the original context must be understood to hold formally 
with the respect to these extraneous variables as in Ila, Convention 4; 





‘®For an excellent summary of I, Il, and II, see review of II by Arnold Schmidt in 
Zentralblatt fiir Math., vol. 1, p. 261 (1931). 

‘7 An interpretation of this character may of course be vacuous in that the hypotheses 
of the context are not fulfilled. 
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and of course the variables so used to interpret constants must be different 
from those which take the place of the original variables. 

Furthermore the definitions and rules formulated hitherto, which apply 
to unspecified entities, shall be regarded as extended to arbitrary constants; 
a similar extension for the theorems then follows as a consequence.'* 

CoNVENTION 4. The term primitive constant shall denote a constant whose 
interpretations are either primitive entities or variables of some other context. 

The following conventions and definition have to do with the systematizing 
of the rules for the insertion and removal of unnecessary parentheses. 

CONVENTION 5. By an operational symbol or operator shall be meant a 
symbol of one of the two following types: 

a) An w-operator shall be a symbol not defined in isolation, but introduced 
by a definition of the form 

Xo) = 38, 


where X and ¥) are expressions, and 3 is an expression derived from 
X and Y) according to rules prescribed in the definition. The expressions 
% and Y) shall be called the operands. The term w-operation shall also 
include simple juxtaposition which indicates application (a primitive idea). 





'SThe purpose of this convention is to provide a technique for extending to expressions 
contexts primarily concerned with symbols for arbitrary entities. Such a technique is 
made necessary by the introduction of apparent variables. For suppose a symbol % con- 
taining certain constants u;, %,,---, up be defined to mean the same as a combination X 
of these constants. It frequently happens that we wish to define a 9), containing % as 
a constituent, such that certain of the uw; are apparent variables. This means that we 
must be able to interpret the definition of % for the case where certain of the wu; are 
variables—or else, which is inconvenient, adopt a new definition. Thus, to define (x) (y) 
uxy (u a constant), we must first define (y) way by Def. 4 below, and then interpret 
the definition for the case where x is a variable. 

The distinction between constant and variable implied by the above convention must 
not be confused with some other distinctions sometimes made. Thus in philosophic usage 
a constant is a symbol whose meaning is completely determinate. From this point of 
view all the symbols of any abstract theory are variables because the meanings of the 
primitive ideas are not completely specified. In another sense a symbol may be regarded 
as constant with respect to a given theory; thus, in a theory of real numbers 1, 2, ¢, 
and V = are constants; letters generally are variables. (These constants are, however, 
variables in the first sense so long as the term “real number” is undefined). On the 
other hand, the use of the term constant in ordinary mathematics is substantially the 
same as here. The terms variable and constant have no significance except in relation 
to a given context, and the constants of one context are often the variables of the next. 
(In this sense it is significant to talk about parameters, viz., symbols which are variables 
in one of two closely related contexts and constants in the other.) Furthermore I think 
it may be shown that variables have the same functions in mathematics as in logic, and 
that any fact which may be expressed with their aid may also, by a sufficient circumlocution, 
be expressed without them. 
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b) A g-operator shall be a symbol, likewise not defined in isolation, but 
introduced by a definition of the form 


gt = 3, 


where % is an expression, and 3 is an expression derived from % ac- 
cording to prescribed rules. In this case % shall be called the operand. 

CoNnvENTION 6. Among the operational symbols there will be established 
an arbitrary ranking which shall be called senzority. For the operators already 
introduced this ranking shall be determined by the following list, the one 
first mentioned being senior to the others, and the second senior to the third: 

1) Equality (=), introduced in IC 4, Def. 2. 

2) Composite Product (-), introduced in IIB 4, Def. 1. 

3) Application (indicated by simple juxtaposition), introduced in IC 2 

(primitive). 
The position in this ranking of operators later introduced will be stated 
at the time of introduction. 

DEFINITION 2. Compound symbols which are otherwise ambiguous because 
of the omission of parentheses shall be interpreted according to the following 
rules: except as otherwise indicated by parentheses the left operand of 
an w-operator shall extend toward the left to either the beginning of the 
entire expression or to an operator senior to the w-operator; the right 
operand of any given operator shall extend toward the right to either the 
end of the expression or to an operator w of the same rank as or senior 
to the given operator, provided that, when the operator w is a g-operator, 
the operand of this » shall first be determined, and the operand of the 
given operator shall include both the » and its operand. Any expression 
enclosed in parentheses shall of course be treated as a single non- 
operational symbol. 

Remark 1. It can be shown that a given compound symbol % can be 
interpreted (i. e., defined) in only one way. In other words, if we take 
the operators in & seriatim, determine the scopes of their operands and mark 
them off, where necessary, by parentheses, then the result is independent 
of the order in which the operators are taken. It is not necessary, however, 
that the reader should prove this; we may agree that we shall take the 
operators in order from left to right in so far as the definition allows this 
to be done.'® 





? In order that the process may not break down due to certain operations not having 
an operand or the like, 2% must satisfy certain conditions, as, for example, that an ©- 
operator always has an operand immediately on its left. These conditions are not here 
stated; for the purpose is to state a process of definition and not a theorem, and the 
conditions will be automatically fulfilled whenever the definition is to be applied. 
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Remark 2. The foregoing definition includes as special cases IC 4, 
Def. 1, IIB 4 Defs. 2 and 3, and the remarks relative to the insertion of 
parentheses in IC 4, Def. 2. It therefore does not affect any definitions 
previously made, but will be useful for systematizing definitions in the future. 

Remark 3. It is possible, by writing all operational symbols to the left 
of all their operands, to dispense with the necessity of having parentheses 
at all. Such a method of writing logical formulas has indeed been proposed 
by Lukasiewicz. But it seems to me that the formulas so written are not 
as perspicuous as those written according to the foregoing method. 

Examples. 

X= Y-BZ= X = (Y:(BZ)). 
The following are all the possible cases where only two operations occur: 
If , is senior to @s, 


(1) Xo, Yo: Z S X w, (Ym, 8), 
(2) Xow, Yo, 3 S (X w, Y)) w, 8. 
If g, is senior to m,, and w, senior to 2, 

(3) fi X ws Y) = Fi (X we, Y), 
(4) Po % 2) = (y2 X) w, Y). 


Without regard to seniority, 
(5) XwYo3 = (XY) owQB (i.e., where the two o’s have the same rank), 


(6) XogpY = Xo(HY), 
(7) Gi 92% = G1 (2%). 


3. Fundamental Properties of Apparent Variables. 


In this section the apparent variables are introduced and their elementary 
properties—those which do not depend on properties of implication—are 
investigated. The types of variables introduced are two in number and 
may be called functional and universal apparent variables respectively; 
the second type requires no preliminary discussion. 

The variables of the first type are analogous to those appearing in the 
Principa Mathematica in expressions like yZ and g(z, y). Such variables 
are not ordinarily called “apparent”, but from the present point of view 
they form, in a sense, the fundamental kind of apparent variables. 

The above notation is ambiguous in that an expression like 9 (7, y) does 
not distinguish between g and its converse. One might think that if the 
former were denoted by (x, 7) the latter should be denoted by #(y, 2); 
but, since the letters used for variables are irrelevant, these two expressions 
are not distinct. One might avoid this difficulty by specifying that special 
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letters, in a definite order, be used for variables,” but it is not convenient 
to so restrict ourselves. This is the reason for the prefix in the following 
definition. As here defined, if [v, y]) yay denote a given entity, [y, z]pyz 
will denote the same entity (Th. 1), while the converse (i. e., Cy) will be 
denoted by either of the notations, [x, y] pyz or [y, z] pxy.” 
DEFINITION 3. If ¥ is a combination of the variables 2,, x2, ---, x», and 


constants, then 
[2% , U2, +++, Un) ¥ 


shall denote the entity X constructed as follows: let all the defined symbols 
and symbol combinations appearing in % be replaced by their definitions; 
let 1%, U2, +++, Up be the distinct primitive constants appearing in the new 
expression in the order in which they first appear there; let U denote the 
normal combinator”* such that the expression UL w ug +++ Up % Lg +++ Xp 
reduces formally to %; then 

X = Ulm te +++ Uy.” 


The prefix [z,, 22,---,%n] shall be regarded as a symbol of operation 
extending to the right (i.e., a g-symbol of Convention 5); as such it shall 
be junior to = and senior to all other operational symbols so far introduced. 
DeFINITION 4. If ¥ is a combination of variables 2, 22, ---, 2, and 
constants, then 
(11, ey **"*y In) & ae TI, ((x1, a ae Xn] x). 


The prefix (7,, %2, +++, 2%), regarded as a g-operator, shall have the same 
seniority as that considered in Def. 3. The definition shall hold for n = 0 
in the same sense as in Def. 3. 

THEOREM 1. If & is a combination of the variables x1, %2, +++, %n and 
constants, and Y) is the expression obtained by substituting for 2, 2, +++; Xn 
respectively the variables y;, Y2,++-, yn (the substitution being made for 
every occurrence of the x), then 


IF fan, ae, +++, aml = lyn, yor --+> Yl Q, 

c 

F (a1, 22, +++, Im) = (Y» Yor °° ', Yn) Y). 
Proof. Follows immediately from the definitions. 


© This is essentially what was done in II A. Cf. second footnote on p. 526 of that paper. 

14 similar notation is used by the authors of the Principia for relations, but not, 
strangely enough, for functions. 

21 Defined in Ifa, Convention 3. 

The part of the above definition relating to the construction of X makes sense when 
n=0. Accordingly when a general theorem is stated below concerning expressions of 
the form just defined in which n is indeterminate, it will be understood, unless specified to 
the contrary, that » can take on the value 0, in which case the defined expression shall be 
understood as denoting the X above defined (which is then equal to % combinatorially). 
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THEOREM 2. If % is a combination of constants and the variables x, , 22, +++, Xn, 
and X is a constant, then a necessary and sufficient condition that 


(1) EF Xa, 2-++ a, = ¥ 

is that 

(2) FX = [xy, a, +++, xn) ¥. 
Proof. Let 


Y = [a1, 22, 


+++) an) ¥. 


Then Ya, 2%-++-%, may be transformed into ¥ by a formal reduction 
process (Def. 3). Hence if (2) holds combinatorially so does (1). The 
converse follows by Ila, Theorem 5. 

CoroLLarRy. If X is a constant, then 


F [a, Hey ***, Xn] XX, Xq+++ Xn as XX. 


THEOREM 3. If X, and X, are combinations of constants and the variables 


Li, X, +++, Ln, then a necessary and sufficient condition that 
(1) HE X; — Xs 
is that 
(2) F [x, Xe, ***, Xn] X, = [ay, 2, -++, Xn] Xe. 
Proof. Let 
X, = [%, %, -++, tn) % 
and 
Xe a [x%1, X ihe, | Xn] Xo. 
Then 
1X, a, Wa -++ dn = % (Th. 2) 
= Xs (Hp.); 
whence, by Theorem 2, 
ex, ee [ay , Ha, ***y Ln] Xs 
= X, (by def.). 
Conversely suppose (2) holds. Then 
cx, = xX (Hp. and def.), 
EF Xx Ye +* In = (Th. 2), 
io X, x, Lge in = Xs (Th. 2). 


From these we may obtain (1), q.e. d. 
THEOREM 4. If %, and Xs are combinations of constants and the variables 
7%, 22; ***, Un, and 
KS X; > Xe, 
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then 
(a, Xe, ++, Dn) Xe se (11, X25 ++, In) Xe. 


Proof. Follows immediately from Theorem 3 and Definition 4. 
CoroLuary 1. Jf ¥ is a combination of constants and the variables 
Ly, %2,°**, Xn, and X is a constant such that 


= XXX *** In = x, 
then 
FE (a, Ha,**", Xn) & — IT, X. 
Proof. Follows by Theorem 2 and Definition 4. 
CoroLuary 2. If X is any constant, then 
vd (x1, He,***, Xn) XX 2s 12+, = | eo 


THEOREM 5. Jf 1) X, and &X, are combinations of constants and the 
variables 21, 2%, +++; 2m, 2) }1) }2) °° +, jm are combinations of constants and 
the variables y,, Y2;+++, Yn; 3) Y, and Ys. are the expressions obtained 
from %, and X respectively by substituting 3% for x (¢ = 1,2,---, m) 
in all its occurrences, and 4) 


iE [a , Hey°**y Lm] X1 — [a, Ha,*"*y Lm] Xe, 
then 


4 


Gme= om 
F [ys yoy sey Yul Di = [yrs Yor -* +> Yul De, 
I (ys, ye, ae” Yn) Mu = (Yr, Ye; -++, Yn) Do. 
Proof. By Theorem 3, 
f %, = Xe. 


If throughout this deduction we substitute 3; for x1, we shall have a proof 
that 


KF Yi = Ye. 
The rest follows by Theorems 3 and 4. 
CoroLLary. If %1, 31, §2,-*+, §m and Q, are as in the theorem, and if 


XxX, oo [71, Ley +++) Lm) X1, 
by Oh a X, §1 2 °° * jms, 


 [ys, ye, 29) Ynl Di = lyr, Yo» +++) Yn) X1 G1 Ge «°° Gms 
KE ns Yer = *+ Ym) = Yay Yor = +5 Yn) Xs bude -** Sm 


Proof. This is the special case wheré X, = X12, 2%2-+- Xm. 


then 





n> 0. Cf. remark after Theorem 7. 





ON APPARENT VARIABLES. 393 


THEOREM 6. Jf X ts a combination of constants and the variables 
Ly, Vay **%y Xm N15 Y2; ws Yn; then 


a) IF [a, Le, **"y Lm) [y1; Y2; -+ +, Ynld — (x1, Hy ***, Lm; Yiy Yo, +, Ynlk, 
b) IE (a, ae, m Pig Lm) (Y1; Y2,***; Yn) bes (2, Xp, ***, Um, Yiy Yo, 2+) Unk. 


Proof. a) Let X = [x1 , Hey***,>Lmy Yiy Yo, +s YniX. Then 


(1) KE, XH, X2 +++ mY Yo*** Yn = ¥ (Th. 2), 
+e Yr» Yes ety YnJX = Xa Xe +--+ Xm (Th. 2; ef. Cony. 3), 


(© fan, 22, -++, Lm) lyr, Yer -+*> ynlk = X, ged. (Th. 2). 


b) Let X be defined as in the preceding case. Then (1) is true and 
hence by Theorem 4, Cor. 1, 


ACE Y2,°**, Yn) & - IT, (X x; He+e Xm) 


= By I, X x, x2 +++ xm (II B 1, Satz 3). 
vs F (a, Ue, ***s Xm) (mn, Yay **'y Yn) x 

= In (Bm T,X) (Th. 4, Cor. 1) 

= (Am - Bm Hy) X (II B 4, Satz 1) 

= Mntn X (ITI 2, Th. 3) 


= (1, Loy +++, Lmy Yry Ys ***> Yn) X, G.€.0.((1); Th. 4, Cor. 1). 


THEOREM 7, If 1) & is a combination of constants and the variables 
Ly Xa,*+*, Xm, 2) B15 bey ***> §m are combinations of constants and the 
variables Y1, Y2,***5 Yn,* 3) Y is the expression obtained from X by sub- 
stituting 3: for 2; (i = 1,2,---, m) in all its occurrences, and 4) 


(a1, Xe, +++, Lm) X, 


~ (y:, Yo,***, Yn) Y. 
Proof. Let X = [a,, x2,-+-,%m]%. Then by Hp. 4 and Definition 4, 


then 


(1) t+ Hm X. 
Also, by Theorem 5, Cor., 
(2) 9) = Xb je - ++ fm: 


Now let a, de, -- -, @ be constants and U be a combinator such that the 
expression 
UX a, dg +++ Ap Yi Yo Yn 


reduces formally—the symbols X, a1, dz, +--+; 4p, Yi» Yo» ***s Yn, being all 
treated formally—to the right-hand side of (2). Since X is left isolated in 


*n>0O. Of. Remark below. 
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the first position we may suppose U is regular. Then it is of order n+ p 
and degree m (III 3, Conv. 1). Hence by 117, Theorem 6 and Convention 1,% 
+ Mn+p (UX). 

Therefore 
(3) t+ WI, (UX ay ag +++ Ap) (III 2, Th. 4). 


But, by definition of U and Theorem 4, Cor. 1, 


(4) (= Ty (UX ay dy +++ Ap) = (415 Yo, °°; Yn) (X 31 32 «+ + §m) 
= (Y%, Y2»°**, Yn) Y (Th. 5). 


From (3), (4), and Rule Q, the formula to be proved follows. 

Remark. The preceding proof, and also that of Theorem 5, are valid 
for the case nm = 0; i. e., for the case where the 3;, and therefore 9), are 
constants. (See footnote to Definition 3.) The conclusion is, in this special 
case, that 9) is itself an assertion. 

The preceding theorem is a formal statement of the principle of sub- 
stitution already proved informally in III1. It is of such generality that 
it may be well to mention here some other special cases of it. Suppose, 
for instance, that 3: = 2; and the x’s are a transformation (Umwandlung) 
of the y’s. In particular let the z’s be a permutation of the y’s. Then 
the theorem states that the order of the variables in the prefix is im- 
material. (This is of course not true for the [ ] prefix.) Again the y’s 
may contain additional variables not contained in the 2’s, so that, the 
theorem states, additional variables may be introduced into the prefix 
ad libitum. Likewise variables may be repeated in the prefix, or, con- 
versely, repetitions of variables appearing more than once or variables 
appearing there but not in ¥ may be omitted. These are, moreover, only 
a few of the simplest cases which can arise under the theorem. 

CONVENTION 7. The above theorem will be referred to hereafter as 


Subst. In the proofs, Subst. [i> a fee: in| 4, where A is the name of 
a formula, shall mean that the proposition under discussion follows from A 
by substitution of 4: for 2; and application of this theorem. When certain 
of the x’s are omitted from the above symbol it shall be understood that 
such an x is to be left unchanged. 

THEOREM 8. IfX and Y) are combinations of constants and the variables 
Xi, Ue,°++, Xn such that 

I k= Y, 
then 
+ (a1, 22, +++, an) (¥ = Y). 





**The convention cited is unfortunately misstated. The letter Z should be inserted 
after the words “A regular combinator”. 
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Proof. 
+ A (W(CQ)) (Ax. Q) 
= K(x) W(CQ)z (Th. 4, Cor. 2) 
= + (7) Qra (Rules W and C; Th. 4) 
= |+(z%) t= 2 (I. C4, Def. 2). 
o's a (v1, He,°** Lm) (X == %) [ subst. (*)| 


= (a, %2,°++) tm) (¥ = Y), ged. (Hp.; Th. 4). 


4. Some Properties of Formal Implication. 
DeriniTion 5. If X and Y are entities, then 


XDY = PXY. 


As a symbol of operation, > shall be senior to all others introduced so far. 
CoNVENTION 8. The notation 
-EKXDtFY 


shall be understood as an abbreviation for the argument: 


t X, 
t+XDY, 
“EY (Rule P). 
Similarly for / X, D+ X, D+ X;---, ete. 
THEOREM 9, 
a) KP =[a,yl@Dy), 
b) IF Ph — [x, Y; th, te, sig tn] (a t ty Seen thoy ts ty-+- tn). 


Proof. By definition, a) is identical with 
 P = [z, y| Pry; 


it therefore follows immediately by Theorem 2, Cor. 
To prove b): In II 4, Theorem 6, it was shown to follow combinato- 
rially that 
yt Pn vy ty tg-++tn = Po(et, --- tn) (yts te --- tn) 
= (xt tp--+trDyt b+ +> tr) (Def. 5). 


The formula b) then follows by Theorem 2. 
THEOREM 10, For any constants u and v, 
Ko  Phuv = (ty, te, +++, tr) (wt te-+> tr Dyt te: ++ th). 


,v 
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Proof. By Definition 1, Px = Ball, Pn. 


KE Pruv = By Mn Pauw 
= Il, (Pruv) (II B1, Satz 3) 
= (th, tbe, --+, tr) Pruvt te--+th (Th. 4, Cor, 2) 
— (ty, te, +++, tn) (Uh ty +++ tr Dv ty ty +++ tn) (Ths. 9, 2, and 4), 


CoroLLaRy. {© Pe = [u, vo] (th, te, «++, tn) (ah te +++ trD yt ty --+ ty). 
Proof. Follows from Theorem 10 by Theorem 2. 
THEOREM 11. If X¥ and Y) are combinations of constants and the variables 


Ly Lay ***y Lmy Yry Yoy***, Yn Such that 


L (a1, Hey +++) Lm; Yi» Yay °° Yn) (¥ DY), 


then 
K (a, +++, &m) (yi, +++) Yn)X DY, +++, Yn)Y)- 
Proof. Let 
A= [X15 Hoy ++ +, Lmy Yry Yor °*> Ynd& 
and 


VY = [&1, 2e, +++, Lmy Yr» Yr ***, YnlY 
Then, by Theorem 2, 


KE Xa Xe *** Xm Yi Ye +09 Me = x, 


(1) ; 
Cy Vaite +++ mY Yo-** Yn = Y). 
”* F (a, °* +, Lm; Yr °° *y Yn) (EDY) (Hp.) 
= L (ay, +++, Ly Yy °° Yn) (Xay ***XmYi Yn Yu, ++ LmY ++ Yn) 
((1); Th. 4) 
= | PrinXY (Th. 10). 
*. EK PX (Bm Un X)(Bm Wn Y) (III 6, Th. 2) 
=F (a, > Xm) (Bn II, X22 ve La 2 Ba 11, Yu, eee Lm) (Th. 10) 
(2) = F(a, +++, tm) (Mn (XX +++ tm) D My (Ya, - ++ tm)) 
(IIB 4, Satz 3; Th. 4). 
But by (1) and Theorem 4, Cor. 1, 
(3) 1S My (Xa, +++ tm) 5 (Yi, Ye, °°°, Yn)&, 
(4) KE My (Ya, ++ xm) = (1, yo, -++, yn)Y- 


From (2), (3), (4) the conclusion follows by Theorem 4. 
CoroLLaRY. If ¥ and Y are combinations of constants and variables 
1, Xq,+++, Xn such that 
a (x, He, °**, Xn) (X¥ DY), 
then 
t (a1, 2, ---, Xn) X D(a, te, -- *y Xn) ). 
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Proof. This is the special case m = 0 of the theorem. That the 
variables are denoted by z’s instead of y’s of course makes no difference. 
THEOREM 12. If ¥ and Y) are combinations of constants and the variables 


1, X,°**, Xn such that 
t (a, He,***y Ln) X 


t (1, He,***, Xn) (X¥ DY), 


- (x, He,°**, Xn) %). 


Proof. Follows from Theorem 11, Cor., and Rule P. 
New AXIOMS FOR IMPLICATION. 
Ax. P). + (x) (aD 2). 
Ax. (PB). + ((@, y, 2)(@Dy)D(zDz)D(eDy))). 


and 


then 


DISCUSSION OF THESE AXIOMS. These axioms are at variance with my 

previous statements in two points, as follows: 

1)They state principles which belong to the calculus of propositions; 
whereas in III 1 I stated that such properties do not properly belong 
within the domain of combinatory logic. But a further consideration 
of the matter shows that it is not feasible to rigidly separate the 
algebra of propositions from combinatory logic. Accordingly these 
axioms are introduced here, and will be used in the sequel. 

2)They allow us in certain cases to assert PX Y when X and Y are 
not propositions.2° This contradicts both our common sense conception 
of implication and a statement made in I A.*’ But this is a question 
of how the entity P is to be interpreted; strictly speaking there can 
be no logical objection to interpreting it in whatever way is most 
convenient. The present interpretation simplifies the formal develop- 
ments and is here adopted for that reason. The narrower interpretation 
for implication can, perhaps, be associated with an entity P’ defined as 





**This same character is also possessed by Ax. (/] K). 

"Page 514, top. It may be remarked incidentally that the whole paragraph referred 
to is in need of revision. For it is possible—the desirability is another matter—to define 
@ proposition as that which is either true or false,—i.e., the property of being a pro- 
position as 

[x] Va2(N2) (or even as [2] (@ > Na) > N2)) 


where V is alternation and N negation—and in terms of this propositional functions of 
all orders, shapes, and sizes (I expect to show this in a later paper). Even so, it does 


not follow without proof that the Schénfinkel primitive ideas suffice for the whole of logic, 
even when one goes to the extreme of indulgence with regard to definitions such as 


Pd =or—PV74d; 
S (ra) Gx) =p 1b): Ye => c= b:fb. 








; 

t 
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P' = [x,y] (Prx&Pry& Pry), 


where Pr means being a proposition and & is an operational symbol 
for conjunction. It may be possible, at a later stage, to revise the 
theory so that P itself can have this narrower interpretation; but that 
question will not be touched upon in this paper. 

THEOREM 13. 

a) (a) Pr xx. 

b) If & is an expression involving the variables x,, X2,-+-+, Xn, then 


a (a, La,°**y Ln) (% D>). 
Proof. ) follows by Subst. (*) Ax. Py. To obtain a), let us regard % 


as at, t.---t,, so that we have 
t (x, th, te, --+, tr) (thy te - +> ty Dt, te --> th) 
= + (a) (h, te, ---, thr) @hb--+tOrth t--- th) (Th. 6). 
Again it follows from Theorem 10 that 
o Pk ae = (th, toy +++, tr) (Ct te ++ th Dt, by +++ th). 


From the last two formulas a) follows by Theorem 4. 
THEOREM 14. If ¥,%, 3 are combinations of constants and the variables 
Hy, Xe,+++, tn such that 


i) / (a, He, +++, Xn) (¥ DY), 
ii) t (a, Xe, ++, Dn) (Y> 3), 


t (x, Ha,***, In) (¥ D3). 


then 


Proof. By Subst. 9 @, 3) Ax. (PB), 


»yY 
- (x, He,***, Xn) (QD 3)D(XEDY) D(X DB))). 
“E(t, t,++-, an) (DY) D(XDB)) (Hp. ii), Th. 12,. 
aca (a, He," **, In) (¥> 3), q. €. d. (Hp. i), Th. 12). 


THEOREM 15. Jf 1) ¥ is a combination of constants and the variables 
L, He,***,%m, and 2) Y) is a similar combination which may, however, 
involve the variables y,, Y2,-+++; Yn not appearing in %, and 3) 


(a, H2y5***> Xm, Yrs Yo, °**s Yn) (¥ DY), 


F (x, Xe, ***, Lm) (ED(y:, Yas, Yn) Y). 


then 
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Proof. By Hp. 3) and Theorem 11, 


(1) + (1, He,**" Lm) ((y:, Y2o,***, Yn) ¥ D(m, tte Yn) Y)). 


Let 
Vn = Kn- Kn-1- Kn-2- --: + Kj. 


Then 


KE Vn Sis Yo ++ Yn = &, 


and hence (X does not involve the variables y;) 
(2) He Ys» Yor +r Yn) ¥ = Mn(Vn®) (Th. 4, Cor. 1). 


Now V, is of order m and degree 0. Therefore, by III 7, Theorem 8** 
(the presupposed transitivity of P; has been proved in Theorem 14), 


L Py Mo (Hn + Vn) 


= + (t)(t> M7, (V0) (Th. 10; Def. of 4; Th. 4). 
Pe (x, Wa," **y Ln) (% 2D Ih, (VX)) (Subst. i) 
(3) = (a, 12, -~+, an) (D(H, Yo, +) Yn) ¥) 


by (2) and Theorem 4. The proposition to be proved follows from (3), 
(1), and Theorem 14, 


5. Properties of Substitution and Implication as Formulas. 


In this section I shall derive several theorems whose effect is to show 
that many of the preceding theorems may be formally stated as propositions. 
To this end a new axiom is necessary, viz., 

Ax. 1. +(x, y)(1xD-zy),*® which expresses as a formula the fact 
Stated as a rule in Rule ZZ. 

It should be noted that, since the transitivity of P; has been proved, 
we may make use of the theorems in III which depend on that transitivity. 

THEOREM 16, 


F (x, Ys Yayrs'y Yn) (Inn 2D On (ay: ¥2 *++Yn)), m,n = 0, 1, 2, it ise 


Proof. For n= 0, the above formula follows from Theorem 13. 





*®The suffix attached to the symbol IP throughout the Theorems 7 and 8 of III7 is 
one unit too high. 
* This axiom may also be stated in the equivalent forms 


- Ps (K-11) I., 
KF (a, y) (2) xzDzry). 
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For n = 1 the proof is as follows: 


Unx, 
E(x, y) (1 (BUm 2) > BU may) [ subst. 3 ab Ax. m,| 


= (a, y)(Un41x2D Mm (xy)) (IIL 2 Def. 1; 11 B 4, Satz 1; Rule B; Th. 4), 


The theorem is therefore proved for n = 1, m arbitrary. 
Next let the theorem be assumed proved for » =k. Then it may be 
proved for n —k-+1 as follows. By this theorem for n —k, 


F (x, Yrs Yor ++) Ye) Umtepi% D Umi (1 Yo +++ Yr). 
Therefore, 


(1) (yay Yay e+) Yet) Umtntix% D Hints (YH Yo +++ Yu)) (by Subst.). 


By this theorem for n = 1 and Subst. ie’ "Yes ~~ 


’ y 
(2) + (a, Yrs Yor >>> Ye» Yet) inti (1 Yo +++ Ye) D Hm (ys Yo +++ Yu YK+)). 


From (1) and (2) the formula for » = k+1 follows by Theorem 14. 

THEOREM 17. If & is a combination of constants and the variables 
ty, tg, +++, tp, 1, %o,--+, Xm, and if Y) is the expression obtained from % 
by substituting for each xi, wherever it occurs, an expression % which is 
a combination of the constants a, dz, ---+, dq and the variables y1, Ys, +++; Yn; 
then 


K (tr, te, +++, tp) (a1, m2, ---, Xm) ¥ D (Yr, Y2, +++) Yn) Y)- 
Proof. Let %' = [a,, 22,---,2%m]%. (%' then contains the ?’s.) Then 
(1) bra XXX. + ++ Lm = K, 
(2) ley © tt be +++ im = YY. 


As in the proof of Theorem 7, let U be a combinator such that the 


expression 
U 
UX ty dg +++ dg yi Ya*-* Yn 


reduces formally to the left side of (2), the symbols £’, a, dz, «++, Qq, Y1y***s Ym 
being all treated formally. U can be supposed regular and is then of 
order n-+q and degree m. Hence by III7, Theorem 8,”° 
(3) - Py Tm, (In+q x U) 
= + (2)(HImxDUnt+qg(Ux)) (Th. 10; ILB4, Satz 1; Th. 4). 
But by Theorem 16 
K (y, ti, Ua, +++, Ug) (Antqy D Mn (ym Ue ++ Ur). 
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Ux, %, M9, °°", ee 
Y > Uy Us, ***, Ug j 


(4) t (x) (Inte (Ux) D My (Ux a, az - ++ ag). 


Therefore, by Subst. | 


By Theorem 14 it follows from (3), (4) that 
K (ax) (Hm x D My, (Ux ay dg - + + Aq)); 


hence by Subst. (*) 


(5) t+ (th, te, ++, tp) Im ®’ DM, (UX ay ag - ++ aa). 
By definition of ¥’ and Definition 4, 

(6) IT, &' = (a1, Wa, +++, Lm) %. 

Moreover since it follows combinatorially that 


ta UX! ty dg +++ dg fi Y2-+* Yn = Y, 
we have, by Theorem 4, 


(7) 1S Mn (U%' ay ag - + + ag) = (Y1, Y2,°-+, Yn)Y. 


Putting (6) and (7) in (5) we have the theorem by Theorem 4. 
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THEOREM 18. If ¥ and Y) are combinations of constants and the variables 


Ly Vey ***y Lmy Yiy Y2,***, Yn, then 


t (x, st, Lm) (1, SAS, Yn) (¥ DNV; sins Yn) & D(H; sian Yn) Y))- 
Proof. 
+ Py PX (a PM) | (III 6, Th. 5d) 
(1) =H(u,v)(PruvDPUnu)(Mnv)) (Th. 10; 1114, Th.3a; Th. 4) 


= (u, v) (Px uv D(M,u D Myv)) 


To this apply Subst. ote 4} where 
, 


(2) X= [m, +--+, ynl %, Y = [m,---> wl Y- 
The result is 
(3) L (24, +++, tm) (Px XY! D (Mn ®' D Mn Y’)). 


Now by Theorems 10 and 5, 


iC Pr k'9 = (WH, -++, Yn) (X' y: Y2°*° yn Yn Y2*** Yn) 
[by (2); Ths. 2 and 4]: 


= (H,+-+, yn) (DY) 





(Def. 3) 
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also 
IT, &' — (yA, ++, Yn) %, 


Tn DY = (W,-++s yD (Def. 2). 


’ 


8Ta sta 


Putting these last three results in (3) we have the formula to be proved. 

THEOREM 19. Jf 1) X is a combination of constants and the variables 
X14, L2,+**, 2m, and 2) Y is a combination of constants and the variables 
yy Ley ***y Lmy Yr» Yoy +++, Yny then 


L (a4, x2, ttt) Xm, Yr, Ya, °°" Yn) (DM, Y2,°***) Yn) ) D(X DY). 


Proof. Let 2! =l[y:, yo,--*> YnlY. (Y is then an expression involving 
the variables 2, 72,---, 2m.) Then, by Definition 4, 


(1) (Yrs Yor °°) yn) Y = MY. 
Now by Theorem 16 


EF (m, ***, Um, Yi; ++ Yn) (Mn Y DY y: ys -*+ Yn) 


(2) =H (a4, +++) Ls Yy***y Yn) In Y DY) (Ths. 2 and 4). 


On the other hand, by Subst. wes ‘ . *) Ax. (PB), 
7 9? 


LK (a, +++, Lm, Yrs oy Yn) (1,2 DY) D(z DM, Y') D(X DY))). 
Hence, by (2) and Theorem 12, 
F (x, 2°) Xm, Y,°°*, Yn) (¥ DM Y) D(X DY)). 


In view of (1), this is precisely the formula to be proved. 
CorOLLARY 1. Under the same hypotheses 


K (a, +++, &m) (X DH, +++, Yn) YN D(H, +++, yn) HDY)). 


Proof. Follows from the theorem by Theorem 15.*° 
CoROLLARY 2. (Converse of Theorem 15.) Under the same hypotheses, if 


KF (a4, Eee, -, Xm) (ED (mH, poet | Yn) Y), 
then 


F (a, tty Xm, Ys *+ +5 Yn) (¥ DY). 


Proof. Follows at once from Corollary 1 by Theorems 12 and 6. 





*°(¥1, +++, yn) Y does not contain the variables y. 
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THEOREM 20. If X is a combination of constants and the variables 
21, X25 ***s Lmy Yr» Yay ***y Yn, and Y is a comlination of constants and 
the variables x1, X%2,++**, Lm, then 


t (a4, +++, Lm) (iy, “+5 Yn) (IDYD((m, “++, Yn) ¥DY)). 


Proof. Let Vn be defined as in proof of Theorem 15. Then 


Ey Vn Dar ye--- Yn = Y. 


oa! (ys, ye -++, Yn) Y = Th (Vn Y) (Th. 4, Cor. 1). y 
By Subst. ye ae vs), Theorem 16, 
t (a, +++, Lmy Yry °° *s Yn) (An (VnY) D VnD ys Yo > Yn) 
=F (“1, "st, Lm, Yiy°**, Yn) ((y:, oO yn) Y DY) (Th. 4) 
(1) De (a1, +--+, Lm) (M,-+-, Yn) Y DY)** (Th. 17). 
By Subst. pm Se Yn) @, 4 (m1, an Yn) x? Ax. (PB), 
i (v1, Le,***, Lm) (AD(B >€)), 
where 
WU ox (y1, sie Yn) YOY, 
B= (M,--°; pF D(H, +++: yn) Y, 
© = (H,-++, yn) XDY. 
But by (1), 
+ (a, +++, tm) 2. i 
"E(t, «++, tm) (BDC) (Th. 12). 
Again, 
K (ay, +++, 2m) (ys, +++, Yn) (¥ DY) DB) (Th. 18) 


". + (x, sft: +, Lm) (y cea yn) (¥ DY) DG), q. e. d. (Th. 14). 


THEOREM 21. Jf ¥ and Y are expressions as in Theorem 19, and if 
Surther 


K(x, y, 2) (xD (yDz2)) D(yD(xD~v)), 
then 


(ay, +++, @m) (yr, +++, yn) (EDY) D(X DM, +--+, yn) Y))- 





Proof. As in Theorem 15, we prove 


(1) K (1, +++) ttm) (%D Hn (Vn ¥)) 7 

= F (1, +++, &m) (ED(YW, +++) Yn) ¥)- bb 
~* Sineb the amieieetie ((y1, «++, yn) YDY) does not contain the y’s, we may substitute f i 
for the y’s anything we please, say the constant B. r 


epee ONS Eos mp 
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By Subst. on "1 Un) Es ey artic Ax. (PB), we have 
>] , 


F (2, ++, &m) (AW D(VDE)), 
where 
Y= (Hn, ++, yn) D(H, -++5 Yn) QY, 
B= XD(H,---, yn) F, 
C= D(H; gr Yn) %. 
x, B,C 


“X,Y, 2 


F (a1, +++, tm) (BD (AD E)). 


Hence, by Subst. , Hp. and Theorem 12, 


But by (1), 
t (a1, -*+, tm) B. 
we EF (ay, +++, am) ADE (Th. 12). 
On the other hand 
F (a, +++, tm) (yr, +++, Yn) (¥ DY) D A) (Th. 18), 
ve F(X, +++, m) (Yi, +++, Yn) (EDY) DE), q.e.d. (Th. 14). 
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CHARACTERISTIC FUNCTIONS AND 
THE ALGEBRA OF LOGIC. 


By Hasster WHITNEY.” 


Introduction. The algebra of logic differs from ordinary algebra in 
that there are two formulas, 


AOA = A, A@®A = A, 


which have no analogues in ordinary algebra. On this account the rules 
of the algebra of logic must be learned afresh; this usually involves 
studying a set of axioms and deducing formulas from them.* We shall 
show in this paper how, by means of “characteristic functions,‘ the 
formulas of the algebra of logic can be expressed as equations of ordinary 
algebra; with this representation, the common operations on sets are easily 
understood. 

In Part II “generalized sets” are taken up; these are useful in various 
mathematical theories. 

I. Real sets. 


1. Characteristic functions. Let R’ (the universe of discourse) be 
any set of objects (elements) a, b, c,---, (for instance, the books on 
a table, or the points of a plane), and let A’ be any subset of these 
elements (say the red books, or the points inside a certain circle). The 
characteristic function A(x) of the set A’ is a function which associates 
either the number 1 or the number 0 with each element x of A’: 1 if x 


is in A’, and O otherwise. Thus 
1 if x is in A’, 
0 if x is not in A’. 


(1) A(x) = 


For instance, if R’ consists of two red books a and b and one book c 
not red, then A(a) = A(b) —1 and A(c) = 0. 





Received May 31 and July 7, 1932.—Presented to the American Mathematical Society. 
December 28, 1981. 

* National Research Fellow. 

*For a treatment of this algebra, see C. I. Lewis, A Survey of Symbolic Logic, University 
of California Press, 1918, Ch. II, or D. Hilbert and W. Ackermann, Grundziige der theore- 
tischen Logik, Springer, Berlin 1928, Ch. I and II. 

‘See de la Vallée Poussin, Intégrales de Lebesgue, Fonctions d’Ensembles, Classes de 
Baire, Paris 1916, p. 7. 

405 27 








‘ 
¥ 
Fi 
: 
4 
si 
7 
x 
: 











406 H. WHITNEY. 


Any set is determined by its characteristic function. Two sets A’ and B’ 
are the same if and only if their characteristic functions are identically 


equal: 
(2’) A(x) = B(za) for all « in R’. 


We shall write this simply 
(2) A = B. 


If A’ contains all the elements of R’, that is, A’ is R’, then the 
characteristic function A is identically 1: 


(3) A= 1. 
If A’ contains no elements, A is 0: 
(4) = Q, 


We must keep in mind that all equations in characteristic functions are 
identities, holding true for each element xin R’. In such equations, 1 or 0 
is the function equal to one or zero for each element in F ; 

2. Combinations of sets. A mathematical operation + (read: plus dot) 
will be useful here; it is defined by the equations 


(5) if1=1ito=—041=1, 0+0=0. 
If we make the general definition, for any two numbers X and Y, 
(6) X+Y = X¥4+Y-XY, 


the above formulas are seen to hold. 

Suppose A’ and B’ are any two sets, and A’@ B’ denotes that set whose 
elements are in both A’ and B’ (the common part of A’ and B). Its 
characteristic function must be 1 for elements in both A’ and B’, and 0 
otherwise; that is, it must be 1 when both A and B are 1, and 0 when 
either A or B is 0. But this is just 


(7) AB, 


the product of the two characteristic functions A and B. 

If A’@ B’ denotes the set whose elements are either in A’ or in B’ or 
in both (the union, or sum, of A’ and B’), its characteristic function must 
be 1 when either A or B is 1, and 0 when both A and B are 0. This 
is just 
(8) A+B= A+B —AB. 
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Note that j 
A+tB= A+B if and oly if AB = 0. 


If A’ is the set whose elements are not in A’ (the complementary set 
of A’), then its characteristic function, which we call A, is evidently 


(9) A=1-—A; 


3. Operations with sets. With the above arithmetical representation 
of sets, we can perform all the common operations on sets with ease. 
Some examples will illustrate this. 

The two most typical relations in the algebra of logic are: A’@ A’ is A’, 
and A’@ A’ is A’, i.e. the elements in both A’ and A’ are just those in 
A’, as are those in either A’ or A’. The first relation, in characteristic 


functions, is 
(10) AA = A, 


which is easily seen to be true. For take any element x of RF; 
A(x). A(x) = A(x) because A(x) = either 1 or 0, and1-1—=1,0-0=0. 
To prove the second, we have 


(11) AtA = A+A—AA = A+A—A=A. 


The associative and commutative laws are evident, when we use (8). 
Some fundamental identities are 


A-0=0, <A-1=A, 
A+0=A+0—4A-0=4A, At1=—A+1—A$1, 
(12) A(B+C) = A(B+C— BC) = AB+AC—ABC 
= AB+AC—ABAC = AB+ AC, 
(A+ B)(A+C) = A+ BC. 


Some identities involving complementary sets are 


1=1-—-1=0, 0=1-0=1, 


(13) “ll 4 = A(i—A) = A—A = 0, 
A+A = A+A—AA = A+(1—4) = 1, 


A+B = 1—AB = AB, 
A+B = 1—(44B) = (1—A)(1—B) = AB. 


> Note that although equations like this have been used by Boole and others, they were 
taken in an entirely different sense. It seemed as though the formulas (10) and (11) could 


not possibly occur in ordinary algebra. 





en 
7 
2 




























ei Mamreeermeaerar es oy 
Sea eet aa Py SS ane Sa SL, 





408 H. WHITNEY. 


An important relation between sets is that of zmclusion. A set A’ is 
contained in a set B’ if every element of A’ is an element of B’. (A’ may 
be identical with B’.) In characteristic functions, if A(x) = 1 for a given 
element x, then B(x) = 1 also. This is equivalent to stating that for 
each element x, either A(x) = 0 or B(x) = 0; or, 


(14) AB=0, or, A+ B=1. 


As A—AB = AB, and as (A+ B)—B = A+ B—AB—B = AB, two 
equivalent equations are 


(15) AB=A, A+B=B. 
Another way of writing this is 
(16) A<B. 


4. Properties and propositions. Given a set of elements R’, 
suppose A, is a property which each element either has or has not. 
Corresponding to this property A, we can define a set A’, the set of 
elements with the property A,. The characteristic function corresponding 
to the elements with both properties A, and B,, or with either property, 
or without the property A,, or with any property which holds for all the 
elements, or with any property which holds for none of the elements, 
is AB, or A+B, or A, or 1, or 0. The statement “every element with 
the property A, has also the property B,” translates into “A’ is contained 
in B’”, or “AB = 0”. 

We can reduce the logic of propositions to characteristic functions as 
follows. Consider a single imaginary element a. If P* is any proposition, 
let P be the corresponding characteristic function, putting P(a) = 1 
if P* is true, and P(a) = 0 if P* is false. Corresponding to the 
proposition P* and Q*, or either P* or Q*, or not-P*, or P* implies Q*, is 
the characteristic function PQ, or P+ Q, or P, or P+ Q (see equation (14)). 

5, First normal form. We begin by explaining an important process, 
that of expanding a characteristic function in terms of other characteristic 
Junctions. To expand A in terms of B, we write 


(17) A= A-1 = A(B+B) = AB+AB. 


The interpretation is simple: The elements in A’@ B’ together with the 
elements in A’@ B’ make up the elements in A’. As another example, 
to expand 1 in terms of A, or in terms of A and B, we write 


(18) 1 = A+4, 


or 
(19) 1 = A(B+B)+ 4(B+B) = AB+AB4+4B+AB. 
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In general, 2" terms are formed in expanding a function in terms of n 
other functions. We give now the first normal form. 

To reduce any function F' to the first normal form, we first remove 
any + signs there may be by (8), next multiply out, next expand each term 
in terms of all other characteristic functions appearing in F, and finally 
collect terms. 

For instance, 

F= A(A+B)—AB = A(A+ B— AB) — 

= 4+ AB—AB-—AB = A—AB = (AB+AB)—AB = AB. 
As another example, 

F= A+B = (AB+AB)+(AB+AB) = 24B+AB+AB. 


Suppose the functions appearing in F’ were A,, Ag,---, An. Then each 
term in the normal form will be of the form Aj Az --- An, where each A; 
is either A; or Az, and will have an integral coefficient, positive, negative 
or zero. There are 2” possible terms of this sort, which may be found 
by expanding 1 in terms of all the functions. Note that 7f H and J are 
any two of these terms, then HI = 0; for for some k, H contains Ax (or Ax) 
and J contains A; (or Ax); but A, Ax = 0. 

If G is F in the first normal form, G is determined by naming the 
coefficient of each of these 2” terms (some coefficients may be zero). For 
an explanation of what values these coefficients can take on, see § 8. 

Any characteristic function F has a unique expression in the first normal 
form (provided, of course, that we make no use of equations we may 
happen to know). 

For suppose G, and G, were two expressions for F in the normal form, 
and suppose that for some one of the terms, say 41 42 --- An, G, had 
the coefficient k,, Gz had the coefficient k,, and ki + kz. ASG, = F= G,, 
G,—G, = 0 for all z in R’. Thus 


(iy — Kg) At As -+- Ap t+---=0, all xin B. 


Let us interpret R’ as waned a set Containing but a single element a, such 
that Ar (a) = A? (a) = = An(a) = 1. This we may do, as the 
reduction to the normal “om is independent of the interpretation of the 
sets involved. Then, as Ar (a) = Az (a) = --- = An (a) = 0, the above 
equation reduces to 

(ky — ke) At (a) Ad (a) +--+ An (2) = 4 —he = 0, 
contradicting the hypotheses that k, + ke. 


6. Application of the normal form. In § 3 we gave a number of 
identities in characteristic functions. If we reduce each side of an identity 
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to the first normal form, the coefficient of each term in the result must 
be the same on both sides, by the uniqueness theorem. This gives a simple 
method of checking any identity. As an example, each side of the last 
equation of (12) reduces to ABC+ABC+ABC+ABC+ABC (or, 
A+ABC). 

Suppose we know a number of things, which we write in the form of 
equations, and we wish to deduce consequences. The simplest way to get 
a view of the equations as a whole is to write each equation F—@ in 
the form F—G = 0, and expand /—@G into the first normal form, 
expanding in terms of all functions involved. A typical equation is now 


(20) a, H, + ag H,+ --- +amHm = 0, 


where each a; is + 0. Here, if A,, As, ---, An are the functions involved, 
each H; is of the form Aj A? --- An, where each Ax is either Ay or Ax. 
We can then write 

(21) HA, = H, =.--- = Ha = 0. 


_ For suppose not. Then one of these H; is not identically 0, that is, there 


is an element x, in R’ such that H;(%,) = 1. But as H;H; = 0 for 


j +i, Hj(a) =0 for 7 +7. As (20) is true for every x in R’ it is true 


for 2,; but for 2,, it becomes 


Qa = 0, 
a contradiction. 

Examples. Let us show that “If the proposition P* is true and the 
proposition P* implies Q* is true, then the proposition Q* is true”. The 
premises are P= 1 and P+Q=1; we must show that Q=1. The 
first premise we write in the form 1—P = P= 0, or expanding in terms 
of Q, PQ+PQ=0. As 1—(P+Q) = PQ, the premises become 


PQ = PQ=PQ=0 
To compare Q and 1, we expand them: 
Q = PQ+PQ = PQ, 
1 = PQ+PQ+PQ+PQ = PQ. 
Thus Q = 1, as required.® 


Let us solve a problem of Venn.’ “A certain club has the following 
rules: (a) The financial committee shall be chosen from the general conm- 





° Of course we could note simply that as P= 1 and hence P=0, P+ @Q=1 only if 
Q=1. 
“See Lewis, loc. cit., p. 201. We are following the procedure given in this book. 
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mittee. (b) No one shall be a member of both the general and library 
committees unless he be also on the financial committee. (c) No member 
of the library committee shall be on the financial committee. Simplify 
the rules.” 

Letting R’ be the set of people in the club, and putting F’, G’ and L’ 
for the financial, general and library committees respectively, the premises 


become 


FG = 0, GLF=0, LF=0. 


Expanding, we find that 
FGL = FGL = FGL= FGL=0. 


Combining the first two terms and the last two terms, we have the 
equivalent equations a 

FG = 0, GL = 0. 
Thus the simplified rules will be (a), together with: (b’) No member of the 
general committee shall be on the library committee. 

7, Relation to the algebra of logic. The essential difference between 
the present method and the algebra of logic is that here, one does not 
lose sight of the elements making up a set—any equation A= B is an 
equation holding for every element under consideration. When one con- 
siders a set as consisting of certain specified elements, one can define the 
sum of two sets etc. directly, and hence the relations holding between 
combinations of sets can be deduced immediately; the arithmetic method 
furnishes a convenient tool for doing this. In the algebra of logic, a set 
is considered as an abstract quantity; the sum of two sets etc. must be 
defined abstractly, and one knows nothing about it except what one 
postulates. For this reason axioms must be proposed, enough so that all 
ordinary formulas can be derived therefrom. 

We can, if we wish, consider a characteristic function as an abstract 
quantity; in this case, we can deal with sets just as described above, but 
Without thinking of each equation as being an identity for all elements of 
some basic set. That we can deduce all the standard relations between 
sets from the relations given above follows from the fact that we can 
prove a set of axioms for the algebra of logic.® 


II. Generalized Sets. 


8. Real and generalized sets. Suppose we associate with each 
element of a set R’ any integer, positive, negative or zero, instead of 





* For instance those of Lewis, loc. cit. His “elements” are our “characteristic functions”. 
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merely one or zero. The resulting function will not in general be the 
characteristic function of a real set; but we may consider it as the charac- 
teristic function of a generalized set, where each element is counted any 
number of times. (This is done for example with chains in analysis situs.) 
We shall discuss here the question as to whether any given set is real or 
generalized, and shall then take up two more normal forms. 

Note that formulas previously deduced which depend on (10) or (11) do 
not hold for generalized sets. 

Given any function F, let us expand it into the first normal form—this 
expansion holds of course whether the corresponding set is real or generalized. 
We prove now several facts. 

If each coefficient in the first normal form is either 1 or 0, F’ is real. 

For each element of R’ falls into exactly one of the 2” sets corresponding 
to the 2” characteristic functions A; A? --- A, described in § 5; F has 
therefore the value 1 or 0 for each element, and corresponds to a real set. 

Conversely, if F’ is real, each coefficient in the first normal form is 1 
or 0, at least after we have dropped out any of the 2” terms which are 0 
(i.e. O for all elements in R’). 

For suppose not; then there is a term At a ... At in the first normal 
form of which the coefficient k is neither 0 nor 1, while A; A2 --- Ap is 
not 0, that is, for some element 2, Aj (a1) Ao (a,)--- An (a) = 1. Now 
from the normal form we see that the value of F for x, is just k; hence 
the element x, is counted in F” a number & of times not one or zero, 
and F” is not real, a contradiction. a 

As an example, if we know the function F = A+ B=2AB+AB+4AB 
to be real, then necessarily AB =O; after we have dropped out this 
term, each coefficient is 1 or 0. 

9. Second and third normal forms. Jn the second normal form, 
we remove all + signs, replace all characteristic functions with dashes by 
Junctions without, multiply out and collect terms. Thus 


= B—ABC+ABC = (1—B)—A(1—B)C+ABC 
= 1—B—AC+2ABC. 

In the third normal form, we remove all + signs, replace all functions 
without dashes by functions with (but we do not alter the numerical term, 
if there is one), multiply out, and collect terms. Thus, for the same F, 

F = B—(1—4) B(1—C)+(1—4) 1—B) (1—€) 

= 1—A—B—C+2AB4+AC+2BC—2ABC. 
If there are m functions A,, As, ---, Ap involved in F, and @ is F in 
the second (or third) normal form, then G is determined by naming the 
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coefficient of each of the 2" terms A;, Aj,--- Aj, (or Ai, Ai, +--+ Ay,), Where 
ii, ig, «**, ae are any set of distinct numbers chosen from the set of 
numbers 1, 2, ---, m. In the above example, n = 3 and 2" = 8, 

Any function F has a unique expression in either normal form. We 
prove this for the second normal form; the third is exactly alike. 

Suppose /’ contains the m characteristic functions A,, Ay,---, An. Let 

G and G’ be two expressions for # in the second normal form. If we 
write gi, Jz, -*, Qo for the 2” quantities A; Aj;,---Aj,, and if k,, ky, ---, ky», 
and kj, ki, +--+, ky» are the coefficients of these terms in @ and @’ 
respectively, then as G = GQ’, or G—G’ =0, we must have for each 
ain R’, 
We shall choose a definite interpretation of the functions A,, Az, ---, An, 
by letting R’ be a set containing just 2” elements, one lying in each of 
the 2" sets corresponding to the 2” functions Aj A2---An of § 5. Call 
these functions p,, p.,-++, Pon for short, and let «x, lie in the set corresponding 
to p;, i= 1,2,---, 2". As then p,(x,) = 1 and p,(x,) = 0, 7 + 7, the 
2" functions p,(x) are linearly independent.® Expanding these into the 
second normal form, they are expressed in terms of the 2” functions q, (x); 
hence these are linearly independent also. Therefore the determinant of 
the g;(x,) is + 0, and the above equation is only possible for every x if 
each coefficient vanishes, i.e. if ki = kj, i= 1, 2,---, 2" 

It follows from the uniqueness theorems that a necessary and sufficient 
condition that two functions F'(A,, As,---, An) and G(A;, Ag, +++, An) be 
the same for all determinations of A;, As,-+-+, An, is that they be identical 
m any normal form. 

10. Relation between the second and third normal forms. Let 
F be a function and let Fy and F; be F expanded into the second and 
third normal forms respectively. Consider in F; all terms containing 7 factors 
(e.g. 4B contains two factors, 1 contains none), and let a; be the sum 
of the coefficients of these terms. Define 4; similarly for F;. Thus, in 
the last example, 


@=—1, a, =—-—l, a,=—-—l, a, = 2; 


&y = 1, 4, = —3, A, = 5, A, = —2. 


We wish to find a relation between the a; and the Aj. 
To do this, consider any term of the first norm«! form, such as A BC 
(taking the coefficient 1), and expand it into the second normal form: 


—___ 


*That is, if c; p: (a) + ce pe (x) + «++ + cy» pan (x) = 0 for every x in R’, then 
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ABC = (1—4) (1—B) (1—C) 
= 1—(A+B4+0)+(AB+AC+ BC)—ABC. 


' 3 3 
This term contributes 1 = (°) to iy, —3 = —(}) to 4,, 3= () to Bs, 
and —1 = a to 8. In general, a term (with coefficient 1) in the 


first normal form with k factors contributes (—1)* ( to 8;. Hence the 


total contributed to 4; by terms containing k factors is (—1) ( a, and 


alk 

(22) & = (1S (fa. 

Of course a; is given by the same formula in terms of the Ax: 
Jw lk 

(23) «= (0D (i) he. 


These formulas are easily verified in the above examples. 


PRINCETON UNIVERSITY. 


(ADDED IN ProoF). P. Delens has observed (Comptes Rendus, vol. 195 (1932), p. 686-689) 
that with the help of (8), (9), and (10), the formulas of the algebra of logic take on an 
arithmetical form. However, he does not employ characteristic functions. 

Some recent literature may be noted: C. I. Lewis and C. H. Langford, Symbolic Logic, 
New York 1932; E. V. Huntington, New sets of independent postulates for the algebra of 
logic, Transactions of the American Mathematical Society, vol. 35 (1933), pp. 274-304. 








PRIME ENDS AND ORDER.! 


By N. E. Rurt.? 


I. The Prime Ends of X+ X,. 


1. Introduction. This paper deals with plane point sets Z of the 
following type; Z is the sum of X, a bounded continuum, and of [Xz], 
a collection of continua each element of which contains at least one point 
of X, no two of which have any point in common which is not a point 
of X, no one of which is disconnected by the omission from it of its 
subset in X, and no one of which when added to X forms a set whose 
complement includes a bounded component containing a point of any element 
whatever of [Xa]. The symbol c(P) will hereafter represent the complement 
of the point set P in whatever space P is being considered, in this paper 
generally the plane. If P is a bounded set, c,(P) represents the unbounded 
component of c(P). If C is a simple closed curve in the plane, 7(C) 
represents its interior and e(C) its exterior, while by a natural combination 
of the symbols ce(C) represents c(e(C)) or C+ 7(C) and ci(C) represents 
c(i(C)) or C+ e(C). 

Order may be assigned among the elements of [X«].° Hereafter it will be 
assumed that this assignment has been made with respect to the element X, 
of [Xu] where X, is chosen so that X;,-c(X) contains the end of a ray & 
all of whose nonend points belong to c(Z). Of course an element X, of 
this type always exists if Z is closed and bounded. Notions of precedence, 
separation, and series* (clockwise and counterclockwise) in connection with 
the elements of [Xq] thus need no explanation. 

A special property of the elements of [Xa] required later is as follows: 

Lemma. If Xp and X; separate Xq and X., and if K is an are cut 
of Cu(Xa + X+ X-) with one end in c(X): Xa, the other in c(X)- Xe, and 
no point in X-+ R, then the set cy(Xa-+X-+ X:) consists of an interval of K 


‘Received March 21, 1932. 

? Special cases of most of the theorems in this paper were obtained while the author 
was holding a National Research Fellowship, and were reported to the National Research 
Council Feb. 21, 1929 and Mar. 4, 1930. 

° R. L. Moore, Concerning the sum of a countable number of continua in the plane, 
Fundamenta Mathematicae, vol. 6, pp. 189-202; J. H. Roberts, Concerning collections of 
continua not all bounded, American Journal of Mathematics, vol. 52 (1930), pp. 551-562; 
N. E. Rutt, On certain types of plane continua, Transactions of the American Mathematical 
Society, vol. 33, no. 3, pp. 806-816. 

*A countable subset [Xi] of [Xa] is called a series if for i = 2, 3, 4, *** Xr and X 
separate Xi: and Xi4:. 
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and two connected domains yp and 7,, the bounded one of which, 7», contains 
all the components of c(X+ K)- Xo with limit points in X; whereas if X, 
and X, do not separate X_ and X;, then yr contains all the components of 
c(X+ K)-X, with limit points in X. 

2. Notation. Let X, be a bounded element of [Xa] not contained in X, 
Hence X + X, is a bounded continuum whose complement has the unbounded 
component y = cy(X-+ Xz). Let © be the simple closed curve of the prime 
ends of 7.° 

3. Theorem. Jf an element of € has a chief point in c(X) it has no 
points in c (Xa). 

Suppose the statement false with respect to the element % of © which 
has a chief point a in c(X) and yet contains a point x of c(X,). Let U 
be determined by the set of cuts [A;] whose only limit point is a and by [aj], 
the corresponding set of domains. There exists a subscript k such that 
for 7>k both ends of the cut A; are points of c(Xq). Now the boundary 
H; of «; contains x and thus contains a point a; of c(Xa) which is end 
of an are consisting except for 2; of points of a; Let this are be Bj. 
As Bi=pa, there is a subscript 7 such that A;- Bj; = 0. Then the boundary 
H; of «; since it contains x contains a point 2; different from a; which 
is end of an are B; consisting except for aj of points of a. Let B be 
an arc in «; irreducibly connecting a point of B; and one of B;, and inter- 
secting A; just once. Thus B;-+-B-+ B; contains an are cut A of cy (X) 
which it separates into two connected domains o, and o,. Having but one 
point in common with A; it also separates A; into two connected sets one 
clearly contained in o, and the other in o,. As the ends of A; are in c(X)- Xa, 
one of them in 6, and the other in o,, both o, and o, contain points of 
c(X)- Xq. This is a contradiction for (X-+ A)- Xq-c(X) = 0 and yet X+ A 
separates the connected set c(X)-X,. Thus xz of & can not exist. 

4, Lemma. Jf & is an element of ©, 7 contains a ray with the chief 
points of X as limits and no other limits, and A is limit of the ray.* 

The lemma is an easy consequence of the method used by Carathéodory 
in proving that, any prime end @ of € being preassigned, y contains a 
connected and simply connected subdomain whose boundary has in common 
with the boundary of 7 only the chief points of G. As a matter of fact, 





°The prime ends of a connected and simply connected plane domain whose boundary 
is compact are defined in C. Carathéodory, Uber die Begrenzung einfach zusammenhdngender 
Gebiete, Mathematische Annalen 73 (1912), pp.323-370. See also P. Urysohn, Uber ein Problem 
von Herrn C. Carathéodory, Fundamenta Mathematicae, vol. VI, especially pp. 234-235. 

® Here and, as the context will make clear, sometimes elsewhere the term ray is used 
as an abbreviation for ray of a domain and does not accordingly represent, as usual, a 
ray of space. 
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if a particular chain of cuts defining © is also preassigned, the ray in 
question may be drawn so as to have in common with each cut of the 
chain at most one point. 

5. Theorem. Two elements of © whose chief points are points of X can 
not separate in © two elements of © whose points are not all points of X. 

Suppose that 2% and % are two elements of © whose chief points are 
all points of X and are limits through & and % respectively of the rays Ra 
and R, of y. Clearly Ra and A, may be selected so that Ra-R, = 0. 
Let C be a simple closed curve enclosing X + X,+ Ra-+ Rp except for the 
ends of R, and R, which it contains, and let G be a minimal subare of C 
containing C-(Ra+ Ry). Then cu(X)-c(@+ Ra+ RB) is the sum of two 
connected domains ya and y, which between them contain all the elements 
of © except WM and B. If both of ya and 7» contained points of X, then 
the set Y-++ Ra+ Ro+ G would separate the connected set c(X)-Xq with 
which it has no common points, so one of them contains no points of Xq. 
But if the theorem is not true it is possible to select & and B so that 
they separate two elements of © neither of which has all its points in X 
and thus must have some in c(X)- Xa. One of these prime ends must be 
contained in 7q and the other in y,, and as 7q must contain all the points 
of any element of © which it contains except those which are in X, and 
as 7» must contain all similar points of the elements of € contained in it, 
if the theorem is not true both yg and yp contain points of c(X)- Xa, a 
contradiction. 

6. Theorem. If the element 8% of € contains chief points in c(X), 
} belongs to an interval of elements of © each of which has chief points 
in c(X). 

In case at most one element of € has no chief points in c(X) the 
theorem is obvious. In other cases the proof follows. Let Q be an element 
of © having no chief points in c(X) and let R, be a ray of y having as 
limits the chief points of O through Q and no other points of c(y). Let 
[Pi] be a chain of cuts defining % and having as its only limit point a 
point of c(X); let the corresponding chain of domains be [@]. It is clear 
under the circumstances that there exists a definite subscript j such that 
a+ P; contains no point of R, and that Pj-(X+X.)Cc(X). The 
‘extremities of P; are points accessible through the elements & and B of © 
each of which therefore has points in c(X). Moreover the complement 
in€ of + is a pair of intervals €, and ©, the first of which includes 
% and the second Q. Now if €, were to contain an element ®D every 
chief point of which belonged to X then the separation of 2% and B by 
© and D would be a contradiction of 5. Thus €, contains no such element 
as D and is the interval required. 
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7. Theorem. If two or more elements of © have no chief points in c(X) 
then those which have chief points in c(X) lie upon a certain minimum 
subinterval of © whose ends have no chief points in c(X). 

8. Notation. The collection of prime ends of y consisting of all those 
each of which contains a chief point in c(X) will be represented by G,. 
In all applications to be made later © will be an interval of a simple 
closed curve € whose elements are the prime ends of some domain of the 
same sort as y, and the ends of the segment will be distinct elements U 
and & of €. 

9. Theorem. When two or more elements of © have no chief points 
in c(X) then the subset of € consisting of those of its elements having points 
but no chief points in c(X) is a subset of U+%. 

10. Summary and comments. The relations possible between the 
set X, and the elements of © are of the following three principal types. 
(a) All elements of © have chief points in c(X)-Xq. In this case Ui and 8 

can not exist and €, is identical with ©. Moreover no continuum may 
contain a point of X and one of c.(X) without containing a point of 
c(X)- Xq so that [Xa] consists of the single element X,, and every point 
of the boundary of y is a point of Xa. 

(b) One and but one element of © has no chief point in c(X)-X,. Here 
again Ul and & can not exist but the specified element may resemble 
them in containing points of c(X)-Xq which are not chief points of it. 
It is the unique limit in € of every set c(X)- X, where X; is an element 
of [Xq] distinct from Xa, and is the only element of € not included by Ga. 

(c) Two or more elements of © have no chief points in c(X)- Xq. In this 
case ll and & exist. Complementary to 11 -+ % there are two intervals 
of ©, the one consisting entirely of elements of € whose points all belong 
to X, the other consisting entirely of elements whose points all belong 
to Xq and being in fact Gy. 

It is clear that no additional cases can occur, for by supposition Xz is 
not a subset of X, c(X)- Xa is therefore non-vacuous, and the set of prime 
ends ©, must consequently exist. 


II. The Prime Ends of X¥,+ X+ X,. 

1. Notation and comments. In the introduction and in the sections 
following this one X; is an element of [X«] selected in a particular way. 
In this section however it is merely an element of [X.] different from Xa 
and not contained in X. The notation employed in connection with it in 
this section will be used also in later sections where X; is an element 
more particularly chosen. In this section and hereafter y will represent 
Cu (X;+-X-+ Xa) and € will be the simple closed curve of the prime ends of 7. 
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9, Theorem. The set © consists of a non-vacuous subinterval every 
element of which has a chief point in c(X)-Xa, a non-vacuous subinterval every 
element of which has a chief point in c(X)-X;, and two segments, possibly 
reducing to single elements, complementary to these intervals whose nonend 
elements have no chief points in c(X) and whose end elements alone among the 
elements of © may contain points of c(X) without having chief points in c(X). 

Upon regarding momentarily the set X-+ X, as X the existence of the 
first subinterval required follows easily (I, 7) as it is clear that at least 
two elements of © having no chief points in c(X + X,) must exist; and 
it appears also that the elements of this interval are identical with the 
elements of © in cy(X-+ Xa) since each element of ©, may be defined by 
means of a chain of cuts each one of which belongs to c,(X-+ X,). Similarly 
upon regarding momentarily X-++ X_ as X the existence of the other required 
interval becomes evident; and of its elements it is also seen that they are 
identical with those of c.(X-+X,) having chief points in c(X)-X,. The 
existence of the additional complementary segments, or single elements, 
is an immediate consequence of the nature of © and the fact that the two 
intervals already identified must be mutually exclusive since all of their 
elements contain respectively points of either c(X + X,) or c(X+ Xa), but 
not of both, as chief points (I, 3). Nonend elements of these segments 
must have all their points in (X+ X,)-(X+X,), that is in X, while the 
end elements may have points, but of course no chief points, in c (X) (I, 9), 
indeed in case either segment reduces to just a single element that element 
may contain points of both c(X)-Xq and c(X)- X,. 

3. Notation and comments. The two intervals mentioned above 
will be represented by ©, and €,, the two segments related to these by Cu 
and €,. It is understood that if € contains either of the elements U and B 
then €, does not contain B and ©, does not contain U, whereas if © 
contains neither 1 nor % then neither €, nor ©, can exist. Henceforth 
conventions of separation among the elements of © will utilize an arbitrary 
element of ©, as reference element. If ©» represents a subcollection of € 
then Gy, will represent a subcollection of Gp. 

4, Theorem. If X; is an element of [Xa] distinct from Xa and from 
X, and not contained by X, then the elements of © which are limits of c(X) «Xo 
are a subset of ©u+Cy, and if Cx contains any of them then Cy contains 
none of them and vice versa. 

If B is any element of €.+€, then 8 has a chief point 6 in 
¢(X)-(Xa+X,). But if B is limit of c(X)- Xs then b is also limit of 
c(X)-X» and so b is a point of Xs, contradicting the nature of the 
collection [Xz]. Accordingly those elements of © which are limits of 
c(X)- X» belong to ©, +. 
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Let 2% be an element of ©, containing a point a arewise accessible 
from y through & and let R be an element of ©, containing a point r 
arewise accessible from y through ®. Let A, and A, be mutually exclusive 
rays of space contained except for their ends, respectively the points a 
and r, in c(Xa+%5+%X-+X). The continuum Ra+ Xu4+X+X,-+ R, 
divides y into two components 7, and 7», the first containing all the 
elements of €,, the second all those of ©). As c(X)-X is a connected 
set without points in common with Ra +Xa+X+4X,-+R,, either y, 
contains c(X)- X, or yy contains it. A contradiction would thus arise if 
it were assumed that some element of ©, were limit of c(X)- Xz as well 
as some one of Gy. 

5. Theorem. Jf X,. and Xp are distinct elements of [Xa] each of them 
different from both Xa and X, and if Xe and Xp do not separate Xu 
and X, in [Xa] and ©, includes an element which is limit of c(X) -(Xs+ Xe) 
then ©, includes no such element, whereas if Xp and X, separate Xq and X, 
in [Xa] and ©, contains those elements of © which are limits of c(X)-X 
then ©y contains those which are limits of c(X)-X_ and vice versa. 

Rays R, and R, may be drawn so as to avoid both X; and X;, and yet 
still determine the domains y, and 7, above the first of which contains all 
elements of ©, and the second all of ©). Now if X, and X; do not separate 
X, and X;,, it will be possible to construct in c(Xa+ X+X,) an are with 
ends belonging respectively to c(X)-X, and c(X)- X, but no other points 
in X,+X. which with X,-+ X-+ X, separates c, (X) into two domains one 
of which contains both c(X)-X, and c(X)-X;,, and thus an are which 
has in fact no point in Ra+R,.’ Such being the case c(X)-(X,+ X) 
must be a subset either of 7, or of 7,» and thus the first conclusion of the 
theorem is true. If when X, and X, separate X, and X, it were possible 
to draw an exactly similar arc a contradiction of the assumed order 
conditions would result, hence 7, contains one of the sets c(X)-X, and 
c(X)- X, while y, contains the other. The second conclusion of the theorem 
now follows easily (4). 

6. Theorem. If [Xj] is a series of [Xa] having a limit point in c(X)- Xa, 
$ is an element of © which is for some value of i limit of an element of 
[c(X) + Xi], and Q is another such element of ©, and if Cy contains P then 
©. contains 2; whereas if Cy contains ® then Cy contains DQ also. 

Since Xq and X, can not separate any two elements of [Xi]* the proof 
of the theorem is immediate (4, 5). The theorem would clearly follow in 
the same way if it were assumed merely that X, and X;, do not separate 
any two elements of the series [Xj]. 





7 See references to order among [Xa] listed above. 
* Rutt, loc. cit., p. 813, Corollary II. 
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7, Lemma. Any point p belonging to the prime end § of the interval 2 
of the simple closed curve © of the prime ends of the domain y is limit through B 
of points belonging to other elements of 2 and indeed of points arcwise accessible 
from y through elements of &. 

Let $ be defined by the domains [g;] separated from y by [Pi]. Let 9; 
be one of [g;] such that every element of © contained in g; belongs to &. 
Now p, as it is on the boundary of g;, is limit of points of the boundary 
which are arcwise accessible from g; and not contained by P;. Such points 
then belong to prime ends of y contained in g;, that is to elements of &. 

8. Remarks and notation. If p is a point of the element % of an 
arc & of the simple closed curve € of prime ends, there may be a domain e 
of the collection % and a neighborhood y of p such that 7-@ contains only 
elements of 2 preceding $% or only elements of 2 following $. According 
as either of these two possibilities or a third one occurs, the points of $ 
can be classified as, those which are limits through $% of points contained 
in elements of & preceding $% but not through $% of points in elements 
of 2 following $8, those which are limits through ¥% of points in elements 
of 2 following % but not through $ of points in elements of & preceding ¥, 
and those, including all the chief points of %, which are limits through % 
both of points in elements of 2 preceding and of points in elements of 2 
following %. When % is an element of €, it will be natural to refer to 
these subsets of % respectively as P,, Py, and P, whenever U is regarded 
as preceding $8. Of course P, and P, may be vacuous. 

9. Lemma. If 8 is an element of the simple closed curve € of the 
prime ends of the domain y, and [Qa] is a set of continua contained in y 
none of which is contained in e, a certain element of the collection $, and 
if B is limit of > Qa, then the subset of points of % made up of all those 
of its points which are limits of > Qua through $B 7s connected and includes 
all chief points of $B. 

As all but a finite number of the cuts in each chain of cuts defining 
must contain a point of some element of [Qq], in order that % should be 
limit of Qe, it is necessary that every chief point of $ be limit 
of > Qa through §. 

Consider now p, point but not chief point of $8, which is limit of > Qa 
through 8. Let [o;] be a particular chain defining $. Contained in g; is 
a component of Q;-0;, where Q; is some element of [Qc], having a point 
at a distance from p less than (4). Contained in gj (j >7-+ 1) is a component 
of Q;-@;, where Q; is an element of [Qc] different from Qi, having a point 
at a distance from 7 less than (4)/. The infinite collection of components 
of [Q:- ei] selected when this process is continued indefinitely has no limits 
in $ which are not limits through %, and contains no infinite subcollection 
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which does not include among its limits the single point of $ which is 
limit of the selected chain of cuts defining {%. But p is among the limits 
of a subcollection of the chosen components of [Q; - ei] which has a sequential 
limiting set® necessarily in this case a continuum. Therefore p belongs to 
a subcontinuum of $ all whose points are limits of > Qa through $ and 
include a chief point of $. Accordingly, as the set of chief points of $ 
is a continuum, the subset of $ consisting of those points of $ which are 
limits of > Qa through } is connected and being closed as well is a continuum. 

10. Theorem. Jf the element % of Ca is limit of > Xi, a series of [Xal, 
the subset of points of X each of which is limit of > Xi through X is a 
continuum including all the chief points of . 

If « is an element of the collection 2% of domains, a collection of continua 
contained in @- > X; among whose limits is every point of Y& which is 
limit of > X; through 2% may easily be found and then the theorem follows 
at once (9). 

11. Theorem. The subcollection M of the prime ends © of the domain 
y each element of which contains the point p is closed. 

For if $ is any element of © which is limit of a subaggregate of M 
then any domain e@ of the collection $$ contains one of Mt and thus every 
domain of the collection $$ has p upon its boundary. 


III. Intercepted Sets. 


1. Remarks. Suppose that Z is bounded and the accessible element X, 
exists. Let 2% be an element of ©, and suppose it limit of [Xi], a series 
of [Xa]. Then Xq and [Xj] are particularly closely associated with a subset 
of c(X) now to be identified, which will be called the set intercepted by 
Xq and [Xj]. Suppose that YW is defined by [a,], a chain of domains; and 
from [e;] and [Xj] select infinite subseries [a] and [Xj] which are such 
that aj-(R+X,)=0, o@j- Xi; +0, and aj41-X;=—0, G = 1, 2, 3,--+). 
In view of the fact that some of the chief points of 2 belong to c(X)- Xa, 
no element of [Xa] has YW as limit and so the selection above may be made. 
Suppose that W; is an arc cut contained in a;-c(Xj) except for its ends 
which belong to c(X)- Xj and c(X)- Xa. Now X}+W;+X and X+Wit+X 
are continua whose common points consist of precisely two components. 
Thus their sum contains the boundary of exactly two components of the 
complement of their sum not already contained entirely in either X or Xa. 
One of these is unbounded and contains R. It is soon seen that the other 
is bounded; let it be o;. 





* R. G. Lubben, Limiting sets in abstract spaces, Transactions of the American Mathe- 
matical Society, vol. 30, No. 4, p. 675. 
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9. Definition. Any point which is contained in an infinite number 
of [wi] will be said to be intercepted by Xa and [Xi]. The set of all such 
points will be called a set intercepted by Xa and [Xj]. 

3. Remarks. It will presently be clear that the same set of points 
is determined no matter what element & of €, limit of [Xj], or what chain 
[«] defining 2%, or what subseries [«;] or [Xj] is selected satisfying the 
conditions stated. It will then be proper to speak of the set intercepted 
by X, and [Xj]. In general intercepted sets are objects of great complexity 
about which few general statements may be made. But when Z is bounded 
and closed useful facts may be proved about them as will presently appear. 
It will be assumed throughout the remainder of this section that Z is 
bounded and closed. In this and following sections any symbols used in 
them and also in sections I and II will have the significance that they had 
in II except X, which will be supposed selected as in the introduction. 

4, Theorem. Jf S is a set intercepted by Xa and [Xi], and if s is a 
limit point of S in c(X+Xa+8) or a limit point of c(X+ Xa+S8) in 8, 
then s is a limit point of > Xi. 

5. Theorem. A necessary and sufficient condition that a given element Xa 
not contained in X and a given series [Xi] among whose limits is an element 
of Ga intercept only nonvacuous sets is that there exists an element of [Xa] 
separating Xa from [Xj] with respect to X;,. 

Suppose that an element X, of [Xa] occurs between Xq and [X;]. No 
matter what element of ©, included among the limits of > X; is selected 
as U or what chain [a;] of domains is used to define 2% or what series of 
cuts is chosen to determine the collection [#;] of domains by means of 
which an intercepted set in question is identified, since at most a finite 
number of [Wj] contain any points of X, all but a finite number of [a] 
contain c(X)-X», (Lemma I, 1). The sufficiency of the condition is conse- 
quently demonstrated. 

Suppose on the other hand that the intercepted set S is nonvacuous, 
p being a point of it. Let Rp be a ray of space in c(Xa+X+X,+ R) 
with end p; Rp contains either a last point of 9 or a first point of c(S). 
Suppose that the point q of Ry» is the last point of S in Rp. Then q is 
contained in an infinite subset [w{] of [w;] defining the intercepted set, and 
being the last such point of Rp must be limit of > 2; where 2% is the 
boundary of w; for each value of i, and thus indeed must be limit of > Xi. 
But Z is closed and qcc(X) so q is a point of an element of [Xa]. On 
the other hand if q is the first point of c(S)- Rp the subare (pq) of Rp 
contains points of infinitely many of [.2;] some clearly being points of Z. 
So when nonvacuous 8 necessarily contains a point of Z that is a point 
of some element of [Xg]. But as no such element can intersect more than 
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a finite number of the cuts [Wi] used in any determination of S, each such 
element X, must except for its points in X be contained in all but 
a finite number of [w#;] and thus separate Xq from [X;] (LemmaI, 1). That 
the condition is necessary now follows easily. 

6. Theorem. When the element Xa of [Xa] contains in c(X) a limit 
point of [Xi] a series of [Xa], then every set intercepted by Xa and [Xj] is 
identical with > c(X)-Xo+D eu(X)-(c(X+ Xo) — cu(X+X)), where the 
summation eatends over all the elements Xz of [Xa] which separate Xq from [Xj]. 

It has been proved that if the element X, of [Xa] is between Xz and [Xj] 
then S contains c(X)-X,. Since any simply connected domain containing 
c(X)-X, must contain a point of any component of c(X-+ X,) which has 
points of c(X)- X, upon its boundary, each element of [w;] which contains 
c(X)- X, contains points of all components of c (X + Xz) which are contained 
in cy.(X). Therefore it must contain each of them except c, (X + X,) entirely, 
for indeed if the element w; of [w,;] were to contain only part of the bounded 
component @ of c(X-+ X,) while containing c(X) - X, then e would contain 
points of the boundary of w;, that is @ would contain points of X or 
of Xa+X; or of Wj. Each of these alternatives is easily seen to be 
ridiculous for all or for all but a finite number of values of 7. Thus 8 
contains the set specified in the theorem. 

Now any point of c,(X) belonging neither to an element of [Xa] nor to 
a bounded component of c(X-+ Xs), where X, is an element of [Xq], belongs 
to cu(Z).'° As any point of c.(Z) is end of a ray of space in c(Z) no 
such point can belong to any intercepted set since as has been seen in 
the proof of (5) any ray in c.(X) containing a point of an intercepted 
set must contain also a point of Z. 

7. Remarks. The prediction made in paragraph 3 is now fulfilled. The 
following theorem repeats it. Hereafter it will be allowable to speak of 
the set intercepted by Xa and [Xj]. 

8. Theorem. Whenever an element of €q is limit of a series [Xi] of [Xal, 
the same set of points is determined no matter what element X of Ca limit 
of [Xi], or what chain of domains [cj] defining A, or what subseries [«;] or 
[Xi] is selected during the construction of the domains [uj]. 

9. Notation. Hereafter when it is useful to refer somewhat specificly 
to the means used in determining a given intercepted set S, [w;] will represent 
any suitable set of domains determined from an element Y% of ©, or from 
a point of c(X)- Xa by a system of cuts W; of the type described in (1), 
whose limiting set is contained in c(X). If [Xe] X, and S- X, + 0, S will 
be said to contain Xs. 





0 Rutt, loc. cit., Corollary IV. 
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10. Theorem. Jf A, and A, are two elements of Ca each of which 
is limit of (Xi) and U is an element of Ca separating Ay from Ay with 
respect to Cy then X is also limit of [Xi]. 

Upon assuming that 2% is not limit of [X;] a contradiction will be obtained. 
If Y is not limit of [Xj] there is an element @ of the collection A containing 
no point of > X; Every element of € contained in @ belongs to ©, and 
separates Uf, from %,. Construct a ray of space in c(Xa+X-+4X,) with 
end in @, and extend it in @ as a ray S to a point s of c(X)-X, 
accessible from «&. 

Consider first the possibility that S may be drawn so as to have points 
in common with at most a finite number of [Xj], and no point in common 
with R. If this is possible then R-+S divides c, (X,+ X-+ Xa) into two 
domains yy, and yz, the first containing all elements of ©, and either YL, 
or %y,, suppose it contains %,, and the second containing ©, and ,. All 
elements of € which are limits of >’ c(X)-X; are contained wither by €, 
or by ©, so that as R+ 8 has points in common with at most a finite 
number of [c (X)- X%] all but a finite number of these are contained entirely 
by one of y~ or 7». But this implies that either %, or W, is not limit 
of > X;, despite hypothesis. 

Thus if R-S =O then S necessarily intersects infinitely many of 
[c(X)-X;]. Such being the case either § has a first point ¢, counting 
from s, which belongs to > c(X)- Xi or a last point ¢ which does not, 
and in each case ¢ is a point in c(X) of an element X; of [Xa]. The sub- 
interval (st) of S is a cut of c.(Xa+X-+ X:) which it divides into the 
domains y, and yy. The ends of (s¢) evidently belong to different elements 
of X. and are in c(X). Now momentarily identify X; with the X, of 
section II. All the conclusions of II apply with the proper adjustments 
of notation and when y,>Y%, then yy Ay, and as (st) has no points 
whatever of >c(X)-X; upon it either 7, contains >c(X)-Xi or yo 
_ contains it. Neither alternative is possible as both %, and %, are limits 
of > X;. Thus the contradiction is general and the theorem proved. 

11. Hypotheses. In the remaining paragraphs of this section the 
following hypotheses in addition to those of (3) will be understood in 
connection with the theorems given. The series [Xi] has in c(X)-Xa a 
limit point and in ©, a limit element and intercepts with X, a nonvacuous 
set 8. All limit elements in © of members of [c(X)- Xi] belong to Gy. 

12. Theorem. Jf the element Uy of Ca is limit of S so is every element 
of € between A, and U. 

Suppose that %,, is an element of © between W, and ©,. Evidently 
C.>%.. If A, is not a limit of S there is an element @ of the collection 
%u which contains no point of 8. Let %, be defined by the chain of domains 
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[«;], this chain and « being clearly determinable so that a+ R+ X, has 
no point in common with any one of a. As %y is limit of S it is limit 
of a subseries [Y;] of [Xa] whose members are contained in § (6). But 
then X, and [Yj] are situated so that they may intercept a nonvacuous set 
S,, and Sy may be identified by means of W,, [ai], and a chain of cuts [ W;] (9), 
if it is nonvacuous. Now Sy, is nonvacuous because each of [«;] contains «; 
for momentarily regard X as X+ X,, think of X; as X;,, and notice then 
that elements of €, and ©, are limits of the respective ends of W; so that o; 
contains either ©, or €,;.and finally, returning to the original notation of 
this section, so that as #; can not contain ©, it must contain %& which is 
separated from ©, Thus S, is nonvacuous and contains ae. That is %, 
is limit of S,. But SDS, (6), a contradiction. Thus no such domain as 
« exists and the theorem is proved. 

13. Theorem. Jf the element XU, of Ca is limit of S and not of > X; 
every element of € between A, and U is limit of S and not of > Xi. 

Let % be an element of © between U and %,. Now 2%, is a limit 
of S. If it were limit of >) X; then %, would be also (10). Hence the 
theorem. 

14. Theorem. Jf the element A, of Ca is limit of > Xi, any element 
between Ay, and Cy, not limit of > Xi is limit of 8. 

If %, is an element of © between %, and U, upon determining S (9) 
by means of %, it is seen at once that if 2, is not limit of > X; an element 
in the collection 2, is contained in each of an infinite number of [ajl. 
Thus %, is limit of S, as was to be proved. 

15. Summary, notation, and comments. With the exceptions 
mentioned below: 

(a) The subset Caz of €, consisting of all elements which are limits of > X; 
is an interval of ©. 

(b) The subset Cus of ©. consisting of all elements which are limits of § is 
an interval of ©. 

(c) The subset Ca of Ca consisting of all elements which are limits of > Xi 
but not of S is an interval of ©. 

(d) The subset Czy of €, consisting of all elements which are limits of S but 
not of >’ X; is an interval of €. 

The exceptions to the items of the summary are these: 

(e) If 2 is an end of the interval in (a) which belongs to the interval Ga 
then %& belongs to Car. 

(f) If 2 is an end of the interval in (b) which belongs to the interval Cu 
then 2% belongs to Cas. 

(g) If & is an end of the interval in (c) which belongs to the interval Gx 
and is separated from Cas by elements of © then % belongs to Gzz. 
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Item (a) follows from (10); (b) from (12); (d) from (13); (c) from (a), (b), 
and (14); (e) from (II,7) and (II,8); (f) from (II,7), (II,8), and (6); (g) from 
(II,7), (11,8), and the fact that %& under the circumstances can not belong 
to Cas. . 

It is to be observed that: 

(h) Gar D Cae and Cas D Cw. 

(i) Ga —Caxz and ©, — Cz may be disconnected but that C.— Cas and 
€, — Ca can not be disconnected. 

(j) Car Cas # 0, Car- Caz = 0, CH-Cas = 0, and Ca- Ca = 0. 

It is supposed throughout the summary above that S is nonvacuous. 
If this part of the hypotheses be eliminated, all of the statements there 
remain true, some being vacuously satisfied, except the inequality in (j). 


IV. Principal Theorems. 


1, Definitions. If [X;] and [Yj] are two series of elements of [Xq] such 
that given any subscript 7; there exist subscripts 7, and 73, 7;<ig<7i;, for 
which X;, separates Y;, from Yj, and Y;, separates X; from X;, then [Xj] 
and [Yj] are called concurrent series. 

2, Remarks. Throughout this section it is assumed that Z is closed 
and bounded. Whenever [X;] and [Y;] are random series of [Xe] it will 
be assumed that such elements of € as are limits of members of [c(X) - Xi] 
or [c(X)- Yi] are contained by ©, (II,6). If > X; or > Yi have limit 
points in Xq the resulting intercepted sets will be designated by S, and S, 
respectively. 

3. Theorem I. If [Xi] and [Yi] are two series of [Xa] which intercept 
with respect to Xa the same nonvacuous intercepted set then the series are 
concurrent, while if the series are concurrent and each one intercepts with 
respect to Xq a nonvacuous set then the intercepted sets are identical. 

When [Xj] and [Yj] intercept the same nonvacuous set S, there must be 
an element X, of [Xa] not contained in X such that SDc(X)- Xz (III, 5). 


Consequently X, can not separate [X;] from [Y;] for if it did X, would. 


separate either X, from [Xj] or Xs from [Yj] and either S; or Sy, would 
contain Xq, a contradiction (III, 6). Suppose then that all elements of © 
which are limits either of members of [c (X)- Xi] or of [c(X)- Yi] are in 
€., (II, 5; II, 6). Given then any corresponding pair of elements X;, and 
Y;, of [Xj] and [ Y;] there must exist an element X» of [Xi] and an element 
Y, of [Yi], m>%,, n>%, such that Xm separates X_ from Y;, and Y, 
Separates Xq from X;,, for if Xm should fail to exist then Sz would contain 
Y;, (II, 6) although Sy, does not and S; = Sy, and if Y, should fail to 
exist then Sy, would contain X;,, a contradiction in either case. But the 
existence of both X and Y, demonstrates the existence of a subscript 72, 
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i,<%,, such that X;, separates Yi, from Xq and Yj, separates X;, from X,. 
The existence of a subscript 7; having the required qualities follows in 
the same way. 

When [Xj] and [Yj] are concurrent series of [X.] intercepting nonvacuous 
sets with respect to X,, that S, = Sy appears at once (III, 6). 

4, Theorem II. Jf [Xi] and [Yi] are concurrent series of [Xa] and if 
WA is an element of Ca limit of the nonvacuous set S intercepted with respect 
to Xa by both [Xi] and [Yi] but not limit of > Xi, then it is not limit of 
> Vi; and if s is a point of S which is limit of > Xi then it is also limit 
of > Yi; and in both cases vice versa. 

In case 2 is not limit of >’ X; there is an element @ of the collection 
% which contains no points of > X; so, since «-S + 0, SrDe. Nowif 
% were limit of > Y; then « would contain points of > Y;, and so S, would 
contain an element of [ Yi]. This contradicts the supposition that S, = Sy = 8. 

On the other hand if s were limit of > X; but not of >’ Yi there would 
be a neighborhood 7 of s excluding the set X.+X+D Vi. Ass isa 
point of S it is a point of S, and 7 contains points of the boundaries of 
at most a finite number of the domains [w;] defining S, (III,9) so 7CSy. 
But 7 contains points of >) X; so it would appear that S, must contain 
some element of [X;], a contradiction of the fact that S; = S, = 8. 

5. Theorem III. Jf [Xi] and [Yi] are concurrent series of elements of 
[Xa] having in €a and c(X)- Xa the nonvacuous limiting sets of prime ends 
and points Caz and Lyx, Cay and Ly respectively, then 

(1) ether Can DCay or CayDCax and 

(2) either LeD Ly or IyD Lx. 

Proof of (1). Suppose that Cay@- Caz and that & is an element of Cay 
not included in Caz. If 8 were an element of Cz, between A and B then 
(2; Ill, 14) U would be an element of Gas (III, 15, (d)) and this is a con- 
tradiction (4). So if B is an element of Caz it separates Y& and U. Now 
any such element if not limit of >  Y; is limit of § (III, 14) and is not 
limit of > X; (4), so B if not limit of > Y; can not belong to Caz. The 
assertion is consequently proved. 

The proof of (2) is difficult to achieve by means of prime ends so the 
forthcoming less complex method is to be preferred. Assume the theorem 
untrue, assume, that is, that c(X)- Xa contains points px and py, the first 
of which belongs to Lz but not to Ly, the second to Ly but not to Lz. 
Let Cz and Cy be circles with centers respectively P, and Py and radii 
selected in such a way that ce(C,)-(Y¥;+X+X-+R) = 0 (0,1; I, 1) 
and ce(Cy)-(>Xi+X+X,+R)=0. It is clear that infinite subseries 
of the original given series may be selected so that the three first elements 
in each series occur alternately in [Xa] and contain points of either ce (Cz) 
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or ce(Cy), and so as it is intended to obtain a contradiction it may as 
well be assumed that the series [X;] and [Yj] as first given possessed these 
qualifications also. To be precise let Y, separate X, and X,, ete. 

Accordingly among the components of c (X + X,-+ X.+ X;+ ce(C,)) are 
0, 1, and @2 of which e, > R+ ¢(X)- X,, e,De(X)- Yi, and e.Dc(X)- Vy. 
If ¢-- 0: $0 there is a ray of space R,, @, is unbounded, in e+e, with 
its end point in c(X)- Y, and no point in R+X,. So owing to the order 
relations in [X;] and [Yj] the connected set c(X)-(X,+ X,+ce(C,)) is 
disconnected by the set R+X,+X-+ Y,+R, with which it has no 
common points (Lemma, I, 1). The contradiction shows that e,-e, = 0 
and a similar one shows that @,-e. = 0. 

If 0, - 02 + 0 then eo, = @, and g@, contains c(X)-(Y¥,+ 3). Thus in 
o, there is an are K irreducibly connecting a point of Y, with one of Y., 
and this are as a cut of c(X+ Y,+ Y,) separates it into two connected 
domains, o bounded, and o, unbounded. Since e, > K each of these domains 
has points in g,, and o, has points in @, for it contains R. As e, -(X +e) = 0, 
o-(X+¥,+ ¥,+K) = 0, and so oe, being a connected set containing 
a point of o, and no point of its boundary must be entirely contained in o,,. 
Also as @, has upon its boundary points of ce (Cz), ce(Cx) + ¢ (X)-(Xi: +-Xe+Xz) 
Co,. Now 2 K, soe, -o+0 and if eo, then %-c(o,)+0. Ase 
is a connected set it would then follow that o,-(X+X,+X.+X3+ce(C,z)) $0, 
a contradiction because c(X)Do% and o,2Dce(Cr)+¢(X)- (Xi + Xe + 4s), 
accordingly g,;.o,. But this is a contradiction for % -(R-+ X,+ X:) =0 
and yet X, and X, separate Y, and Y,; that is a situation like the one 
dismissed as impossible in discussing the supposition @,-e, +0 has arisen, 
80 @1- 02 = 0. 

But ¢, Dc (X)-Y, and eg Dc (X)-Y2 so @,-ce(Cy) + 0 and @,-ce(Cy) $ 0. 
As ce(Cy)-(X +X, + X, + Xs + ce(Cx)) = 0, a:- ce (Cy) + O implies 
0:Dce(Cy) and e-ce(Cy)+0 implies e,Dce(Cy). Thus %-e@:ce (Cy), 
a contradiction of the fact that 9,-e, = 0. 

So assuming that part (2) is untrue has resulted in an absurdity. 

6, Theorem IV. If [Xi] and [Yi] are concurrent series of [Xa] having 
im ©a and c(X)-Xq the nonvacuous limiting sets of prime ends and points 
Car and Le, Cay and Ly respectively, and if CarDCay but Le Ly then 
CayDCax, and there is an element W separating all other elements of 
Cay Strom Y. 

When €gr>€ay any point of an element of Cay which is not an end 
element of Ca must belong to Lz (II, 7). Thus if CarDCay but LeDLy 
then Ly— Zz must contain a point belonging to a common end element 
of Car and Cay. Let B be a nonend element of Caz if there is such an 


element, and if there is none the theorem must be true as then Gaz and 
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Ca, consist each of a single element. Let & be an end element of €,,. 
It will be shown that % contains points limit through it of > Y; but not 
of > X; only if & separates B from B (2). 

Suppose that % separates 8 from U, and that z is any point of XY, 
If & is not an element of ©, then A — WU (il, 3). As A is thus the 
common end of ©, and Cz the point z is limit either of points of X 
contained in elements of ©, or of points of c(X)- Xa contained in elements 
of €, not separated from B by % (II, 7). But z is in e(X) and so can not 
be limit of a subset of X, and all points in elements of ©, between U 
and 8 are points of Zz (II,7; Il, 10). So if &— U no point of A 
belongs to Ly— ZL,. On the other hand if 2% is not U then all elements 
of © between A and UW belong to Gz (III, 15, (d)). As z is a point of 
either Ay, Ac, or Ay (II, 8), if it does not belong to Lz it must belong 
to Ay (II, 7; II, 10). Suppose that z is not limit of > X; through Y%. 
Then there is.a neighborhood 7 of z and an element @ of % such that 
m-a is a set of components [y«] none of which contains a point of 
X+ > X; and none of which contains an element of ©, between 8 
and %. But under these circumstances if any of [ye] contain no point 
of S between 1 and YW there would be an element of ©, not belonging 
to Gas and yet separating an element of Gas, namely Y%, from U, a 
contradiction (III, 15, (b); III, 15, (2)). So if ya is any one of [y«] then 
S+ qa + 0 and as Sz = S so Sz: ya $ 0 and finally SxD ya since > Xi-4a = 0. 
If therefore z were limit of >Y; through &, some element 7a of [yc] 
would contain a point of some element of [Y;] and thus 8, would contain 
an element of [Y;]. As this would contradict hypotheses no point of 
can be limit through & of > Y; without being limit also through 2% of 
>i. Thus if z is limit through A of > Y; but not of > X;, A can not 
separate § from WU and must consequently separate 6 from &. 

Such being the case the end elements of €,, and Cay must be identical 
and so gy, >€az, as was to be proved. 

7. Remarks. In Theorems III and IV it was assumed that all four of 
the sets Gaz, Lx, Cay, and Ly were nonvacuous. Most of the interesting 
possibilities are included under these hypotheses. When one or both of Caz 
and Gay are vacuous the only part of the theorems not vacuously satisfied 
is the second part of III. But the argument employed to demonstrate 
this fact originally still applies without modification. When either Lz or Ly 
is vacuous both theorems are vacuously satisfied. 

8. Theorem V. If Z, = X+X,+Xa+ DX and Z, =X4+X,4+-U=DVi 
where Z, and Zy are closed bounded sets of type Z and [Xi] and [Yi] are 
series of elements whose members are of the same sort as those of [Xa] having 
respectively in c(X)-Xa limit sets of points Ly and Ly and in Gq limit sets 
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of elements Caz and Gay, and if Gu contains all elements of © which are 
limits of members of [c(X) -(Xi+ Yip]; then 

(1) either Cax D Cay or Cay —_ Car, and 

(2) either LeD Ly or LyD Lez, and — 

(3) if Car D Cay and LrDpP Ly then Cay D Car. 

This theorem will be needed later. It resembles closely Theorems III and IV 
combined but is not a special case of them, for elements of [c(X)- Xi] may 
have points in common with those of [c(X)-Yi] and the series [Xj] and [Yj] 
are in general not concurrent. As the statement of the theorem definitely 
excludes the possibility X, may with either [X;] or [Yi] intercept a nonvacuous 
set generalizations are clearly possible which have been omitted here only 
because the requirements of the paper do not include them. A condensed 
proof follows. 

Since [X;] and [Y;] can not intercept nonvacuous sets with respect to Xa, 
part (1) of the theorem follows from arguments similar to but simpler than 
those used in proving part (1) of Theorem III. Also after part (2) has 
been established (3) follows from reasoning like that in Theorem IV. In 
proving (2) proceed thus. Suppose that c(L,)-Zz contains a point x 
and c(Lx)-Zy contains a point y. Let M and [Mj], N and [Nj] 
(¢ = 1, 2, 3,---) be circles with centers respectively x and y, and radii r 
and [7] such that ce(M) -(R+ X,4+-X+Ly+ > Yi-+ce(M)) = 0, and so is 
ce(N) -(R4+X,4+X+L2e+> Xi+ce(M)), and that 1, >r>0 while 
4 =r+(h) 1 (4—1r). Let X/”" and Y;" (¢ = 1, 2, 3,---) be subcontinua 
respectively of X; and Y; selected so that X;"-X + 0, Yi'-X + 0, 
c(X)-X;”" is a component of c(X) - ci (Mj) -X:, and c(X) - Y;’ is a component 
of c(X)-ci(Ni)- Yi. Let X = X+M+N. 

Consider the prime ends, a simple closed curve G, of 0d = ¢y(X-+X+ 2). 
These are identical with € upon €,, €,, and €, but not upon Ca. Upon 
© are subaggregates G», and ©, consisting respectively of those elements 
of © whose points belong to c(Xa)-M and c(Xa)-N. Both of these are 
nonvacuous sets as there are in 6 sets which are continua with respect 
to 6, contained for instance in elements of [Xj] and [Yi], and which join 
points of c(Xa)-M or of c(Xa)-N to X. Now no two elements of Gm 
separate two of G, for otherwise an easy contradiction would result upon 
extending in 6 from two representative separating pairs mutually exclusive 
rays of the plane four in number forming in pairs with the circles associated 
continua which separate each other and yet have no common points. Thus 
either Gm and G»_ occupy minimal segments Fm and %, of U+ Or, +B 
mutually exclusive except for one common end element, or the minimal 
subsegment, say %m, of ©» containing G» is separated from ©, by two 


minimal subsegments Fay and nv together containing ©, and having in 
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common with %m at most its end points. Now it is clear from the con- 
struction that %m contains a limit element of > Xi" whereas G, does not, 
and that %, contains a limit element of Yi" while Gm does not. Also 
for both [X;"] and [Y;'] the set intercepted with X, is vacuous, so that 
their limit quantities in c(X)- Xz do not include sets ys (III, 15). But in 
case %m and F, exist either Coz Gy or Cry D Gm, a contradiction; while 
in case %, does not exist then Gor Gna- Gnu, a contradiction. Other 
possibilities may be dismissed in the same way after a mere change of 
notation. Thus supposition of the existence of both x and y involves an 
absurdity and so (2) is true. 

9, Theorem VI. Suppose (a) that [Xi] is a series of [Xa] determining with 
respect to Xq the intercepted set S containing the nonvacuous subset |X] 
of [Xa], (b) that H; and K; are connected subsets of c(X) - Xi (é = 1, 2, 3, ---) 
whose frontiers are nonvacuous sets entirely contained by X, and (c) that 
in connection with Xq the limit quantities of [Hi] and [Kil are Ln, Ix, 
Can, and Cax; then 

(1) either Can D> Caz or CaxD Can, and 

(2) either In D> Ly or Ix D Ln, and 

(3) if Can D Caz but In D Ly then Cax D Can. 


A subset W of Z will first be identified. 

(a’) If Xq separates from [X;] no series [X;}, of [Xa] among whose limit 
points is a point in c(X) of an element X, of [Xa] separated from [Xi 
by all the elements of [Xz], then W will be the sum of X¥+X,+ Xa, 
all of the elements of [X,], and all the elements of [X«] separated from 
[Xi] by Xa. 

(b’) If Xa separates from [Xj] a set of series [[Xi]s] of [Xa] each of 
which has a limit point xg in c(X) in one of [Xg] a subset of [Xa] whose 
members are separated by all the elements of [Xo] from the specific series of 
[[Xils] whose limit contains x;, then W will be determined as follows. 
From the character of the space in question itis clear that [Xa] includes 
a countable subset [Yj] having the property that any two elements of 
[Xa] are separated by one of [Yi]. Into the subclass [Yj] of [Yi] put all 
elements of [Yi], exclusive of X;,, which are separated from [Xj] by Xa 
but do not separate all elements of all series of [[XiJ]s] from [Xi]. In 
this case W will be the sum of X¥+X,+ Xz, all elements of [Xz], and 
all elements of [Xu], whose members belong to [Xa] and separate Xa 
from all of [Yj]. 

The set W is closed. For suppose that w is a limit point of W in its 
complement. The point w belongs to an element X,, of [Xa], and is limit 
of a series [Xj] of [Xa] contained in W. Either X,, is separated from Xa 
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by [Xo] or is separated from [Xo] by Xa. Suppose that X, is separated 
from X, by [Xo] and consider the possible positions for [Xj]. If [Xo] 
includes infinitely many of [Xj] then w is limit of S, therefore of > X; 
(II, 3), and this is impossible as X, must be separated from X, by 
infinitely many of [X;].*' Hence all but a finite number of [Xj] belong 
to [X,]. This means, however, that [Xj] is a series all elements of which 
are separated from [Xi] by Xa having a limit point w in an element X,, 
separated from it by all the elements of [Xz]. In short [Xj] is one of 
[[Xijg], a ridiculous situation by virtue of the selection of [X,]. Suppose 
then that X, separates X,, and [Xo]. In (a’) W would then contain X, 
so only (b’) remains to be discussed. But in (b’) it is clear that there 
can be no element of [Y;] which separates X, from all other elements of 
[Yj], and no element of [Xa] which separates all elements of [Yj] from all 
of [X,]. Thus X» must be separated from [Xq] and from the series [Xj] 
by some elements of [Y;] and indeed by all but a finite number of the 
elements of some series [Xi} of [[XiJz]. Thus the set S,, intercepted by 
X» and [Xj] contains all but a finite number of [Xi). As the point x 
in c(X)- X is limit of [Xi with X,, member of [Xg], separated from 
[Xi by [Xj], a must be limit of [X;] (III, 3). This results in the same 
sort of contradiction as above. 

If [7;] is any series whose elements are mutually exclusive and selected 
from among those of [Hj] and [Kj] then W+- > 7; is a bounded continuum 
Z of type Z. That it is bounded and of type Z follows from the selection 
of [Hj] and [Kj] and the fact that Z is bounded. Since any point of c(X) 
which is limit of > (Hi+ Kj) is also limit of > X;, a fact easily seen, 
proving W+ > X; closed will prove Z; closed. The proof that W+ > Xi 
is closed involves no points not treated in detail during the proof that 
W is closed. 

It is intended to finish the argument by means of Theorem IV but as 
yet the relation of [Hj] to [Kj] is not suited to its application. Subcollections 
[Hj] and [Kj] of these to which it may be applied must be selected. It 
is to be observed that the set c(W)+c(X)- Xa is locally compact and 
separable and so has the countably distributive property.’* But this implies 
that [Hi] contains a convergent subcollection and indeed, owing to the 
special characteristics of [Hj], a collection converging in c(W)-+¢(X)- Xa 
to the set Zn. It is assumed in the next paragraph that ©, contains all 
elements of © which are limits of the members of [c(X)- > Xi). 

Given any element © of ©, it is clear that there exists a subseries 
\Hil, of [Hi] every infinite subseries of which has Q among its limits in €a, 


" Rutt, loc. cit., p. 813, Corollary IL. 
" Lubben, loc. cit. 
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and such a set may be chosen by means of any chain defining QO. It is 
to be observed first that from [Hj] may be selected a series [Hj], every 
infinite subseries of which has in ©, a limiting subcollection identical to 
Can. If Can has an element WW (III, 15, (e)) separating no other element 
of ©a, from U, consider any series [Hi]». Suppose OQ is an element of 
€,, different from WW. If €a.=DQ, then [Hily can be selected so as to 
have no elements whatever in common with [Hj], so that [H,} and [Hj], 
are series with contradictory properties (4). Thus €a.— Ca, and [Hj),, 
is in this case the set [Hi]. required. If there is no such element as & 
then no element of ©, separates all of Gan from ¥. In this case it is 
clear that a subseries [Hi], of [Hi] exists with % as limit element. Let OQ 
be an element of Can. Owing to the existence of [Hi], if Q were not 
limit of [Hi], then from elementary considerations it would follow that % 
was not either. Thus ©,, = Cg, and in this case [Hj], will serve as the 
required set [Hj]. Suppose that in c(X)- Xa the set of limit points of 
[Hile is Le. 

If Can has no last element Y then from the fact that €z, = Cg» follows 
the fact LZ. = JZ» (II, 7; II, 10; 6). Whereas if % exists and LZ. + Ly, 
then ZL, has points in YW not contained in any other element of Caja (II, 7; 
II, 10). But in the latter case any subseries of [Hi] converging to Ly 
necessarily has Y% among its limits and is a series [Hj], which may be 
used as [Hi]. Let [Kile be a subseries of [K;] chosen so as to have the 
same properties with respect to ©, and ZL, as [Aij), has with respect 
to Gan and Ly. 

Clearly now infinite subseries [Hj] and [Kj] may be chosen having the 
same limiting quantities as [Hj]. and [Kj], such that no one of [Xj] contains 
an element of both, and when [Hj] and [Kj] are added to Wa closed 
bounded continuum of type Z results in which [Hj] and [Kj] are concurrent 
series and the theorem is true (5; 6; 7). 


V. An Application to Order. 


1. Remarks. In his search for entities definable with respect to the 
boundary of any connected simply connected and bounded domain which 
should possess as a collection order relations identical with those of the 
points of a simple closed curve, Professor Carathéodory was completely 
successful. The prime ends of such a domain. possess cyclic order. It 
is natural to inquire to what extent the order relations among the prime 
ends themselves may be usefully extended to the point sets contained in 
them. The reply to this query is less satisfactory than the character of 
the question predicts. A natural answer would be this:. “Let the notion 
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of order be referred to a particular point r of the element R of €, the 
simple closed curve of the prime ends of the domain in question. Then 
with respect to a particular direction around ©, of two points p, and p, 
not in R it will be said that p, precedes ps, if the first prime end ¥, 
containing p, precedes in © the first prime end §, containing p,”. 

Various objections to this method, some of them serious and some not, 
soon present themselves. The concluding pages of this paper offer a con- 
tribution to the subject of order providing an advance upon the system 
mentioned in at least one substantial respect. It is clear above that among 
the points of a given prime end no distinctions with regard to precedence 
exist unless some of these points are contained also by other prime ends. 
It will be shown below that this flaw can be removed. The method will 
consist in assigning to the points of a continuum X, in question an order 
depending upon the circumstances of their inclusion within the elements 
of an aggregate [Zc] whose members are point sets of a sort investigated 
in IV, where it will be clear that [Z.] is an aggregate simply ordered with 
respect to the inclusion of its elements one within another. The exposition 
of this method will be furthered by a simplified method of determining the 
elements of [Ze]. This simplification will be undertaken next. 

2. Hypotheses and forecast. A class of bounded continua of type Z 
will be considered, each made up of the three preassigned continua Xz, X, 
and X, of the usual sort except that X, and X, are mutually separated 
sets, and an additional arbitrary collection of continua [Xe] also of the 
usual sort except that no subseries of [Xa] having a limit in c(X)- Xa 
will have any limit point in c(X) belonging to any element different 
from X,. By restricting the problem in these respects no generality 
valuable to the special aims of this section will be lost. 

A series [Yj] of arcs forming with X,-+X-+X, a continuum of the type 
in question will be determined such that subarcs [Yi], of [Yi] exist whose 
limit quantities in c (X) - Xq are identical with L; and Cs, the limit quantities 
in c(X)-Xq of any series [Xi], of any [Xa] in any set Z of the class 
being considered. 

3. Construction. (a) Construct a simple closed curve C, separating Xa 
and X, and having in cy(Xqa) at least one point at a distance less than 4 
from each point of the frontier of c,(X-+X+Xa) contained in c(X)-Xa 
aud no point in c,(X,+X+X,) at a distance from Xq greater than 1. 
For n = 2, 3, 4, --- let C, be a simple closed curve separating Cn— 
from X, and having in cy,(Xa) at least one point at a distance less 
than (3)" from each point of the frontier of cu(X,+X+Xa) contained 
in c(X)-X, and no point in c,(X;+X+Xza) at a distance from X, greater 
than (})"-1, 
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(b) Select from c,(X)-C; that component D; separating in c,(X) the 
set c(X)-X;, from the set c(X)-Xa, and not separated from c(X)-X, by 
any other component of c,(X)- Ci. 

(c) The ends of D; being u and v4; where D; approaches « through an 
element of ©, and v; through an element of ©, form from 4+ D;+v; the 
subares U; and V; where U; consists of «4% and all of D; except a sub- 
interval of diameter less than (4) with one end », and Vj; consists of 1; 
and all of D; except a subinterval of diameter less than (4) with one end x. 

(d) If [XiJp is a series selected at random from the elements [Xq] of any 
arbitrary member of the class of continua under investigation let [Yj] be [Uj] 
if ©,, contains all members of © which are limits of members of [c (X) - Xj], 
otherwise let [Yi] be [Vi]. 

4, Comments. In (3) various special situations which involve no 
material difficulties have been left unmentioned; for instance, uw; and 2; 
may coincide. 

It is to be observed that every point p in c(X) of any prime end ¥ on €, 
is limit of every infinite subseries of either [U;] or [Vi] through ¥%. For 
if not let @ be any element of the collection % containing no point of R 
and let 7 be a neighborhood of p such that o-7-> Yi; = 0. Let tr be 
any component of g-7 and let 7 be aray of space in c(X+X,+X,+R) 
whose end is an accessible point of c(X)-Xq, in a prime end & contained 
int. If 7 contains points of infinitely many of [Y;] a contradiction results, 
for then a limit point of > Y; exists in 7'-c(X+X,.-+7) and at a distance 
greater than some definite positive constant from X,, despite construction. 
However it is obvious that 7’ must intersect all elements of [D,] and that 
>D;-T is a point set whose distance from X is likewise greater than 
some definite positive constant, say «. Therefore those maximal connected 
subsets of >) Di— T'- >) D; each of which has at its end a point of > (uit vi) 
must everyone be of diameter greater than ¢. Since for each z one of the 
two components under discussion is part of a subset of D; omitted from D; 
during the construction of Y;, the fact that all are of diameter greater 
than ¢ is a contradiction of the procedure used. The contradiction occurs 
whether [Yj] is identical with [U;] or with [Vj]. 

5. Notation. When €, does not include ©, there is an element % 
(III, 15, (e)) of ©, which is not separated from % by any other element 
of ©;. Suppose that [«;] is a chain of domains defining & none of which 
contains a point of R, the corresponding chain of cuts consisting of arcs 
whose diameters have limit zero, their end points being contained in 
c(X)+Xq and belonging to [U,] and [%,] of ©, in the order U, Ui, Wits 
YW, Visi, Bi, BV through which they are limits of the set of cuts. Let 
P be the subset of c(Z,+X) contained in 2% and let [pi] be a countable 
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subset of P such that every point of P is point or limit point of [p;]. Let o; be a 
circular neighborhood of p; of such radius that d(o;, Zs +-X)<4d(pi, L;+X). 

6. Construction and discussion. When ©, 6, let [Yij, = [Yj] (4). 
If €;2p €, the situation is complicated and treated in detail below. 

(a). Let [Yio] be [Yi]. 

For each value of 7, 7 = 1, 2, 3, ---, let [Yi] be that collection whose 
first element, Y;;, is the minimal subare of Yi,;-1 containing a point of X 
as one end point and a unique component Pi; of Yi,;-1-«@; with both ends 
on Aj, if such a component exists, and if not is identical with Y;,;-1; and 
whose ith element, ¢ = 2, 3, 4,---, is the minimal subare of Yij-1 
having as one end a point of X and containing a unique component Pj 
of Yij;-1-@; whose ends separate upon A; the ends of P;-1,; from those 
of A; provided that such a component exists and if not is identical 
with Yj j-1. 

Because %& is limit of [Yj] and is separated from B by other elements 
of ©, also limits of [Yj], it is clear that for any arbitrary value of 7 at 
most a finite number of [Yi,;-1] contain no such sets [Pj]. 

It is to be observed that every point of c(X) in % is limit through W 
for each value of 7 of 

(a) a Yi ’ 

(b) every infinite subseries of [Yj], 

(c) } Py, and 

(d) every infinite subseries of [Py]. 


For this has already been observed in the case of [Yio] and an induction 
may be established. Indeed it will be sufficient to show (d) true for 7 
when (b) is true for 7-1. Let p be a point of c(X) in UW. As p is 
limit of every infinite subseries of [Y;,;-1], a random example being [¥i,j-1]p, 
«; contains points of infinitely many of [Yi,;-1], and indeed as was noted 
above all but a finite number of [Y;,;-1]» contain actual arcs |Pij]p included 
in [Py]. The limits of the end points of [Py] are identical with the ends 
of Aj. If the point p of & is not limit of [Pylp through W there exists 
a neighborhood y of p such that 4-«; contains no points of any element 
of [Pijlp>. Under such circumstances it would be possible to draw in a; 
an are one end of which is a point of ¢(X)- Xa approached by it through 
a component of 7-«a; and the other is a nonend point of Aj. Such an 
arc would have to intersect infinitely many of [Pij]p and thus contain 
in @; a point which is limit of such intersection points, that is a point 
of c(Xa) which is limit of > Y;. As this is impossible (3 (a)) p must be 
a limit of [Pylp, and so by an easy inference p is limit of any infinite 
subset of [Py]p. All four statements now follow. 
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(b). Let the collection [Zo] consist for each 7 of [] Yy extended over 
all values of 7. It is clear that each element of [Zo] exists, for indeed 
Zio is identical with Y: unless Py; exists. In case Py, does exist there 
is necessarily counting from the end of Yi in X, a first point of Y; in A, 
and this point as it belongs to Yi; for every value of 7 must belong to Z. 
Similarly Zio is identical with Y; unless Py exists and if it does exist 
again there is a first point of Y; in A: which must always belong to Yj; 
and thus to Zo. Moreover the limit quantities ©) and Zo of |Z] in €, 
and ¢(X)-Xa have the following relations to ©; and Z,, ©), and 
In DLs. It is seen without much difficulty that among the limits of > Y, 
for a particular value of 7 are all elements of [U;] and all those of [&,] 
having 72> 7, but not Bj-1; and thus @ must include all of [Ui,] and 
none of [Bi]. That is ©) must include all elements of €, between % and 
U and must accordingly also include & and no elements of ©, between 
WM and BV; so ©) = G; (IV, 8). If Lop L, then LZ; D Lp (IV, 8) and there 
is an element Q of ©; containing a point s which belongs to L, but not 
to Io. But OQ is not A, for every point of c(X)- Xa in A belongs to 
In (6(a)), and it can not be an element different from 2% (II, 7; II, 10); 
so no such element © exists. 

(c) Let [Za] be the set of maximal subarcs of [Zo] each having an end 
point in X and no point whatever in o,. In general for 7 = 2, 3, 4,--- 
let [Z;j] be the set of maximal subares of [Z;,;-1] respectively, each having 
an end point in X and no point whatever in gj. 

Let the limit quantities of [2] (j = 0,1, 2,---) in ©q and c(X)- Xa 
be respectively ©; and Z;. It is to be noted that €; > €j41 0, and 
LjDLj41DLs. As for ©, and L, if all but a finite number of [Zi] 
are identical with the corresponding members of Zo, then ©) = ©, and 
In = Ii, so that the inequalities noted are true. Whereas in case 
infinitely many of [Z] are proper subsets of the corresponding members 
of [Zio], infinitely many of [Za] have a point upon the boundary of %, 
and thus the limit set of these in c(X)-Xa contains a point upon the 
boundary of o,, that is a point of c(X)-Xa-c(Zs). This means that L, 
is not a subset of Zs so that L, > L, (IV, 8) and also that €, D> G: while 
at the same time it is obvious that © D ©, and ZL, Z,. And as for 
©; and Z; in general, by the same sort of arguments and the same references 
the inequalities noted are shown to be true also for these. 

(d) Let [Yi], be the collection whose ith element is [] Z where the 
product is extended over all values of j. 

The limit quantities ©, and LZ, of [YiJ, in €, and c(X)- Xa are iden- 
tical respectively with ©, and Zs. This is practically obvious in the case 
of ©, and , for ©; must contain all the elements common to the members 
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of [;] and these are all identical to @; (6(b); 6(c)). It is clear that 

Lb D P+ Ls (6(b)) and that Ly - L,- Ly ---- -Lj- --- = L, so that L,D Ls. 

But L,- P = 0 (6(c)), so L, = Ls. 

The construction of [Yi]; with the properties required is thus complete. 

7. Summary. It has now been established that there exists a set Z, 
composed of X,+X-+ Xa and [Yi], a set of arcs, such that [Y;] contains 
a set of subares [Yils forming with X,+X-+X, a set of type Z and 
having in Xq limit quantities identical with the limit quantities ©, and L, 
of any series [Xj], in a set Z of the class being considered. 

8, Introduction of order. Consider [Zi], the set of all distinct subsets 
of c(X)-Xa obtainable in Z as limits of sets of subares of [Yi] each 
having an end in X. The set [Zc] has the following properties easily 
deduced from the references given. 

(a) It includes the limit set in c(X)-Xq of every possible series in any 
set Z = X,+X+X,+ > Xi where the order of [Yi] and [Xi] are 
the same (7). 

(b) It is a simply ordered aggregate (IV, 9). 

(c) Each inner and outer limiting set in c(X) of its elements is included 
in it ((a)). 

(d) Between any two of its elements there is a third ((a)). 

(e) If it contains an element Z, containing a point s which is not contained 
by any element of [Zc] preceding Z;, there exists one of the set Ga, 
say S, which contains s, and if © is selected as the first element from U 
which contains s (II, 11) then © contains all the points of LZ, none of 
which is contained in any element of [Zo] which precedes it. For indeed 
if such were not the case it would be possible to prove that between Ls 
and all those elements of [Ze] which precede LZ, there is an element of [Zc]. 
Of course if [¥;] is identical with [Vj] instead of with [Uj] an entirely 

different collection [Zo] arises possessing as a set however the properties 

listed above. 

Associated with each member L, of [Lc] there is a point set Qs contained 
in Zs no point of which is contained in any element of [Zo] preceding Ls. 
In view of the definition of [Qc] and the properties of [Zc] listed above it 
is readily seen that [Q,] has the following properties. 

(a) The elements of [Qe] are mutually exclusive. 

(b) The elements of [Qc] form a simply ordered aggregate. 

(c) Between any two elements of [Qo] there is a third. 

(d) If the element Q, of [Qo] contains the point p which is not contained 
by any element of [Qo] preceding Q;, and © is the first element of a 
(II, 11) counted from U containing p, then LZ; > S.+S (Ul, 8; U, 9; 
II, 7; I, 15, (a)). 
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Accordingly the elements of [Qo] distinguish between points which are 
not contained in the same element of @.. In addition in a given element $ 
of ©, they distinguish between the points of P, and these of P.+ P,, and 
also to some extent introduce distinctions among the points of P,, but 
are unable to distinguish through % between points contained in P,+ P,, 
Of-course if [Yi] is identical with [Vi] instead of with [Uj] then the corres- 
ponding set [Zo] distinguishes P, in % from Pe-+ Py but is unable to 
distinguish through $$ between any two points in P.+ Py. 

9. Conclusion. Let Xq be any plane bounded continuum and r any 
point of A, the boundary of c, (Xa), contained in the prime end & of c,(X,). 
Suppose for the moment that the omission from Xq of the continuum of 
chief points of # does not disconnect X,. To assign order among the 
points of A with respect to r through ®, let R be a point set composed 
of two rays with common end point and no other common point, one a 
ray of space in c(Xq) the other a ray of cy (Xa) with limit points in X, 
identical with the chief points of R (1,4). Let R differentiated into suitable 
subsets play the combined roles of X, X,, and & in the foregoing sections, 
and construct [U;] and [Vi]. Use [Ui] to form [Ze] and [Q.], assign to 
points in different elements of [Q.] the order of the elements containing 
them, and to those in the same element of [Qo] and thus in a first element } 
of ©, (II,11) assign the reverse order assigned to them through $ by [Vi] 
if there are subseries, belonging to the class considered, of [Vi] which 
distinguish them apart. 

When X;, is disconnected by the omission from it of the continuum of 
chief points of #, order may first be assigned among the points of A in 
each maximal connected subset separately in the fashion already described 
and then extended throughout the collection of these subsets by way of 
the order relations among them. 

It appears above as if the assignment of order is being made in A rather 
with respect to the chief points of R than with respect to 7, and this is 
indeed the case; but the situation may be corrected after the assignment 
above has been made by means of adjustments affecting only the points 
of A within %. Evidently the use of [Vi] in determining [Z,] will give 
an ordering of the points of A in general drastically different in outcome 
from the one just obtained by means of subares of [Uj], but the fact that 
a given point of 4 may belong to more than one element of ©, makes 
such a result unavoidable. 
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ON THE LINKING OF JORDAN CONTINUA 
IN E, BY (n—2)-CYCLES.' 


By R. L. WILDER. 


The following is a classical theorem? in the theory of Jordan continua:* 
If, in the euclidean plane, two points P and Q are separated* by a Jordan 
continuum M, then P and Q are separated by a simple closed curve of M. 
The view has been prevalent among set-theorists that this theorem is one 
of those that are peculiar to the plane point set theory; thus, two points 
may be separated by a Jordan continuum in &, without being separated 
by any simple surface of that continuum. The primary purpose of this 
paper is to show that this viewpoint is a mistaken one—that the above 
theorem is only the plane case of a general linking theorem to the effect 
that if an (m — 2)-cycle links a Jordan continuum UY in £,, then it links 
a simple closed curve of M. Incidentally, for the case nm = 2, a new 
proof, essentially combinatorial, is furnished for the above theorem. In 
addition, I shall extend to H, certain theorems of R. L. Moore for the 
plane which concern the set of all points on simple closed curves of M 
that the (m — 2)-cycle links; also, it will be shown that given a set of 
r cycles I~? of the (mn — 2)-basis of EZ, — M, there exists on M a non- 
singular linear graph among whose irreducible cycles r link the 7’s. 

As all of the results given below hold in euclidean space of m dimensions 
(n>1), we may assume this understood without explicit mention of the 
fact hereafter. 

THEOREM 1, Let M be a Jordan continuum, and t an arc which has 
its end-points, and only these, in common with M. Also, let I~? be an 
(n —2)-cycle of En—(M-+t) that does not link M. Then if I'"-* links 
M-+t, it links every simple closed curve of M-+-t that contains t. 

Proof. Let J be a simple closed curve of M+ ¢ that contains ¢, and 
suppose that [”-? does not link J. Obviously J— <t> =h is an are® 
of M. There exist complexes Kj’ and Ks’ ~ such that 

‘Received April 28, 1932. Presented to the American Mathematical Society, No- 
vember 28, 1931. 

*Cf. R. L. Moore, Concerning continuous curves in the plane, Math. Zeitschr., vol. 15 
(1922), pp. 254-260; also CO. Kuratowski, Sur les coupwres du plan, Fund. Math., vol. 6 
(1924), pp. 130-145. 

°A Jordan continuum (continuous curve or Peano continuum) is a compact, closed and 
connected point set which is locally connected. 

‘Two points P and @Q are separated by a set M in E, if there exists no continuum 
in E,— M which contains both P and Q. 

*By <t> is meant t without its end-points. 
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gr * er (En, — MU), 
K? >I", (En—J). 


By a theorem of Alexander® we also have 
Ki'+Kr"~0, (E,—h) 
and as M.J=h, it follows from the Alexander Addition Theorem’ that 
rm ~0, [En—(M@+J) = FE, — (M+), 


which contradicts the fact that 7”~-? links M+ ¢. 

THEOREM 2, Let M be a Jordan continuum and t an arc. Then a cycle '™-* 
of En—(M-+1) that does not link M can link M-+t only if it links 
a simple closed curve of M+t. 

Proof. Suppose I~? links M@-+-¢ but links no simple closed curve of 
M-+t. As I”? does not link M, and cannot link ¢, it follows easily 
from the Alexander Addition Theorem that M-¢ is a non-vacuous set of 
points that is not connected. 

Let K”— be a complex bounded by F"~? in H, — M and let d denote 
the distance 0(K”"1, M). 

A component of ¢— M-¢ is either an are without one end-point or an 
are without both end-points. Of the former type only two arcs are possible, 
and we may consider these as added to’ M—their addition does not alter 
the situation as regards I”~? linking M (by use of the Alexander Addition 
Theorem as these arcs are successively added to @). Then any component 
of ¢— M-t may be assumed to be an arc without both end-points. Since 
only a finite number of such ares can be of diameter greater than d/2, 
not more than a finite number of them meet K”—!. Denote those that 
do meet K”! by ¢,, ts, ---, &, and those that do not meet K"' by 
tey1,+++. Let M= M+ 5 te Obviously F”—? does not link M’, and 

aff 
M’ is a Jordan continuum. 

Consider M’+¢,. As I” does not link M’ and does not link any 
simple closed curve of M’+4,, it cannot, by Theorem 1, link M’+4. 
Similarly 7’"~? does not link M’+¢,+%, and continuing in this way we 


k 

finally have that ©”? does not link M+t (= M’+ > ti), thus contra- 
i=1 

dicting the hypothesis. 





°J. W. Alexander, A proof and extension of the Jordan-Browwer separation theorem, 
Trans. Amer. Math. Soc., vol. 23 (1922), pp. 333-349, Theorem 7". 
‘J. W. Alexander, loc. cit., Corollary W*. 
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The following corollary now follows easily from Theorem 2: 

CoroLLaRY 1. Let M be a point set consisting of k (finite) arcs a; and 
r a cycle of Ex—M. Then if I~ links M, it links a simple closed 
curve of M. 

TuEorEM 3. Let M be a Jordan continuum and I~ an (n—2)-cycle 
linking M. Then I'"~-* links a simple closed curve of M. 

Proof. Let d denote the distance e(M,I"~*). Since M is uniformly 
locally connected,® there exists a positive number d<d/4 such that if 
Pand Q are points of M whose distance apart is <d, then P and Q are 
the end-points of an arc of M whose diameter is less than d/4. Let 7 
denote a subdivision of EZ, into simplexes of diameter < 4/4, and denote 
by Q that complex which consists of all n-simplexes of 7’ which meet //. 
Obviously I"? C E, —QC E,— M and I” links Q. By a theorem of 
Pontrjagin® there exists in Q a 1-cycle I‘ which is linked by F'"~-*?. We 
may assume J" irreducible, and adopting a sense on it, order its cells in 
a sequence f, ¢,,---, & according to this sense. Denote the vertices of 
t; by Pj and Py, (subscripts reduced modulo k-+1) where P; precedes 
Pj; in the above sense. 

Consider any cell ¢;; it belongs to some n-simplex S; of Q, and S; con- 
tains a point P; of M. A pair of points P;, Pi41 evidently satisfies the 
relation e(P;, Pit1)<d, so that there is an are a; of M with end-points P; 


kh 
and Pi; such that the diameter of a; is less than d/4. Let K = 2: 


There exists a continuous transformation f of I’ into K defined as 
follows: For every 7, P; = f(Pi) and a; = f(ti), where the transformation 
of an individual ¢; into a; is topological. This transformation, K = /(Z”), 
may be taken as the basis for a rectilinear deformation 4 of I’ into K.'° 
It.is readily seen that A is a d-deformation and that during the course of 
the deformation 7! does not meet I'”-*. 

By a theorem of Pontrjagin™ the cycle 7—? which links 7’ must also 
link K, and by Corollary 1 it follows that 7”~* links a simple closed curve 
of K. As KCM the theorem is thereby proved. 

We may now state the following corollary, which follows from Theorem 1 
and the Alexander Addition Theorem: 








°Cf. H. Hahn, Mengentheoretische Charakterisierung der stetigen Kurve, Wien. Akad. 
Sitz., vol. 128 (1914), Abt. IIa, pp. 2433-2489. 

*L. Pontrjagin, Zum Alexanderschen Dualititssatz, Gott. Nach., Math.-Phys. K1., 1927, 
pp. 315-322, Satz I. 

‘0. e., by the stipulation that the function F(P, z) (PC M, 0 < x < 1) defining 4 carries P 
along the straight line joining P and f(P) in such a way that e[P, F(P, x)]/e[P, f(P)] = «. 

"Loe. cit., Satz IV. 
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CoroLuary 2. If M,, My,---, Me (hk finite) are Jordan continua such 
that for i>1 the set M;-(M,+M,+ ---+M-1) is either vacuous or 
k 
connected, and I'"—* is a cycle which links the set >) Mi, then I links 
i=1 
a simple closed curve which is contained wholly in one of the sets Mj. 
The following is an extensive generalization of Corollary 1: 
CoroLuary 3. Let M,, Me, ---, My (k finite) be Jordan continua and 


kk k 
I @ cycle which links >) Mi. Then there exists in >) Mj a simple closed 
i= i=1 
curve linked by I, ‘ 
Proof. The components of the set > M; form a finite set of Jordan 


i=1 
continua N,, N2,---, Nn (kh < k), such that Nj-N; = 0 (+7). The 
conclusion follows from Corollary 2. 

As another corollary of Theorem 3 (and the Alexander Duality Theorem) 
we can state the following characterization of a simple closed curve: 

CoROLLARY 4. A necessary and sufficient condition that a Jordan con- 
tinuum be a simple closed curve is that it be irreducibly linked by an 
(n — 2)-cycle. 

From Corollary 4 we can obtain the following interesting result: Sup- 
pose K is a locally connected, compact closed point set of dimension 1, 
such that the Brouwer number’ 4'(K)>0, and such that if F is any 
proper closed subset of K then #'(F) = 0. By the Menger imbedding 
theorem K can be imbedded in E;. By the duality theorem for closed 
sets’* there exists a cycle 1! which links K, and since the first Brouwer 
number of every proper closed subset of K is zero, I‘ links K irreducibly. 
From the Alexander Addition Theorem it is obvious that K is connected 
and therefore a Jordan continuum, and by Corollary 4 is a simple closed 
curve. Thus, 

CoroLuary 5. Every locally connected compact closed point set of dimension 
one whose first Browwer number is positive and whose proper closed subsets 
have first Brouwer numbers zero is a simple closed curve. 

In particular, then, every closed cantorian manifold * of dimension 1 which 
is locally connected must be regularly closed‘* and, moreover, is a simple 
closed curve. 





"For the definition of Brouwer number see Brouwer, Math. Ann., vol. 72 (1912), 
pp. 422-425 and L. Vietoris, Math. Ann., vol. 97 (1927), pp. 454-472. 

Cf. F. Frankl, Wien. Akad. der Wiss., Math.-Naturw. KI. Sitz., Abt. Ila, vol. 136 
(1927), pp. 689-699; P. Alexandroff, Annals of Math., vol. 30 (1928), pp. 101-187; S. Lef- 
schetz, Annals of Math., vol. 29 (1928), pp. 232-254; and earlier papers referred to in the 
last two citations. 

See P. Alexandroff, loc. cit., p. 176. 
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We have, finally, the following obvious corollary of Theorem 3: 

CoroLLary 6. If M is an acyclic Jordan continuum,’ then every (n—2)- 
cycle of E,n— M bounds in the complement of M. 

Before proceeding to the case of several independent (m — 2)-cycles 
linking a Jordan continuum, we inquire as to the nature of the set of all 
simple closed curves (of a Jordan continuum) which an (nm — 2)-cycle links. 
To be more specific, if Z represents the set of all points that lie on such 
simple closed curves, what is the relation of Z to the Jordan continuum? 
We shall see that Z has a very simple structure,—is, indeed, the sum of 
a finite number of Jordan continua each of which consists of a finite set 
of true cyclic elements of M. 

In the plane, R. L. Moore has settled a special case of this problem, 
having shown’® that if P is a point complementary to a Jordan con- 
tinuum M in E;, the set of points on all simple closed curves of M that 
enclose P is the sum of a finite number of Jordan continua. Our proof 
for the general case is much simpler than that of Moore for the special 
case, due partially to the fact that we are able to take advantage of the 
cyclic element theory of Whyburn which has been developed in the past 
few years,'” 

LEMMA. Let J be a simple closed curve and t an are which has only its 
end-points, A and B, in common with J. Let J, and Jz denote the arcs 
into which A and B divide J. Then, if a cycle ["-* links J, and 
r*.¢ = 0, the cycle '—* links either t+ J, or t+. 

Proof. Tf r™-* links t+, the conclusion of the theorem follows. 
Suppose ™-? does not link +4. Now F”~? links (¢+ Jj) +J2 = t+ J, 
since it links J. Then by Theorem 1, F”~* links every simple closed 
curve of J+¢ that contains J; in particular, then, it links ¢+ Je. 

THrorEM 4, Let M be a Jordan continuum, and I~ a cycle of E,—M. 
Then, if I'"-* links a simple closed curve J of M, the set of points which 
he on all simple closed curves of M which I"~* links contains the cyclic 
element of M which J determines. 

Proof. Let C denote the cyclic element of M determined by J. Let 
« denote any point of C not on J. Then there is an are? in C which 
contains x and has its end-points, A and B, and only these, on J."° If 





'°A Jordan continuum is called acyclic if it contains no simple closed curve. 

‘Concerning paths that do not separate a given continuous curve, Proc. Nat. Acad. Sci., 
vol. 12 (1926), pp. 745-753, Theorems 7 and 8. 

For an interesting exposition of this theory, see C. Kuratowski and G. T. Whyburn, 
Sur les éléments cycliques et leurs applications, Fund. Math., vol. 16 (1930), pp. 305-331. 

'S Cf. W. L. Ayres, Concerning continuous curves in metric space, Amer. Jour. Math., 


vol. 51 (1929), pp. 577-594. 
30 
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CoroLuary 2. If M,, Me,---, Mx (k finite) are Jordan continua such 
that for i>1 the set Mi-(M,+M.+ --- +Mi-1) is either vacuous or 


k 
connected, and I'"—* is a cycle which links the set > Mi, then I" links 
i=1 


a simple closed curve which is contained wholly in one of the sets Mj. 
The following is an extensive generalization of Corollary 1: 
CoroLuaRy 3. Let M,, Is --+, My (k finite) be Jordan continua and 


k 
I" a cycle which links > M;. Then there exists in >) M; a simple closed 
i=1 


i=1 
curve linked by I", 
Proof. The components of the set =m form a finite set of Jordan 


continua N,, N2,---, Nn (hk < kh), such that N;- Nj; = 0 (i +7). The 
conclusion follows from Corollary 2. 

As another corollary of Theorem 3 (and the Alexander Duality Theorem) 
we can state the following characterization of a simple closed curve: 

CoROLLARY 4. A necessary and sufficient condition that a Jordan con- 
tinuum be a simple closed curve is that it be irreducibly linked by an 
(n — 2)-cycle. 

From Corollary 4 we can obtain the following interesting result: Sup- 
pose K is a locally connected, compact closed point set of dimension 1, 
such that the Brouwer number’ £'(K)>0, and such that if F is any 
proper closed subset of K then #'(F) = 0. By the Menger imbedding 
theorem K can be imbedded in #;. By the duality theorem for closed 
sets’* there exists a cycle I’! which links K, and since the first Brouwer 
number of every proper closed subset of K is zero, J‘ links K irreducibly. 
From the Alexander Addition Theorem it is obvious that K is connected 
and therefore a Jordan continuum, and by Corollary 4 is a simple closed 
curve. Thus, 

CoroLuary 5. Every locally connected compact closed point set of dimension 
one whose first Browwer number is positive and whose proper closed subsets 
have first Brouwer numbers zero is a simple closed curve. 

In particular, then, every closed cantorian manifold" of dimension 1 which 
is locally connected must be regularly closed'* and, moreover, is a simple 
closed curve. 





“For the definition of Browwer number see Brouwer, Math. Ann., vol. 72 (1912), 
pp. 422-425 and L. Vietoris, Math. Ann., vol. 97 (1927), pp. 454-472. 

Cf. F. Frankl, Wien. Akad. der Wiss., Math.-Naturw. Kl. Sitz., Abt. Ila, vol. 136 
(1927), pp. 689-699; P. Alexandroff, Annals of Math., vol. 30 (1928), pp. 101-187; 8S. Lef- 
schetz, Annals of Math., vol. 29 (1928), pp. 232-254; and earlier papers referred to in the 
last two citations. 

“See P. Alexandroff, loc. cit., p. 176. 
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We have, finally, the following obvious corollary of Theorem 3: 

CoroLLaRY 6. Lf M 2s an acyclic Jordan continuum," then every (n—2)- 
cycle of En—M bounds in the complement of M. 

Before proceeding to the case of several independent (nm — 2)-cycles 
linking a Jordan continuum, we inquire as to the nature of the set of all 
simple closed curves (of a Jordan continuum) which an (nm — 2)-cycle links. 
To be more specific, if Z represents the set of all points that lie on such 
simple closed curves, what is the relation of Z to the Jordan continuum? 
We shall see that Z has a very simple structure,—is, indeed, the sum of 
a finite number of Jordan continua each of which consists of a finite set 
of true cyclic elements of M. 

In the plane, R. L. Moore has settled a special case of this problem, 
having shown’® that if P is a point complementary to a Jordan con- 
tinuum M in E;, the set of points on all simple closed curves of M that 
enclose P is the sum of a finite number of Jordan continua. Our proof 
for the general case is much simpler than that of Moore for the special 
ease, due partially to the fact that we are able to take advantage of the 
cyclic element theory of Whyburn which has been developed in the past 
few years,” 

Lemma. Let J be a simple closed curve and t an arc which has only its 
end-points, A and B, in common with J. Let J, and Jz denote the arcs 
into which A and B divide J. Then, if a cycle [™~* links J, and 
rm*.t = 0, the cycle ['™-* links either t+ J, or t+dh. 

Proof. If ™-* links t+, the conclusion of the theorem follows. 
Suppose 7-2 does not link ¢+J,. Now - links ({+ J,)+J2 =t+J, 
since it links J. Then by Theorem 1, 7”~* links every simple closed 
curve of J+-¢ that contains Jz; in particular, then, it links ¢+ J. 

THEOREM 4, Let M be a Jordan continuum, and I'™-? a cycle of En—M. 
Then, if I~? links a simple closed curve J of M, the set of points which 
le on all simple closed curves of M which I~? links contains the cyclic 
element of M which J determines. 

Proof. Let C denote the cyclic element of M determined by J. Let 
x denote any point of C not on J. Then there is an arc ?¢ in C which 
contains x and has its end-points, A and B, and only these, on J" B® 


'°A Jordan continuum is called acyclic if it contains no ‘simple closed curve. 

© Concerning paths that do not separate a given continuous curve, Proc. Nat. Acad. Sci., 
Vol. 12 (1926), pp. 745-753, Theorems 7 and 8. 

For an interesting exposition of this theory, see C. Kuratowski and G. T. Whyburn, 
Sur les éléments cycliques et leurs applications, Fund. Math., vol. 16 (1930), pp. 305-331. 

'S Cf. W. L. Ayres, Concerning continuous curves in metric space, Amer. Jour. Math., 


vol. 51 (1929), pp. 577-594. 
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J, and Je denote the ares into which A and B divide J, it follows from 
the Lemma that '”~? links either t+ J, or ¢+Js, and in either case x 
is on a simple closed curve of M that ”~? links. 

An interesting corollary of this theorem is: 

CoroLLary 7. If M is a cyclicly connected’® Jordan continuum which 
is linked by a cycle I'"~*, then every point of M is on some simple closed 
curve of M that I~ links. 

THEOREM 5. Let M be a Jordan continuum linked by a cycle I'"~*, Then, 
if K denotes the set of all points that le on simple closed curves of M that 
are linked by I'”~*, the set K is the sum of a finite number of Jordan con- 
tinua each of which consists of a finite set of true cyclic elements of M. 

Proof. By Theorem 4, if J is a simple closed curve of M linked by 
r-*, then the cyclic element of M determined by J lies in K. Conversely, 
if ©”? links a cyclic element C of M, then all points of C lie on simple 
closed curves of C that are linked by F”~-? (Corollary 7). 

Suppose there exists an infinite sequence of distinct cyclic elements of MV, 
viz., C,, Cz, Cs,--+, such that for every 7, C; is linked by ©”~*. In each 
C; there is a simple closed curve J; linked by I”, by Theorem 3. No 
two curves J; have more than one point in common (since no two cyclic 
elements have more than one point in common). But lim 6(C;) = 0, and 

io . 


this is incompatible with the fact that e(”-?, M) is positive. Hence I”? 
can link only a finite number of the cyclic elements of M, and the theorem 
is established. 

Relative to the linking of a Jordan continuum by more than one (n—2)- 
cycle we now state the following theorem: 

THEOREM 6. Let M be a Jordan continuum and Tj” (i = 1, 2,---,1) 
be independent cycles of En—M (as regards homologies mod 2, m or zero). 
Then there exists on M a (non-singular) linear graph K among whose irre- 
ducible cycles r link the Is. More precisely, if y}(j = 1, 2,---, 8) are the 
érreducible cycles of K, the matrix of looping coefficients 


|| Le (7, rp)|| (¢ = 1,2,---, 7; j =1,2,--+)8) 
is of rank r.*° 
Proof. Let d = @ (ac Det “ae and let 0 be such that two points of 
i=1 


M a distance apart less than 6 are joined by an arc of UV of diameter < d/8. 
As in the proof of Theorem 3 we assume a subdivision of EZ, into simplexes 





"I. e., every two points of M lie on a simple closed curve of M. 


** See S. Lefschetz, Topology, p. 206. With him we designate by Le(I’;, I’) the looping 
coefficient of 7’ and I”. 
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of diameter <0/4, and define Q as before. By a theorem of Pontrjagin* 
there exists in the 1-dimensional basis of Q a set of cycles Cn re 
such that the matrix 

|Lep, *) || (7,7 = 1, 2,---, 7) 
is of rank r. 

The set of cycles 9} form a polygonal graph K,. In what follows we 
shall denote vertices of K, by a; and corresponding points in M by Jj; 
thus, }; is a point of M in the same n-simplex of Q as aj. We now 
proceed to define a deformation A of K, into the required graph K. 

Let a, and a, be vertices of a 1-cell C, of K,. Then DB, and db, are 
end-points of an are ¢, of M of diameter <d/8 and into which C, may 
be d/4-deformed. Let Cy be a 1-cell of A, with vertices a, and as, and 
ty a corresponding are of M joining b, and bs. On ¢ let c be the last 
point of ¢,.°%% Then b,c, of ¢, together with c, bs of # forms an are ¢, 
of M from b, to bs into which C,; may be d/4-deformed. If there is a 
third cell C; of K, with a, as one of its vertices, let the other vertex 
be a4, ts be the corresponding arc in M from }, to by, c be the last 
point of 4, +¢, on ¢, and suppose c, on ¢ for instance. Then b,c of 
ty together with cb, of #% is an are ¢; of M into which Cy; may be 
d/4-deformed. 

Having dealt with all 1-cells of K, that have a, as a vertex we have 
a set of ares 4, &,---, t of M which form a non-singular graph Ky, 
with vertices bj, be, «++, byti, C1, Co, +++, Cy—1. Denote the 1-cells of 
Ky by li. Let Cy4y sie a 1-cell of K, with a, as a vertex, and denote 
its other vertex by aie. We get 4: from be to by42 in M as usual, 
and if Ky and ¢,4; form a non-singular linear graph we may proceed to 
the next step. If not, we first proceed as follows: Let the last point 
of t41 on Ky be cy, and suppose cy is on ij, (if a vertex of Ky, cy may 
also be on another 7;, but this is immaterial). Let c+: be the first point 
of 4; on t4i1, and replace cy cyi1 of 41 by cy crt: of Ui, We then 
consider bs ¢y41 Of 41; if ¢41 is a limit point on this arc of points of 
Ky ty41, then infinitely many of these points belong, say, to Ui, (¢: + %), 
and we let cy42 be the first point of J;, on bs c+: and replace ¢y+41 Cr+2 of 
b+ by Criscrte of Ui,. If cr41 is not. such a limit point, we let cy+2 be 
the last point of K. on be Cy4i > Of ty41, and let +s be the first point 
of U, (where U;,Dcy42) on by cy41, then replacing c42¢r4s of t+ by 
r+ecv+3 Of i. The process is continued in this way, and after the 





1 Loc. cit., Satz II. 
*2 In all cases hereafter we shall let the order on an are be from the vertex of smaller 


subscript to that of higher subscript. If a and b are points of an are ¢, we denote that 


portion of ¢ from a to b by “ab of t”. 
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replacements are completed we obtain a new arc ¢,41 into which ¢,; may 
be d/4-deformed; then the i-cell C41 of K, may be d/2-deformed into 
tyi1, and the sum of the arcs 4, f,---, t+: forms a non-singular linear 
graph Ks. 

We proceed as indicated in the preceding paragraph through the remainder 
of the 1-cells of K,, obtaining finally a non-singular linear graph K on VM 
into which K; may be continuously d/2-deformed. Call such a deformation A. 

Consider now any two cycles 7’? and Gj: The cycle G3 undergoes a 
transformation induced by the deformation A into a cycle hj on K; denote 
the path of the deformation by® D g;, and let C* be any complex bounded 
by gj» Then Le(I?, gj) = (rr-*.C*), We have 


J 


E,— Tp? DDG rh} —G- 


Also, since Dg; does not meet ret ee 9}) == 0. Hence, denoting 
C?+Dg} by Cr, (Ci >hj), 


Le(ti*, i) = (i Ct) = (PC) +P. Dg) 
= (If ”.C’) = Le(I7’, gj). 
Consequently, 
(1) || Le (hj, T7*)|| = || Le(gj, 7). 


Now hj is homologous on K to a linear combination of the y’s, the 
irreducible cycles of K, and if (y,); represents this linear combination, 
we have 


(2) Ley), 77) || = ||Le@, 7”) |). 


a 


From (1) and (2) we see that the rank of the matrix || Lc((y,),, 7 mm) | 


t 
is r. But the matrix || Le(y,, ei, after being subjected to suitable 
elementary transformations, contains the former matrix and is therefore 
itself of rank r, thus proving the theorem. 


Appendix. 


Professor Lefschetz has suggested a briefer method of proof for Theo- 
rems 3 and 6. We here reproduce the proof of Theorem 3 essentially in 
his words. Theorem 6 is proved in a similar manner, except that in place 
of a single cycle we have several and the matrix property of the statement 
replaces the linking property of the single cycle. 





3 Cf. Lefschetz, loc. cit., pp. 76 ff. 
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By known duality theorems (see footnote in connection with Corollary 4), 
r*-? Jinks a polygonal I'* whose vertices are on M and whose cells are 
of diameter <¢ assigned. The cells of F' make up a linear graph K;,- 
Since Vis uniformly locally connected, given an arbitrary d we can choose 
e such that any two points of M not more than « apart can be joined by 
an arc of M of diameter <d. Applying this to the endpoints of the 
segments of T* we replace any segment by an arc on M, the passage from 
one to the other being obtainable by a 2 d-deformation in E,. In particular, 
if t;,---, ¢ are the new arcs and if M’ = > t;, K, is thus 2 6-deformed 
into a cycle 77 CM’. 

Let us call for the present the intersection &-¢; regular if it consists 
of a finite number of points and arcs. 

Writing M‘ = t,+---+4, let 7 be the least index such that M‘ includes 
pairs of arcs intersecting irregularly. In other words every ¢;- t(j, k< 1) 
is regular and at least one t-t, h<i, is not. We shall assume that 
h is the least index for which ¢,- ¢; is irregular. There is a least arc 4 = «8 
on ¢; such that AC t-t. If we replace 4 of ¢; by the are of ¢, whose end- 
points are a@, 8 we obtain a new ¢; such that ¢- ¢, is regular. The resulting 
modification in Tj may be obtained by means of a 2 d-deformation in Ey. 
We treat in a similar manner the other irregular intersections tt, h<k<7, 
if any are present, until finally we have a new ¢; intersecting all its pre- 
decessors regularly, so that the new M‘ is a graph and also a subset of 
the former M‘, and ZY has been deformed into a subcycle of the graph. 
If the are ¢ of the graph is of diameter >0, we subdivide it, and 77 
accordingly. The new M will behave as its predecessor and have all its 
ares of diameter <d. We now replace M‘+' by the arc é4: plus the new 
M* and repeat our reasoning, etc. Ultimately, after a finite number of 
steps we shall have a new M’ subset of the former which is a graph Ky 
and Fy will have been reduced to a subcycle J; of Kt by successive sub- 
divisions and 2 d-deformations in Ey. 

The successive 2 6-deformations may be chosen rectilinear in Z,, and 
hence the paths of the points during deformations will all lie within 
a distance 20 of M. Therefore choosing 6<}d (where d is defined as 
in the proof of Theorem 3 above), the deformations will all take place in 
E,—I"~*, and since their product is a continuous deformation of K,; we 
have I,~ Ty‘ in E,—I-*, It follows that Zy links [™~*. Since Ty" is 
a linear combination of the cycles of K; which coincide with its single 
circuits, 7"-2 links a cycle of the latter type. This proves Theorem 3. 


University oF MICHIGAN. 
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DIOPHANTINE EQUATIONS FROM ALGEBRAIC 
INVARIANTS AND COVARIANTS.! 


By E. T. Bett. 


1. Few Diophantine equations of degree higher than the second in more 
than two indeterminates have been completely solved in integers, As 
remarked by Dickson,? “It is not safe, without re-examination, to place 
confidence in any claim that a homogeneous equation has been completely 
solved in integers.” To facilitate such re-examination for the equations 
discussed in this paper I have given the analysis in full, with references 
in square brackets to preceding results from which any important step 
follows. A reference like [2, 17] is to statements (2), (17) of the section 
in which the step occurs; if it is necessary to refer to preceding sections, 
this is indicated by [3. 2, 1.17], which cites § 3 (2) and § 1 (17). 

As an example of the method described in § 2, I give the complete 
solution in integers a, b, c, d of the equation 


(1) (9ad — bc)?— 4(b?— 8ac) (c?--3bd) = 0. 
From this the complete solution of 
(ad — bc)?— 4(b?— ac) (?— bd) = 0 


can easily be obtained if desired. See also $7. The solution of (1) is 
summarized in § 6; it is expressed in terms of polynomials of degree 11 
in 9 parameters which take only integer values; the coefficients in the 
polynomials are integers. This is in accordance with Dickson’s (loc. cit., 
p. 318) “desirable form for the integral solutions of any homogeneous 
equation, viz., expressibility by one or more sets of formulas involving 
only integral parameters”. 

To solve (1) completely, we need the complete solutions of 6 subsidiary 
equations in § 4. The footnote to §4 (5) may lead to something new and 
interesting. 

In work of this kind it is a great advantage to have an independent 
derivation of the critical formulas by another worker. Professor Morgan 
Ward has kindly done this for me. To his vigilance I owe whatever 
confidence I have that fallacies have been avoided and that the final 
solutions are indeed complete. 





‘Received October 6, 1932. 


*L. E. Dickson, Fallacies and Misconceptions in Diophantine Analysis, Bull. Amer. Math. 
Soc., vol. 27 (1921), pp. 312-319. 
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2. In geometric terms, (1) is the equation of the general developable 
(rational) surface of degree 4. We shall consider the parametric represen- 
tation of this surface as an instance of what follows. 

A general quantic is one whose coefficients are constant multiples of 
independent variables. A necessary and sufficient condition that a general 
binary quantic have a repeated factor is the vanishing of the discriminant. 
Expressing the condition directly in terms of the roots and coefficients of 
the quantic, we get a parametric representation of the locus represented 
by equating the discriminant to zero. The gist of the application to 
Diophantine analysis is in what immediately follows. 

Each set of values of the parameters gives one and only one point on 
the locus. Conversely, (it can be shown that) to each point on the locus 
corresponds at least one set of values of the parameters. 

Hence, all integer points (= all points all of whose codrdinates are 
integers) on the locus are known when all sets of values (rational and 
irrational) of the parameters have been found which give integer points. 

Similarly, the conditions, necessary and sufficient, that a general quantic 
of given order and degree be a product of linear factors, or that it have 
a quadratic factor, etc., are expressed by the identical vanishing of certain 
covariants. The conditions are thus equivalent to a set of equations in 
the coefficients of the quantic. For example, the conditions that the 
general ternary cubic be completely factorable reduce to 5 (and no fewer) 
homogeneous equations of degree 4 in the 10 coefficients. Proceeding in 
any instance as just sketched for discriminants, we write down parametric 
equations for the corresponding loci by expressing the given condition 
(complete factorability, etc.) directly, using undetermined coefficients. 

It may be obvious that the necessary converse always holds, namely, 
that to each point on the locus corresponds at least one set of values 
of the parameters, but for safety I have verified in each application of 
the method that the relevant equations actually have a solution. Equally 
trivial misapplications of geometric intuition have led to false conclusions.® 
Looked at more closely, the general assertion that the parametric equations 
obtained by the particular device described above always have at least 
one solution for an assigned point on the locus does not seem self-evident. 
Ultimately the question is one in modular systems, and a general proof 
would be of interest if the converse is universally true; otherwise, a 
general statement of the conditions under which the converse holds would 
be of value. 

If the quantic be written without multinomial coefficients, the foregoing 


Met, 
3 For example, in reference to the ternary cubic, the fallacious reasoning in Salmon’s 


Higher Plane Curves, Art. 197, leads to an erroneous result. 
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leads to parametric representations by polynomials in the parameters with 
integer coefficients. Thus it is shown at least that the Diophantine system 
whose equations are those of the locus has an infinity of non-trivial 
integer solutions. 

Once the complete solution has been obtained for a system arising from 
a quantic written without multinomial coefficients, it is a straightforward 
exercise in congruences to get the complete solution for the corresponding 
system derived in the same way from the quantic with multinomial 
coefficients. Thus the solution of § 1 (1) leads at once to that of 


(ad — bc)?— (b?— ac) (c?— bd) = 0. 


As the result is rather long and detailed, it is not reproduced. 

3. The complete solution of the equation § 1 (1) is obtainable, quite 
remarkably, by repeated applications of the following facts (1) — (8) con- 
cerning arithmetical divisibility and the G.C. D. 

The symbols «|y, (x,y), (x|y)’ are defined only when z, y are integers 
and «y+0: x|y means “zx divides y’”’, and hence, if x, y, 2 are integers, 
and xyz+0, the statements x|y, y = xz are equivalent; (x|y)’ is the 
negation’ of x|y; (x, y) denotes the G.C.D. of x and y. 

The letters x, y, 2, w in (1) —(8) denote integers + 0. 


(1) If (xy, ew) = 1, then 1 = (a, 2) = (x, w) = (y, 2) = y, w). 

(2) If x|yz, and (x, y) = 1, then x|z. 

(3) If (a, y) = w, thnx = xawy=—nw, (Mm, "”) = 1. 

(4) If (xw, yw) = 1, then (x, y) = |w| = 1. 

(5) If p is prime, 1 = (p, xy-+-) is equivalent to 1 = (p,x) = (p,y)=-::- 
(6) If xy|zw, and 1 = (a, z) = (y, w), then x|w and y|z. 

(7) If «x = y+z, and w\x, wy, then wz. 

(8)¢ = yt+z, w|ax, (w|y)’, w|z are incompatible. 

4. In this section all letters in formulas denote integers +0. Hence, in 
this section, complete solution means complete solution in integers +0. It 
will be seen in § 5 that the critical step in the solution of the equation 
(1) of § 1 is that the complete solution of xyz*= uvw* is 

z= aa,8, gi, u = aa, 8,95, 
y = baby, v ba, 8, YW, 
2= cheGet,, w= chin, 


| 





‘The customary sign for (x|y)' is not carried by the printer. 
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where the 11 integer parameters a,b,c, 1, a2, Bi, Bs, 91, 2, Wi, We are 
subject to either of the equivalent sets of conditions 


a= (x, u), b= (y, v), , == (z, w); 


1 = (a, A: #1, as Bz 2) — (a, By We, a, 8, W,) = (B: Wi, Be Ps We). 


Professor Ward has given a much shorter proof of this than the chain 
process followed here, but as each link of the chain gives the complete 
solution of an equation occurring frequently in applications of § 2, the 
longer proof is presented. 

(2) The complete solution of 

xy = uv 
18 


c=d09, y=py, u=dy, v—=pg; (¢,y)=—1. 


Proof {§ 3]. 
Zu = 6; 2£=4%, w= dm; (H,m) = 1. 
Ly = mv: X|v, uly; y= "th, v= 14%. 


AWN = mU%; yy —: & = 
Oi, iy Mi, my > 9, p, 9, W. 


The arrow indicates a change in notation. 
(3) The complete solution of 


xy = u* 


c=d9, y= ov, u= dey; (9, y~) =1. 
Proof [2|. Take v = wu in (2), and apply (2) to the resulting (2): 


u= OY = 1g; 
§= 49, PH mn, = Ah, 9 =— MA; (i, M1) = 1. 
c= d9 = Omg, y= oP= Amy; u= AMA: 


Here 0,, ~, occur only in the combination 6,4,. Hence 4, can be 
replaced by a single letter. 
Oi /1, ~i1, Ws > 6, y, YW. 
(4) The complete solution of 
xy = uv 
is 
x= apo*, y = byt’, “u= 7a, v = gor; 
1 = (y, Ao) = (G, 2). 
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Proof (2, 3). 

a=dy, y=pry, u=dy, =e, (, Y) = 1; 

v = 16x, p= 16, gy = Ax’, (0,x%) = 1; 
6,4,%,W,07a,8,o,y,T. 
(5) The complete solution’ of 
zy? = uv® 
is 

xa=A’, y=vd, uw =107, v=vyz; (0,x%) = 1. 

Proof [3.6]. 


2= An, U= an, (a, m4) = 1; 
y = by, v = bu, (yi, %1) = 1. 
i, ial al 
x,y = 0,03; 


x,|?, glu, uly, vile; 
a=jv, u4= jy, lyl = 1; 
x= jar, u=jay, y= by,, v = by,. 
ja, b, yy, >A, v, 0, x. 


(6) The complete solution of the system 


L,Y, = ur, LY, = UvZ 
is 
x, = nile’, Sy == rl Fx*, 
y. = mnéz’, Ye = mrCe’*, 
vu = nOxX, Vg = re, 
u = Imé&C; 


1 = (n6, m&) = (ra, mo) = (6, x) = (a, «) = €&, ©). 
Proof [4,2]. 


2 2 
xX, = a, 8, 04, Xa = ay By 02, 

2 2 
a = Ay7171, 2 = Bs¥2T2, 
uU= 1%, U = 2%, 


Y= Bt, Vg = fy OTs; 

*The most obvious method of attacking this equation-is an application of (3), (4), oF 
of (2), (3), similar to the solution of (4). But this, as can be easily verified, will not 
lead to a solution, since one equation to be solved reappears (in new variables) at two 
steps. Possibly there is the germ of an interesting invariance here. In a paper on Reciprocal 
Arrays and Diophantine Analysis, to be printed in the American Journal of Mathematics, 
I give a uniform method for all such equations in which this curious invariance can not 
occur. The reappearance of the original equation is like that in the method of descent. 
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1 = (71, 81%) = (72, Bee) = (6%, %1) = (0, T). 
n=s9, 1 =—PY, n= bY, a — py; (9, ~) = 1. 
#, 9, Br, Be, 1, U1, %, M2, 9, Y, 

—>l,m,n, 7, 0,%, @, €, &, ¢. 


We now prove (1) of this section. Apply (2) to xyz? =uvw*®. Then 


ry=d9, 2&=—py, w=dy, w=—pg; (9, ¥) = 1. 
Hence [2,3], 


z= O91, 2= 40%, u = dG, w= €202 Ce, 
y=m, w= 44, V == Mer, fe = F203, 
d= i, y = 4 Ci, 6 = 6: Yr, yp = & bs; 
7 = Pivir Y = Mee, 


1 => (V1, YW) one (Ye, We) —_ (e1, i) = (es, ts). 


Here apply (2) to the values of 0, (4) to those of g, w, and (5) to 
those of w. Then 
j, = 03 9s, et lige a, B, o1, a. eons Axi; bs = at By 3 , 
VY, = Ms Ws, 1 = Artis 01 V,9;, 2 = B272T2, 


0, = ds Ws, €&g = 71%, & = A, 61, &; = 72%, 
Ws = Mg Ps, fC. = Ait, 0s = x1; C, = Be GT; 
1 — (vi, 8; 9;) — (oi, Ti) (z _ 5. 2), 


1 = (9s, Ws) sc (1, Mi). 
Apply (6) to the values of &, é: 

¥2% = Ay xi, my = Ay 03; 
A= ty Bs Ws 3, i ™ 14 Bu 94%, 
y= Bs 54 9473, a, = By, Wat, 
6, = As %Ts, Xi = AU, 

4 = D4 a Ps Ws; 
1 = (Bs 03, Og p4) = (By 04, Og Wy) = (63, 73) = (64, 1) = (Ga, Yu). 





By substituting back we get the complete solution required. The re- 
sulting form can be greatly simplified, as we shall see in a moment, but 
as the unreduced form will be required in another application of § 2 
(to the discriminant of a ternary quadratic) which will be considered else- 


Where, we give the crude solution. : ae | 
eh > 
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(7) The complete solution (unreduced) of 


cye? = uvw* 
is 
x = 9s M4 93 Ws By Bs (93 11), 
Y = 94 Ms Ps Ws B: Bs (% Ts)’, 
z = 04 My Pa Ws Be Bg Se Og Ty Tz My (By % 74)”, 
U = Os Ms Ps Ws Be By (% Te)”, 


v = 04 Ms Ps Ws Bo By (0, T,)*, 
w = 04 Mg Ps We Bi Bg % Oy Ty, Te 4 (Bs Gs Ts)*, 


where the 21 integer parameters are subject to the conditions 


1 = (B, Bs 0% 03 T Tz, Be By Gg Oy Tz T,) = (B, 01, Bg Os) = (By Og, By %), 


= (By 6, %, % By Opty) = (By Oy Te, % By Oy Ts) = (Bs 03 Tz, By % 1%), 

= (B; Bs 03 T1, Ms Ws) = (Be By O% Te, Ms Ys), 

= (Gs, Ws) = (0;, ti) (¢ = 1,---, 4); 
1 = | 0g Mg Gs Ws | [1-4]. 


Two processes of reduction, absorption of units, and cancellation of 
G.C.D.’s, used in all chain solutions, are now applied. 

The units 04, #4, 94, YW, are absorbed by regrouping the factors in 
x,+++,w. Here the appropriate pairs are 


Ha, 933 Ws, P33 Os, Ms} Ps, Ws; D4 Ma Pa Wa, M1- 


Hence 04, 44, 9s, YW, may be suppressed in the solution x, ---, w. 

The second reduction can be applied at any link of the chain. If the 
shortest solution is sought, the reduction is made at the beginning. This 
sacrifices at least one of the complete solutions obtained incidentally in 
the entire chain, if the chain has more than two links. If instead of 
solving xyz*> = uvw*, we start with 

XYZ? = UVW*, 
(4,0) =6, X=ez, U= eu, 
(Y,V)=b, Y=by, V = be, 
(Z,W)=c, Z=cz, W= cw, 
we get 
cyz? = uvw*®; 1=(a4,u) = (y, v) = (, w). 


The last 3 conditions applied to the unreduced x, ---, w in (7), with the 
units suppressed by the first reduction, give 


1= | Os | = | us| = | Bs Be 1 %y Oy Ts TI. 
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These new units can be absorbed: 


Lys; U;, Ms; Y, 93; v, Os; 
9s, Os fs Bs Aa; Ws, Os ts Bs By; Bi, Ba; Bz, Bs; 


G2, 93; Gy, % > Ty, My Ty; Te, Vy Tz; 


hence they may be suppressed in (7). The reduced conditions (a, «) = 1, ete., 
and those in (7) are now compared. The set from (7) contains 


1 = (4, %) = (6%, t%) 
as the only conditions not included in the second set which is 
1 = (93 Bi 1, Ws Bo 2) = (Hs Be G2, Ws Bi %1) = (1 0, 1, By Oy Te). 
To see that the above pair is superfluous, assume on the contrary that 
Oo, = 030, Sy SH Sy, (3, t3) = 1, o>1; 
Og = GT, Ty = 1%; (%,,t%) = 1, t>1, 
and write 8; = o7f,, 6: = 17°. Then, for the values 1, A of 2, Be 
and 13, T,, 0g, 0, Of T%), T2, 6,, 6, the two conditions are included in the 


second set. 
Finally, by the change of notation 


3, Ws; 9%, 9%; TH, Te, 


> Hy, Oy, Wi, Wo; Pi, Po, 


we get the conclusion in (1) of this section. 
5. Applying the method of § 2 to the cubic without binomial coefficients, 


we write the identity in ¢, 


a®+b@+ct+d = f(t+yg) (t+h’, 
and get the parametric representation (2) of (1), 


(1) (9ad — bo)? — 4(b?— 3ac) (? —3bd) = 0, 
2) a=f, b=fgt2h), c= fh2gth), d= fgh'. 


The integer solutions a, b, c, d of (1) are required. 
If b,c be replaced by 30, 3c, the solution of 


(ad — bc)*— 4(b?— ac) (?— bd) = 0 


follows from that of (1) by the method suggested in § 2, end. 
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To find all integer solutions [§ 2] of (1), it suffices to find all values of 
t,9,h which make a, b, c, d integers in (2). The solutions with d = 0 
may be found more readily, as follows. 

If d = 0 in (1), then 
(3) c?(b?— 4ac) = 0, 


and the integer solutions a, b, c of (3) are required. If c +0 in (3), then 
b?—4ac = 0, and if in the last a + 0, then b is even, b + 0, and hence [4.3] 


a=d6y*, b=2dgy, c=—dy; (¢&, Y)=—1; JIpwtd. 


But if c+ 0, a=0, then b= 0, and c is an arbitrary integer. Next, 
if c = O in (3), then a, b are arbitrary integers. This exhausts the 
possibilities for (1) with d=0O. We shall prove next 

(4) If d+ 0 in (1), then g,h in (2) are rational. 


Proof. fgh+0; f integer [1; d + 0]. 


(5) gt2h = 7, h2Qg+h) = s, gh? = u, 

(6) r,s,u, 0 = r*—3s rational [f, a, b,c, d are integers]. 
(7) 0 = 3g?—2rg+(4s—r*) = 3h?'—2rh+s [5]; 
(8) 8g = r+2012, 3h = rFo [7]; 

(9) 27u = r(r?—30)+20-6%? [5,7]. 

(10) O12 rational [6;9], 

(11) g,h rational [8,10]. 


The simple conclusion here is no criterion for other equations solvable 
by the present method.® 

We now find all integer solutions of (1) with d+ 0. Hence fgh + 0; 
J is an integer [1,2]; g, h are rational numbers [4]. Hence we may take 


(12) 9 = 9:/G2, hh = hy/hs; 91, G2, 4, he integers + 0. 
Hence |2,4.1], 
(13) So, hi = dg, h2, 


S=pe,8,9;, d= pa,B,¥, 
I= 1% BY, Jo = 9%, 8,5, 
hy = 7 BeGeW2, Ig = rh Vi; 
1 = (a, 8: 9;, & Bs 92) = (2; Bs Yo, 28, W1) = (Ai Gi, Bs 92 2); 


°Thus abe+2fgh—af?—bg?—ch?=0 requires 3 quadratic irrationalities among 
possible values of the associated parameters. At one stage of the solution of this equation 
over 4000 parameters appear. 
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all the letters denote integers +0. Hence [2, 12, 13), 
b BW, Ya = p(2 a, BI 9, G2 Ys + 4% 8 9} YM), 


4 : 
(14) cB, Wy, = p (2a, B29, 9, Yt + «, B92 ¥), 
and therefore [14, last of 13, 3.7, 3.8], 

(15) BY? |p, ¥,|\2p9,, BV lp, ,|2p9,. 


The second and fourth of (15) are redundant. Hence [15, last of 13, 4.2], 


P= PAY, Pp = Pb, Ws; Py, Pz integers + 0; 
PB, y? 3 p,B, ye, (8, W,, B, y,) = As 

os eae bg, By = "yy, p= dy, AY, = #F, 

_ where all the letters denote integers + 0, and 


1= |e ~~ (py, W). 
Absorb # in f,, Bg. Then 


(16) p = 68,8,¥2y3 (6 integer, + 0). 


Using (16) in (14) we have the results stated for b,c in (2) of the 
summary in § 6. 
6. All integer solutions a, b,c, d of 


(9ad —bc)* —4 (b?—3ac) (c?—3bd) = 0 
are as follows, in which all letters denote integers. 
(1) Those in which d= 0: . 
a= dg’, b= 2dpy, c= dy (9, ¥)=—1; Sept; 
a=b=0, ¢ arbitrary; 
a,b arbitrary, c= 0. 
(2) Those in which d + 0: 
a = 0a, BB gi YY, 
—b = 6B, Y, 2a, Be, 9, Ye+e, 897), 
c = 08, Y, (2a, B29, 9, Vita, B93 Y2), 
d = da, 8, Bi 92 YY; 
all Greek letters denote integers + 0. 


7. The method mentioned in the footnote to § 5 (4) enables us to 
obtain the complete solution in integers a, b, c,d of the equation 





(9a™ d” — bo)? —4(b?—3a"c) (PP? —3ba") = 0, | é 


Ly aes ee ott FY = 
~~ 
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where m,n” are any constant integers >0, and similarly for 
(a™ d” —bc)?—4(b?—a™c) (c?—bd") = 0, 


from the solution (not reproduced here) of the equation after § 1 (1), 
For, by that method, we find in a straightforward way the complete 
solution in integers 2%, ---, Zr, Yi, +++, Ys Of the equation (among many 


others 
a, My es yf ype 
S,* +s ae i? ag 


where the «, are arbitrary constant integers > 0. 
This is applied to the values of a, d in § 6, 


dm = 64, BB, 9} Yi YS, 
uw” = 00,8, Bg WY, 


where the equations are treated separately, reapplied to the parametric 
expressions thus obtained for 0, #,, B:, Y%, We, and so on, until no 
parameter appears with distinct parametric expressions. The process 
terminates in a number of steps which is determined by m, x. The total 
number of parameters in the final formulas increases with astonishing 
rapidity as m, n increase. 
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FACTORIZATION 
OF CERTAIN CYCLOTOMIC FUNCTIONS.'! 


By D. H. Lexmer.? 


Introduction. Two general methods for discovering large primes have 
been in use for a long time. The older method consists of searching 
directly or indirectly for a factor of a given number. If no factor is found 
we conclude that the number is a prime. The last half century has seen 
the introduction of direct or positive criteria for primality by means of 
which the given number is shown to be a prime if it divides a certain 
other number. This latter method has been developed to such an extent 
that it has outstripped the former method. Nevertheless there are many 
special numbers whose possible prime factors are so restricted that the first 
method lends itself more readily than the second. These numbers are 
values of special numerical functions which are the best substitutes we 
have for actual formulas for prime numbers. Perhaps the most fundamental 
functions of this kind are special cases of A, defined by (2). This paper 
is devoted to a detailed study of this function especially as regards 
sequences of numbers to which the first method of discovering primes has 
practical applications. 

1. Definition of A,. Let a,, a, ---, @, be the roots of the polynomial 


(1) F(x) = 2 +a,2°+ aga??? + +» +a, 
whose coefficients are rational integers. Then 4, is defined by 
r 
(2) An = An(f) = [] (en —). 
vy=1 


This function was introduced by T. A. Pierce* who has studied the forms 


of its primitive factors. 
2. Essential and characteristic factors of A,. Let Qm (x) be the 


irreducible cyclotomic function whose roots are the primitive mth roots of 
unity. Then we define the integer Qn by 


(3) Qn = Qr(f) =[] Am (a). 


v=1 





"Received February 3, 1932. 
* National Research Fellow. 
* Annals of Mathematics (2), 18, pp. 53-64. 
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It follows from a similar property* of Qm (x) that 


(4) A, = I] Qi; 
din 

where 0, as indicated, ranges over all the divisors of n. This gives 
a partial factorization of 4, into integer factors. If we assume that each A, 
whose subscript is a proper divisor of n, has been factored, the complete 
factorization of A, depends only on that of Qn. For this reason we call 
this latter number the essential factor of 4,. Under this same assumption 
we may factor 4, completely when we know the prime factors of 4, which 
do not divide 4g, where d is a proper divisor of m. These factors are 
called the characteristic prime factors® of A,. We begin with a few theorems 
relative to essential and characteristic factors. 

THEOREM 1. The essential factor Qh of An contains all the characteristic 
prime factors of An. 

Proof. By (4) a characteristic prime factor p of A, must divide Q} for 
some divisor 6 of n. If 6 were less than n, Qj, and hence p would 
divide Ay, contrary to the definition of p. Therefore d = m and the 
theorem follows. 

It is not true that the essential factor of 4, is made up exclusively of 
characteristic prime factors as the following example shows. Consider 
f(z) = 2®—a—1. Then Ay = 875 and Qy4 = 25. Here 5 is not 
a characteristic factor of 4a, because 4, = 5. In this case A,, has no 
characteristic prime factor. 

THEOREM 2. A ‘characteristic prime factor p of An cannot divide n. 

Proof. If possible, let n = pd. Then by the multinomial theorem 
modulo p, we have 

(=A, = And 


ll 


1—Zal??+ X(a,0,)?7—+--. 
(1—2a? + 3(a, a)? —-+...)P 
Ay, = Ay (modp). 
But this contradicts the hypothesis that p is a characteristic factor of 4). 
The essential factor Q; may, however, have a factor in common with n. 
For example, for f(z) = 28+a+1, 4, = —9 and Q = 3. 
Before going further it is worth noting that if f is reducible in the 
rational field so that f,-f2 = f, then 
An (f) —— An (A) A, (fa) 
‘Namely 2*—1 = II Qy @). 
djn 
> Pierce, loc. cit., p. 64. In dealing with Lucas’ U, a characteristic prime factor is 


defined as one which appears as a factor of Un, but which divides no Us, where k<n. 
The distinction between the two definitions is essential. 


ll 











FACTORIZATION OF CYCLOTOMIC FUNCTIONS. 463 


is a factorization into integers. Hence for our purposes we may suppose 
that f is irreducible. 

THEOREM 3. If p* (e>0) is the highest power of a characteristic prime 
factor p of An(f), where f is irreducible and of degreer, and if w is the 
exponent® to which p belongs modulo n, then w <r and e is divisible by w. 

Proof. Let « be a root of f. We begin by showing that «*"—1 and p 
have a common non-unit factor in the algebraic number field generated 
by «. If possible, let p be prime to a@*—1. Then two integers x and y 
of the field exist such that 

x(a"—1) = yp+1. 


Taking the norms of both sides we obtain 
N(x) N(a"—1) = N(x) 4, = 1 (mod p). 


This is impossible since p divides 4,. Therefore «*—1 and p have 
a factor in common. Let us write 


(5) a”*—1 = tpt ps: ee: py 


where f and p are coprime and p, (vy = 1, 2,---,¢) are prime ideal 
divisors of p. Let the degree of p, be f,. Then 


(6) Sy 


Since a” = 1 (modp,), @ is prime to p,. Let « be the exponent to 
which « belongs (mod p”). Then by (5), ¢ divides n. Writing 


IA 


Tr. 


a®¥—] — Cp, 
and taking the norm of both sides we have 
N(a*—1) = A, =0 (modp”). 


But because p is a characteristic factor this implies «¢, = n. 
By Fermat’s theorem we have 


a?) = 1 (mod p,). 
Hence « = n divides g(py) = p”—1. That is, 
py” = 1 (modn). 


Hence w divides f, for every v, so that the first part of the theorem is 
a consequence of (6). 


° By Theorem 2, w exists. 
31* 
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Writing f, = o, and taking the norm of both sides of (5) we obtain 
A, = N(f)p™, 


where t = Se,0,. But N(f) is prime to p so that tw =e. This com- 
pletes the proof. 

If we think of n as fixed and p unknown, this theorem gives us all the 
results of Pierce concerning the forms of the characteristic factors of A,. 
We have altered Pierce’s method in order to use only the simplest facts 
and concepts of the theory of algebraic numbers, and in order to show 
that the divisors of the discriminant of f are actually not exceptional. 

From Theorem 3 we can formulate the following two rules for finding 
the characteristic factors of 4,(f) for any f of degree r. Make a list 
of primes and powers of primes up to the rth power. For a given n 
choose those entries in this list which are of the form mx-+1. Only these 
entries need be tried as factors of 4,. Or we may first try as divisors 
all primes of the form nz+1 less than V A,. Then we may try all primes 


less than VA, of the forms na-+z;, where 4 are the solutions of the 
congruence z* = 1 (mod), excluding of course the solution z = 1 already 


6 —_— 
considered. Next we may seek for prime factors less than V A, of the 
form nx-+w, where w* = 1 (modn). This process may be continued 

2r 


until finally we consider primes less than V A, of the form nx-+u, where 
u” = 1 (modn). All prime factors thus discovered must be removed 
from 4, to the highest power to which they occur. 

A special case, important in the sequel, is that in which / is symmetric. 
For this case we can improve the preceding theorem as follows: 

THEOREM 3A. If p* (e>0) és the highest power of a characteristic prime 
factor p of An(f), where f is irreducible and symmetric and of degree’ 
r = 2s, and if p” is the least power of p congruent to +1 or —1 
modulo n, then » < s and 2y divides e. 

Proof. Let us consider the field K and its subfield K, generated 
respectively by @ and 8 = @+a—, Then the number 


a4 Q, (a) = X(B), 


being a rational integral function of 8, is an integer in K,. Taking the 
norm in Ki we have 


{N(X(A))}? = I] Qn (ev) = Qi (f) = 0 (modp). 





TIf the degree r of f(x) were odd, then —1 would be a root of f(a). 
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From this we can conclude, as in the first part of the proof of the preceding 
theorem, that p and X(8) have a common factor in K,. Let p be any 
prime ideal dividing this common factor, and let its degree be k. Then 


by Fermat’s theorem ; 


BP = 8 (modp). 
(a+ y)”" 
a? 1+ @-?* = a+ea— (mod p). 


From the identity 


a? + y?" (mod p) 
we have 


Let us now examine this congruence in the field K, taking as modulus 
any prime ideal factor q of the ideal corresponding to p. We have then 
a?" (a? — «) (a?*— a) = 0 (modq). 

Now @ is prime to q so that 
a'tt__{ = Q (modq). 
But q is a factor of Qn, (@) which divides e—1. Hence, by the reasoning 


used in the last part of the proof of Theorem 3, m is the exponent to 
which @ belongs (modq). The last congruence then gives us 


p* = +1 (modn). 


Hence k is a multiple of y and is < s, the degree of K,. Therefore 
4 <s. Since 7 divides the degree of every prime ideal factor common 
to X(8) and p, we have, as in the preceding theorem, 


N(X(8)) = cp”, 
where ¢ is an integer prime to p. Since {N(X(4))}*? = Qh, 
: e = 2wy. 
This proves the theorem.® 


3. Schur’s function. We consider next the forms of the primes dividing 
the essential factor. If we eliminate x from the pair of equations 


(7) y = f@) 
and 
(8) 0 = Qn (x) 


we obtain a polynomial @(y) given by 





*We are indebted to Professor Uspensky for helpful suggestions concerning the proofs 
of Theorems 3 and 3A. 
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p(n) 


(9) oy) =|] v—F)), 
v=1 
where &, &2,---+, €p are the distinct primitive nth roots of unity. This 


polynomial is the Tschirnhaus transform of Q, by f and is a special case 
of a function introduced by Schur.® For this case Schur’s result is as 
follows: 

THEOREM 4, If for some integer a, D(a) is divisible by the odd prime p 
then either 

1) p divides n, or 

2) » divides the discriminant D(®,) of ®n, or 

3) p = nz+1. 
It is possible to eliminate case 1) of this theorem by proving 

THEOREM 5. In Theorem 4, 1) implies 2). 

We need the following Lemma: 

LemMA 1. Every odd prime factor of n divides the discriminant D(Q,) 
of Qn (x). 

Proof. Let »,, p2,--+, pe be the distinct prime factors of n. Then 
D(Qn) has the formula’? 


D(Qn) tae 


mPm 


; ; 
p(n) /(py—) 
[] p20 
vy=] 
of a 


prime p dividing n, then D(Q,) 





Hence if p* is the highest power 
will contain p’, where 


= a9 (n)— 20 = 2% (ep —1)—1). 


If p is odd," a(p—1)—1 is positive so that p divides D(Q,). 
Theorem 5 now follows easily. In fact it is sufficient to observe that 





DD) _ Ty (fled —S)) 
Dey ~,LL,( : 


is an integral symmetric function of the roots of Q,. Hence D(®,) is 
divisible by D(Qn) which in turn is divisible by every prime factor of n. 
This proves Theorem 5. 
In order to show the connection between ®,(y) and Qr(f) we prove 
THEOREM 6. @,(0) = +Q%(/). 








& — &j 





* Sitzungsberichte der Berliner Mathematischen Gesellschaft 11 (1912), p. 41. 
0K. T. Lehmer, Bulletin of the American Mathematical Society 36, p. 296. 
‘Incidentally, if n is even, n/2 and D(Qx) are of the same parity. 
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Proof. By (9) : . 
0, 0| = |[] re) | =[] 


= |[] Qe} = |e). 


i=1 
Combining Theorems 1, 2, 4 and 6 we get as a substitute for Theorem 3 
THEOREM 7. The odd characteristic factors of A, which do not divide 


D(®,) are of the form nx+1. 
To illustrate both methods of factorization consider the example in which 


f(x) = 28 +212+7. It is found that 
A, —= 29, 


r 


| 0; — & 
t=1 








A, = 435 = 29-(3-5), 
A, = 9773 = 29 -{337), 
A, = 195315 = 29-3-5- (449), 


A, = 88396785 = 29. 3*-5- 337 - (301), 


where the characteristic prime factors are enclosed in parentheses. To 


factor 
Ais = 78315 42603 204405 


we first remove from A;, the characteristic prime factors of 4,, 4,, 4s, 4,, 
and 4, to the powers to which they occur. We are left with 197317. 
Applying Theorem 3, we seek for prime factors p of this number such that 
p, p*, or p® is of the form 122-+1. Thus we find that 197317 = 23°. 373 
where for the prime 23, = 2 in Theorem 3. On the other hand we 
may write! 





Qe = 3 z = 197317. 
Moreover 
(10) Qie(x) = at—a?+1. 
Setting 
(11) y = f(x) = 2° 4+212+7 


and eliminating x from (10) and (11) we find 


O,2.(y) = yt— 28 y®— 103 y? + 4186 y + 197317 
with discriminant 





D(®,s) = (1296153684)’. 





"It happens that Qi contains only the characteristic prime factors of 4,:. This is 
not true for Qs which is equal to 903 = 3-301. ‘ 
{ 
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Taking the G.C.D. of this number and ®,;(0) = Qi2 we find 529 = 23°, 
The residual factor 373 of Q, is seen to be a prime by Theorem 7. Com- 
paring the two methods of factorization we see that the second has the 
advantage of decomposing the essential factor of 4,, in a nontentative 
way, into two factors one of which contains all the prime factors of Q} 
which are not of the formnxz-+1. But without the first method we have 
no information regarding the prime factors of this divisor of Qy. For 
much larger values of n, the calculation of ®,(y) and its discriminant 
becomes too laborious to recommend the application of Theorem 7. On the 
other hand the class of primes for which » >1 in Theorem 3 becomes 
reasonably small as » increases. 

Theorem 6 may lead the reader to think that the polynomial 9, (y) 
represents a larger class of numbers than Q;(f). As f varies, however, 
both functions cover the same class of numbers. To show this we need 
to put the variable / in evidence and write 


M,(y) = Ply; f), Qn = QS). 


With n fixed we let y and f run through their possible values. Let 
C, and C, be the classes of values assumed by @®,(y;f) and Qh (f) 
respectively. By Theorem 6 each member of C, is in C,. To show that 
each member of C, is in C, we prove 

THEOREM 8. If g(x) =f (x)—y, then 


®, (y; f) = Q (y). 
Proof. By (9) 


p Pp 
uit) = [1 o—se) = []0—g@) 


= ®, (0; 9) = Qr(9). 


4. Poulet’s functions. P. Poulet** has introduced a function P, = Pn(/) 
defined below by (12) which bears the same relation to 4, that Lucas’™ 
function U, does to x*—1. Empirical evidence led Poulet to discover 
the forms of the factors of P,, but he was not able to find a proof except 
in the case in which f is quadratic.® With the help of a recent extension 
of Lucas’ theory’® we show here that as far as factorization is concerned 
Poulet’s function may be regarded as an interesting special case of 4, and 





'® L’Intermédiaire des Mathématiciens, vol. 27, pp. 86-87; (2), vol. 1, p. 47. (2), vol. 3, p. 61. 

'' Dickson’s History of the Theory of Numbers, vol. 1, chap. 17. 

If f is linear, P, reduces to Lucas’ U. Poulet’s proof is included in a manuscript 
communicated to the present writer. 

© Annals of Mathematics, vol. 31, pp. 419-448. 
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that Poulet’s empirical results are thereby readily explained. We take 
as definition of P, the following explicit expression: 





12 P, = Pn( sin n arc cos (V a,/2), 
2) R= B= eT a I] ; 
where a, are the roots of f(~)=—0. For «a, = ee we interpret 
Va, = +V ee, 
5. Connection of P, with Lucas’ U,. In Lucas’ function 
a”™ — ph” 
. os a—b 
set a = e& =), where @ may be complex. Then 
_ sin né 
(13) aia sin 0° 
If for convenience we set 
(14) 4 cos? 6 = x 
we find that 


"= —k— 


(15) = Un = Unl) = = (—1p(*— ") em, 


This polynomial replaces x*—1 in Pierce’s theory. From (13) and (14) 
it follows that 





. “1 sin n are cos (V a,/2) 
Un Ly) = — 
I] u() = T] 


+3, sin arc cos(V a@,/2) 





“+. sinn arccos(Va,/2) _ 
— I]2 = Fa 
V4—a, 


From (15) we see that U,(x) is either a polynomial in x with integer 
coefficients or Va times such a polynomial according as m is odd or even. 
Hence Py = I Un (ay) is an integer or an integer multiple of V(—1)’ a, 


according as a: is odd or even. 
6. Algebraic factorization of P,. The polynomial @,(zx) defined’ by 





G, (x) = 1, 
Gn(a +a +2) = Qn(a) 2-0” 
"Equivalent definitions are Gn(x) = qT Ug(ax#@/9) (where « is Mébius inversion 


function) and Gn (a) =| | (a —4 cos? (x Phen where k runs over the positive integers less 
k 


than n/2 and prime to n, n>2. 


(16) 





i 
¥ 
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takes the place of the Q function of §2. We need mention only the 
following simple properties of G, (x): 


(18) Gnr(x) for n>2 has integer coefficients, 
(19) []@@ = %@). 
din 


If we introduce the function G; defined by 


(20) G = Af) = [] Ga) 


vy=1 


we see that Gj = 1, Gf =V(—1)’a,, and that Gr for n>2 is an 
integer. Moreover from (19) and (20) we have 


(21) Pr =|] Dn (av) a | Gp. 
v=1 


din 


This gives us a partial factorization of P, similar to (4) and throws the 
burden of factorization on Gz. This latter number we call the essential 
factor of Pn. 

7. Relations between Pierce’s and Poulet’s functions. Consider 
the polynomial F(x) defined by 


F@) = []@—@,+41+2) 


where «, are the roots of f(x). From (16) we have 


ag? G. (a, +0514+2) = Q,(@,), 
or 
(22) (1) ap” Gn (F) = Qn(f). 


It is easy to see that F(x) has coefficients which are integer multiples 
of 1/a,. Hence G,(f) is a rational number of the form g/a?™”? where q 
is an integer. It thus appears that if we agree to include Poulet’s functions 
of polynomials whose coefficients are rational numbers we can represent 
the essential factor of 4,(f), where f has integer coefficients, as the 
essential factor of an appropriately chosen Poulet’s function. 

In order to show that the essential factor of P, is included in that of 
A, we give the following 
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TurorEM 9. Let f(x) = 2” + a, 271+ --- + ay be any polynomial with 
integer coefficients and let 


W(x) = a’ f(x+a1+4+ 2). 
Then 
(Gn (Sf) = Qr(y). 


Proof. Let #,, f2,--+, Bx» be the roots of w(x). Since these roots 
occur in reciprocal pairs the polynomial 


F(a) = I (a — (8, + By’ +2)) 
is a perfect square. In fact ts see that 
F(x) = (f(@))’. 
Gn (F) = (Gn(/))? = Qi (y). 


Hence (22) becomes 


From this theorem we have at once three others. 
THEOREM 10. Under the hypothesis of Theorem 9 


Pa(f) = An()/ A (y). 


THEOREM 11. Jf f is a symmetric polynomial, then Qn(f) is a perfect 
square. 

THEOREM 12. If p*(e>0) is the highest power of a characteristic prime 
factor p of Pn(f), where f is of degree r, and if p” is the least power 
of » congruent to +1 or —1 modulo n, then y<r and y divides e. 

This theorem follows from Theorem 10 and Theorem 3A applied to 
4, (w), where w is of degree 2r and with the e of Theorem 3A replaced 
by 2e. 

Considering m as fixed, and p unknown this theorem establishes rigorously 
the facts conjectured by Poulet, namely, that if p is a characteristic prime 
factor of P,, then some power of p not greater than the rth power is 
of the form na+1. It shows, moreover, that the highest power of p 
dividing P, is itself of this form. We can therefore formulate from 
Theorem 12 rules for the factorization of P, similar to those given 
for 4, following Theorem 3. 

8. The recurring series for A,. In order to render the factorization 
of A, practical, it is first necessary to have a simple method of calculating 
its actual value. This is done with the help of a polynomial M (x) uniquely 
determined by f(x) in the following manner. Let 
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folz) = x—1, 
file) = fe) = |] @—«9, 


A(z) = [|] @—aa), 


i>j=1 
Sr(@) = B@—&% Oy +++ Oy, = 2—(—1)" ay. 


In general, if O0<» <r, f,(x) has for roots the products of roots of / taken 
vy at a time. M(q) is defined as the least common multiple of these /’s. 


That is, 
= 2+ Aa! + Aga? +.--+An. 
Then we have 


THEOREM 13. The numbers 
A, A,, A,, As, oe 


form a recurring series whose scale is M(x). That is, for every n=0, 
(23) An+m +A, An+-m—1 +::- + Am-1 Ants +Am An = 0. 


Proof. If we perform the indicated multiplication in 


4, = [] @—», 
v=1 


we see that A, is a linear combination (with integer coefficients) of the 
mth powers of the roots of M(x). Theorem 13 follows at once from 
the theorem of Lagrange.’® 

The polynomial M(x) may of course be obtained’® rationally in terms 
of the coefficients of f. Also, it is not necessary to use M(x). In fact 
any common multiple of f\, 1, /2,---, jf, for instance their product, may 
replace M(x). In any case we are led to a recurrence formula whose 
order does not exceed 2” from which the successive 4’s may be readily 
calculated. It is hardly more difficult to compute the polynomials fi, 2, -**, Jr 
for a general f than to make the calculation for a single particular case. 
The general results for r<6 are given, once and for all, below. 


r=2 fi@) = 2+artasg, 


Sa (x) = 7— ay. 





'8 Lucas, Théorie des Nombres, p. 304. 

‘9TIn some cases when the degree of f is large it is easier to use approximate values 
for the roots of f to find the exact integer values of the sums of powers of the roots of 
M (a) from which its coefficients can be obtained. 
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r=3 fi@) = 2+az*+aq,r+ as, 
S,(a) = #— a,x? + a,a,x — a2, 
Ss (xz) = a+ as. 
r=4 fie) = et+aar+ az? +axr+ em, 
J, (x) = 2° — a, 2° + (a, a, — a,) a4 — (a2 —2a,a,+ a2 a,)25 
+ (a, a,a,— a?) 2?—a,a?x+ a’, 
J,(a) = a+a,2°+a,0,2?+4,a32+ 8, 
Sa(x) = 2— &. 
r=5 fila) = a+ a 2*+ a x*+ agz*+ art az, 


J, (a) = 2”— a, a°+(a, a, — a,)a°+ (a, a,— a? a,—a+2a,a,)2" 
+ (aba, — 3a, a, a, -+ a, a,a,— a? + a, a,) a8 
+ (24, a,a, —a?a,a,— 2a? — a,a? + 2a,a,a,) 2° 
+ (a, a, a,a, — a? a2 + a, a? + a — 3a,a,a,;) a4 
+ (2 a, a, a2 — a2 a? + a,a? — a, az a,) x 
+ (a, a, a? — a, a’) a* — a, aka + af, 
J,(x) = 2 + a,x° + (a,a,— a, a5) 2* 
—(2a,a,a,— aja, + a,a,— a, ai) x" 
+ (a, a,a,a,— a? a?+ a, a? + a3 — 3a, a,a,) 2° 
— (2a, a,a?— a? a, a? —2 a3 —a, aa, + 2a, a, a5) « 
+ (a8 a8 — 3a, a, a3 + a, a,a,a3 — ataz + a, as) a4 
—(a, at — a? a, a3 — a2 a + 2a,a, a8) x* 
+ (a, a, a4 — a, af) 2? + a, apx-+ as, 
S,(e) = a — a,a*+ a,a,a5— a, a2x? + a,agx— as, 
Ss(x) = atasg. 
9. Computation of 4, from s,. The degree of M(x) may be as high 
as 2", Thus it is desirable to have a convenient method of calculating 


* 













phi di, =**; do 


in order to apply the recurrence (23). This may be done by using the 
sums s, of the nth powers” of the roots of f. In terms of s,, 4, has 
the expression bi 

me C1 Ce C3 (—1)'¢ ia 


*” These numbers satisfy a recurrence whose scale is f so that its order is r instead of 2”. 
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where 

CG = Sn, 

oo Ghia 

" 8, — 38, 80n 1 2 85n » 

(4 ns st — 682 s,, +83, 8, +355, — 68,,, 

c¢, = & — 108) s,, + 208) s,, + 158, 82, — 308, 84), 

‘= s§ —15sts,, + 4053s, + 458° 85, — 908) 8,, + 405), —120s,, 
— 120s, 8,8, +1448, s,,— 15s}, + 90s,,,,, 

¢, = arrt, 


The coefficients appearing in c, are the same as those involved in the 
inverted formula of Newton which expresses a, in terms of 5, 8, ---, 8,. 

10. P,(f) as a recurring series. Let a, and 1/a, be the square 
roots of the roots of the quadratic equation 


x*—(a,—2)x+1 = 0. 
Then referring to § 5 we see that 
Ve —4 ay U,, (a,) —_ ay —a,” ‘ 


Letting v = 1, 2,---, 7 we see that 


V (19 a, f (&) Pal f) = |] @—a,”). 





Hence 


P, (Sf); Pf); Ps (/f), Pee, 


is a recurring series of order 2” whose scale of relation is the polynomial 
whose roots are the 2” products’ 


€ € € € 
a 2 Sees r 
a, a, Ag a, ; 


where each e—-+1. Since these roots occur in reciprocal pairs the 
scale is a symmetric polynomial. 

11. Periodic A’s. It may happen that A, is a periodic function of ». 
In this case we have 

THEOREM 14. A necessary and sufficient condition for Ap to be a periodic 
Junction of n of proper period t is that f (x) = Qr(z). 

Proof of necessity. If 4, is periodic it follows from (23) that 4, is 
purely periodic so that 4n,, — A, for all m. In particular 4; = 0. 
Hence f has a root « for which aT 1. Let @ be a primitive Ath root 
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of unity. Then since / is irreducible all its roots are primitive kth roots 
of unity, so that f(a) = Q(x), where k is some divisor of r. But A, is 
of period k, for if m is any integer > 0, 


(24) Anse = [[ (e*—1) = [] 1) = 4, 


where «, are the primitive kth roots of unity. Hence + is a divisor of k. 


Therefore k = t. 
Proof of sufficiency. This is now obvious from (24) with k =r. 


THEOREM 15, If A, is periodic with proper period t, then 


0 n = 0 (mod r), 
An = { pr@r'“~w-v-" if ¢ = p(n, 0), pa prime, 
1 otherwise. 


Proof. By Theorem 14, f(x) = Q-(x). Let (n, r) = 6 and write r= 1’ 0, 
Then the polynomial whose roots are the nth powers of the roots of 


Q:(x) is seen to be 
{ Qe (ar) }OO/9E , 


Now 4, is the value of this polynomial for x1. From a theorem of 
Trudi*! 
0 if: = 1 
Qr (1) = jp if c = p4 (p a prime). 
1 otherwise 


From this the theorem follows at once®’, 

Having discussed the case in which 4, is periodic, we shall confine 
ourselves in what follows to non-periodic sequences 4,. This amounts to 
supposing that no root of f is a root of unity. 

12, Rate of increase of A,. We have seen that if 4, is non-periodic, 
the absolute value of A,, as nm increases, is unbounded. If we are inter- 
ested in obtaining large primes from the factorization of 4,, it is to our 
advantage to choose f(x) so that the sequence 4), 4,, 4;,--- does not 
increase very rapidly. In fact, the restriction on the characteristic prime 
factors of A, as offered by Theorem 3 increases with n. If we can choose 
a large n for which A, is not unreasonably large, we may hope to make 





** Trudi, Atti Accademia Napoli, vol. 3 (1866-8), pp. 20-29. aN 
* Since A,, 4g, As,-++ is a recurring series, it is either unbounded or purely periodic. 


This gives a very simple proof of the following theorem of Kronecker: If the roots of f lie 
on the unit circle, then they are roots of unity. In fact under this hypothesis An is 
bounded being <2" in absolute value. Hence 4, is periodic and the theorem follows 
from Theorem 14. 








ret ae. 
Le pt ele 
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a complete examination of the possible prime factors of 4, without undue 
effort. 

In order to anticipate the rate of increase of the absolute value of 
A,(f) we need to consider the ratio 
antt_} 


a” —] 


(25) 


It is clear that if |a|<1, this ratio tends to 1 as n>, while if |«|>1, 
it tends to a. Hence we have 

THEOREM 16, Let 2 = 2(f) be the absolute value of the product of 
those roots of f which lie outside the unit circle. Then if no root of f lies 


on the unit circle, 
Lim | An+1/An| <= Q, 
n=A 


It may happen that f has a root @ on the unit circle. For |«|—1, 
(25) contributes an oscillating factor which, although it never vanishes or 
becomes infinite (since f is not a cyclotomic function), cannot be estimated 
readily. For lack of something better we use 2 to measure the rate of 
increase of the sequence 

A,, A, As, ete 


even when some of the roots of f lie on the unit circle. 

13. A problem in the theory of equations. The following problem 
arises immediately. Jf ¢ is a positive quantity, to find a polynomial of 
the form 

J (x) = a +ama"14+ +--+ +a, 


where the a’s are integers, such that the absolute value of the product of those 
roots of f which lie outside the unit circle, lies between 1 and 1+. 

This problem, of interest in itself, is especially important for our pur- 
poses. Whether or not the problem has a solution for «< 0.176 we do 
not know. 

In the first place, in seeking for f(a) such that 2(f) is small we may 
exclude the cases 2(f) > 2 since the sequence of Mersenne numbers 2”—1 
has an increase 2 = Q(2—2)=—2. If Q<2, then the product of all 
the roots of f is +1. There are now three transformations of f(x) which 
leave 2 unaltered. These replace f(x) by (—1)" f(—2), 2” f(1/a), and 
J (x*), and replace the roots by their negatives, reciprocals, and kth roots 
respectively. These three transformations do not alter the value of |4,). 
Having found an f(x) we need not consider the polynomials resulting from 
these transformations of f(x). In particular we can suppose that f(z) is 
a polynomial in x but not in any higher power of x. 
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The best linear function f is of course 2 —2 — 0. 

The best quadratic is z?— 2—1, for which 2 = 1.61803399. 
The best cubic is z*— a2 —1, for which 2 = 1.32471796. 
The best quartic is 2*—a2—1, for which 2 — 1.380277569. 

The examination of all quintic equations would require much time. The 
above results would all suggest that good examples might be found among 
trinomial equations. We have accordingly examined all trinomials of 
degrees 5, 6, and 7 with the following results: 

The best trinomial quintic is 2°—2z*—1, 2 = 1.3625986. 

The best trinomial sextic is a*-—x2—1, 2 = 1.3707. 

The best trinomial septic is 2’—a2*'—1, 2 = 1.3797. 

None of the equations given above have a root on the unit circle. 
Another important class of polynomials are those which are symmetric. 
The best polynomials of this type have all their roots but two on the 
unit circle. The best polynomials-of degree 2, 4, 6, and 8 are 


a*—32+1, Q = 2.6180339885. 
z*—ai—2?—2+1; 2 = 1.722083806. 
2&§—z*—2*—2?+1, 2 1.401268369. 
z®§—a?—at—ai+1, 2 = 1,280638157. 


| 


We have not made an examination of all 10th degree symmetric polynomials 
but a rather intensive search has failed to reveal a better polynomial than 


x? + 4° —g" — x6 —g°—gt—a'+a+1, 2 = 1.176280821. 


All efforts to find a better equation of degree 12 and 14 have been 
unsuccessful. Poulet has made a similar investigation of symmetric 
polynomials with practically the same results. 

14. A series which increase slowly. In order to illustrate the 
behaviour of 4,(f) where 2(/) is small we give the following example. 
Suppose f(x) = a'—a2—1. Referring to § 8 we have 


f(a) = 2? +2°—1, A(z) = z—1 = fo). 
Hence 
M(x) = [fo(x), fi(x), faa), fa(w)] = x? —2a°—2a*+2a°+22*—-1 
and 
Ants aa 2 Anis +2 Ans4—24n4s—2Ante+t An. 


To illustrate the application of Theorem 3 consider 


Aior = 11 673 647 136 223. 
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We first test directly for prime factors of the form™® 1077+1. The 
fifth prime of this form, namely 3853, is a factor of Aio;. There are no 
more prime factors of this form less than 5000. We have as a residual 


factor 
Ajo, /3853 = 3029755291 = N = pq. 


By Theorem 3, this number is a prime or a product of two numbers both 
<N/5000 and of the form 1072+1. Writing p = 107k+1, 
q = 107/+1, then 
a—b? = N= pq = 14+107K44+1) = 14+60-107 (mod. 107%), 
Hence 
2a = 107(k+1)+2 = 60-107+2 (mod 107%). 


Therefore 
a = 3211 (mod 11449). 
Since : 
N= 11 (mod 2%), a = +2 (mod 2°) 
and 
N=T7 (mod 3°), a = +4 (mod 3’). 
But 


a < N/10000 < 306000. 
The only possible values of a satisfying the above congruences are 


a = 83354 and 174946. 
Using the first value of a we find 
(83354)*— N = (62595)*. 


Hence N = 20759 - 145949, 
By the same method it is found that 


Aiis = 63 088 004 325 217 
and 


Aix = 3 233 514 251 032 733 
are both prime numbers. oi 
In case f(x) is symmetric we may use V @ as the effective rate of in- 


crease of A,, as far as factorization is concerned, since the essential factors 
are perfect squares. For the equation 


(26) SI (a) = o® —2?— 2*— 2? +1, 





*8 Obviously there are no numbers of the form 1072 —1< 1/5000, ete., so that the 
above examination is complete to 5000. 
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for example, the series of square roots of 4,(/), or what is the same 
thing, the series P,(a* — 82° + 202*—17x-+3) has 1.131652843 for its 
rate of increase, and satisfies a recurrence whose scale is 


a —V 32%+a"%4+V32%— 5224+ 3V 32"—2"—3V 3294+ 92° 
— $V 382'— 2° + 8V32°— 5at+V3e54+2°9—V32e4+1. 


Values of this function of m fluctuate considerably. For example one of 
the six roots of (26) which lie on the unit circle is e”° where 


6 = .218250120 = (12/55) + .000068302. 


Hence we can expect that A,, will be small in comparison with 45, and 4,,. 


In fact 
Ass oe 6143283, 


Ass = 529, 
Ase aa 5250987. 


The 200th term of the series of square roots is larger than any pre- 
ceding term, and is 
V Asoo = Prop = 161 862 935 017 V3 
= V3.-19- 101-151-199 - 401, 
the last two being characteristic factors of Peoo. qe 
The series VA, (f) for ‘Ne 


St (a) = 2” +2°— 2'— 2° — a — o*— a? +241 





has a rate of increase of only 1.084564807. Poulet has calculated this 
series as far as the 379th term, namely, 


V Asrg = 1 794 327 140 357, 
which is a prime number. 
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THEORY OF NON-COMMUTATIVE POLYNOMIALS.* 


By OystTEIN ORE. 


In the present paper I have tried to give the principal results of a general 
non-commutative polynomial theory. The polynomials considered have 
coefficients in an arbitrary commutative or non-commutative field, while 
the multiplication of polynomials is so restricted that the degree of a product 
is equal to the sum of the degrees of the factors. In this form the theory 
contains not only the equations studied in non-commutative algebras but 
also most of the linear operational equations of analysis as, for instance, 
linear differential and difference equations. 

One could have deduced this theory using the theory of moduli studied 
by Noether and Schmeidler.!. One would then have to study the residue- 
classes of non-commutative polynomials; these form a generalized Abelian 
group according to the terminology introduced by Krull,®? and there exists 
a correspondence between the structure of this generalized Abelian group 
and the corresponding polynomial such that the properties of a polynomial 
can be deduced from the general theorems on generalized Abelian groups. 
I have preferred, however, to build up the theory directly, that is, to use 
only the properties of the polynomials themselves as, for instance, in the 
ordinary polynomial theory. This seems preferable for various reasons. 
It makes the theory independent of the more general theory and it brings 
out more clearly some of the specific properties of polynomials. 

In Chapter I, section 1, one finds the principal properties of the two 
operations conjugation and differentiation defined by means of the rules 
of multiplication. In section 2 the Euclid algorithm is introduced; of 
particular interest is the formula for the least common multiple for non- 
commutative multiplication; one also finds a construction of a quotient-field 
for general polynomials. Sections 4 and 5 are devoted to the transformation 
of polynomials, a very important notion which is characteristic for the 
non-commutative polynomials. In section 6 the connection between left-hand 
and right-hand divisibility properties is considered. The general theorems 
about the structure of non-commutative polynomials then follow in Chapter Il. 





* Received December 7, 1932. 

‘ E. Noether and Schmeidler, Moduln in nichtkommutativen Bereichen, insbesondere aus 
Differential- und Differenzenausdriicken, Math. Zeitschrift 8 (1920), pp. 1-35. 

? W. Krull, Uber verallgemeinerte endliche Abelsche Gruppen, Math. Zeitschrift 23 (1925), 


pp. 161-196. Theorie und Anwendung der verallgemeinerten Abelschen Gruppen. Sitz.-Ber. 
Heidelberger Akademie 1926. 
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Cuapter I. 
Fundamental Properties. 


1. Multiplication. In the following let K denote an arbitrary commutative 
or non-commutative field with an arbitrary characteristic p in the sense of 
Steinitz. The objects of our investigations are then the formal polynomials 


(1) F(x) = ax"+m2""+---+ an, 

where the coefficients a belong to K while x is a formal variable or 
symbol. Let 

(2) G (x) = box™ + bv” 1+. ° + Dm 


be a second polynomial of the same kind; the sum and difference F(x) + G(x) 
is defined as the polynomial one obtains from (1) and (2) by adding or 
subtracting corresponding coefficients. The polynomial c F(x), where t 
is an arbitrary element of XK, is the polynomial one obtains from F(x) 
by multiplying all coefficients on the left with c). The polynomials (1) there- 
fore form an additive Abelian group with K as domain of multipliers. 
When a +0 the number m is said to be the degree of F(x). F(z) is 
said to be reduced when a = 1. 

We shall now define multiplication for the additive group formed by 
the polynomials (1) so that the group is made a ring. We assume that 
the multiplication of polynomials shall be associative and both-sided 
distributive. One can obtain a definition satisfying these conditions in 
an infinite number of ways, but we shall here further limit the possibilities 
by means of the following postulate: 

The degree of a product shall be equal to the sum of the degrees of the 
factors. 

It is clear that, due to the distributive property, it suffices to define 
the product of two monomials bxz”-az%, or even more specifically, to 
define the product x-a. According to our assumption one must have 


(3) x-a = axt+a, 


where @ and a’ are elements of K. We shall call a the conjugate and 
a’ the derivative of a. It follows from our postulate that a = 0 only 
when a0. We can introduce higher conjugates and derivatives and 
we shall use the notation 


4= al), = a], tee, al”), eo a = a, gq" = a”, rety a”, = 


’ 


From (3) one easily obtains z 
a(a+b) = @+b)a+a'+V, 
xzl(ab) = aba+ab'+a'b. 





a 
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This leads to the following rules for the conjugates and derivatives of 
a sum and a product: 


(4) (a+b) = a+b, ab = ab, 

(5) (a+ by = a +0’, (ab)’ = ab’+a’b. 
One also obtains _ 

(6) ai=@, (a)!'=—a@ aa 


It may not be superfluous to mention a few special cases which often 
appear in the applications. In the common non-commutative theory of 
polynomials one assumes that the variable x is permutable with the coef- 
ficients with the result that 


6 = 6, g’ = 0. 


In the theory of linear differential equations K is commutative and a = a 
so that 

(7) (a+b)! = a+’, (ab) = ab’+a'b, 

and the derivative has the ordinary properties of a derivative. It is 
therefore possible to introduce the notion of a derivative into non- 
commutative fields, letting it satisfy the relations (5). We mention finally 
that in the theory of difference equations one puts a’= 0, though a 
usually is different from a. 

The special properties of the operations @ and a’ will not be discussed 
further; this can be done by the methods of the abstract theory of fields. 
Only a few almost trivial facts will be mentioned. 

THEOREM 1. Through the correspondence a — a one obtains a homeomorphism 
in K, the elements a form a subfield K of K. 

This follows immediately from (4), (5), and (6). The correspondence 
between K and the conjugate field K is a one-to-one correspondence, for 
from a = b, where a + b, it follows that x(a— b) has the degree zero. 

One also observes, using (4), (5), and (6), that those elements for which 
a = a form a new field K® which we shall call the invariant field of K. 
When a is an element of K™ one obtains 


ra = axt+da’, 


and for the elements of the invariant field one has the same rules of 
operation as for the ordinary linear differential polynomials. 
THEOREM 2. Those elements a for which a’ = 0 form a field K® which 
we shall call the constant field of K. 
For if a’ = b’= 0, then 
(a+b)’=0, (ab)'=0, (a)'=0. 
For an element of the constant field, ra = ax. This leads to 
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THEOREM 3. The elements permutable with x form a field which is the 
greatest common subfield of the invariant field and the constant field. 

If one wants to determine those elements of K which are permutable 
with all polynomials F'(x) one easily finds that they form a field which 
is the greatest common subfield of K®, K® and the center Z of K. 

When one repeats the multiplication (3) one obtains 


va = a2°+(a'’+a)r+a", 
va = at+(@ +a’ + a)x*+ ("+a + a")x+ a", 


and, in general, 


(8) 2a = Bp,o(a)2"+ Sp,1 (a) a"-2-+- +» + Syn (a), 
where 

(9) Sn,o(a) = a™, Snn(a) = a, 

and 

(10) Sni (a) = (aay? 4... + (ay, 


Sn,i(a) denotes the sum of the (") elements which one obtains when a 


is conjugated n—7i-times and differentiated i-times in an arbitrary order. 
For an arbitrary product one obtains finally 


(11) G (x) F(z) => Conttm + Catt m1 jis ee + Cnt+my 

where 

(12) Co = by qin) 

when G(x) and F(x) are defined by (1) and (2), and, in general, 
é i—a 

(13) Gg = 2 ba p> Sin—«, i—a—B (ag). 


2. The Euclid algorithm. When F(x) = D,(x) Dz (x) we shall call 
D;(x) a right-hand and D, (x) a left-hand divisor of F(x). The congruence 


F(x) = G(x) (mod M(z)) 
denotes that F(x) — G(x) is divisible by M(x) on the right, while 
(mod M(x)) F(x) = G(@) 
indicates that this difference is divisible by M(x) on the left. ; 
When F(z) and G(x) are given by (1) and (2), and n=, the difference 
(14) F(a) = F(x) — a(bo)” a” G (2) 
is of degree lower than n. It follows that one can always perform a 
right-hand division 
F(z) = Q@) G@)+R@), 
where Q(x) is of degree n—m and the degree of R(x) does not exceed 
m—1, One furthermore concludes that a Euclid Algorithm 
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F.@ =a@ KH® +h), 
Fi@ =a) Khe +h), 


Fy-2(x) = Qn—2 (x) Frn—1 (x) + Fr (x), 
Fr—1(x) = Qn—-1(@) Fr (a) 
exists for two arbitrary polynomials F, (7) and F, (2). 
It follows from the Euclid Algorithm that there exists a unique, reduced, 
greatest common right-hand divisor or cross-cut 


D(x) = Fre) = (Fi @), FP: @)), 


where of course F,, (x) is assumed to be reduced. A further consequence is 
THEOREM 4. When C(x) is divisible by the cross-cut D(x) of F, (x) and 
Fy (x) one can determine polynomials A, (x) and Ag (x) such that 


(16) Ag (x) F, (x) + A, (x) Fs (x) = C(a). 


When D(x) = 1 we say that F, (x) is relatively prime to F(x). From 
Theorem 4 one obtains 
THEOREM 5. When F, (x) is relatively prime to Fy (x) the congruence 


(17) Y (a) F, (xz) = C(x) (mod F; (x) 


always has a solution Y (x) for an arbitrary C(z). 

We have here considered only right-hand divisibility; it should be observed 
in the following that when the type of divisibility is not specified, right- 
hand divisibility is always implied. 

Left-hand division differs from right-hand division in that it cannot always 
be performed. If one wants to determine, as in (14), an element k of K 
such that 


(15) 


F, (x) = F(a)—G(a)-ka™ 


is of degree less than n, then one obtains for the determination of k, 
according to (12), a = bk’. From this condition it follows that one 
can determine k in general only when each element a of K is also an 
element a of K. 

THEOREM 6. Jn general, left-hand division can be performed in K only 
if the correspondence aa is an automorphism of K. 

When this condition is satisfied there exist a left-hand Euclid Algorithm, 
a unique left-hand cross-cut, and theorems analogous to Theorems 4 and 5. 

We point out that every polynomial 


A(x) = abo +2", +--- + dart dn 


with the coefficients as right-hand multipliers can be written according to 
the definition of multiplication as 


H(z) = Box" + Bia" 14+.---+ Brixct Bn 
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with left-hand coefficients. According to (8) one obtains the following 
expressions for these coefficients: 
(18) Bi = Spi (bo) + Snr, i—1 (b;) free Sn-io (bi) . 


One can ask, however, whether inversely every polynomial with left-hand 
coefficients can always be represented as a polynomial with right-hand 
coefficients. One directly obtains 

THEOREM 7. The necessary and sufficient condition that every right-hand 
polynomial be also a left-hand polynomial and every left-hand polynomial 
be also a right-hand polynomial is that K = K. 

If one denotes the inverse conjugate of a by a" it follows that 
a = a, 

(19) ax = zal — (ait, 
and, in general, 
ax” = x” Tn,0(a) — 2" Ty-1,1(a) + +--+ (—1)"To,n(a), 


where the 7,; (a) are constructed from the inverse conjugates and derivatives 
in a way similar to that by which the S,,;(a) were obtained from the 
conjugates and derivatives of a. 

3. Union and quotient field. Let A(x) and B(x) be arbitrary poly- 
nomials; the reduced polynomial M(x) of lowest degree which is right- 
hand divisible by both A(z) and B(x) will be called the right-hand union 
of A(x) and B(x) and will be denoted by 


(20) M(x) = [A(x), B(x)] = A; (x)- B(x) = B,(a)- AC). 


It is obvious that if the union exists it must be uniquely determined. 

We shall now show that the existence of a Euclid algorithm implies 
the existence of not only the cross-cut but also the union of two polynomials. 
We shall also show that the Euclid algorithm gives an explicit formula 
for the union; this result holds for arbitrary non-commutative domains 
with a Euclid algorithm, but the formula for the union does not seem to 
have been observed even in special cases. We want to prove 

THEOREM 8. When a Euclid algorithm of F,(x) and F; (x) of the form (15) 
is given, then the union of these polynomials is given by the formula 


(21) [Fi (x), Fe(x)] = aFr—1(x) Fr(x) Fa-2(x) Fra (a) :-- 
. Ey (z) Ao fhe) Bs (@)* Ai). 


The constant a must be chosen so that the union is reduced. 
In order to prove Theorem 8 we first deduce a necessary property of 
the union. 


THEOREM 9. When 
(22) A(x) = B(x) (mod C(z)) 
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then 
(23) [A(x), C(x)] = k[B(a), C(x)]- B(a)*- Aa). 


If the H(x) of A(x) and C(x) exists, then one must have H(x) = C, (x) A(z), 
and C,(x) is the polynomial of lowest degree such that this product is 
also divisible by C(x). According to (22) one has 


A(x) = B(x) + Q(z) C(x) 
and one obtains 


H(x) = C,(x) Av) = G(x) Bx) + CG, (a) Q(x) Cz), 


and the product C, (x) B(x) must be divisible by C(z). 
The lowest degree of C,(x) is therefore obtained when 


and this relation obviously gives (22). 

When the formula (23) is repeatedly applied to the union [F, (x), Fy(z)], 
it follows according to (15) that if the union exists it must have the 
form (21). It therefore remains only to show that the right-hand side 
of (21) is a polynomial which is divisible by both F, (x) and Fi(z). 

We prove this by induction; let 

pi (x) = Fy—s (x) Fy (x) Fra (x) --- Fi). 


It follows from the last equation (15) that gn—1(a2) = Fri (x) is integral 
and divisible by both F,-1 (x) and F(a). Let us therefore assume it has 
already been shown that g;+1(z) is integral and divisible by Fj+1 (x) and 
Fii2(x). It is then obvious that 


gi (x) = Hits (x) Fite (x)! Fi (x) 


is integral and divisible by F;(x). In order to prove the divisibility by 
Fi41 (x) we observe that 
Fj (x) = Qi (x) Fiz (x) + Fite @) 
and consequently that 
Gi (x) = Gita (&) Fiza (w)* Qi (w) Fits (w) + git (2). 
This shows the divisibility by Fj+1 (a). 

From (21) it follows furthermore that when the degrees of F; (x) and 
F, (x) are m and mz respectively, the cross-cut being of degree d, the 
union must be of degree n, + nz — d. 

In the following let 64,2 denote the degree of the cross-ct ! (A (x), B (z)) 
and let 4,3 denote the degree of the union; we have shown then that 


(24) a+B = wast Jap, 
where @ and £ are the degrees of A(x) and B(z). 
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For an arbitrary number of polynomials one defines the union 
in a corresponding manner. Among the more important properties we 
observe that 


(25) [A (x), [B (a), C(@)]] = [14 @), B@)], C@] 
and that 
(26) [A (x), B(x), D (x)] = [A(), B()], 


where D(x) is a divisor of [A (x), B(x)]. Further, 

a7) — d#“*2)[4 (x) D(a), Bw) D(@)) = [A@), BD), 

where d) is the highest coefficient in D(x) and wa is the degree of 
[A (x), B (a)). f 

When left-hand division can be performed, that is, when K = K in 
accordance with Theorem 6, it follows in the same way that also a left- 
hand union exists and has analogous properties. 

It should be mentioned that it is possible to enlarge the ring of poly- 
nomials considered here to a non-commutative field through the introduction 
of formal quotients. This quotient field then corresponds in the commutative 
case to the field of all rational functions with coefficients in the field K. 

The existence of the quotient-field is a consequence of the existence of 
a union.’ If we define the quotient as 

a i 
Q(z) = io A(x) B(a), 
we can define the sum of two quotients as 
Box) , D@) _ G@)B@)+A@) D@) 
A(z) C(a) M(x) ; 
M(x) = [A(a), C(x)] = A, (x) Ce) = C(a) A) 
is the right-hand union of A(x) and C(x). We define the product by 
Bw) D(@) _ Bix) D@) 
A(x) C(z) C(x) A(x) ’ 


[B(x), C(x)] = B,(x) C(x) = Ci (x) Ba). 


B(z)\-1__—«- A(x) 

(Ze) | ee. 
One easily shows that addition is commutative and multiplication is 
associative and distributive on both sides. 


30. Ore, Linear equations in non-commutative fields, Annals of Mathematics 32 (1931), 
pp. 463-477, 








where 








where 


Finally, 
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4. Transformation. Having established the existence of a union we 
can proceed to introduce the fundamental notion of transformation of a poly- 
nomial. 

The polynomial 


(28) A, (a) = a,dh%.21 [A(z), B(@)]- Bia) 
is called the transform of A(x) by B(x) and will be denoted by 
(29) A,(x) = BA(z)B. 


Here « denotes the degree of A(x). The transform A,(x) is of degree 
a — 0,4 p; consequently, when A(x) and B(x) are relatively prime, A(z) 
and A,(x) are of the same degree. The multiplicative constant in (28) 
is chosen so that the highest coefficient in A,;(~) is equal to a. It 
might have been possible to choose this constant in a different way or 
even to omit it, but after several trials I have found it most satisfactory 
to use the form given here. 

When A(z) is relatively prime to B(x), and A,(x%) is consequently of 
the same degree as A(x), we shall call the transformation (29) a special 
transformation and A,(x) is said to be of the same kind or similar to A(z). 
When, however, A(x) and B(x) have a common factor, we shall call the 
transformation general.* In both cases one obtains, according to (28) and (29), 


(30) BA(x) B B(x) = a, bie-%.5) (A(x), B(a)]. 


We shall now deduce various properties of the transform, and we 
commence with the following theorem: 


THEOREM 10. When 
A(x) = B(x) (mod C(z)) 


AC(x) A“! = BC(z) Bo. 


In order to prove this theorem we have to go back to the identity (23) 
in Theorem 9. Since here both sides are reduced, one easily obtains for 
the factor k the value 

k= (a, 1)'"—%2.01 ply, ol 
and (23) takes the form 


aly—s,0l [A (a), C(x)]- A(x) = ply—oe.c1 [B (x), C(x)] B(x). 


Since dz,.c = 9a4,c, according to assumption, our theorem follows. 
The next theorem is particularly important in its applications. 


then 





‘The general transformation can always be reduced to the special. When D(a) is the 
cross-cut of A(x) = A,(x) D(x) and B(x) = B,(x) D(a), then it follows from the 
definition of the transformation that 


AB(«) 4 = A, B,(z) Ai. 
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THEOREM 11. When a product A (x) B(x) is divisible by C(x), then A(z) 
is divisible by BC (a) B. 

Since A (a) B(x) is divisible both by B(x) and C(x), the product must 
also be divisible by the union of these polynomials, and it is therefore 
possible to find a polynomial K (x) such that 

A (a) B(x) = K (a) @ bY ~*™ (B(x), C@)]. 
Division by B(x) gives 
A(x) = K(x) BC(2) Bo. 

We shall usually apply Theorem 11, as in the commutative theory of 
polynomials, to the case where C(x) is relatively prime to B(x). The 
more general formulation 11 seems, however, to command some interest. 

THEOREM 12. When the transformer is a product, one can transform by 
the factors in order from right to left, that 2s, 

(31) (CB) A(x) (CB)? = C(BA(aq) BHC. 
From the identity 
[A (x), C(x) B(x)] = [A (a), B(@), C(x) B(a)] 
one obtains, applying (27), 
(CB) A (x) (CB) = ay cht -*408) [BA (x) B+, C (a) - Cw), 
and since 
D4 cp te 9, p+ Spaz 0 
one has obtained the theorem. The associative law for the transformation 
can also easily be shown to hold. 

The symmetry of the notion of similarity follows from 

THEOREM 13. When A, (x) is similar to A(x), then A(x) is similar to 
A, (x), that is, when 

A; (x) = BA(x) B”, 
where B(x) is relatively prime to A(x), then one can determine B, (x) 
so that 

A(x) = B,A,(x) Br’. 

According to Theorems 10 and 12 it is sufficient to choose B, (x) such 
that 

B, (x) B(x) = 1 (mod A(@)), 
and this always possible according to Theorem 5. 

We also see that Theorem 5 can be stated in the following more 
complete form: 

THEOREM 14. When the congruence 


X (x) B(x) = C(x) (mod A(z), 


has a solution X (a), the most general solution has the form 
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X (a) = Xo (x) + K (x) BA (a) B", 


where K(x) is an arbitrary polynomial. 
It follows that 
(X (x) — X (x)) Biz) = 0 (mod A(z)), 
and the theorem follows from Theorem 11. 
THeoREM 15. The transform of a union is equal to the union of the 
transforms of the components, that is, 


(32) C[A (x), B(a)]- C7! = [CA (x) C1, CB (x) C). 


The theorem follows immediately when one multiplies both sides by C (z). 
Finally it should be mentioned that the corresponding theorem does not 
hold for the cross-cut. One sees, however, that in any case 


(33) (CA(x) C4, CB(z)C) = 0 (mod C(A (a), B(x) C>), 


and one concludes that, when C(x) is relatively prime to the union 
[A (x), B(a)], then 
(34) (CA (x) C1, CB (x) C—') = C(A (a), B(x) CO. 


5, Transformation of a product. We shall finally examine the trans- 
formation af a product; the results are in this case not quite as simple as 
for the preceding theorems on transformation. The complications are due 
chiefly to the multiplicative constant in the definition (28) of the transform. 
It may be possible to choose this constant in a different way, making the 
transformation of a product more symmetric, but after various attempts 
I have found that the former theorems then become correspondingly more 
complicated. 

Since one has for an arbitrary product 


B(x) A(x) = [B(x) A(x), A(@)] 
one obtains according to Theorem 5 
(35) C(B(z) A(z))C+ =0 (mod CA(z)C-). 


It should be observed that the congruence (33) is a consequence of (35). 
According to (35) one can always write 


(36) C(B (x) A(x) C= K (x2) CA (x) CH, 


and the problem is to determine K(x). We shall simplify the formulas 
by assuming that the transformation is a special one in that C(x) is 
relatively prime to B(x) A(x). The same method is, however, applicable 
even in the most general case. 
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' From (36) it follows by multiplication with C (a) that 
by alfl let) [B (ar) A (x), C(x)| = K (x) ay cl! [A (x), C(@)). 
Division by A (x) gives 
by al?) let) (ay PTB (x), AC (x) At) = K(x) ag ch (ay?) 4 AC(a) A. 
Another division by C,(x) = AC (x) A gives 
(87) K (a) = by alfh het (as 198171 (65 BS CB (XC cy ab (52) a, 


One should now observe that, when an arbitrary polynomial E(x) of 
degree ¢ with highest coefficient e is transformed by an element ky in K, 
one obtains the polynomial 


e, ki} eS! E (x) kt. 
It is then seen that (37) can be written in the simpler form 
(38) K(a) = CG, B(x) Cy", 
where 
(39) C,(z) = a,d@ (az) co? A C(x) Am. 


This proves 
THEOREM 16. When C(x) is relatively prime to B(x) A(x) then 


(40) C(B(x) A(x)) C7 = Cy B(x) Cz'- CA(x) 0, 


where C2(x) is determined by (39). 
The theorem can be extended to an arbitrary number of factors and 
then gives 


(41) C(An (a) «++ Ay (x)) C-? = Cy An (x) Cn? +++ Cp A(x) Cy* C'Ar(x) Cm, 


where the transformation, as before, is a special one. The factors of the 
transform are similar to the factors of the original product. 

If one assumes that A(x) and B(x) are reduced, or in general, that 
all A(x) in (41) are reduced, then similar formulas hold also for a general 
transformation. 

6. Left-hand transformation. Having thus deduced the main pro- 
perties of the right-hand transformation, we shall briefly discuss the left- 
hand properties. It has already been mentioned in section 3 that if K is 
identical with K, there exists a left-hand Euclid algorithm and consequently 
a left-hand union 

Ey (x) = |A(z), Bah 
for two arbitrary polynomials A(x) and B(x). The left-hand union is of 
course defined as the reduced polynomial of lowest degree which is left- 
hand divisible by both A(a) and B(x). The degree of Hi(x) is «+ 8 — daz, 








—— 
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where d4,p is the degree of the left-hand cross-cut (A(x), B(x)); of A(z) 


and B(z). 
The left-hand transformation can now be defined by putting 


B A(z), B = B(x)’ -[A(e), Bia), - BF Psa) glad, 2) 


where the constants are chosen so that the transform of A(z) has the 
highest coefficient a. One then proves without great difficulty the cor- 
responding theorems for left-hand transformation as before for right-hand 
transformation. 

In many cases however, the left-hand notions can be replaced by the 
corresponding right-hand notions. We first prove 

THEOREM 17. When A,(x) and B, (x) are left-hand relatively prime, then 
the left-hand union of these polynomials can also be considered as a right- 


hand union 
(42) [Ai (x), By (a) = [A(@), B(a)] 


and this can be done in such a way that A,(x) is right-hand similar to 
A(x) and B,(x) right-hand similar to B(z). 
According to the definition of the left-hand union 


(43) [Ai (x), Bi(x) = Ay (x) Bez) = B, (x) Ap (a), 


and here A,(x) is right-hand relatively prime to B.(x), for if they had 
a common factor, one could find a polynomial of lower degree that would 
be left-hand divisible by both A,(2) and B,(~). From Theorem 11 
and (43) it follows that 


(44) Ay(x) = K(a)- Bz As(x) Bo", By(w) = L(a)- Ag Bz (x) Ad’. 


If @ is the degree of A,(x) and 8 the degree of B,(x), then according 
to (43) Ay(x) is of degree « and B, (x) is of degree 8; one finds furthermore 
for the highest coefficients in A,(x) and B, (zx) 


ag = Oy, b, = i? 


where a, and 0, are the highest coefficients of A,(x) and B,(x). If one 
substitutes the expressions (44) into (43), one can divide on the right-hand 
side by [As(x), Bs(x)], getting 


K (a) (0°) ar? = L (a) (a) oF. 
Since (44) shows that K(x) and L (a) are left-hand relatively prime, this 


identity can hold only when K(x) and L(x) are both of degree zero. It 
follows then from (44) that 


K(x) = af? J L(az) = bah. 
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The relation (44) also gives 
A, (2) = a, 0! B, Ay (x) Br’ = By A (x) Bo’, 


-” B, (x) = bat“ Ay By(x) Az" = Ay B (w) As", 
where one has put 
(46) A(z) = abt? 4,(z), B(x) = dat” By (a). 


Then one has, however, according to (43) 
[A, (x), Bi(@w)k = [As (x), Bs (x)] = [A (a), B(a)], 


and the theorem is demonstrated. 
From the definition of left-hand transform one deduces the notion of 


left-hand similarity: Two polynomials A, (~) and A (x) are said to be left- 
hand similar if A,(x) is obtained from A(x) by transformation by some 
polynomial B(x) left-hand relatively prime to A(x). Left-hand similarity 
offers, however, little new, as the following theorem shows: 

THEOREM 18. When two polynomials are left-hand similar they are also 
right-hand similar. 

One obtains, according to (43) for the left-hand transform of an arbitrary 
polynomial A(x) by another B, (x) left-hand relatively prime to A, (x), 


(47) H (x) = By' A, (x) By = Ag (x) of ah 
=P a A@a ar, 


where the notation is as above. The theorem to be proved then asserts 
that H (x) can also be obtained from A, (x) through right-hand transformation. 
According to (45) A, (x) is right-hand similar to A(z) and one obtains H(z) 
from A(x) by right-hand transformation with the element 


(a; )*! (by *)-#—AI, 


Cuapter IL. 
The Theorems of Decomposition. 


1, First theorem. A reduced polynomial P(x) is called a prime poly- 
nomial when P(~) has no reduced factors aside from constants and P(z) 
itself, 

Among the properties of prime polynomials we observe that 

Every polynomial which is similar to a prime polynomial is a prime 
polynomial. 

This follows from Theorems 13 and 16. One deduces furthermore from 


Theorem 11 the following: 
83 























494 0. ORE. 


When a product A (x) B (x) is right-hand divisible by a prime polynomial 
P(z), and B(z) is not divisible by P(x), then A(z) is divisible by the 
prime polynomial B P(x) B. 

Let us now consider the decomposition of an arbitrary polynomial into 
prime factors. To describe the following results more completely we shall 
need the notion of interchangeability: 

A polynomial A (x) is said to be interchangeable with a second polynomial 
B(x) if one can determine a polynomial A, (x) similar to A(x) such that 


(1) A(x) = BA, (x) BO. 


It is hardly necessary to mention that the notion of interchangeability 
is not symmetric. 

When the identity (1) holds, where A (az) and B (a) are reduced, then 
the product A(z) B(x) is a union 


(2) A (x) B(x) = [A; (x), B(@)] = A; B(@) Az": A; (@). 


One has therefore in this case two different decompositions of the product 
A (x) B(x) wherein the factors are similar but occur in inverse order. We 
shall say that the second decomposition (2) is obtained from the first 
through interchange of factors. 

The first decomposition theorem then takes the following form: 

THEOREM 1. Every reduced polynomial has a representation as the product 
of prime factors. Two different decompositions of the same polynomial have 
the same number of prime factors and the factors are similar in pairs. One 
decomposition can be obtained from the other through interchanges of factors. 

It is obvious that every polynomial possesses at least one decomposition 
into prime factors. Let 


(3) F(x) = Py (a) +++ Ps (x) Py (@) = Qs (x) ++ Qe (x) Q @) 


be two different decompositions. The prime polynomial Q, (x) then divides 
the left-hand side of (3). If P, (xz) = Q, (x), this factor can be cancelled. 
If P, (x) + Qi (a), let k be the first number such that the product P; (x) 
-++ P, (x) is divisible by Q, (x). The product Py-1(x)---P, (x) is then 
relatively prime to Q, (x) and according to Theorem 11, Chapter 1, Py (x) 
is then divisible by the prime polynomial Qj (x) obtained from Q, (x) by 
transformation with P,-1(x)---P, (x). Since P, (x) is a prime polynomial 
one obtains 


(4) Py (x) = (Pr-r++ + Py) Qy (a) (Paar +++ Py). 


Then, however, according to the definition (1), P; (x) is interchangeable 
with Px: (a) ---P, (x) and one obtains according to (2) and (4) 


(5 Px (x) Pra(a)-+- Py @) = Q (Pra(e)--- Pi (a) GQ @). 
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We have shown by interchange of factors that also the first decomposition (3) 
contains Q, (x) as a right-hand factor, so that this factor may be cancelled. 
Px(z) and Q, (w) must be similar according to (4), and when one performs 


the transformation 


Qs (Pr-1 (x) «++ Py (@)) QF 


one obtains, according to Theorem 16, Chapter 1, a product of prime factors 
which are similar to the Py-1(x),---,P, (x). After division by Q, (x) the 
remaining products in (3) can be treated in the same way and the 
theorem follows. 

The number of prime factors which occur in an arbitrary prime factor 
decomposition of a polynomial F(x) will sometimes be called the length 
of F(x). 

We point out as a consequence of Theorem 16, Chapter 1, that similar 
polynomials must have decompositions of the same length and with 
similar factors. 

It may not be superfluous to mention that the number of factors of 
a polynomial is in general not limited by the degree of the polynomial; 
it may even happen, as for instance in the theory of linear differential 
polynomials, that the number of divisors is infinite. 

2. Completely reducible polynomials. A polynomial is said to be 
completely reducible when it is representable as the union of a finite or 
infinite number of prime polynomials. 

THEOREM 2. A completely reducible polynomial F(x) can always be 


represented in the form 
(6) F(x) = [P, (a), Po(x), ---, Pr(x)l, 


where the P;(x) are prime polynomials such that none of them divides the 
union of the others. 

Let P,(x) be an arbitrary prime divisor of F(x); if then F(x) + P, (a), 
let Ps(z) be a second prime divisor. The union [P, (x), P:(zx)] is then 
a divisor of F(x), and if it is not equal to F(x), let Ps(x) be a prime 
divisor of F(x) not dividing [P, (x), P,(x)]. Then [P,(x), Ps(x), Ps (x) 
is a divisor of F(z). This procedure can be continued, and one must 
finally obtain a representation (6) since the degree of F(z) is finite. 

When a completely reducible polynomial (6) is transformed by an 
arbitrary polynomial H(z), one obtains according to Theorem 15, Chapter 1, 


") HF (x) H = (HP,() H", ---, HP;() H. 
The transform of a completely reducible polynomial is again completely 


reducible. 
83* 
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For two similar completely reducible polynomials one can choose the 
basis representations so that the prime polynomials of the bases are 
similar in pairs. 

One obtains the prime factor representation of a completely reducible 
polynomial (6) by writing 

F@) =(AP@) Pi, -:+) A P@) PrP) 


and repeatedly applying the same process to the perfectly reducible factor 
[P, P.(a) Pr’, +++, P, Pr(w) Pr’). 


It is obvious that the length of the decomposition is + and that the factors 
are similar to the P(x). 

One can also characterize the completely reducible polynomials by: 

THEOREM 3. The necessary and sufficient condition that a polynomial 
be completely reducible is that two arbitrary prime factors in an arbitrary 
decomposition be interchangeable. 

A completely reducible polynomial may therefore also be termed a completely 
interchangeable polynomial. 

We prove first that a completely interchangeable polynomial is also 
completely reducible. This is obvious when the length of the decomposition 
does not exceed 2, for when 

F(x) = P, (x) P2(a) 


then, according to assumption, P,(~) = P, P,(x) Py’, where P, (x) also 
denotes a prime polynomial. Hence 


F(a) = [P, (a), P; (x)). 
The general proof follows by induction. We write 
(8) F(z) = P,(@) --- P(x) ij) = F, (x) P,(), 


where F(x) contains a smaller number of prime factors and, since it is 


completely interchangeable, it is also completely reducible according to 
assumption. Let 


(9) F, (x) = [P,(x), «++, P(@)]. 


Since all prime polynomials P;(zx) (i = 2, -+-, r) may appear as right- 
hand factors of F,(x), they are all interchangeable with P,{x), so that 


Pi(x) = P, Q(x) Pr’, (é = 2, ---, 1); 


where Qi(x) denote prime polynomials. From (7) and (9) one obtains 
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(10) F, (zx) 7 P, [Q, (x), 7 a? Qs» (x)] Pr", 
and from (8), 
(11) F (x) ae [Q, (x), silat: Q: (x), P, (x)). 


The converse part of the theorem also follows by induction. When 
F(x) = P,(x) Ps(x) is completely reducible, then F(x) must be divisible 
by a second prime function Q,(x) other than P,(a), and one deduces 
from Theorem 11, Chapter 1, that P, (x) = P,Q,(x) Py’, so that P, (x) 
is interchangeable with P:(x). Now let (8) be a representation of a 
completely reducible polynomial as a product of prime polynomials. Then 
F,(x) has the form (10), it is completely reducible, and therefore, by 
assumption, it is completely interchangeable. It remains only to show 
that P,(x) is always interchangeable with P,(x). This follows easily 
from the fact that every prime divisor of F(x) must be of the form 
P, Q(a) Pr’. 

From Theorem 3 one derives: 

THEOREM 4, Every divisor of a completely reducible polynomial is completely 
reducible, and the basis of a divisor can be completed to a basis for F(x). 

The second part of the theorem follows by the method of construction 
of a basis. One can also show somewhat more generally that every 
factor occurring anywhere in a product decomposition of a completely 
reducible polynomial must also be completely reducible. 

Let us say that a completely reducible polynomial F(x) is uniform 
when it is the union of similar prime polynomials so that it may be 
expressed as 

F(a) = [A,; P(x) Ay’, +++, Ay P(x) Ay’). 


Every prime divisor of F(x) is then similar to P(x). The union of all 
similar prime polynomials which divide a given completely reducible 
polynomial (6) shall be called a maximal uniform divisor. One can 
then prove 

THEOREM 5. Every completely reducible polynomial is uniquely representable 
as the union of its maximal uniform divisors. 

It should be mentioned finally that the theory of left-hand completely 
reducible polynomials is quite analogous. A polynomial is said to be 
left-hand completely reducible when it is the left union of prime polynomials. 
One easily proves 

THEOREM 6. very left-hand completely reducible polynomial is also 
right-hand completely reducible and conversely. 

One also finds that the left-hand and the right-hand basis representations 
contain the same number of prime polynomials and that these are similar 
In pairs. 











=e 
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3. Second decomposition theorem.’ Let F(x) be an arbitrary poly- 
nomial; the union H,(z) of all prime functions P(x) dividing F(x) from 
the right shall be called the mazimal completely reducible divisor of F(z). 
This name is justified by the fact that every completely reducible divisor of 
F(x) must also be a divisor of H,(x). H, (x) is uniquely determined and one 
can write F(x) = F,(x) H,(x). F, (x) has then also a unique maximal com- 
pletely reducible divisor H,(x), ete. 

THEOREM 7. Every polynomial has a unique representation as the product 
of maximal completely reducible factors 


(12) F(a) = a H,(a) --- He (x) H,(a). 


There exists a certain relation between the decomposition of F(x) and 
any divisor of F(x) which we shall express in the following theorem: 
THEOREM 8. Let F,(x) be a divisor of F(x) and let 


(13) F, (x) = do Gs (x) «+ - Gs (x) G(x) 


be any decomposition of F,(x) into completely reducible factors, while the 
decomposition of F(x) into maximal completely reducible factors is given 
by (12). Every product Gi (ax) --- G, (a) @ = 1, ---, 8) is then a divisor of 

According to the definition of a maximal completely reducible factor, 
H,(x) is always divisible by G(x). The theorem will be proved by in- 
duction. Let us suppose that it has been shown that 


(14) Hiy_1 (x) «++ Hy(@) = Ki-1(x) Gi-(x) --- Gi(a). 


Since F(x) is a divisor of F(a) one can write F(x) = L(x) F(x); from (14) 
one also obtains, when multiplying on the left by a) H,(x) --- Hi(a), 
F(x) = a H,(x) --+ Hi(x) Ki-1 (x) G-r (x) --+ G, (a). 

Consequently, when one divides on the right by Gj-1(x) --- Gi (a), 
(15) L(x) bo Gs (x) +++ Gilx) = a H, (x) -++ Hy(x) Ki-1(@). 
According to Theorem 11 of Chapter 1, and (15), the product a) H,(x) --- Hi(x) 
is divisible by Ki-1 Gi(x) Ki-1. Since Gj(x) is completely reducible, 
while H;j(x) is the maximal completely reducible factor of the product 
do H,(x)---H;(x), one concludes that H;(x) is divisible by Ki-1 Gi(x) Kr. 
Consequently 

Hi(x) = T(x) Ki-1 Gi(x) Ki-1. 


We multiply this relation right-hand by Ki-1(x) and, since all the poly- 
nomials are reduced, one obtains 


> Compare Krull, Heidelberger Akademie 1926. 
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(16) Hi(x) Kine) = T(x) - (Gi(w), Ki-1(@)] = Ki(a) - Gi(a). 


When finally both sides of (16) are multiplied right-hand by Gi—:(x) --- G, (x), 
one obtains according to (14) 
H;(x) «++ Hy (x) = Ki(x) Gi(x) --+ G, (a). 

Q. E. D. 

As an application of Theorem 8 one can prove 

THEOREM 9. An arbitrary representation of a polynomial as a product 
of completely reducible factors never contains a smaller number of factors 
than the decomposition in maximal completely reducible factors. 

The proof follows when one applies Theorem 8 to the special case 
F(x) = F(x). If one had s>r in (12) and (13), then one would obtain 


H,(x) +++ Hy (x) = K(x) Gs (x) --- G(x) = K(x) F(a) 


and a divisor of F'(x) would be divisible by F'(x) itself. 

Every decomposition of a polynomial in completely reducible factors 
which contains the same number of factors as the decomposition in maximal 
completely reducible factors may therefore be called a shortest completely 
reducible decomposition. 

We have, up till the present time, considered only right-hand completely 
reducible representations; it follows immediately, however, that corresponding 
theorems hold also for left-hand maximal completely reducible decompositions. 
It follows also from Theorem 6 that every left-hand completely reducible 
decomposition is also a right-hand completely reducible decomposition and 
it is therefore natural to investigate the connection between the two types. 

Let us suppose that F(x) is reduced; the left-hand decomposition of F(x) 
in maximal completely reducible factors is also a right-hand (not maximal) 
completely reducible decomposition and, according to Theorem 9, it does 
not contain fewer factors than the right-hand maximal decomposition. 
The analogous reasoning holds for the right-hand maximal decomposition, 
and it follows that the right-hand and left-hand maximal decompositions 
must contain the same number of factors. From Theorem 8 there follows 

THEOREM 10. The decompositions 


(17) F(a) = H,(x) --- He(x) Hi (a), 
(18) F(x) = L,(a)--- Lz (x) L, (x) 


of a reduced polynomial F (x) into right-hand and left-hand maximal completely 
reducible factors are both shortest completely reducible decompositions, and, 
Sor every i =1, +++, r, Hj(x) --- H,(a) is right-hand divisible by L;(x) - -- Ly (x) 
and L,(x) +++ Li(x) is left-hand divisible by Hy(x) --- Hi(x). 
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We shall finally prove a general property of the shortest completely 
reducible decompositions which gives a clearer picture of the particular 
properties of the special shortest decompositions (17) and (18). 


THEOREM 11. Let 
F(x) = 8,(a) «++ Ss (x) S; (x) 


be an arbitrary shortest completely reducible decomposition of F(x) while 
the two maximal completely reducible decompositions are given in (17) 
and (18). Then, for every i = 1,°-++, 7, 


(19) H;(x) --- H(z) = 0 (mod S;(x) --- S,(@)), 
(20) S;(x)--- S(~v) =O (mod L,(ax) --- L,(x)), 
and similarly for left-hand divisibility, 

(21) (mod S,(x)--- Si(x)) 0 =L,(x)--- Lia), 
(22) (mod H,(x)--- Hi(x)) 0 = S,(x)--- Si(a). 


The congruence (19) is a consequence of Theorem 8. The congruence (20) 
is correct for 7 = 7 and we prove it by induction for all smaller 7. Let 
us suppose, therefore, that it has been shown that 


(23) Siza(a) -++ S,(v) = Kits (x) Lits@) --- Ly (@). 


Since the same theorems will hold for left-hand divisibility as for right- 
hand divisibility (assuming K — K), one can conclude that the product 
Li+1 (x) --- I, (x) is left-hand divisible by the left-hand transform of Sj. (x) 
by Kiti (x). The polynomial Kj1Sj41(x)Kis1 is completely reducible 
and, since it divides Di+1(7)--- Z, (x), it is also a left-hand divisor of 
Li+1(x). Consequently 

Line) = Ki Si (x Ki Te) 


Ki+1 (a) Liss (x) = [Siti (a), Kita (wh Te) = Sits (x) Ki(x). 


When this expression is substituted in (23) one can divide on the left by 
Si41(x) and one obtains the congruence (20). The congruences (21) and (22) 
can be obtained in a similar way. 

Theorem 11 shows that right-hand maximal completely reducible decom- 
position is uniquely characterized among the shortest completely reducible 
decompositions by the fact that H;(x) --- H,(x) has a maximal degree for 
each 7, while for the left-hand maximal completely reducible decomposition 
the products Li(x)--- Z,(~) have a minimal degree. 

4, The third decomposition theorem. A reduced polynomial is 
said to be decomposible when it can be represented as the union of reduced 
polynomials 


and 
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where A(x) and B(x) are relatively prime; when no such representation 
exists, F(x) is said to be imdecomposible. When A(x) or B(x) in (24) can 
be decomposed further, we may continue the process and obtain the result 
that every polynomial is representable as the union 


F(x) = [A (x), orn A, (x)] 


of mutually prime indecomposible polynomials. The term mutually prime 
applied to a system of polynomials A;(x) will indicate that every polynomial 
is relatively prime to the union of the remaining polynomials. 

In the proof of the principal theorem about such decompositions we 
shall need an auxiliary theorem which we now deduce. 

THEOREM 12. When F(x) is decomposible and has the decomposition (24), 
then every divisor F,(x) of F(x) which is divisible by A(x) is also de- 
composible and has the representation 


(25) F,(z) = [A(@), (B@), Fi@)). 


It is obvious that the right-hand side of (25) is a divisor of the left- 
hand side; to prove the converse, let 


F(z) = QA) Az), =F) = Q (a) A). 
Dividing (24) right-hand by A(x) one obtains 
AB(x) A+ = Q2(x) Q(x), 


and Q(x) is consequently of the form AD(x) A. Hence F, (x) = [A(z), D(x)], 
where D(x) is a divisor of B(x). 

We can now prove the third decomposition theorem.°® 

THEOREM 13. Every polynomial has a representation as the union 


(26) F(a) = [Ai (@), ---, Ar(@)] 
of mutually prime indecomposible polynomials. If a second such representation 
(27) F(x) = [B,(@),---, Bs@)] 


exists, then the number of components in both must be the same and they 
are similar in pairs. An arbitrary component A;(x) im (26) can always 
be replaced by a suitably chosen component B;(x) in (27), and every B;(x) 
can be used for some such replacement. 


® By means of the method used by Krull, Math. Zeitschr. 8, one could have deduced 
the fact that the components are similar. The present proof seems somewhat simpler 
since the “Zurickleitungsgruppen” of Krull are avoided. This proof also yields the fact 
that the components are replaceable. 
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It has already been shown that there exists such a decomposition. We 
shall prove the general theorem by induction and assume it to be true 
for all polynomials of degree lower than that of F(x). 

We show first: If two decompositions (26) and (27) exist, then an A;(z) 
(or a Bi(x)) can replace a B;(x) (or an Aj(x)). Let A, (a) be the component 
of highest degree in the two representations. If then A; (z) is relatively 
prime to the union [B, (x), ---, Bs(x)], one must have 


F(a) = [A\(z), Be (x), ---, Bs@I, 
and the conjecture is proven. Let P(x) be a common prime factor of A, (x) 
and [B.(x),---, Bs(x)]. Then 
(28) B(x) = [B,(a),--+, Bs(a)] = B(x) P() 
and A, (xz) = A,(x) P(x). We divide both sides of (26) and (27) by P(z) 


and obtain 
(29) [A,(x), PAg(x) P, ---, PA-(x) P] = [PB, (x) P, B(x). 


According to our assumption the theorem holds for the polynomial (29). 
The indecomposible component PB, (x) P— can therefore replace a compo- 
nent on the left-hand side, that is, PB,(x) P— can replace a PA;(x) P 
(i = 2,---,r) or a component of A, (z). 

In the first case let PB,(x) P— replace PA, (x) P—, giving 


F(a) P(x) = [A, (x), PB, (x) P-', PAs(x) P+, ---, PA, (x) P). 
Multiplication with P(x) then gives 
F(x) = [Ai (x), B, (x), As(x), ---, Ar(x)]. 
In the second case one obtains 


F(a) - P() = [PB,(x) P—, A,(x) , PA,(x) P—, ---, PA, (x) PI, 
and consequently 


(30) F(w) = [B,(a), Ai (@) P(x), Ag(a), «++. Ay (@)]. 
This is, however, impossible; if one puts 


one concludes from (26) and (30), when dividing by A(x), that 
A A, (x) A? = [AB, (x) A+, A (A(x) P(x)) A“, 


and it would follow that A,(x) is decomposible, contrary to assumption. 
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We have consequently shown that, with a suitable notation, one always 
has a identity of the form 
(32) [Ay (x), ---, Ar(x)] = [Bi (@), As (x), ---, A(x). 


It then follows easily that the two decompositions (26) and (27) have 
the same number of components similar in pairs. If one divides (32) by A(x) 


one obtains 
AA (x) A = AB, (x) 4*, 


and A, (x) and B,(~) are similar. From the identity 
[B; (x), As(x), +--+, Ar(x)] = [Bi (@), Bz (x), ---, Bs(w)) 
there follows, after division by B, (zx), 
(33) (B, dp (a) Br’, +++, By Ar(@) Br'] = [B, By (x) Br’, ---, B, By(w) Br"), 


and, since the theorem holds for this polynomial, one must have r = s 
and the A;(x) are similar to the B;(x) in pairs. 

It now remains only to show that all components in (27) can replace 
an A;(#) and that all A;(x) can be thus replaced, a similar relation holding 
for the B;(x). Since this is true for (33), one may replace any B, Bi(x) Bi 
by a B,A;(x) By’, and when one multiplies afterward by B, (x) one obtains 


(34) F(z) = [B; (x), B; (x), -* 3% Ai(x), Aas B, (x)] (= Zee, r), 


and all Bi(x), with the possible exception of B,(x), can be replaced. 
From (34) one concludes, as from (32), that every A;(x), with the possible 
exception of A;(#), may be replaced by a B;(x) and every Bj(x), except 
possibly Bi(a), may be used for such a replacement. When r>3, one 
might have used a different index 7 + 7 in (34), and the exceptions are 
thereby avoided. It follows then in the same way that all Bj(x) may be 
replaced by A;(x) and that all A;(x) may be used for replacements. 
This leaves only the special case 


(35) F(w) = [Ai (a), Ae (x)] = [B, (x), Ae(x)] = [Bi (@), Be) 


unaccounted for. We shall have to show that A,(x) may also be replaced 
by B,(x) or Bz(x), that is, that at least one of the relations 


(36) F(x) = [A, (x), B(x], F (x) = [A, (x), Be (z)] 


holds. Let us suppose, for instance, that F,(x) = [Ai (x), Bs (x)] is only 
a divisor of F(a); then one has, according to Theorem 12, 
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The theorem holds for F(x); from (35) it follows that A,(x) and B,(z) 
are similar and consequently of the same degree, while the degree of 
(As (x), F,(~)) must be less than the degree of B(x). In (37), there- 
fore, A, (a) can replace only B,(x), giving 


so that 


F(x) = [B, (x), Fi (@)] = [Bi (x), (i @), Bi (a), Ai @)] = [Ai @), Bi (a). 


In the same way one shows all the other replacements. 

5. Connection between representations of the second and 
third kind. One may ask for the connection between the three main 
types of representations which we have discussed up till now. It is fairly 
obvious how one can deduce the prime function decomposition of a polynomial 
when its representation as a product of maximal completely reducible factors 
or as a union of indecomposible components is given. We shall study here 
the connection between the two last types of representations. 

Let 
(38) F(x) = (A(z), B(z)], (A), B@)) = 1, 
and let 
(39) A(z) = Ar(x)--+ As(x) Ay(x), B(x) = Bs(x) --+ By (x) By (x) 


be the maximal completely reducible representations of A(x) and B(x). It is 
easily seen that every prime divisor of F(x) also divides F, (a) = [A, (x), B,(x)] 
and that F(x) is the maximal completely reducible factor of F(x). One 
also finds that /’(x) can be represented in the form 


F(x) = (A(x), Ba) F(a), 


where A(z) is similar to A,(x)--- Ao (x) and B(x) similar to Bs (x) --- B2(z). 
When the same conclusions are drawn for [A(x), B(x)], one finds that the 
maximal completely reducible factor of this polynomial is Fy (x)= [As(x), Be (ax)], 
where A(x) is similar to A(x) and Bz(x) to Bs.(x) and so on. 

THEOREM 14. Let [A(x), B(x)] be a decomposible polynomial and let (39) 
be the maximal completely reducible representations of A(x) and B(x). The 
maximal completely reducible representation of F(x) is then 


F(x) = F,(z)--- Fiz), Fi(z) = [Ai(z), Bi) G@ = 1,---+,”); 


where A;(x) is similar to A; (x) and B;(x) similar to B;(a). 
When r>s one obviously must put B;(x) = 1 for i>s. For an arbi- 
trary representation 
F(x) = [F; (x), +++, F, (x)), 
where 


F, (x) = Of (2)... of (x) 
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is the representation of each component as product of maximal completely 
reducible factors, one finds for the corresponding representation of F(x), 


F(x) = As (x) --+ Ai (2), 


where = * 

A; (x) = [0}” (@), «++, OF? (@)] 
and oF (x) is similar to o (x). It is also obvious that s is equal to the 
greatest of the numbers 5. 

6. The fourth decomposition theorem. In the preceding discussion 
we have deduced some of the more important structure theorems for 
noncommutative polynomials. They depend on various notions of in- 
decomposibility, each notion leading to its own type of decomposition 
theorems. There are various other possible definitions of indecomposibility 
which lead to a number of decomposition theorems. We shall discuss 
only one of these possibilities. 

We shall say that a polynomial is distributive if there exists a representation 


F(a) = [A(@), B@) 


in which A(x) and B(x) are proper divisors of F(x); the polynomials 
A(z) and B(x) do not have to be relatively prime as in the case of 
decomposible polynomials. Every decomposible polynomial is distributive, 
but not conversely. 

It is easily seen that every reduced polynomial has a representation 
as the union of non-distributive polynomials 


(40) F(x) = [Ai (2), +--+, Ar (x)I, 


where all A;(a) are supposed to be reduced. In the following we shall 
always assume that in a representation (40) we have omitted the super- 
fluous components, that is, the polynomials which are divisors of the union 
of the remaining polynomials. We shall then say that the representation 
is minimal. 

We shall first deduce a characteristic property of the non-distributive 
polynomials. A non-distributive polynomial cannot be divisible on the 
left by two different prime polynomials, for otherwise one would obtain 
a representation 
(41) A(x) = [P,(2), Ps @h K(@) 


and, according to Theorem 17, Chapter 1, the left-hand union could aso 
be considered as a right-hand union 
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[P, (x), Ps (wh = (A (x), Qe (x)], 


where the prime functions Q, (x) and Q: () are similar to P, (x) and P, (z). 
From (41) it would then follow that A(x) must be distributive, that is, 


A (x) = [Q: (x) K(x), Q: (x) K (@)]. 


We can also show the converse, namely, that when A(z) is divisible 
by only a single prime function on the left, that is, when the maximal 
left-hand completely reducible factor is a prime polynomial, then A (z) is 
non-distributive. If one had in fact 


A (x) = [A, (x), Ae (@)], 


then A, (x) and A, (x) would have some right-hand cross-cut D(x) which 
would have to be a proper divisor of both polynomials. Let us put 


A, (@) = Ai (@) D(x), Ag (x) = A(z) D(z), = A(x) = A(z) DQ). 
Consequently a: ss yy, 
A(x) = [A, (x), Ae (z)}, 


where A, (zx) is relatively prime to A,(z). From Theorem 17, Chapter 1, 
one concludes, however, that A(x) must then also be the left-hand union 
of two relatively prime factors, and A(x) would be left-hand divisible by 
at least two different prime functions. 

THEOREM 15. The necessary and sufficient condition that a polynomial be 
non-distributive is that it be left-hand divisible by only a single prime polynomial. 

To every non-distributive polynomial A(z) there exists a unique prime 
polynomial P(x) which divides it on the left. We shall say that A(z) 
belongs to P(x). An immediate consequence of Theorem 15 is 

THEOREM 16. very left-hand divisor of a non-distributive polynomial is 
again non-distributive. 

It is clear that a left-hand divisor of A(x) can be only left-hand divisible 
by P(x). We shall need also the following result: 

THEOREM 17. The transform of a non-distributive polynomial is non- 
distributive and belongs to a similar prime polynomial. 

Let us put A; (7%) = CA(x)C—, where we first suppose that the trans- 
formation is special, that is, that (C(x), A(a)) = 1. If then 


one obtains 


A(x) = [C, L(a) Cr’, C, M(x) Cr"], 
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where C;, (x) is determined such that C; (x) C(x) = 1 (mod A(a)). A(x) would 
then be distributive. Now let A(z) and C(x) have a greatest common 


factor D(x), and let 2 a 
A;(a) = A(z) D(z), = C(x) = C(x) D(a). 


Here A(x) is non-distributive, and, since 
A(z) = CA(z)C3 = CA(QQ)C, 


this case has been reduced to the first. The second part of the theorem 
follows from the rule of transformation of a product. 
We are now able to prove the following fourth decomposition theorem: 
THEOREM 18, Let F(x) be an arbitrary polynomial and let 


F;, (x) sry [P, (x), i P,(x)] 


be the maximal left-hand completely reducible factor of F(a). Every minimal 
representation of F(x) as a union of non-distributive polynomials has then 
the form 

(42) F(a) = [Ai(@), ---, Ar(a)], 


where every non-distributive polynomial A;(x) belongs to a prime polynomial 
which is similar to a P,(a). 

The theorem is obviously correct for every completely reducible polynomial. 
We prove it by induction, assuming it to be true for every left-hand divisor 
of F(x) which is left-hand divisible by F,(a). We can then assume that 
F(z) is not completely reducible, so that 


F(x) = F,(@)- Q(@). 


Let P(x) be a right-hand prime divisor of F(x) and Q(x) such that 
F(x) P(«) is left-hand divisible by F,(z). 

Let us first suppose that F(x) has a decomposition of the form (42) 
With s +r components, and let us further suppose that P(x) does not 
divide any A;(x). One then obtains 


(43) F(a) -P(x) = [PA,(a) P-, ---, PAs(a) P“], 
Where every component PA;(x)P-! is non-distributive according to 
Theorem 17. We wish to show that this representation (43) is minimal. 


If namely PA,(a) P— were a divisor of the union of the other PA,(x) P~, 
then one would obtain, when multiplying by P(z), 


F(z) —_ (P(x), As (x), ites A,(x)}. 
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But this is not possible, since F(x) would be decomposible into 
F(x) = (P(x), H(a)); | A(a) = [A2(2), ---, As(a)], 


and the results of section 5, Chapter 2, would show that the maximal left- 
hand completely reducible factor of F(x) P(x) would be of lower degree 
than F,(a). The representation (43) is then minimal, giving r = ss, and 
the components PA;(x) P—1, and therefore also the A;(x), belong to prime 
polynomials similar to the P;(x). 

Let us assume in the second place that the first ¢ polynomials A;(x) 
in (42) are divisible by P(x), 


Ai (a) = A,(x) P(x), +++, At(z) = At(x) P(a). 


It follows from the choice of P(x) as above that the possibility A;(7) = P(x) is 

excluded; the polynomials A;(”) are consequently non-distributive according 

to Theorem 17 and belong to the same prime polynomial as A;(zx). 
When (42) is right-hand divided by P(x), one obtains 


(44) F(x) P(x) = [A,(a), +++, At(w), PAtts(w) P-, ---, PAs(x) P), 


This non-distributive representation is also minimal. If, for instance, 
PAs(x) P— were a divisor of the union of the remaining polynomials, then 
it would follow from (44) that the original representation was not minimal. 
If, for instance, A,(~) were a divisor of the union of the remaining, one 
would obtain for ¢>1, that the original representation was not reduced 


and for {= 1 
F(z) — [P(x), As (x), vee As(x)]. 


This is shown to be impossible as before. 
Since our theorem holds for (44), it follows that s =r and that A;(z) 
belongs to a prime polynomial similar to P;(z). 


YALE UNIVERSITY. 











DIFFERENTIAL FIELDS AND IDEALS 
OF DIFFERENTIAL FORMS.' 


By H. W. RavuprEnsvuss, JR. 


In an abstract treatment of ordinary algebraic differential equations, 
a system of elements, closed with respect to the three operations of addition, 
multiplication and differentiation, will hold a central position. Ascribing 
to addition and multiplication the usual properties (including the commu- 
tative property of multiplication), such a system will be a commutative 
ring, a domain of integrity or a commutative field. The operation of 
differentiation is linked with the operations of addition and multiplication 
by the formulas for the derivatives of a sum and of a product. Such 
a system will be called a differential ring, a differential domain of integrity 
or a differential field, as the case may be. 

Differential fields have been treated by Baer® in a paper in which he 
obtains necessary and sufficient conditions for the existence of a differential 
field which is a given commutative algebraic field and has, as the set of 
elements with zero for derivatives, a given subfield. Baer also shows that 
a given differential field may be extended to a field each element of which 
is the derivative of some element; that is, to a differential field closed 
with respect to integration. Ore*® has used differential fields in an abstract 
theory of linear differential operators. 

Any given extension H of a given algebraic field K which is not an 
algebraic extension of K was shown by Steinitz* to be the result of 
a purely transcendental extension followed by an algebraic extension. 
A purely transcendental extension is obtained by the adjunction of a set 
of elements that satisfy no algebraic equation with coefficients in the 
original field not all zero. Each element of an algebraic extension satisfies 
an algebraic equation with coefficients in the field extended not all zero. 
We call attention to a lemma used in obtaining this result. An element 
t of an extension H of a field K which is algebraic with respect to the 
field K(M), obtained by adjoining to K a set M of elements of H algebraic 
with respect to K, is itself algebraic with respect to K. In the first part 

Received May 17, 1932. 

?R. Baer, Algebraische Theorie der differentierbaren Funktionenkorper I, Heidelberger 
Akad. der Wiss. Sitz., Math. Natur. Klasse, 1927-28. 

°0. Ore, Formale Theorie der linearen Differentialgleichungen I, Journal fir Mathematic, 
vol. 167 (1981), p. 221. 

‘ E. Steinitz, Algebraische Theorie der Kérper, Journal fir Mathematik, vol. 137 (1910), 
pp. 167-309. This paper has appeared in book form under the editorship of R. Baer and 
H. Hasse. 
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of this paper, we establish, by a necessarily more complicated elimination, 
an analogue, for differential fields and algebraic differential equations, to 
this lemma. Principally by means of this analogue we establish the result: 
Any given extension H of a differential field K which is not an algebraically 
transcendental extension of K may be obtained by a purely hypertranscendental 
extension followed by an algebraically transcendental extension. We define 
a purely hypertranscendental® extension of a differential field as an extension 
obtained by the adjunction of a set of elements which satisfy no algebraic 
differential equation with coefficients in the original field not all zero. 
We define an algebraically transcendental extension of a differential field 
as an extension each of whose elements satisfy an algebraic differential 
equation with coefficients in the field extended not all zero. Following 
the analogy, we are able to define degree of hypertranscendency and prove 
that it is additive. Where proofs of the algebraic analogues of our theorems 
may be converted easily to our use, references to them are given. 

In the second part, we treat prime differential ideals of forms. By a form 
is meant a polynomial in indeterminates and their derivatives with coefficients 
in a given differential field K.® The set of forms of K that vanish when 
certain elements of an extension H of K are substituted for the indeterminates 
is shown to be a prime ideal in the differential ring of all forms of K and 
since it includes with each form its derivative, we say that it is a prime 
differential ideal. Results are obtained corresponding to a part of van der 
Waerden’s’ work on the zero field of a prime ideal of polynomials. 


I. Differential Fields. 


1. A commutative algebraic field is said to be a differential field if to 
each element a there corresponds one and only one element a,, which we 
call the derivative of a, in such a way that for any two elements a and } 
with derivatives a, and b,, respectively, the derivatives (a+b), and (ab); 
of a+b and ab, respectively, are given by the formulas: 


(1) (a+b); = ath, 
(2) (ab), = ab ta, b. 


If a differential field H has as a subset a differential field K in such 
a way that sums, products and derivatives of elements of K are the same 





°The term “hypertranscendental” is due to A. Bloch. Of. Journal de Mathematiques, 
ser. 9, vol. 10 (1981), p. 290. 

° This use of the word “form” is due to J. F. Ritt. Of. Transactions Amer. Math. Soc., 
vol. 32 (1930), p. 569. 

’ B. L. van der Waerden, Zur Nullstellentheorie der Polynomideale, Mathematische Annalen, 
vol. 96 (1926), p. 183. 
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in both H and K, then H is said to be an extension of K and Kis said 
to be a subfield of H. 

Let M be a set of elements of an extension H of a differential field K. 
We shall call a polynomial in the elements of M and their derivatives 
with coefficients in the differential field K a form in M with coefficients 
in K. Consider the elements of H that can be represented as the quotient 
of two forms in M with coefficients in K, the denominator not zero. These 
elements form a differential field which contains the elements of K and 
the elements of M. We shall call this differential field the differential 
field obtained by the adjunction of M to K and denote it by K(M). 
K(M) is the smallest subfield of H that contains the elements of K and 
of M. If a set N contains the set M, then K(N) contains K(M). 

Let H be an extension of a differential field K. If an element ¢ of H 
satisfies an algebraic differential equation with coefficients in K not all 
zero, then we shall say that ¢ is algebraically transcendental with respect 
to K. An element ¢ of H which is not algebraically transcendental we 
shall call hypertranscendental. If every element of H is algebraically 
transcendental, then H is said to be an algebraically transcendental 
extension of K. 

2. Lemma. If tis an element of an extension H of a differential field K 
and is algebraically transcendental with respect to a differential field K (M) 
obtained by the adjunction of a set M of elements of H, each element of M 
algebraically transcendental with respect to K, then t is algebraically 
transcendental with respect to K. 

Proof. There is at least one form in ¢ with coefficients in K(M/) not 
all zero that vanishes. Let ry be the least of the orders in ¢ of all such 
forms. From among such forms of order r let F(t) be a form of lowest 
degree in the rth derivative of ¢. 

We may and shall assume F(¢) to be a form in ¢ and the elements 
of M with coefficients in K. Only a finite number of elements of / are 
effectively in F(t); that is, only a finite number of elements of U are 
represented by themselves or by their derivatives in terms with non-zero 
coefficients. Let these be denoted by m (i—1,---, p). Let the nth 
derivative of ¢ and m; be denoted by t, and mim respectively. 

Let S = @F/0t,. S is either of lower degree than F in ¢, or of lower 
order than F in ¢; hence S is not zero. By differentiating F(t) = 0, 
we may write 
(3) tra = A1/S, 


where A, is a form in ¢ and m,---, m» of order 7 or less in ¢ with 
coefficients in K. Differentiating (3), we obtain t-+2—= Q/S*, where Q 
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is a form in ¢ and m,---, mp of order r+1 or less in ¢ with coefficients 
in K. Using (3), we may write t,42 = A,/S* with A, a form in ¢ and 
m,-***; Mp of order r or less in ¢ with coefficients in K. Proceeding in 
this manner we may write for any positive integer @, 


(4) trte — Ag ig’, 


where vp is a positive integer and A is a form in ¢ and m, ---, mp of 
order 7 or less in ¢ with coefficients in K. 

There is at least one form in each m (¢ = 1,---, p), with coefficients 
in K not all zero, that vanishes. Let 7; be the least of the orders in m; 
of all such forms in mm. Choose from among such forms of order 7; in m; 
a form of lowest degree in mj, and denote it by Gj. We may write, for 
any positive integer o, 

(5) m,(r; +6) = B,/8;%, 


where S; = 0G;/dmir,+0, yo is a sufficiently large integer and B, is a 
form in m; of order 7; or less in m; with coefficients in K. 
Using the relations (5), we may write, in place of (4), 


where Cy and Po are forms in ¢ and m,,---, mp, with coefficients in K, 
of order r or less in ¢ and 7; or less in m: (¢ = 1, ---, p); we have Po + 0. 
In the Co and Po there are 


h=1+ptrt+n+---+7p 


letters ¢, m,,---, mp and their derivatives.* The first h-+-1 relations (6) 
may be written 
(7) trie = D,/P, (o = 1,---,h+1), 


where P+0 is the product of the Po (@ = 1,---,h+1). Regard Dp 
and P as polynomials in the h letters ¢, m,,---, mp and their derivatives, 
and let m be the maximum of their total degrees. 

Let « represent a positive integer to be fixed later. Form all power 
products V; of the derivatives t+. (@ = 1,---,h-+1) of degree @ or 
less. We may write 


Vj = HIPs, 
where the degree of EH; regarded as a polynomial in the A letters ¢, 
m,***, Mp is at most na. We regard the E's as linear functions of 


products of powers of ¢, m,,---, mp and their derivatives. There are at 
most? ((ne@-+h)---(ma@-+1))/h! such products of powers in the J. 





SIt does not matter in the following that some of these letters may represent the 
same element of H. 
® 0. Perron, Algebra, p. 67. 
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There are exactly ((@+h+1)---(@+1))/(h+1)! distinct products of 
powers V; and hence the same number of linear functions Hj. Hence we 
may choose @ sufficiently large so that the number of the Z;’s exceeds 
the number of the terms in the £j’s. Since the coefficients in the E;’s 
are in K, there exists a linear combination of the Z;’s, with coefficients 
in K, not all zero that vanishes. The same linear combination of the 
Vs vanishes, since P+0. This is the form in ¢ whose existence we 
need in order to prove the lemma. 

3. An element ¢ of an extension H of a differential field K is said to 
depend on a set M of elements of H (with respect to K) if ¢ satisfies an 
algebraic differential equation with coefficients in K (J) not all zero. We 
give five lemmas on dependence. 

LemMA 1. ¢ depends on t. 

LemMA 2. Jf t depends on M and N is a subset of H that includes M, 
then t depends on N. 

LemMA 3. If t depends on M, t depends on a finite subset M’' of M. 

Lemma 4, In the notation of Lemma 3 where M’ is taken as small as 
possible, each element of M' depends on the set formed from M' by replacing 
that element by t. 

LemMA 5. If t depends on M and each element of M depends on a set N, 
then t depends on N. 

We shall prove only the fifth lemma. Let K (V) = K,. K, (M) includes 
K(M), since K, includes K. Hence ¢ is algebraically transcendental with 
respect to K, (M). But each element of M is algebraically transcendental 
with respect to K,, hence by the lemma of the preceding paragraph ¢ 
depends on N with respect to K. 

A set M will be said to depend on a set N (with respect to K) if each 
element of M depends on N with respect to K. Two sets will be called 
equivalent if each depends on the other. A set will be said to be zrreducible 
if it is not equivalent with any proper subset of itself, otherwise it will 
be said to be reducible. 

By exactly the argument used by van der Waerden*® to prove Steinitz’ 
theorem, we may prove the analogue: 

THEOREMI, Every set contains an equivalent irreducible subset. In particular, 
an extension H of a differential field K which is not an algebraically trans- 
cendental extension of K may be obtained by the adjunction of an irreducible 
set followed by an algebraically transcendental extension. 

The extension obtained by the adjunction of an irreducible set will be 
said to be a purely hypertranscendental extension. 


° B. L. van der Waerden, Moderne Algebra, 1930, vol. 1, p. 206. 
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4, We give two lemmas depending on Lemmas 1-5 which will be used 
to prove Theorem II. 

Lemma 6. Jf an irreducible set S becomes reducible by the addition of 
an element a, then a is dependent on 8. 

This obvious lemma is given in order that we may refer to Steinitz’ 
paper for the proof of 

Lemma 7. Jf 8 is an irreducible set (with respect to K) and if the element 
a is hypertranscendental with respect to K but dependent on S, then S contains 
a uniquely determined finite subsystem T' with the following properties: Each 
subsystem of S, on which a depends, contains the set T; 7f any element of T 
is replaced by a, then S becomes an irreducible set equivalent to S; no other 
element of S has this property.™ 

This lemma can be used to prove 

THEOREM II. Jf an extension H is equivalent to two irreducible subsets M, 
and Mz, then M, and My are sets of the same potency. 

The proof by R. Baer and H. Hasse” of the algebraic analogue may be 
parallelled. 

The potency of an equivalent irreducible subset of an extension H of 
a differential field K may be called the degree of hypertranscendency of H 
with respect to K. 

We also have, as in the algebraic theory, 

THEOREM III. Jf H depends on the irreducible set M with respect to 
J and J on the irreducible set N with respect to K, then H depends on 
the irreducible set M+ N with respect to K."® 

This says that the degree of hypertranscendency of H with respect to 
Kis m+n ifm is the degree of hypertranscendency of H with respect to 
J and m that of J with respect to K. 


II. Prime Differential Ideals of Differential Forms. 


5. A commutative algebraic ring will be said to be a differential ring 
if each element has a unique derivative and these derivatives satisfy the 
rules (1) and (2). <A differential domain of integrity is defined similarly. 

In Part I, forms in M with coefficients in K were considered equal if the 
elements of H which they represented were equal. Thus two forms in 
M with coefficients in K might be equal though not identical. In this 
Part we wish to consider two forms as equal if and only if they are 
identical, that is, if they have equal coefficients for corresponding terms. 
Hence we replace the set M by a set X of indeterminates a; with deri- 

! Steinitz, loc. cit., p. 290, or in the reprint, p. 115. 


12 R, Baer and H. Hasse, in the Erliuterwngen with the reprint of Steinitz’ paper, p. 24. 
8 Steinitz, loc. cit., p. 299, or in the reprint, p. 124. 








DIFFERENTIAL FIELDS AND IDEALS OF DIFFERENTIAL FORMS. 515 


vatives xir. The indeterminates may be described as symbols operated 
with as though they were elements.of some differential field containing K 
but not satisfying any algebraic differential equation with coefficients in K 
not all zero.'* If we wish to consider forms in elements of a set M not 
a set of indeterminates, we shall use the language of substitution, and 
say that a certain form has certain properties when the elements of M@ 
are substituted for those of X. 

The set of all forms in X with coefficients in K is a differential ring 
and indeed a differential domain of integrity. 

Let D be a differential domain of integrity. We form the set of all 
ratios a/b (6 +0) of elements of D. We call two ratios a/b (b +0) and 
c/d (d+ 0) equal if and only if 


(8) ad = be. 


We devide all ratios into mutually exclusive classes of equal ratios and 
call each class a quotient. We consider the set of quotients. Let a/b 
(b+ 0) and c/d (d +0) be ratios defining two quotients. By the sum of 
these quotients we mean the quotient represented by 


(9) (ad+be)/ad. 


The sum exists and is unique. By the product of these two quotients 
we mean the quotient represented by 


(10) ac/bd. 


The product exists and is unique. Furthermore the set of quotients is 
known to be an algebraic commutative field for these definitions of sum 
and product. We define the derivative of the quotient represented by 
a/b (b +0) as the quotient represented by 


(11) (a, b—ab,)/d*. 


The derivative exists since b? + 0 and (a,b—ab,) are elements of D. 
To prove that it is unique, suppose that c/d (d + 0) also represents the 
quotient represented by a/b, that is, that a/b = c/d or that the relation (8) 
holds. We wish to show that (a, b— ab,)/b® = («4 d—cd,)/d* or that 


(12) (a,b — ab,)d? = (c,d — cd,) 0°. 





‘* A formal treatment of forms in indeterminates may be given. Cf. B. L. van der Waerden, 
Moderne Algebra, vol. I, p. 50, foot-note. 
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Differentiating (8) we obtain 
(13) a,d— be => bey—ad,. 


Multiplying (13) by bd and using (8) we obtain (12). Similarly, using (9), 
(10), and (11), we can show that the quotients and their derivatives satisfy (1) 
and (2). Hence the set of quotients under these definitions of sum, product 
and derivative form a differential field. We call this differential field the 
differential quotient field of D. 

Let K be a given differential field and X a given set of indeterminates. 
The differential ring of forms in X with coefficients in K will be denoted 
by K[X]. Since K[X] is also a differential domain of integrity, we may 
form its differential quotient field which we shall denote by K(X). 

Two differential fields (or differential rings, differential domains of integrity) 
are said to be isomorphic if their elements can be set into one-to-one corres- 
pondence in such a way that sums, products and derivatives of corresponding 
elements correspond. For our purposes, isomorphic differential fields may 
be regarded as the same. Hence an extension H of a differential field K, 
that is isomorphic with a differential field K will be regarded as an extension 
of K. K(X) is an extension of K. K(X) may be said to be a purely 
hypertranscendental extension of K since X is irreducible with respect 
to K. We have 

THEOREM IV. For any given differential field K there exists a purely 
hypertranscendental extension of any degree of hypertranscendency. Further- 
more, any two such extensions of the same degree of hypertranscendency of 
the same differential field K are isomorphic. 

6. A subset J of a differential ring D will be called a prime differential 
ideal if it is a prime ideal of D in the algebraic sense and if together 
with each of its elements it contains the derivative of that element. 

Let H be an extension of K. Let (q,--+, an) be elements of H. We 
consider the differential ring K[X] of forms in » indeterminates 2, ---, Xn 
and inquire what elements of K[X] vanish when a; is substituted for a. 
The set of elements of K[X] that vanish form a prime ideal J in K[X] 
regarded as an algebraic ring of polynomials with coefficients in K. The 
prime ideal J is a prime differential ideal since, if it includes a form 
J (@, +++, n), it must include f{ (a,---, an). This follows from the fact 
that fi (%,---, 2) has the same coefficients as f, (a:,---, an), Where by 
Si(t,+++, dm) is meant the derivative of the form f(a, ---, dn) aS an 
element of H. Also fi(a,---, an) = 0 since 0, = 0. 

We now consider the following question. Suppose we are given a 
differential field K and a set X of n indeterminates Dy, 2%) An. Let I 
be a prime differential ideal in K[X] which is not K[X] itself. Can we 
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construct an extension of K by the adjunction of a set of n elements 
a;,***, @& in such a way that the set of forms of K[X] that vanish 
when a; is substituted for aj (¢ = 1,---,) is exactly I? Since J is a 
prime ideal of K[X] the remainder class ring K [X]/Z is a domain of 
integrity. Furthermore, it may be made a differential domain of integrity 
by defining the derivative of a remainder class as the class containing 
the derivative of any representative form of that class. This definition 
is unique. Each form of K[X] that consists of a single term k, where 
k is an element of K, determines a distinct remainder class in K[X]/J. 
For if k, and ky +k, were in J, then Z would have to be K[X], since 
(k; —ke)/(ki —Ke) would be in J and hence every form. We may then 
associate with the elements of K those elements of K[X]/JZ which these 
forms determine in a one-to-one correspondence and the subset of K[X]|/J 
thus defined is a differential field isomorphic with K. 

Now form the differential quotient field H of K|X]/J. Let the elements 
of H represented by the ratios 2,/¢,---,%n/e, where « is the unity 
element of K, be designated by ™,---,@,. H can be regarded as the 
field obtained by adjoining the set a,,---, a, to K. Furthermore, from 
the manner in which it was constructed, the condition is satisfied that 
the forms of J and no others of K [Xj vanish when the a’s are substituted 
for the z’s. This field H may be called the solution field of K. 

THEOREM V. For any given@ifferential field K and any prime differential 
ideal I of forms in the set X of n indeterminates 21, +++, Ln with coefficients 
in K, there exists an extension K (a, +--+, an), obtained from K by adjoining 
a set A,,+++, An, such that I is the set of forms that vanish when a, +++, Gn 
are substituted for the indeterminates. 

We consider next the degree of hypertranscendency of the solution 
fields H, and Hy, of the differential prime ideals JZ, and J, where J, 
contains J,. 

THEOREM VI. The degree of hypertranscendency of Hz cannot be less 
than the degree of hypertranscendency of Hy. 

We need only consider the elements adjoined to K to produce H, and 
Hz. Let these be a,,---, an and b,,---, bn respectively. Since every 
form of J, is in 4, every form annulled by the 0’s is annulled by the a’s. 
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JORDAN MEASURE AND RIEMANN INTEGRATION.! 


By Orrin Frinxk JR. 


In this paper it is shown that the Riemann integral can be defined in 
terms of Jordan measure in about the same way that the Lebesgue integral 
is defined in terms of Lebesgue measure. This result is not surprising, 
but it does not seem to be in the literature. There is a paper on the 
subject by J. Ridder, “Over de Integraldefinities van Riemann en Lebesgue”, 
Christiann Huygens, vol. 4, (1925-6) pp. 346-350, but the results stated 
in this paper are incorrect. Ridder attempts to show that a necessary and 
sufficient condition that a bounded function defined over a closed interval 
be integrable Riemann is that the function be “Jordan measurable”, that is, 
for every pair of numbers fk and /, the set of points x of J for which 
k< f(x) <1, and the set for which k << f(~) </, are measurable Jordan. 

But it is easily seen that not even all continuous functions are 
‘“‘measurable Jordan” in this sense. For example, let C be a closed set 
which is not measurable Jordan (such as a nowhere dense closed set of 
positive Lebesgue measure) contained in the closed interval J. Let f(x) 
be the distance of a point x of J from the set C. Then f(x) is continuous, 
but the set of points of J for which —1 < f(x) <0 is the set C, which 
is not measurable Jordan. The situation is more complicated than Ridder 
supposed, as can be seen from the theorems below, where several necessary 
and sufficient conditions for Riemann integrability in terms of Jordan 
measure are derived. Some consequences of these results, believed to be 
new, are also given; for example, it is shown that a bounded function 
integrable Riemann can be uniformly approximated by functions which 
take on only a finite number of values, at sets measurable Jordan. 

We shall confine our attention to bounded functions defined over a closed 
interval (not necessarily 1-dimensional). This is sufficiently general, since 
a function defined over only a subset of the interval may be considered 
to have the value zero elsewhere. Improper integrals will not be considered. 
The following notation will be used. If A is any bounded set of points, 
then by A, the closure of A, we shall mean the set A plus its limit points, 
and by A, the znterior of A, we shall mean the set of all interior points 
of A. Also b(A) = A—A is the boundary of A, and f(A) = A—A is 
the frontier of A. Then the set A—A is the frontier of the complement of A. 
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If A is measurable Lebesgue we shall denote its measure by mA. The 
word measure, unless otherwise qualified, will always mean Lebesgue 
measure. The outer content of A is defined to be mA, and the inner content 
of A is defined to be mA. Since the sets A and A are closed and open 
respectively, they are measurable. If the outer and inner contents of A 
are equal, their common value is cA, the content or Jordan measure of 
A, and A is said to be measurable Jordan. It follows immediately that 
a set is measurable Jordan if and only if its boundary is of measure zero. 
If mf(A) = 0, we say, following Carathéodory, that A is Jordan measurable 
from within, or JMI, and if A—A, the frontier of the complement of A, 
is of measure zero, we say A is Jordan measurable from without, or JMO. 

With the aid of some simple point-set theory the following consequences 
of these definitions can be established. The logical sum of a countable 
number of sets JMI is JMJI. The logical product of a countable number 
of sets JMO is JMO. The complement of a set JMJ is JMO, and 
conversely. A set is measurable Jordan if and only if it is both JMJ 
and JMO. A closed interval is measurable Jordan. If A and B are 
measurable Jordan, then their logical sum A+ B, their logical product AB, 
and their logical difference A—B, are all measurable Jordan. 

It is assumed that the reader is familiar with the ordinary theory of 
Riemann and Lebesgue integration, and in particular with the theorem 
that a function defined and bounded on an interval is integrable Riemann 
if and only if its points of discontinuity form a set of measure zero. 
Given a function f(x) defined over a closed interval 7, we shall denote 
by Gx, Ex, In, G@E,, and LE, the sets of points of Z for which 
f(x) >k, =k, <k, >k, or <k respectively. 

THEOREM 1. If f(x) is defined, bounded, and integrable Riemann on 
the closed interval I, then for all except a countable number of values of k 
the set of points Gy for which f(x) >k is measurable Jordan. 

Proof. Since f(x) is integrable Lebesgue, the set of points EZ, for 
which f(”)—=k is measurable Lebesgue, and for all except a countable 
number of values of k is of measure zero. For, no two distinct sets 
FE, have a point in common, and all are contained in J, hence only 
a countable number of them can have positive measure. 

Suppose now that k is so chosen that mH,—0, and consider the set 
Gi; of points where f(~)>k. What we wish to prove is that G, is 
measurable Jordan, that is, that its boundary is of measure zero. Suppose 
pis any point of the boundary of G,. Three cases arise. I. If f(p)>k, 
then p is both a member of and a boundary point of G,, and is therefore 
a limit point of points where ft (x)<k. Hence p must be a point of 
discontinuity of f(x). IL. If f(y) =k, then p is a point of E,. Ill. If 
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tS (p)<k, then since p is a boundary point but not a member of G,, it 
must be a limit point of G,, that is of points where f(~)>k. Then it 
is a point of discontinuity of f(a). Hence in any case a boundary point 
of G. is a member of either H,, which is of measure zero, or of the set 
D of discontinuities of f(z), which is also of measure zero since f(x) is 
integrable Riemann. Since it is a subset of a set of measure zero, the 
boundary of G; is of measure zero, hence G; is measurable Jordan. 

THEOREM 2. Jf f(x) is defined, bounded, and integrable Riemann on 
the closed interval I, then for all except a countable number of values of k, 
and in fact whenever mE =0, the sets Gu, Ex, In, GEx, and LE, are 
all measurable Jordan. 

Proof. This follows from Theorem 1, from the fact that —/f(x) is 
integrable Riemann, and from the fact that the difference of two sets 
measurable Jordan is measurable Jordan. In fact, Ly is the set of points 
where —f(x)>—k, GE, = I—-Ik, LE = I—- Gk, Ee = GE— Gy. 

THEOREM 3. If f(x) is defined, bounded, and integrable Riemann on 
the closed interval I, then for every k the sets Gy and Ly, are each the sum 
of a countable number of sets measurable Jordan, and hence are JM1, 
and the sets GE,, LEx, and Ex are each the logical product of a countable 
number of sets measurable Jordan and hence are JMO. 

Proof. For any number k we can find a sequence of numbers k,, kz, ---, 
kn, +++ approaching k from above and such that for every » we have 
mE, = 0, and a sequence of numbers J, /:, ---, In,--++ approaching k 
from below and such that for every n we have mE, = 0, since all 
except a countable number of numbers have this latter property. Then 


oe 
G: = > Gx, since in the first place every x which is a member of Gx is 
n=1 


a member of every Gy, for which f(x)>kn, and in the second place 
every point of Gx, is also a point of G;. Similar reasoning shows us that 


In = 2 Li, aE, =|] Gi, = I— Ik, La =-l[ln= I— Gk, 
ane n=1 n=1 


oe 0 
k= GE, LE=lla,-[] x. 
n=1 n=1 


But by Theorem 2 the sets Gy, Lx, Gi,, Ly, are all measurable Jordan. 
This completes the proof of Theorem 3. 

It should be noted that a set can be JMI without being the sum of 
a countable number of sets measurable Jordan. An example is any set 
of the second category of measure zero. For, every set of measure zero 
is JMI; but since a set of content zero is nowhere dense, the logical 
sum of a countable number of sets of content zero is necessarily of the 
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first category. Similarly, the complement with respect to J of a set 
which is of measure zero and of the second category is an example of 
a set which is JMO without being the logical product of a countable 
number of sets measurable Jordan. 

It follows from Theorem 2 that if mE; = mE; = 0, the set of points of 
I for which k << f(x)<l is measurable Jordan. We are now in a position 
to define the Riemann integral in terms of Jordan measure in the same way 
in which the Lebesgue integral is defined in terms of Lebesgue measure. 

Let f(x) be a function defined, bounded, and integrable Riemann on the 
closed interval J, and let m be a number less than the greatest lower bound 
of f(x) and M be a number greater than the least upper bound of f(z). 
Consider a partition of the interval from m to M, that is, a finite number 
of values y, +++, Yn Such that m = yo yy yg <c--+<Cyp-++<yn = M, 
and subject to the condition K that mH, =O for every k. Let 0, the 
norm of the partition, be the maximum of y,— yx—1 for all values of k. 
Let A, be the set of points of J for which yrs:<f(x)< yx. Then it 
follows from Theorem 2 that A, is measurable Jordan. Let cA, denote 
the Jordan measure of Ax, which of course is equal to its Lebesgue 
measure. Then we can define the Riemann integral of f(x) over the 
interval J by the relation 


n 
f, f (x) dx = lim > yec Ar. 
I d—>0k=1 
This limit exists in the sense that there is a number ZL such that for every 
é>0 there exists an 7 >0 such that for every partition y,---, yn subject to 


n 
condition K, and whose norm 4 is less than 7, we have >> Yk CAR) <<. 
=1 


The existence of this limit Z is proved in the same way as for the Lebesgue 
integral, and of course it is equal to the Lebesgue integral. That there 
exist partitions of arbitrarily small norm subject to condition K follows 
from the fact that mEy, = 0 for all except a countable number of 
values of yx. 

Having obtained some necessary conditions for the Riemann integrability 
of bounded functions in terms of Jordan measure, we now look for sufficient 
conditions of the same type. As we shall prove, the properties stated in 
the conclusions of Theorems 2 and 3 are each sufficient for Riemann 
integrability. We shall first show that a condition apparently weaker 
than either of these is also sufficient. 

THEOREM 4. If the function f(x) is defined and bounded on the closed 
interval I, and its bounds are m and M, and if for a set of values of k 
everywhere dense on the interval from m to M the sets Gy and Lx of points 



















522 0. FRINK Jr. 


of I for which f(x) >k and f(x)<k respectively are JMI, then f(x) is 
integrable Riemann. 

Proof. It is sufficient to prove that the set D of discontinuities of f(z) 
is of measure zero. Note that from the hypothesis of our theorem it 
follows that for every k, Gy and Lx, are JMJI. For, as before, we can 
find a sequence of values k, approaching k from above such that every 
Gis JMI, and a sequence of values 7, approaching k from below such 


i) i,¢) 
that every Li, is JMI. Then G = 2, Gy, and Ly, = 2, Iy,. Hence 
n= a= 


both G, and Z, are JMTJ, since each is the sum of a countable number 
of sets JM. 

Now consider the set O, of those discontinuities of f(x) at which the 
oscillation of f(x) is >1/n, suppose p is any point of O,, and let f(p)=—k. 
If r and s are rational numbers such that r<k<s and (s—r)<1/5n, 
then p is a point of G, and also of Zs. But, since the oscillation of 
F(a) is >1/n at p, p is a limit point either of points where f(xz)<r or 
of points where f(x)>s. Then p is a frontier point of either G, or Ls, 
since it is either a point of G, and a limit point of points not in G,, or 
a point of Zs and a limit point of points not in Zs. Since the sets 
Gr and L, are J MI, their frontiers f(G,) and (Zs) are of measure zero. 


All points of O,, then, are included in the set 2, St (Gy) + 2 J (L,,) where 


the sequence 7,, 72, ---, Yi, +: iS some enumeration of the rational 
numbers. Since this set is of measure zero, so also is O,. But the set 
iv.¢) 


of discontinuities of f(x) is D = 2 On. Hence D is of measure zero 


and f(x) is integrable Riemann. We have used throughout the fact that 
a countable number of sets of measure zero has as its logical sum a set 
of measure zero. 
By combining Theorems 2, 3, and 4, a large number of different necessary 
and sufficient conditions for the Riemann integrability of bounded functions 
can be obtained. Some of these are found in 
THEOREM 5. Lach of the following ten properties is by itself a necessary 
and sufficient condition for the Riemann integrability of a function f(x), 
defined and bounded on the closed interval I, and whose bounds are m 
and M: 
a) For all except a countable number of values of k the sets Gy and 
Ix are measurable Jordan. 

b) For all except a countable number of values of k the sets GE, and 
LE, are measurable Jordan. 

c) For a set of values of k everywhere dense on the interval from m to M 
the sets G, and Ly are measurable Jordan. 
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d) For-a set of values of k everywhere dense on the interval from m to M 

the sets GE, and LE, are measurable Jordan. 

e) For all values of k the sets Gy and Ix, are each the logical sum of a 

countable number of sets measurable Jordan. 

f) For all values of k the sets GE, and LE, are each the logical product 

of a countable number of sets measurable Jordan. 

g) For all values of k the sets Gy and Ix, are JMI. 

h) For all values of k the sets GE, and LE, are JMO. 

i) For a set of values of k everywhere dense on the interval from m to M 

the sets Gy and Ty, are JMI. 

j) For a set of values of k everywhere dense on the interval from m to M 

the sects GE, and LE, are JMO. 

It should be noted that if for a set of values of k everywhere dense 
on the interval from m to M the sets GH, and LE, are JMO, then for 
the same values of k the sets G, = JI—LE, and k = I1—GE, are 
JMI, since the complement with respect to J of a set JMO is JMI, 
and hence f(x) is integrable Riemann by Theorem 4. This is the only 
fact needed in Theorem 5 not already covered by Theorems 2, 3, 
and 4, 

THEOREM 6. If f(x) and g(x) are defined, bounded, and integrable 
Riemann on the closed interval I, then the set of points of I where 
I (x)>g(x), and the set of points of I where f(x) + q(x) are each the 
logical sum of a countable number of sets measurable Jordan, and the set 
of points where f (x) = g(x), and the set of points where f(x) > g(x) are 
each the logical product of a countable number of sets measurable Jordan. 

Proof. This follows from the fact that if f(a) and g(x) are integrable 
Riemann, so is their difference d(x) = f(x)—g(x). The four sets of 
points in question are the points of J at which d(z)>0, +0, =0,=>0, 
respectively. The conclusion then follows from Theorem 3. 

THEOREM 7, If f(a) and g(x) are defined, bounded, and integrable 
Riemann on the closed interval I, then the necessary and sufficient condition 


that I | f(x) —g(a)| dx = 0 is that the set of points U at which f (x) + g(x) 


be the logical sum of a countable number of sets of content zero. 

Proof. Since the Riemann and Lebesgue integrals are equal when both 
exist, it follows from the corresponding theorem for Lebesgue integrals 
that the necessary and sufficient condition for the vanishing of the integral 
in question is that mU=0. But since f(x) and g(z) are integrable 
Riemann, it follows from Theorem 6 that U is the sum of a countable 
number of sets measurable Jordan. Since it is also of measure zero, it 
must be the logical sum of a countable number of sets of content zero. 
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It should be noted that Theorem 7, and in fact a somewhat sharper 
result, can also be deduced from a theorem to be found in the first edition 
of Hobson’s “Theory of Functions of a Real Variable”, Cambridge 1907, 
page 347. This theorem states that a necessary and sufficient condition 


that I, J (x) da exist in the sense of Riemann and be zero for every 


subinterval of J is that for every k>O the set of points of J for 
which | f(z)| =k is of content zero. From this it follows that under 
the hypothesis of Theorem 7 a necessary and sufficient condition that 


[\f@—g@ |\ de = 0 is that for every k>0, the set of points of J 


for which | f(x)—g(x)| =k is of content zero. This implies Theorem 7. 

THEOREM 8. Jf f(x) is defined, bounded, and integrable Riemann on 
the closed interval I, and U is any subset of I which is the sum of 
a countable number of sets of content zero, then there exists a function 
g(x), also defined, bounded and integrable Riemann over I, such that U 
is the set of points at which f (x) + g(a). 

Proof. We define g(x) to be f(x)+ u(x), where u(x) is integrable 
Riemann and differs from zero only at points of U, as follows. We are 


2) 
given that U = 2, Cr, where each C, is of content zero. If we let 
DL = C1, Dz, = C2—C,, +++, Dn = Ca—(Q+Qa+ -+++Cr-1), then 
U = > Dn, Where each D, is of content zero, and no two distinct sets 


Dy have a point in common. This follows from the fact that the logical 
sum and difference of two sets of content zero are sets of content zero. 
Now let u(x) be the function which for all values of nm is equal to 1/n 
for each x which is a member of D,, and is equal to zero for each x 
which is a member of J but not of U. Then w(x) is integrable Riemann 
by Theorem 5a), since for all values of k except zero the sets G; and 
Ly, for the function u(x) are measurable Jordan. Hence the function g (x) 
as defined above is bounded and integrable Riemann and differs from /(z) 
only at points of U, which was to be proved. 

Theorems 7 and 8 are important in connection with those function 
spaces for which the “distance” of two functions is defined in terms of 
the Riemann integral of some power of their absolute difference, and in 
other connections. Now every set which is the logical sum of a countable 
number of sets of content zero is both of the first category and of 
measure zero. Is the converse true? It is not, as the following rather 
complicated example will show. It seems to be even more difficult to 
construct a similar example for linear sets. 

Let a Jordan are AB in the plane be of superficial (two-dimensional) 
measure unity, and let it be in one to one continuous correspondence with 
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a straight line segment OX of unit length in such a way that, if S is 
any subset of OX and S’ is its image in A B, and if one of the sets S, 9’ 
is measurable, then the other is also, and the linear measure of S is equal 
to the superficial measure of S’. It is well known that such a correspondence 
can exist. Now let S be a subset of OX of linear measure zero, whose 
complement with respect to OX is of the first category, and let 98’ be 
the image of Sin AB. Of course S’, being a subset of an arc, is nowhere 
dense in the plane and hence of the first category, and also it is of 
measure zero. Nevertheless, S’ is not the sum of a countable number of 
sets of (two-dimensional) content zero. For, if it were, it would be a sub- 
set of an Fy of measure zero, and in fact, of an Fy of measure zero 
contained in AB, since AB is a closed set. Call the image of this 
F, on OX the set K. Now we have that K is also an F, of measure 
zero, and is thus of the first category. But K contains S, which is of 
the second category, and this involves a contradiction. 

THEOREM 9. Jf the function f(x), defined over the closed interval I, 
takes on only a finite number of values y:, Ys, +--+, Yn, at the sets E,, 
Ey, +++, En respectively, then the necessary and sufficient condition that 
J (x) be integrable Riemann is that each of the sets E; be measurable Jordan, 


n 
and the integral in this case is equal to > yi: cE;. 
i=1 


Proof. In the first place if each set E; is measurable Jordan, then by 
Theorem 5 f(x) is integrable Riemann, since it is bounded and the sets 
G, and Lx, are measurable Jordan for all values of k. Conversely, if 
J (x) is integrable Riemann, then the set D of its points of discontinuity 
is of measure zero. Now if p is a boundary point of one of the sets 
Ej, then it is at the same time a point of some set Z, and a limit point 
of points not in Z,, which implies that it is a point of discontinuity 
of f(x). Hence the boundaries of the sets £; are all contained in the 
set D, which is of measure zero. But then these boundaries are of 
measure zero, and hence the sets HE; are measurable Jordan, which was 


to be proved. That the integral in this case is equal to 2 yi c E; follows 


from our discussion after Theorem 3, where a definition of the Riemann 
integral was given similar to that of the Lebesgue integral. 

THEOREM 10. The necessary and sufficient condition that a function f(x), 
defined and bounded on the closed interval I, be integrable Riemann is that 
I(x) be the limit of a uniformly convergent sequence of functions each of which 
assumes only a finite number of functional values over sets measurable Jordan. 

Proof. It f(x) is the limit of such a sequence, then by Theorem 9 
each function of the sequence is integrable Riemann, Then by a well 
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known theorem, f(x), being the limit of a uniformly convergent sequence 
of functions integrable Riemann, is itself integrable Riemann. 

Suppose now on the other hand f(x) is given to be integrable Riemann. 
We wish to prove that for every integer m there exists a function g, (x), 
taking on only a finite number of values over sets measurable Jordan, 
and such that | f(~2)—gn(x)|<1/n. Suppose m is a number less than 
the lower bound of f(x), and M is a number greater than the upper 
bound of f(x). In view of Theorem 2 we can select a finite number of 
values m = yw<yi<-+:<Yi<-+-<yYr = M on the interval from m 
to M such that y— yi-1<1/2m and such that the set of points <A; for 
which yj-1 < f (x)<y; is measurable Jordan for all values of 7 from 1 to r. 
Define gn(x) to be the function which for all values of 7 is equal to y; for 
every x which is a member of Aj. Then | f(x)—gn(x)|<1/n, and gp (zx) 
takes on only a finite number of values y; at sets A; measurable Jordan, 
which was to be proved. 

Theorem 10 gives us another method of defining the Riemann integral 
in terms of Jordan measure, which however is not essentially different 
from the method previously described. It should be remarked that the 
theorems of this paper are not restricted to functions defined over a linear 
interval; the proofs hold equally well for functions defined over a closed 
interval J of any number of dimensions. 





SERIES OF ORTHOGONAL POLYNOMIALS.' 


By DunHAM JACKSON. 


1. Introduction. The theory of systems of polynomials orthogonal 
over an interval with respect to a given weight function of more or less 
arbitrary character, and of the convergence of expansions in series of 
such polynomials, has undergone rapid development during recent years, 
and the essential facts of the theory are now well known.’ In view of 
the increasing attention which has been given to the subject, however, 
and the diversity of possible applications, there may be room for a brief 
introductory account bringing out some of the more conspicuous facts 
with a degree of simplicity and comprehensiveness comparable with that 
found in existing elementary treatments of Fourier series. The purpose 
of this article is to give at least a part of such an exposition. 

2. Fundamental formulas. For a considerable part of the formal 
theory, the range of the independent variable may be either finite or 
infinite in extent. In the present paper, however, the interval will be 
thought of as finite, and may without loss of generality be taken as that 
from —1 to +1. Let @(x) be a function which is integrable over this 
interval (in the elementary sense or in the sense of Lebesgue),* nowhere 
negative, and actually positive at least for such a part of the interval that 


1 
f ¢ @) dx>0. 
Let po (x), p: (x), pe (x), +++ be the corresponding sequence of normalized 


orthogonal polynomials, of degrees indicated by the subscripts respectively, 
satisfying the conditions that 





‘Received November 16, 1932. Presented to the Mathematical Association of America 
at Los Angeles, August 30, 1932. 

? Among outstanding contributions to the extensive literature, beyond the pioneer work 
of Tchebychef, the following may be mentioned: G. Darboux, Mémoire sur l’approximation 
des fonctions de trés-grands nombres, et sur une classe étendue de développements en 
série, Journal de mathématiques pures et appliquées, (3), vol. 4 (1878), pp. 5-56, 377-416; 
a series of publications by W. Stekloff, one of which will be referred to specifically later; 
G. Szegi, Uber die Entwicklung einer willkiirlichen Funktion nach den Polynomen eines 
Orthogonalsystems, Mathematische Zeitschrift, vol. 12 (1922), pp. 61-94; G. Szegd, Uber 
den asymptotischen Ausdruck von Polynomen, die durch eine Orthogonalititseigenschaft 
definiert sind, Mathematische Annalen, vol. 86 (1922), pp. 114-139; S. Bernstein, Sur les 
polynomes orthogonaua relatifs & un segment fini, Journal de mathématiques pures et 
appliquées, (9), vol. 9 (1930), pp. 127-177, and vol. 10 (1981), pp. 219-286. 

* For a formulation in terms of Stieltjes integrals see J. Shohat, Stieltjes integrals in 
mathematical statistics, Annals of Mathematical Statistics, vol. 1 (1930), pp. 73-94. 
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[-,e@ pm) pn (a) dx = 0 (m +n), 
Le@ n@ de =1. 


It is perhaps not necessary to reproduce here a proof that for any ¢ (zx) 
of the character specified such a sequence of polynomials exists. For 
o (x) =1 the polynomials are those of Legendre, except for constant 
factors, and the convergence proof to be given below will be incidentally 
a proof of convergence of Legendre series. For e (x) = (1—a*)-? the 
p’s are essentially the “trigonometric polynomials” by which the cosine 
of n times an angle is expressed in terms of the angle itself: pn (x) = Cy cos 
(n arc cos x). Both are particular cases of Jacobi polynomials, defined 
by the specification @ (a) = (x+1)*(1—az)?, ea>—1, B>—1. Other 
special cases will be referred to later.° 

An “arbitrary” function f(x) can be formally expanded in a series of 
the form 


(2) Co Po (a) + expr (x) + C2 ps (a) ++ - 


with coefficients determined as in the case of Fourier series, on the basis 
of the property of orthogonality: if the series (2) is supposed uniformly 
convergent to the value f(x), multiplication by e(x) px (x) and integration 
from —1 to +1 with the use of (1) gives 


(3) ce = fe F@) pela) de. 


If f(x) is any function such that o(x) f(x) is integrable, coefficients cx 
can be defined by (3) and used to form a series (2), and it may then be 
inquired whether this series does in fact converge and have f(x) for its sum. 

For any such function f(x), the notation s,(x) will be used to represent 
the sum of the first »-+1 terms of the series: 


(1) 


8, (x) = >> Cr pr (x), 


the coefficients c, being given by (3). It follows at once from the 
definition that 


(4) in (a) = [eS Kale, Oat, 





‘The sequence may be constructed by what is commonly referred to as “Schmidt's 
process of orthogonalization”; see, for example, the writer's Theory of Approximation, 
American Mathematical Society Colloquium Publications, vol. XI (hereafter referred to as 
Colloquium), New York, 1930, pp. 89-90, 95. 

> For the most important cases of orthogonal polynomials see Pélya and Szegd, Aufgaben 
und Lehrsiitze aus der Analysis, vol. II, Berlin 1925, pp. 75-76, 91-94, 266-267, 287-295. 
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where 5 
(5) K, (zx, t) = p> px (x) p(t). 


Since each px(x) is actually of the degree indicated by its subscript, 
the identities expressing the p’s as combinations of powers of zx can 
be solved for the powers of x successively, and x", or any polynomial 
of the mth degree in x, can be expressed as a linear combination of 


po(x), +++, Pn(x). If qg(~) is any polynomial whatever of degree lower 
than the nth, 
(6) [e@) pn(x) q@) dx = 0 


in consequence of (1), since g(x) is a combination of p’s with indices not 
greater than n—1. 

3. The Christoffel-Darboux identity. On the basis of these fun- 
damental properties of the p’s, a formula for K,(xz,¢), to which the 
name of Christoffel is attached in the case of Legendre polynomials, can 
be obtained for general e(x) by a method due to Darboux.® 

Let ax denote the coefficient of x* in px(x). The sign of a,x, which 
is not determined by (1), will be taken as positive. The product xp,(z), 
being a polynomial of degree n-++1, can be linearly expressed in terms 
Of po(x), +++, pnta(x), and by comparison of the terms of highest degree 
can be written in the form 


(7) xpa(x) = - Dna (2) + Can pn (a) + Ca,n—1 pn—s (2) + +++ + Cho po (x), 


where the C’s are some constants. Let this identity be multiplied by 
e(x) p(x) and integrated from —1 to +1, k being one of the numbers 
0,1,-+-,m—1. By (1) the result reduces to 


(8) fi z0 (a) pn (x) p(x) dx = Crk. 


For ki n—2, xpx(x) is a polynomial of degree not higher than n—1, 
which may be identified with g(x) in (6), and it is seen that Cr, = 0 
for these values of k. For k = n—1, let n be replaced by n—1 in (7): 





x pn—1(“) = ig pn(t) + Qn (2), 


where gn_1(x) is a polynomial of degree n—1 at most. Substitution of 
this in (8) gives 


1 
An—1 an—-1 
Cra = “a f. o(x) p?(x)dx = ’ 











° Loc. cit., p. 411. The notation is somewhat different, since Darboux takes the leading 
coefficient as unity. 
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Thus the p’s are found to be subject to the recursion formula 


An—1 
An 





(9) “LPn (2) = a ee (x) + Cnn Pn (x) + ~Pn—1 (x), 
An+1 
the coefficient Cn, being left unspecified, as far as the present calculation 


is concerned. 
With m replaced by k, (9) reads 


Oe ys (a2) + Cre pe (ee) + 


Ak+1 








Pk—-1 (ar) : 


Ak—1 
x pr (x) = a 


k 


Let this be multiplied by p(t), and the corresponding identity in ¢, 








tp (t) = 


~~ Devs (f) + Crepe () +7 


ak— 
xo Pr-i (2), 
Ak+ k 


by px(x), and one subtracted from the other; the result is 








(t— 2) pe) pe (@) = —*— [pets pe (@) — pet) pets (@)) 
(10) k+1 
— “> [pe pea (@) — pea (Pe @)]- 


This holds for any value of k>1. For k = 0, po(x) = a, while p, (z) 
is of the form a,x+), so that 


ope) = (“) m@—(*), 


1 





and it follows immediately that 
(11) (t—2)p0(t)po a) = 7° [ps po (@) — po ps()]- 


If (10) is written for k = 1,2,---,m successively, addition of (11) and 
the n identities (10) yields’ 


(t — 2) [po(t) po(x) +--+ + pn(t)pn(a)] = Fans lomss (8) nla) — pn(t)pnya(a)], 


Kyla, t) = —2n—, Pati ()pn(@) — pn O Pats @) 
An+1 t<-# 








7A more compact derivation of the formula for K,, without intermediate use of the 
recursion formula, is given by Shohat, On Stieltjes continued fractions, American Journal 
of Mathematics, vol. 54 (1932), pp. 79-84. 
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4. First convergence theorem. Since 1 is a polynomial of degree 
zero, it follows from (6) that 


1 1 
[em (oat = [em ()-14¢ = 0 
for k >1, while ; 
po(x) = a = poll), [ero @ po (at = [erat = 1, 


Consequently, by direct substitution of the expression (5) for K, (z, 2), 


1 = fe Kul, dat, 


a special case of (4) for f(t) = 1. As f(x) is a constant with respect 
to the variable of integration, the result of multiplying this identity by /(x) 
may be written in the form 


fe) = [eS @) Enle, Hat, 
and subtraction of this from (4) gives 
sn(z) fa) = J eOU) —@) Kale, Oat 


(12) & 
foci —pe Ps Pa Pals) gy, 








The problem of convergence is to show that (12) approaches zero as n hi 
becomes infinite. ig 
As a first step, it may be pointed out that® @p/ani1<1. Let a poly- . 
nomial 7,-1(%) be determined among all polynomials of degree » —1 by 

the requirement that the integral 


f “e (a) [a” — mn-1 (x) Pax 


shall be a minimum, and let yp, be the corresponding minimum value of 
the integral. If 2-;(x) is expressed in terms of po(x),---, Pn—i(2), it is 
readily seen that a necessary condition for the minimum is that 


fie (x) [a” — mn_-1(x)] pe(x)dx = 0 


for k = 0,1,++-,n—1, and hence that 








* Cf. J. Chokhatte [J. Shohat], Sur le développement de V’intégrale ... et sur les polynomes 
de Tchebycheff, Rendiconti del Circolo Matematico di Palermo, vol. 47 (1923), pp. 25-46, 
pp. 31-33. A treatment of convergence can be based directly on the general least-square 
property, of which a special case is utilized here; see e. g. Colloquium, pp. 92-101. 


f ’ ‘ 


. { 
Cra) ey Daelxdax é x 4 x ‘ . f 
jie” Ts 't ; : Le ‘ 
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fie@ [x” — mps(x)] q(x) da = 0 


for every polynomial q(x) of degree lower than the nth. Let this 
relation be multiplied by a, and subtracted from (6); if the combination 
pn(x) — an[x" — mn-1(x)] is denoted by r(z), 


[e@)r@qGa)ax = 0. 


But v(x) is of degree lower than the mth, since the terms in 2” cancel; 
it is possible in particular to take q(x) = r(a), so that 


1 
[e@r@rde = 0, 
from which it follows that r(7) =0, pna(x) = an[a” — mn-1(x)]. Hence 


1 £1 1 48 
jo | kOr@ dz —_ a’ in = eM 


Similarly, a,,, = 7,17, Where y,., is the minimum of 


Vnti n+1 
[/e@ ler — m@Paa 


aS (x) ranges over all polynomials of the mth degree. But a particular 
polynomial of the nth degree is x7,-1(x), and hence 


Ynti S if 18 (x) la"? — wrn-s (x) P dx = [i 2te@) [x” — tpa(x)P? de. 


As «*< 1 throughout the interior of the interval, the last integral is 
smaller than that defining yn, and 7n41< yn, Gnti > Mn. 
Let f(x) be a function such that both e(x) f(x) and oe(x)[f(x)} are 
integrable over (— 1,1). By use of the relations (1) and (3) it is seen that 
1 1 n 
[e@u@—sa@rar =f e@rs@rae—S 4. 


Since the left-hand member is positive or zero, 


Das fi e@vorac. 


As this holds for all values of », while the integral on the right is 
. . 90 . 
independent of n, the series >'c? is convergent, and 

0 


lim c, = 0. 
k—> 0 


For the application to be made presently, this result is needed, not for 
the function f(x) itself, but for another function related to it; for con- 


venience of reference it may be restated in slightly different notation as 
follows: 
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Lemma. If p(t) is a function such that e(t) y(t) and e(t)[y(}* are 
integrable over (— 1, 1), 


ome Leo 9 (t) pn(t)dt = 0. 


Now let the expression (12) for the remainder of the series be recalled. 
For a fixed value of 2, let y(t) stand for the difference quotient 
f(t) —f(~)\V(t— x). Then the remainder may be written in the form 


sn (a) — f(a) 
13 1 | 
i)  « [pn @) § 08) 9) pnts (t) dt — pasa (2) f (09 @paldat]. 


An+1 





For simplicity in a first convergence theorem, to be reconsidered later in 
the interest of greater generality, let it be supposed that /(¢) is continuous 
except for a finite number of finite jumps, and that it has for ¢ = zx 
a right-hand and a left-hand derivative, not necessarily equal to each other. 
Then ¢(t) is continuous except for a finite number of finite jumps throughout 
(—1, 1), and the integrals of ey and ey” certainly exist. By the prece- 
ding paragraph, therefore, the integrals in (13) approach zero for n>. 
It has been shown that @n/dnii1<1. It will be seen presently that cn 
many important cases the polynomials pn(x) remain bounded as n increases, 
Jor a fixed value of x, in the interior of the interval at least, and in fact 
are uniformly bounded throughout any closed interval interior to (— 1, 1). 
In such cases the whole right-hand member of (13) approaches zero when « 
is an interior point (and at the ends of the interval also if the values of 
pn(+1) are bounded). The present stage of progress may be summarized in 

THEOREM I. If the weight function (x) is such that pn(x) remains bounded 
as n increases, for a specified value of x in (—-1,1), and if f(t) is con- 
tinuous throughout the interval except for a finite number of finite jumps, 
the series (2) will converge to the value f(x) if f(t) has a right-hand and 
a left-hand derivative at the point t = x. 

In the case of convergence for ¢ == +1, of course, only the left-hand 
derivative is involved, and similarly at the other end of the interval. 

The trigonometric polynomials cos (m are cos z), with or without 
the normalizing factor (2/7)¥?, are uniformly bounded throughout the 
whole closed interval (—1,1). The normalized Legendre polynomials 
[(2m + 1)/2]"*X,(x) are uniformly bounded throughout any closed interval 
interior to (—1, 1), since |X,(x)| itself remains inferior to a constant 
multiple of n—"2 throughout such an interval ;° and Theorem I thus applies 


* See e. g. L. Fejér, Abschiitzungen fiir die Legendreschen und verwandte Polynome, 


Mathematische Zeitschrift, vol. 24 (1926), pp. 285-298; Colloquium, pp. 27-28. 
86 
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directly to Legendre series. The fact that Jacobi polynomials in general 
possess the property in question is a consequence of an asymptotic formula 
due to Darboux,’® and the requisite information for broad classes of weight 
functions is obtainable from the memoirs of Szegé and Bernstein. While 
it would be far outside the scope of the present “elementary” treatment 
to reproduce the arguments of these authors, it is easy to give an immediate 
extension of the range of applicability of Theorem I somewhat beyond the 
fundamental cases of cosine series and Legendre series. 

Let go(x), a:(x), ge(x), --+ be the normalized orthogonal polynomials 
corresponding to a weight function @,(%), and let po(x), p, (x), po(x),--: 
be those corresponding to the weight function o(~) = W(x) e,(x), where 
I(x) is a polynomial which is non-negative for —1<2<1. Let o,(z) 
be such that the polynomials gx(x) are uniformly bounded over a point 
set E contained in the interval (—1,1), say |gqx(x)| << A for all points 
in H and for all values of k. For the present general formulation, the 
set H may consist of one point or several points or an infinity of points, 
and may or may not include one or both of the points +1. Let it be 
supposed that /(m) remains different from zero and has a positive lower 
bound, say W(x) =>g> 0, for all values of x in #. The purpose is to 
show that the property of boundedness in E carries over from the q’s 
to the p’s. 

_ Let the degree of W(x) be m. Since W(x) pn(x) is a polynomial of 
degree n-++m, it can be written in the form" 


IT (a) pn(x) = 191 (x) + 2 ga (@) + +++ + €nt-m Qn+m(x); 
the c’s of course vary with n, but it is not necessary to complicate the 


notation for the sake of making this explicitly apparent. Jn each case 
te = 0 for k<n, since 


1 
ce = Jer (2)-(@) pala) - (a) de, 


and pn(x) is orthogonal to every polynomial of lower degree with respect 
to the weight function (x) e,(~). Consequently 


IT (x) Pn (x) ie Cn Qn (x) Sie Cn+m Qn+m (x), 





” Cf. Szegé, Mathematische Zeitschrift, vol. 12, loc. cit., p. 89. 

“Cf. Szegé, Uber die Entwickelung einer analytischen Funktion nach den Polynomen 
eines Orthogonalsystems, Mathematische Annalen, vol. 82 (1921), pp. 188-212, footnote on 
pp. 190-191; Bernstein, Journal de mathématiques, vol. 9, loc. cit., pp. 1838-139; J. A. Shohat, 
On the development of continuous functions in series of Tchebycheff polynomials, Trans- 
actions of the American Mathematical Society, vol. 27 (1925), pp. 537-550, p. 542. 
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the number of non-vanishing coefficients on the right being at most m+ 1, 
and so remaining finite as n increases. If x belongs to the set EZ, 


| (a) pn(a)| S H(\en|+ --- + \en+m|). 
Let G be the maximum of (x) for —1<2<1. For z in Z, 
| pn (a)| < (H/g) (\en| + +++ + | en+m!|). 
For any value of k from n to n-++m, obviously, 
PA GSgr TG 1415 E+---+4,.™, 
os legit ++ +l enim! S m+) (2+ +++ +e,,)!. 


But inasmuch as the g’s are orthogonal and normalized for the weight 
function @,(%), while the p’s have the same property with respect to the 
weight function (x) @,(x), and W(x) < @, 


Ot ge +See aa iin (2) (cn qn we 8 ie a dx 
- f , 1 (@) [1 (@) aa)? dx 


S a {', 1) 0: (x) paw) dx = G. 4 

It follows that |e,|+ --- + lens! < (m+ 1) @?, and ff 
lpn (e)| < (m+ 1) HG'*/g pa 

for x in E, the right-hand member being independent of n. . a 
Without the restriction that W(x) shall not vanish in HF, the same di 5 


reasoning shows that 
|Pn(x)| < (m+ 1) HG*?/M (az) 


at any point of H where W(x) + 0; the right-hand member, though now 
involving x, is still independent of n. 

Thus Theorem I is applicable whenever e(x) satisfies the conditions of 
the last paragraphs. The property of boundedness in the interior of the 
interval for the normalized sequence can be carried over, for example, 
~ 9 By Schwarz’s inequality, 

(lolly lees le I = (lel DA leg led oes +1 Cape! 1? 
S++ +4, PT +--- +1), 
leglts+++leyal S (m+ 18 (2+ +++ +e,,)"". 


But the cruder inequality in the text serves the present purpose equally well. 1 Ee he 
86* ea? te re 
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from the Legendre polynomials X, (x) to their gth derivatives! X}” (2), 
which are orthogonal with weight function (1— 2)’, so that a convergence 
theorem is obtained for developments in terms of the “associated Legendre 
functions” (1 — a°)“” X,” (x); or from the polynomials X, (x) to the poly- 


nomials ‘4 
n 


Sp (a) = Dk +1) Xe @) 
corresponding to the weight function 1— x; or from the “trigonometric 
polynomials” cos(n are cos x), with weight function (1—<?)~?, to the 
polynomials'* sin(n-+1)6/sin@, @ = arecosz, with weight function 
(1 — 2”), 

5. Generalization of the convergence theorem. At the expense 
of resorting to somewhat less elementary considerations, the generality 
of Theorem I can be considerably increased by lightening the unnecessarily 
severe restrictions imposed on the difference quotient ¢(¢) in the application 
of the Lemma, and still further by re-examining the hypothesis to which 
the function y(¢) was subjected in the Lemma itself. It was supposed 
in the Lemma that o(¢)[y(]* is integrable from —1 to 1. Under the 
assumption that the polynomials pn(t) are uniformly bounded throughout 
an interval —1-+y4 <t<1—zy, let it be demanded of y(¢) merely that 
it be defined throughout (—1,1), except possibly for a set of measure 
zero, that o(t) g(t) be summable in the sense of Lebesgue over the whole 
interval (—1, 1), and that o(¢)[»(A]? be summable from —1 to —1+ 4 
and from 1-——y to 1. It is understood that o(¢) itself is summable from 
—1to1. The conclusion of the Lemma is still valid. 

For any positive NV, let Hy be the point set consisting of the intervals 
(—1,—1+,%) and (1—y7, 1), together with those points of (—1+7, 
1— 7) where |g(t)| < N, and let CEy be the complementary set, made 
up of the points of (—1+4,1—¥,) where |g(f)|>N. Let gy(t) be 
defined as equal to y(¢) on Ey, and equal to 0 on CEy. As this function 
is bounded from —1+ 4 to 1—y, o(t)[yn(é]*? is summable from —1 
tol. Let |p,()|< H for —1+y <t << 1—y. Let « be any positive 
quantity. From the fact that y(¢) is defined almost everywhere it follows 
that the measure of CEy approaches zero as N increases without limit. 
Hence, by the summability of o(t) »(?), 


li = 
yim, on, &) |p| at 0. 





‘3 See e. g. Courant-Hilbert, Methoden der Mathematischen Physik, vol. I (second edition), 
Berlin 1931, p. 282. 


“See Pélya and Szegé, Aufgaben und Lehrsiitze, locc. citt. 
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Let NV be taken so large that the value of the last integral is less than 
e/(2H), and then held fast. It is thus assured that 


fe 9@ moat| < Hf, eipolar<t 


for all values of m. In the resolution 
[ec 9 pn(at = J,,0O9Om@at+ f,, 9 Om(d dt 
= Je 9x pn (0) at+ J, eb 9 pnd at 


1 
= [ew py (t) pl att J, elt) 90m (t) dt, 


the next to the last integral approaches zero as n becomes infinite, while V 


is held fast, because o(t) [yw (d)]* is summable. For n sufficiently large, 
therefore, this integral also is inferior to ¢/2 in absolute value, and 


[e@90 Pn (t) at| <e, 


which is the substance of the conclusion to be proved. 

In the corresponding adaptation of the proof of Theorem I for convergence 
at a specified interior point of the interval, the properties in question carry 
over directly from f(¢) to »(¢), except in the neighborhood of the point ¢ = z. 
On the assumption that the polynomials p, (a) are uniformly bounded through- 
out any closed interval interior to (—1,1), it 2s sufficient for convergence 
of sn(x) toward f(x) that e(t) [f(A]? be summable over an interval extending 
to the right from —1 and over an interval extending to the left from +1, 
that o(t) f(t) be summable throughout (—1,1), and that for the difference 
quotient » (t) = [ f(t) —f (x)]/(t— 2x) there exist an interval about the point x 
over which o(t) p(t) is summable. The last condition can be further inter- 
preted as is customary in the theory of Fourier series.’ 

Another important fact can be brought out in this connection. The 
requirement as to summability of e(t)(¢) will certainly be met if /(¢) 
vanishes for ¢ = a and throughout an interval containing the point z in 
its interior, and if the other conditions are fulfilled s,(x) will converge 
to the value zero. Let this observation be applied to the series for the 
difference g(¢) of two functions /; (¢) and /2(#), both satisfying the hypotheses 
of summability previously imposed on /(¢), and identical throughout an 
interval surrounding the point xz. The partial sum s(x) of the series for 
g(x) is the difference of the partial sums for f,(x) and f(x) separately. 





"Cf. e. g. H. Lebesgue, Lecons sur les séries trigonométriques, Paris, 1906, Chapter Il. 
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Since s,(x) approaches zero, it follows that if the series for f,(x) con- 
verges the series for f2(x) will converge to the same value; such difference 
as there may be between the functions outside the interval of identity 
about the point x has no effect on the convergence at that point. Under the 
hypothesis still that the polynomials p»(x) are bounded as before in the 
interior of (—1, 1), it is seen that beyond the requirement that o(t) f(t) 
be summable from —1 to 1 and that e(t)[f(H]? be summable near the ends 
of the interval, the convergence of the series at a specified interior point ' 
depends only on the behavior of f(t) in the neighborhood of the point in 
question. 

6. More general weight function; second convergence theorem. 
While the proof of uniform boundedness of the polynomials pa(x) in the 
interior of the interval has been given only under restrictive hypotheses as 
to the nature of the weight function, it is possible to assign an upper 
bound to their order of magnitude under very general conditions.’ 

Let e(x) be any function which is summable over (—1, 1) and has 
a positive lower bound throughout the interval, e(~)>v>0. Let pa(x) 
be any polynomial of the mth degree such that 


Leo [pn(a)P dx = 1; 


the argument is not restricted for the moment to the particular polynomial 
which belongs to the normalized orthogonal sequence. Since 1 < e(z)/v, 


[loa @p de < (1/c) [°, e(@) [pn (a) da = 1/9. 
Let Q(x) denote the polynomial 
Q@) = [" n@Pae, 


of degree 2n-++1. Inasmuch as the integrand is positive throughout the 
interval, 0 < Q(x) < Q(1) < 1/v for —1 <x2<1. Hence, by the theorems 
of Markoff and Bernstein’’ (absolute value signs being superfluous as long 





‘© For this fact and its application to the theory of convergence of the series, cf. e. g. 
W. Stekloff, Sur les problémes de représentation des fonctions a Vaide des polynomes, etc., 
Proceedings of the International Mathematical Congress held in Toronto, August 11-16, 
1924, vol. I, pp. 631-640; Shohat, Transactions, vol. 27, loc. cit. 

‘7 The theorems in question may be stated as follows: If P,(x) is a polynomial of the 
mth degree such that | P,(«)|< L for —1<a<1, then | P,(x)| <n’? L throughout the 
same interval, and | Px (x)| <n Z/(1—<*)'? throughout the interior of the interval. See 
e. g. Marcel Riesz, Eine trigonometrische Interpolationsformel und einige Ungleichungen 
Siir Polynome, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 23 (1914), 
pp. 354-368; Colloquium, pp. 80-82, 92. 
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as the quantities written down are positive), the polynomial Q’ (x) = [| pn(«)]* 
has the upper bound (2m-+ 1)*/v for —1<a2<1, and the upper bound 
(2n+1)/[vi—2’}"] for —1<a2<1. It follows that'® |p,(x)| has an 
upper bound of the order of magnitude of n for —1 <x <1, and an 
upper bound of the order of n? throughout any closed interval interior to 
(4; 

The proof just given depends essentially on the hypothesis that the 
weight function stays away from zero. Let this requirement now be 
relaxed, and let it be supposed instead that [o(x)]-! as well as e(zx) is 
summable over (—1, 1). By Schwarz’s inequality, 


[Jilenc@|aaf = [f° tee te @P? |pa(a)| ae] 
<= x)\* dx x) [pa(x))? dx 
< [te@rac [° e@ [na 


=f lewitae. 


If the square root of the value of the last integral is denoted by J, 
ym 
Li e@ d2| < [ lpn@| ax < f° |pnla)|de < 1, 


and as the first integral in this chain of inequalities is a polynomial of 
degree n-+1, with pn(x) for its derivative, | p,(x)| has an upper bound of 
the order of m* for —1<2<1, and an upper bound of the order of n 
throughout any closed interior interval. 

It would be possible to pursue this line of inquiry further, but the results 
already obtained will be allowed to suffice for the present. 

To make use of these facts in a proof of convergence, it is important 
not only to know that the general coefficient in the expansion of an ar- 
bitrary function approaches zero, but also to be able to specify conditions 
under which it approaches zero with a preassigned degree of rapidity. 

Let f(x) be an arbitrary function in the interval (—1, 1), subject to 
conditions presently to be imposed, and let c, be the coefficient of pn(x) 
in its expansion. There is occasion now to use the least-square property 
of the development, according to which the partial sum s,(x) of the series 
is distinguished among all polynomials of the nth degree by the fact that 


rm = f,e(@) L/@)—an(aP de 


'S For the method of proof cf. J. Shohat, On the polynomial and trigonometric approx- 
imation of measurable bounded functions on a finite interval, Mathematische Annalen, 
vol. 102 (1930), pp. 157-175, pp. 165-166. 
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is a minimum.’® It has been noted that 
n 


m= J e@) [Fat de— DY ¢. 


Comparison of this with the corresponding formula for yn—1 shows that 
c= 7, 1-7, AS 7, = 0, this implies that 2 < y,_,, |c,| < 712,. 
Information can be obtained with regard to the magnitude of y», in view 
of the least-square property, from general theorems on approximation by 
means of polynomials. If P(x) is a polynomial of the mth degree such 


that |f(2)—Pr(x)| < # for —-1S2<1, 


r, <f,e@) M@—P,@ de < & [” ela) de. 


If approximating polynomials P,(x) are constructed for the various values 
of nm successively, with ¢, as an upper bound for the error in each case, 
|¢n| < én-1, Where mw is independent of m. So theorems on the order 
of magnitude attainable for ¢, can be translated at once into theorems on 
the magnitude of cp. 

In particular, it is possible to make lim n/?«, = 0, if f(x) is such 

ir) 
that lim (8)/# — 0, where (8) is the maximum of [f(e,)—/(z,)| 
> 

for |v,—a,| <6. This condition will be more than satisfied if f(z) 
satisfies the Lipschitz condition | f(z.) —f(a,)| < 4|a:—a|. If f(#) has 
a continuous derivative, né, can be made to approach zero, and if /” (x) 
is continuous throughout the interval, ne, can be made to approach zero.” 
It follows that n'?c,—>0 or nea>O0 or n*c,>0, in the various cases 
respectively. 

For application in (13) as a means to a convergence proof, hypotheses 
corresponding to those just described are to be imposed on the difference 
quotient »(t)—=[f(—/f(a)]/(t—ax). It is not difficult to show, by 
appropriate use of the mean value theorem, that y(¢) (defined with the 
value f’(x) for t=) will have a continuous derivative® if /”(t) is 
defined throughout an interval containing x in its interior (or having x 





? See e. g. Colloquium, pp. 77-80, 95. 


*” See Colloquium, Chapter I, Theorem VI and Corollary of Theorem VIII. 
21 Since 


fO—f@) = ¢—a) f'@+it—af" ©, 
pt) = f'@+i3t—a)f"®, 


[yp ()— 9 @)]/¢—a2) = 4f" ©, 


which approaches } f” (x) as ¢ approaches a, so that — (t) has a derivative equal to 4 f” (x) 
for ta. For t+, p(é) has the continuous derivative 


it is seen that 


and 
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as an end point, if 2 = +1) and continuous for t = x, and /’(t) continuous 
throughout (—1, 1); and g(¢) will have a continuous second derivative if 
f’(é) and f’(é) in the statement just formulated are replaced by /”” (t) and 
f’ (é) respectively. For simplicity, the case of the factor n¥? may be covered 
by supposing here also that /(¢) satisfies the conditions under which ¢(t) 
has a continuous derivative.** From (13) it is possible then to read off 
ro — ¢€—af' O-lISO—S@] 

9 (é) i (t — a)? ° 

By an alternative application of the mean value theorem, 
f@) =fO+@—d)f' O+i@-Hs’"®, 
so that the numerator in the expression for ’(t) reduces to 4(t—«)*” (y); hence 
gp ) = af"), 

which approaches }f" (a2) when ¢ approaches 2, and g'(é) is continuous for ¢ = x as 
well as elsewhere. Similar reasoning shows the existence and continuity of gy” (¢) when 
ft" () and f’" (t) satisfy the appropriate conditions. 

22 With the use of properties of the “modulus of continuity” »(d) (see, for example, 
C. de la Vallée Poussin, Lecgons sur lV’approximation des fonctions d’une variable réelle, 
Paris, 1919, pp. 7-8; E. L. Mickelson, On the approximate representation of a function of 
two variables, Transactions of the American Mathematical Society, vol. 33 (1931), pp. 759-781, 
pp. 761-762) it can be seen that if /f’(¢) has a modulus of continuity »(¢), p(t) will 
have a modulus of continuity not exceeding 2w(d). Since g(t)=/’ (6), with a value 
of & between a and ¢, it is recognized that if |t—a|<d, 

lpO—e@)| = |f'O@—-f'@| Ss o(§—2)) Ss o@). 
If ¢; and ¢, are distinct from x and include x between them, 
9 (4) —9 (th) |< | 9 )—9 @)|+| 94) — 9 @ |So(/4—2|)+o(/t —2/) = 20(/—t)). 
If ¢; and ¢, are on the same side of x, and |#,—#t,| <4, 


9 (4) — p(t) = (—t)@'® (& between ¢, and t,) 
= (t—t,) E—2)f'®—(fO®—-S@ (see preceding footnote) 
































(§ — x)? 
= (4—4t) ae ol @ (7 between x and &) 
— rh pp _p 
= 3-3 @-s' @) 
in)—9t)| = | 4=9 |o(s—g) = | 2=* | 08-2); 
if |—E—a2|>¢, 
Tree. a gee | p(t) — (tr) | < 204), 
i—a}. * e. 


while if |s—a|<d it must be that |t,—x|<2d, |t—a@|<2¢, 
i9)—9t)| = [FG —S'@)| So &—4) S oA) = 200), 
the points & and & being on the same side of x and distant from x by less than 2d. 
For the convergence proof it is sufficient that a suitable condition with regard to 
modulus of continuity be satisfied by f’(f) in the neighborhood of t=, and by /(*) 
itself throughout the rest of the interval. 
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THEOREM II. If the weight function e(x) is summable and has a positive 
lower bound, and if f(t) has a continuous derivative throughout (—1, 1), 
the series (2) will converge to the value f(x) at any point x of the closed 
interval in the neighborhood of which f(t) has a second derivative, con- 
tinuous for t = x; if o(x) is any function such that e(x) and [e(x)}- are 
summable, the same conditions on f(t) will be sufficient for convergence at 
an interior point of the interval, and the series will converge to the right 
value for « = +1 also if f(t) is continuous throughout the interval 
and f’” (t) defined near and continuous at the point in question. 

It would not be profitable to attempt refinement of the conditions for 
convergence by further elaboration of details, as more general results than 
those expressed in the first part of the theorem can be obtained by reasoning 
along other lines.** The interest lies in the extension of the method of 
proof of Theorem I to more general weight functions, and in the inter- 
mediate results which make the extension possible. It is to be noted also 
that the latter part of Theorem II gives convergence, within the hypotheses 
stated, even at points where the weight function vanishes. 

7. Uniform convergence. The discussion that has been outlined 
above is admittedly incomplete in important respects. It has not given 
any information as to convergence at a point of discontinuity—though in 
Theorem I the function may have discontinuities at points other than the 
one where convergence is being investigated—and it has not said anything 
about uniformity of convergence. For the former question, as well as for 
a thoroughgoing treatment of the latter, reference must be made to other 
presentations. Certain simple facts with regard to uniform convergence, 
however, are immediately obtainable from the results already noted. 

If the series for a continuous function f(x) converges uniformly through- 
out the closed interval, it must converge to the value f(x), under very 
general hypotheses as to the weight function e(x), by an argument which 
is well known and, in its essentials, frequently encountered in connection 
with still more general problems. The proof may be given as follows. 

Being uniformly convergent, the series represents some function g(x) 
which is continuous for —1<x2<1. Multiplication of the series by 
o(x) px(x) and integration over the interval, with due regard for the 
properties of the orthogonal polynomials, gives 


ip e (x) g(x) pu(x) dx = cy. 


If the difference f(x) —g(zx) is denoted by w(x), comparison of the last 
equation with the formula (3) defining c, shows that 





3 See e. g. Colloquium, pp. 92-101. 
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Lie@ W(x) pe(x) dx = 0 


for all values of k, and consequently, as any polynomial can be expressed 
linearly in terms of the p’s, 


fe@ ¥@) q@) dx = 0 


for any polynomial g(a) whatever. By Weierstrass’s theorem, the continuous 
function w(x) can be uniformly approximated by a polynomial throughout 
the interval with any assigned degree of accuracy, or, as an equivalent 
statement, can be represented by a uniformly convergent series of poly- 
nomials. (For, if qi, @2,@s,--- are a succession of approximating poly- 
nomials, g,» can be regarded as the sum of the first » terms of the series 
ut (@z2—q‘)+(@s—ge)+----) If this series is multiplied by e(x) y(z) 
and integrated term by term from —1 to 1, the result of the integration 
is 0 for each term, and 


f/e@ wer de = 0. 


Let it be assumed that o(x), if it vanishes at all, vanishes only at a set 
of points of measure zero, as must necessarily be the case, for example, 
if [e(~)}~ is summable; or, more generally, that it is positive over a set 
of positive measure in every subinterval of (—1,1). Then, if w(x) were 
not identically zero, e(x)[w(x)]® would be positive over a set of positive 
measure, and the value of the integral could not be zero. So it must be 
that w(x) =0, and g(x) =/(x). It is obvious that the theorem can not 
be proved without some restriction on the vanishing of e(x); if e(x) were 
to be identically zero throughout a subinterval of (—1,1), the values 
of f(x) in the subinterval would have no influence on the determination 
of the coefficients, and there would be an infinity of different functions 
having the same formal expansion. 

If e(~) has a positive lower bound, let (a) be assumed to have a con- 
tinuous second derivative satisfying a Lipschitz condition of order @, 


|" (2) —f" (a1)| < 4|22— a1 |*; a>0. 


Then* it is possible to construct. approximating polynomials so that the 
upper bound of error, denoted above by &,, does not exceed a constant 
multiple of 1/n?+*, It follows that |c,| has an upper bound of the same 
order, while |pn(x)| has an upper bound of the order of n, so that |¢n pn(x)| 
is uniformly less than a constant multiple of 1/n!** for —1<2<1, 





**See Colloquium, Chapter I, Theorem VIII. 
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and the series is uniformly convergent throughout the interval. If the 
restriction on the weight function is merely that e@ and 1/¢ be summable, 
uniform convergence will be assured if f(x) has a third derivative satis- 
fying a Lipschitz condition of positive order @. 

The reasoning of the last few paragraphs has not presupposed the con- 
clusions of Theorems I and II, or required the use of the Christoffel-Darboux 
formula, on which the proofs of those theorems depended. On the basis 
of what is known as to the magnitude of the polynomials p,(x) at interior 
points, uniform convergence throughout any closed interval interior to 
(—1,1) can be deduced with less severe restrictions on f(x), if reference 
is then made to the theorems for assurance that the series converges to 
the right value. 

8. The problem of convergence with respect to the represen- 
tation of statistical frequencies. One other point is worth noting in 
this rapid summary. It has been proposed® that expansions in Jacobi series 
be used for the representation of a certain class of frequency functions in 
statistics. The question then is not primarily that of approximating to 
the given function point by point, but of approximating to the value of 
its definite integral over an arbitrary subinterval of the range under con- 
sideration. Convergence in this sense is readily proved under fairly general 
hypotheses. 

Let the range once more be the interval (—1, 1), and let o(x) be a 
function summable over this interval—not necessarily of the particular 
form leading to the Jacobi polynomials. Let F(x) be another function 
defined over the interval. It will ordinarily be enough in the way of 
generality if both e(x) and F(x) are thought of as continuous, except that 
they may become infinite at isolated points, subject to conditions of inte- 
grability. The function F(x) is to be developed in a series of the form 


Co Po (x) @ (x) + & pr (x) @(x) + Ce po (x) e(x) +--+, 


or, if F(x)/o(x) is denoted by f(x), the latter function is to be expanded 
in a series of the form (2). Let f(a) be supposed continuous for —1 <2 <1, 
after elimination of removable singularities. By Weierstrass’s theorem it 
is possible to define a sequence of polynomials g,(x), which may be thought 
of as having the degree indicated by the subscript in each case, so that 
J (x)—@n(x) approaches zero uniformly throughout the interval. If 
|S @) — Qn (x) | S fn, 


See e.g. V. Romanovsky, Generalisation of some types of the frequency curves of 
Professor Pearson, Biometrika, vol. 16 (1924), pp. 106-116; E. H. Hildebrandt, Systems of 
polynomials connected with the Charlier expansions and the Pearson differential and differ- 
ence equations, Annals of Mathematical Statistics, vol. 2 (1931), pp. 379-439. 
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fe@v@—awrar <2 f\ e@de, 


and this approaches zero as ” becomes infinite when «, is made to approach 
zero. By the least-square property, the integral on the left is greater than 
or equal to that obtained if gn(x) is replaced by s,(x), the partial sum 
of the series, and consequently, if y, denotes the integral 


[e@I7@) —a@Pae, 


lim yn = 0. This conclusion holds under much more general conditions, 
no 


but the greater generality is of secondary interest for the interpretation 
in terms of frequency functions. For an application of Schwarz’s in- 
equality, let 
u = [e(a)}-*? | Fe) — e(@) sn(x)| = Le)? |S (@) — sna) |, 
v = le)’, 


bn = [|F@) —e@) n(@)| de = [i uvde. o 


&< [war [de —yn( ea 
aS) wdz) vdr=yn} e(a) dz, 


and as 7, approaches zero, 6, approaches zero likewise. If a, and z,(> 2) . 
are any two points in the interval, ; 


ie [F'(x) — e(x) sn(a)] de < [rir@ — 9(x) sn(x)|dx < dn, ae 


Then 





and from the approach of 6, to zero it follows that : ay 
"3 ae te 

lim f 0(x) S(x)dx = f F(x) dz, HN, 

n>0o JX, x, he 


which expresses the desired property of convergence. 
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DIE DIFFERENTIALE IN DER ALLGEMEINEN ANALYSIS. 


Von MicHAEL Kerner (WaRscHAUD)'. 


1. Einleitung. Die vorliegende Arbeit ist zwei Problemen iiber die 
Differentiale der Operationen in Banachschen Raumen gewidmet. In dieser 
Hinsicht kann sie als ein Kapitel der allgemeinen Analysis betrachtet werden. 

Das erste Preblem besteht in der Aufstellung der Bedingungen, welchen 
ein Ausdruck geniigen mu8, um das Differential einer Operation zu sein, 
Es verallgemeinert das klassische Problem iiber die vollstandigen Differentiale. 
Das zweite Problem ist die Verallgemeinerung des Satzes von Stokes auf 
die reguliren Hyperflachen des Banachschen Raumes. 

Hat insbesondere der Raum endlich viele Dimensionen, so kann man 
die vorliegende Arbeit als eine natiirliche, Koordinaten vermeidende Auf- 
fassung der klassischen Probleme betrachten. 

Die Moéglichkeit der Lésungen der vorgeschlagenen Probleme ist der 
Einfihrung des Integrals in die allgemeine Analysis zu verdanken*. Dieses 
ist nur fiir die Operationen definiert, die einer reellen Zahl ein Element 
eines beliebigen Banachschen Raumes zuordnen. Doch 1la8t es sich in 
derselben Weise fiir Operationen erklaren, die einer endlichen Anzahl 
reeller Zahlen ein Element zuordnen. Fiir diese werden wir oft den 
Ausdruck ,Funktion“ gebrauchen. Wir benutzen einige Eigenschaften 
der Integrale, die in den zitierten Arbeiten nicht enthalten sind. Doch 
lassen sich diese leicht nach der dort entwickelten Methode beweisen. 
Es ist zu bemerken, daf in dieser Arbeit alle Integrationsbereiche ganz 
regular und alle zu integrierenden Funktionen stetig sind. 

Das erste Kapitel beschaftigt sich hauptsaichlich mit den multilinearen 
symmetrischen Operationen, das zweite mit den schiefsymmetrischen. Wir 
setzen voraus, da8 der Raum in jedem Falle eine hinreichende Dimensionen- 
zahl besitzt, damit die Untersuchungsgegenstinde existieren. So mu im 
ersten Kapitel der Raum mindestens eine Ebene sein; in dem zweiten 
mu er je nach dem Paragraphen n- oder (n+ 1)-dimensional sein. 

Die kleinen Buchstaben (verschiedener Alphabete) bezeichnen im folgenden 
immer reelle Zahlen, die groBen — die Elemente (Punkte) der Banachschen 
Raume (insbesondere des Euklidischen Raumes). 

Das Verzeichnis der zitierten Arbeiten befindet sich am Schluf der Arbeit. 





' Received March 4, 1932. 
* Siehe [3] und [8] des am Schlu{ angebrachten Literaturverzeichnisses. 
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Erstes KAPITEL. 


Das volistandige Differential. 


9. Die Differentiale. Im folgenden werden wir mit Operationen zu 
tun haben, die den Elementen P, X,--- eines Banachschen (linearen, nor- 
mierten und vollstéindigen) Raumes® die Elemente eines anderen ebensolchen 
oder auch desselben Raumes zuordnen. 

Wir erinnern an die Definition des Differentials‘: 

Gibt es eine lineare Operation #(X) derart, daB 

|| F(P+ X)— F(P)— # (X) || 
|| X || 
mit || X\| gegen Null strebt, so heiBt 4(X) das Differential (die Differential- 
operation) der Operation F'(P) fiir P. 
Wir bezeichnen sie mit 








dF (P; X), 


indem wir die Abhangigkeit von P ins Licht setzen. 

Wir werden allgemeiner jede Operation 
(1) @(P, X), 
die von P in beliebiger Weise und von X linear abhingt, ein Differential 
nennen. Dabei sollen P und X demselben Raume angehdéren. Ist (1) in 
einem Bereiche ein Differential einer Operation F'(P), so wird es zum 
Unterschied ein vollstiindiges Differential in diesem Bereiche genannt. 

Kin Differential (1) kann selbst ein Differential besitzen. Darunter verstehen 
wir das partielle Differential von @(P,X) in bezug auf P: 


(2) d@(P,X;Y). 


Dies ist eine in bezug auf X, Y lineare Operation. Ist ®(P,X) ein 
Differential von F'(P), so nennt man (2) das zweite Differential von F (P) 
und schreibt: 

d@®(P, X;Y) = d*F(P; X; Y). 


Ebenso kann man schrittweise Differentiale beliebiger Ordnung definieren. 
Wir werden allgemein jede Operation 


® (P, X, Xs, i. we Xn); 


die in bezug auf X,, Xe,---, Xn n-linear ist, ein n-faches® Differential 
nennen. Ist @(P, X,, X2,---, Xn) das n-te Differential einer Operation 
* Siehe [1]. 
* Siehe [2]. 
* Wir gebrauchen den Ausdruck ,n-fach“ und nicht ,n-ter Ordnung“ mit Ricksicht auf 


andere Anwendungen des Begriffes des Differentials, die wir im zweiten Kapitel kennen- 
lernen werden. 
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F(P), so nennen wir es ein vollstiindiges Differential n-ter Ordnung. 
Es ist klar, daB das Differential eines vollstandigen Differentials selbst 
vollstandig ist. 

Ist das Differential O(P, X,, X2,---+, Xn) in bezug auf X,, Xe, ---, Xn sym- 
metrisch (schiefsymmetrisch), so heift es kurz ein symmetrisches (schief- 
symmetrisches) Differential. Ist es in bezug auf P stetig, so heift es ein 
stetiges Differential. Dieses ist auch in bezug auf alle Verdanderlichen 
zusammen stetig, wie es aus dem Hilfssatz 1 des § 2a folgt. 

Die Eigenschaften und Anwendungen der Differentiale sind in vielen 
Arbeiten enthalten®. In diesem Kapitel wollen wir nur die notwendigen 
und hinreichenden Bedingungen aufstellen, damit ein Differential ® (P, X) 
vollstindig sei. Dabei werden wir voraussetzen, daB ® (P, X) selbst ein 
stetiges Differential besitzt. 

2a. Zwei Hilfssatze. 

Hilfssatz 1. Ist eine Operation ®(P, X,, X2,---, Xn) in bezug auf 
X,,X2,-++,Xn n-linear und in bezug auf P fiir P = Py stetig, so ist sie 
Sir P = Py und fiir alle X,, Xz, +--+, Xn in bezug auf alle Veriinderlichen 
zusammen stetig. 

Beweis. Der Satz gilt fir » 1". Wir setzen voraus, daf er fir 
ein bestimmtes n—1 gilt, und wollen ihn fiir » beweisen. 

Wir kénnen ® (P, X,, X2, ---, Xn) als eine Operation betrachten, die von 
zwei Elementen, (P, X,, X2,---, Xn—1) und X,, abhangt. Fiir P = Py und 
fiir beliebige X,, Xs, ---, Xn-1, Xn ist die von diesem Standpunkte betrachtete 
Operation in bezug auf (P, X,, Xz, ---, Xn-1) stetig, was aus der Giiltigkeit 
des Satzes fiir n—1 folgt. Also ist sie auch in bezug auf (P, X,, Xs,---,Xn—1) 
und X, zusammen fiir P= Py und alle X,, X2,---, Xn-1, Xn stetig. Dies 
bedeutet aber, daB @(P, X,, X2:,---, Xn) in bezug auf alle Veranderlichen 
zusammen fiir P — Py, und beliebige X,, X2,---, Xn stetig ist, was zu 
beweisen war. 

Hilfssatz 2. Unter den Voraussetzungen des Hilfssatzes 1 gibt es eine 
positive Zahl m und eine Umgebung von Py derart, daB fiir jedes P dieser 
Umgebung und fiir alle X,, Xz, +++, Xn die Ungleichung gilt: 


|| ®(P, Xi, Xe, +++, Xn)|| Sm - || XI] - |] Mel] - +++ + || Mall 


Beweis. Da die Voraussetzungen des Hilfssatzes 1 erfiillt sind, so ist 
O(P,X, X2,-°++, Xn) fiir P= P),, Xx = 0, Xe = 0,---, Xn =0 in bezug 
auf alle Veranderlichen zusammen stetig. Also gibt es eine positive Zahl a 


und eine Umgebung von P) derart, da8 fiir P, die dieser Umgebung ange- 
héren, und fiir 





° Vgl. u. a. [2], [3] und [8]. 
7 Siehe [5] 8. 159 (Satz 3). 
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IMllSa, ||¥ellSa,---, || Yal]<a 


die Ungleichung gilt: 
|| ® (P,  e "ey hibas Y,) || < 1, 


Es gehdre P der erwaihnten Umgebung von PF, an, und es seien X,, 





X,, -- +, X, beliebige Elemente des Raumes. Setzt man 
ie ax, aXe - aXn 
y — Tw. 1 Yy. — Twin: ee *s - = 7 
uke |: eeeamiee 2 || Xn || 
so sind alle obigen Ungleichungen erfiillt, und es ist: 
aX, a Xz aXn )| 
o(P i ee ie 
| "Xl? || Xe ll "| Xall = 


Der Linearitéit in bezug auf X,, Xz, ---, Xn wegen folgt daraus: 
ae | 
|| OCP, Xi, Xe, +--+, Xn) || S Te + || Mall || Mel] - --- + || Mnf]. 


1 , . 
Setzt man [a m, 80 wird der Satz bewiesen. 


3. Die Symmetrie von d* F(P; X; Y). 
Satz1l. Besitet F(P) in einer Umgebung von Py ein stetiges zweites 
Differential d* F(P; X; Y), so ist dieses fiir P = Py symmetrisch®: 
(3) a F(Py; X; Y) = d*F (Py; Y; X). 
Beweis. Seien a und } zwei positive Zahlen derart, daf fiir |u| <a i 


und |v| <b alle Elemente Py, t+uX+vY (bei gegebenen X und Y) der 
erwihnten Umgebung von Py angehéren. Die Funktion 


[dF (Py +uX+v¥; X)] = @F (Py +uX+¥; X; ¥) 
ist fiir |w|< a und |v| <b in bezug auf v stetig. Also ist fiir |u| <a 
dF (Po t+ux+bY; X)—dF(P,+uX;X) 
= [are tux+or; X; Y)dv. 
Ebenso ist die Funktion 
(FP (PytuX+bY)—F(P+uX)) 
= dF(P,+uxX+dY; X¥)—dF(Pot+uX; X) 


(4) 





fir |w|< a in bezug auf w stetig, woraus: 4 | 

F(Py+aX+bY)—F(Ry+aX)—F(Pyot+bY)+F (Po) a 

5 a . * : 
Oa f [dF (Py +uX+bY; X)—dF (Py +uX; X]du. 

a ay 

° Vgl. auch [3], 8. 176. | fiiae 

87 2. 
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Setzen wir (4) in (5) ein, so folgt: 
F(P+axX+bY)—F(h+aX)—F(h+bY)+F(H) 
ad [auf er@m+ux+4or: ¥: Fvas. 


Da der Integrand in bezug auf u, v stetig ist, so tauschen wir die Inte- 
grationsfolge im letzten Integral um: 


F(Pyo+aX+bY)—F(Pyo+aX)—F(Po+bY)+ F(P) 
— 3 av {ra F(PytuxX+vY; X; Y)du. 


Differenzieren wir diese Beziehung zuerst nach b und setzen b = 0, 


dF(P)+aX; Y)—dF(P; Y) = f,  @ F(Py+uX; X: Y) du, 
und dann nach a und setzen a = 0, 
d® F(Py; Y; X) = d@ F(Po; X; Y), 
so wird der Satz bewiesen. 
Den Satz 1 kann man auch folgendermafen aussprechen: 


Satz 1’. Besitet das Differential ®(P, X) in einem Bereiche B ein stetiges 
Differential d@(P, X; Y), so ist die Symmetrie des letzten, 


(6) d@(P,X; Y) = d@O(P,Y; X), 


eine notwendige Bedingung dafiir, daB O(P, X) in B&B volistiindig sei. 

4, Dasinvariante Kurvenintegral. Ein homéomorphes Bild eines Inter- 
valls (a, 6) nennen wir, wie iiblich, einen einfachen Bogen. Er wird durch 
eine stetige Funktion P(w) dargestellt, wo wu die Werte a<u <b durch- 
lauft, und die fiir verschiedene u keine gleichen Werte annimmt. Wir 
werden die Klasse der einfachen Bogen kurz mit ({,) bezeichnen. 

P Pu) die Funktion P(u) eine stetige und von Null verschiedene Ableitung 

u 
du 
bezeichnet. 

Es sei @(P, X) ein in einem Bereiche & stetiges Differential und © 
ein (%,) in &. Bestimmt P(w) fir a<u<b den regularen Bogen ©, so 
hat das Integral 


b 
o.., J, eed, Pat du 


= Py(u) zu, so heift (31) ein regulirer Bogen und wird mit (&,) 


einen Sinn. Denn nach § 2 ist ® in bezug auf P und X stetig. Setzt 
man w= u(v), wo u(v) eine stetige positive Ableitung oe besitzt und 
das Intervall (a, b) auf ein Intervall (c, d) abbildet, so kann man © auch 
durch 
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or 


Q (ve) = Plu(r)] 


erkliren, wo cS vd und 
du 
Qv(v) = — Py(u). 


Formt man das dem Integral (7) gleichgebildete Integral 
d s q du | 
[o1Q@), Qa» = f° o{PIwey, SY Patu(ol} av 
exe [Porm Palu(o)}} Sav ar [ oPW, Pu(w)] du, 


um, so iiberzeugt man sich, daf (7) gegeniiber der ausgefiihrten Parameter- 
transformation invariant bleibt. Es hangt nur von dem Bogen ab und 


kann auch mit 
f. @(P, dP) 
bezeichnet werden. 

Allgemeiner kann man beweisen, dafi die notwendige und hinreichende Bedingung, 
daB (7) invariant sei, darin besteht, dab ®(P, X) in bezug auf X nicht notwendig 
linear, sondern positiv-homogen vom Grade 1 sei, das heift, daB fir k>1 

®(P,kX) = k@(P, X). 
Der Beweis unterscheidet sich nicht von dem fiir Funktionale gegebenen®. Auch der 
Eulersche Satz fir homogene und positiv-homogene Operationen ®(X) vom Grade n, 
d@(X;X) = n@(X), 
labt sich wie fir Funktionale beweisen"’. 


5. Integration eines Differentials in einer Kugel. 

Satz2. Besitet das Differential O(P, X) in der Kugel KH(Po, a) ein 
stetiges und symmetrisches Differential d®(P, X; Y), so gibt es in der 
Kugel genau eine Operation F(P), die fiir Py einen bestimmten Wert Fo 
annimmt, und deren Differential gleich O(P, X) ist: 


(8) d F(P; X) = O(P, X). 


Beweis. Wir setzen voraus, daB (6) erfillt ist. Gibt es eine 
Operation F(P), welche die Bedingungen des Satzes erfiillt, so kann man 
sie folgendermaBen eindeutig bestimmen. Man verbinde ein Element P der 
Kugel mit P) durch eine gerade Strecke Py +¢(P— Py), wo ¢ das Inter- 
vall (0,1) durchlauft. Dann ist 


Se a — o[P,+t(P—P), P—Pil. 








* Vgl. [7] S. 186-187. 


” Vegi. [6] S. 150. 
87* 
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Also muf ; 

(9) F(P) = ht {’ O1R,+(P—P), P—Phlat 
sein. 


Wir wollen beweisen, daB (9) wirklich die Bedingungen des Satzes 
erfillt. Da F(P) fir P= FP gleich F ist, so bleibt nur noch ihr 
Differential zu bestimmen. 

Es erhalte P einen Zuwachs X derart, daB P+ X noch in der Kugel 
KH (Po, a) liegt. Die Operation F(P) hat dann den Wert 


1 
F(P+X) = H+ [. O1M+tP—P+X), P—Py+XIdt. 
Nach Subtraktion der Gleichung (9) folgt: 
F(P+ X)—F(P) 


_ J, (oi +eP—P) +x, (P— Po) +X] 


— @(P,+t(P— Py), P—Py)} dt, 
oder 
F(P+ X)—F(P) 


= [oR +(P—P) 44x, Xlat 


+ J) (01% +t(P—B)+tX, PPI 
— 0[P,-+t(P—P,), P—Pyl} dt. 


(10) 





Wir formen das zweite Integral um: 
1 t 
J, at f ao(p,+P—P)+eX, P—Py; Xlds. 
Nach (6) wird es gleich 
1 
Joa [’ coi +eP—B) 46x, x; P—P,| ds, 
und nach Dirichletscher Vertauschung der Integrationsfolge™: 
1 1 
J, asf dO(P, + t(P—Py)+sX, X; P—P] dt 
1 
= [" (oP, + (P—P,) +6X, XI—O[P, +e(P—P,) + #X, XI} ds. 
Setzen wir das an Stelle des zweiten Integrals in (10) ein: 


F(P+X)—F(P) = [/ ovetex, X) ds, 
woraus 


F(P+ X)—F(P)—@(P, X) = f, "[o(P+sX, X)—O(P, X)lds, 








'! Der Beweis stimmt mit dem iblichen iberein. 
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oder 
1 Ss 
(1) F(P+X)—F(P)—O(P, X) = fds [aor tex, X; Xat. 


Die bilineare Operation d®(P, X; Y) ist nach Voraussetzung in bezug 
auf P fir P stetig. Nach dem Hilfssatze 2 des § 2a kann man eine Um- 
gebung von P und eine positive Zahl m finden derart, da6 fiir alle Q, die 
dieser Umgebung angehéren, und fir alle X, Y die Ungleichung 


||d@(Q, X; Y)|| << m- || X||- || ¥|| 
gilt. Ist || X|| hinreichend klein, damit P-+-¢X fiir |¢| < 1 dieser Umgebung 
angehére, so schlieBt man daraus, da6 in (11) 

|| O(P+tX, X; X)|| <m- || XI, 
und folglich 


|| F(P+ X) — F(P) — O(P, X)|| 1 
|x| S 9 m + || X||. 
Also strebt die linke Seite mit ||X|| gegen Null, woraus nach Definition 
des Differentials die Beziehung (8) folgt. 
Satz 2 kann man unter Beriicksichtigung des Satzes 1’ auch so aussprechen: 
Satz 2’. Besitzt das Differential O(P, X) in der Kugel H(Py, a) ein 
stetiges Differential d@(P, X; Y), so ist die Symmetrie (6) des letzten eine 





notwendige und hinreichende Bedingung, damit ®(P, X) in dieser Kugel vg 
vollstiindig set. : 
6. Das Integral eines vollstandigen Differentials langs eines ; 


einfachen Bogens. Betrachten wir zuerst den Fall, in welchem das 

Differential in einer Kugel die Bedingungen des Satzes 2 erfiillt. Es seien 

A und B zwei Elemente der Kugel und © ein (2,), der A mit B verbindet 

und mittels der Funktion P(w) auf das Intervall (0, 1) abgebildet wird. te 

Ks sei weiter F(P) die im Satze 2 bestimmte Operation. Dann gilt die ‘i 

Beziehung: 
dF[P(u)] 

du 


und da sich rechts eine stetige Funktion befindet, 


F[P()] — FIP] =f, (Po), Paw) du, 


= adF[P(u); Pe (u)] = O[P(u), Pu (u)], 


oder 
(12) F(B) — F(4) = [. 0(P, aP). 





Also hangt das Integral rechts nur von den Endpunkten A, B des 
regularen Bogens © ab; es ist eine Funktion des geordneten Elemente- 


paares, die wir mit me ae 
F(A, B) = F(B)— F(A) ay 
Biking 
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bezeichnen. Sie ist additiv, 


und eindeutig durch @(P, X) bestimmt. 
Ist © kein regulaérer, sondern ein einfacher Bogen, so kann man formell 
das Integral langs © folgendermafen definieren: 


(14) f. ©(P, dP) = F(A, B), 


wo A, B Endpunkte des Bogens sind. 

Es sei allgemein & ein beliebiger Bereich (eine offene und zusammen- 
hangende Menge) und € ein beliebiger (3) darin. Es seien A und B die 
Endpunkte von €. Die Funktion P(w) bilde © auf das Intervall (0, 1) 
ab. Das Differential @(P, X) erfiille in & alle Voraussetzungen des 
Satzes 2. 

Die Menge der Punkte von © und die Komplementarmenge von & sind 
elementenfremd, abgeschlossen und die erste ist kompakt. Also ist die 
untere Schranke der Entfernungen von Punkten der beiden Mengen von 
Null verschieden. Sei a eine noch kleinere positive Zahl. 

Die Funktion P(w) ist gleichmaBig stetig. Wir zerlegen das Intervall (0, 1) 
in Teilintervalle 
(15) (0, 7), (1, T:), Ba, (Tr; 1) 


so, da® in jedem Teilintervalle (z;_,, r;) die Oszillation von P(u) kleiner 
als a sei. Dann bilden wir die Kugeln, deren Radien gleich a sind, und 
deren Mittelpunkte in P(0), P(x,), P(te), ---, P(tn—1) liegen. Selbst- 
verstaindlich liegt der Bogen, der dem Teilintervalle (z;1, 7;) entspricht, 
in der Kugel vom Mittelpunkt P(z;1), die sich ganz in & befindet. Diesem 
Teilbogen entspricht ein bestimmter Wert des Integrals, der durch (14) 
definiert wird. Wir definieren das Integral lings € als die Summe der 
Integrale liings aller Teilbogen. 

Es ist noch die Eindeutigkeit der Definition zu beweisen. Man betrachte 
dazu zwei Zerlegungen vom Typus (15), welche die Voraussetzung tiber 
die Oszillation von P(u) erfiillen. Fiihrt man eine dritte Zerlegung ein, 
die durch Aufeinanderlegen der beiden ersten entsteht, so laft sich leicht 
mittels der Beziehung (13) beweisen, da® sie denselben Wert des Integrals 
liefert, wie jede der beiden ersten Zerlegungen. Diese liefern also auch 
gleiche Werte und das Integral hangt von der Zerlegung nicht ab. 

7. Integration des Differentials in einem einfach zusammen- 
hangenden Bereiche. Jetzt sind wir imstande, den Satz 2 auf einen 
beliebigen einfach zusammenhangenden Bereich zu iibertragen. Darunter 
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soll man einen Bereich verstehen, in welchem jede zwei einfachen Bogen, 
die dieselben zwei Punkte verbinden, sich stetig ineinander iiberfiihren 
lassen. Dieser klassische Begriff des einfachen Zusammenhanges, genauer 
des einfachen Linienzusammenhanges, fordert eine prizise Formulierung, 
die in der folgenden Definition enthalten ist:'* 
1° Zwei einfache Bogen © und ©’ des Bereiches &, die zwei Elemente 
A und B verbinden, heiBen dguivalent im Bereiche &, wenn es Teil- 
bogen D und D’ beziehungsweise von € und ©’ gibt, die sich ganz in 
einer in & liegenden Kugel befinden, und von denen ®D alle nicht zu 
€’ gehérenden Elemente von ©, und 9’ alle nicht zu € gehdrenden 
Elemente von ©’ enthalt. 
2° Zwei einfache Bogen © und ©’ des Bereiches &, die zwei Elemente 
A und B verbinden, heifen ineinander im Bereiche & iiberfiihrbar, 
wenn es eine endliche Folge von einfachen, A mit B verbindenden 
Bogen €, €,, €z, ---, Crs, ©’ gibt, in welcher jede zwei Nachbarbogen 
in & aquivalent sind. 
3° Ein Bereich & heift einfach zusammenhiingend, wenn jede zwei einfachen 
Bogen, die zwei Elemente verbinden, in & ineinander iiberfiihrbar sind. 
Satz 3. Besitet das Differential O(P, X) in einem einfach zusammen- 
__ hiingenden Bereiche 8 ein stetiges und symmetrisches Differential d@(P,X;Y), 
so gibt es in B genau eine Operation F(P), die fiir ein bestimmtes Element Po 
einen bestimmten Wert Fy annimmt, und deren Differential gleich O(P, X) ist. 
Beweis. Betrachten wir ein beliebiges Element P von & und verbinden 
es mit P) durch zwei einfache Bogen € und ©’. Wir untersuchen die 
Integrale vom Typus (14), die von Py bis P langs € und @’ erstreckt sind. 
Da & einfach zusammenhingend ist, so sind © und @’ ineinander in & 
iiberfiihrbar. Sei €, €,, €y,---, Cr+, C’ eine Folge von (Q1), welche 
die unter 2° ausgedriickten Bedingungen erfiillt. Greifen wir zwei Nachbar- 
bogen aus der Folge heraus. Die Restbogen, die nach der Ausschaltung 
der unter 1° mit D und 9’ bezeichneten Teilbogen iibrig bleiben, fallen 
zusammen und liefern gleiche Bestandteile des Integrals. Es bleiben nur 
die Teilbogen D und D’ zum Vergleich. Diese aber verbinden dieselben 
zwei Punkte und liegen in einer Kugel, welche sich ganz in & befindet, 
und in welcher die Voraussetzungen des Satzes 2 erfiillt sind. Nach § 6 
liefern auch diese Teilbogen gleiche Bestandteile des Integrals (14). Also 
nimmt das Integral langs der Nachbarbogen gleiche Werte an. Daraus folgt, 
da8 auch die Bogen © und ©’ denselben Wert des Integrals (14) liefern. 
Gibt es eine Operation F(P), welche die Bedingungen des Satzes erfiillt, 
so kann man sie folgendermafen eindeutig bestimmen. Ist P ein Element 


Ich verdanke diese Definition einer miindlichen Mitteilung von Herrn Nikodym. 
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von &, so verbinde man ihn mit Po durch einen regularen Bogen ©, der 
durch die Funktion P(u) auf das Intervall (0,1) abgebildet wird. Dann ist 


Sri = @[P(u), Pu(u)]. 
Also mub ; 
F[P(N— FPO) = f O1P@), Palwl du, 
oder 
(16) F(P) = ht fo, aP) 


sein. Nach dem oben Gesagten ist diese Operation durch das Element P 
nicht nur fiir regulare, sondern auch fiir einfache Bogen © eindeutig 
bestimmt. 

Wir wollen beweisen, daB (16) wirklich die Bedingungen des Satzes 
erfiillt. Selbstverstaindlich ist fir P— FP, das Integral gleich Null und 
F (PB, 0) = Fh. 

Was das Differential von F'(P) betrifft, so betrachte man ein beliebiges 
Element P; von &, umgebe es mit einer ganz in & gelegenen Kugel, 
verbinde Py mit P, mit einem bestimmten einfachen Bogen © und fiihre 
von P,; nach allen Elementen der Kugel gerade Strecken. Dadurch wird 
Po mit jedem Element P der Kugel durch einen Bogen verbunden, der 
aus © und der Strecke P,P besteht. Dann ist fiir jedes P der Kugel 


F(P) = Ft JO”, aP)+f, ,O(P, dP) = F(R)+f, ,O(P, aP). 


Dies ist aber eine zu (9) analog gebildete Operation, die in der Kugel das 
Differential ®(P, X) besitzt. Also ist in einer Umgebung jedes Elementes 
P, von & das Differential von F(P) gleich @(P, X), womit der Satz 
bewiesen ist. 

Den Satz 3 kann man unter Bericksichtigung des Satzes 1’ auch so 
aussprechen: 

Satz 3’. Besitet das Differential O(P, X) in einem einfach zusammen- 
hiingenden Bereiche ® ein stetiges Differential d@(P, X; Y), so ist die 
Symmetrie (6) des letzten eine notwendige und hinreichende Bedingung dafiir, 
das O(P, X) in & vollstiindig sei. 

8. Vielfache Differentiale. Der Satz 1 l48t sich folgendermafen 
verallgemeinern: 

Satz 4. Besitzt F(P) in einem Bereiche B ein stetiges n-tes Differential 
a” F(P; X,; Xz; +--+; Xn), so ist dieses symmetrisch. 

Beweis. Die Behauptung gilt nach Satz 1 fir » = 2. Ist sie 
fir n = m richtig, so ist d™F(P; X,; X2;---; Xm) symmetrisch. Also 
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ist das Differential d™*' F(P; X,; Xo; ---; Xm; Xmi1) in bezug auf 
X,, X2,--:, Xm symmetrisch. Andererseits ist es, als zweites Differential 
yon d™" F(P; Xi; Xe; ---; Xm—-1), wo Xi, Xe, ---, Xm—1 als konstant 
betrachtet werden sollen, in bezug auf Xm, Xm+1: symmetrisch (wenn fiir 
n = m+1 die Voraussetzungen des Satzes noch erfiillt sind). Also ist 
d™1 F(P; Xi; Xe; +++5 Xm; Xm+1) in bezug auf X,, Xs, ---, Xm, Xm+1 
symmetrisch. Damit ist der Satz durch vollstindige Induktion bewiesen 
worden. 

Jetzt wollen wir den Satz 3 verallgemeinern: 

Satz 5. Besitet das n-fache Differential O(P, X,, Xz, ---, Xn) in 
einem einfach zusammenhiingenden Bereiche & ein stetiges Differential 
dO(P, X,, Xz, +--+; Xn; Xn+1), so ast die Symmetrie des letzten die notwendige 
und hinreichende Bedingung dafiir, daB O(P, X,, Xs, ---, Xn) in & voll- 
stiindig set. 

Beweis. Die Notwendigkeit folgt aus dem Satze 4, wo man n-+-1 an- 
statt  einsetzt, wenn auch der Bereich nicht einfach zusammenhangend ist. 

Was die Hinlanglichkeit der Bedingung betrifft, so ist diese fir n = 1 
durch den Satz 3 bestatigt. Setzen wir voraus, daB sie fiir » = m bewiesen 
worden ist. Es sei O(P, X,, Xe, ---, Xm, Xm41) ein (m+ 1)-faches 
Differential, welches die Bedingungen des Satzes (fir » = m+1), die 
Symmetrie des Differentials d@(P, X,, Xz, ---, Xm, Xm4i; Xm+2) ein- 
geschlossen, erfiillt. Wir wollen seine Vollstandigkeit beweisen. 

Man betrachte X,, X2,---, Xm als konstant. Dann ist O(P, X,, X2,---, Xm, 
Xm+1), als Operation von Pund X41, ein vollstandiges einfaches Differential 
(weil ihr Differential symmetrisch in bezug auf Xm4i, Xm+2 ist). Sei 
w(P, X,, Xe, «++, Xm) eine Operation, deren Differential gleich @(P, X,, 
Xz, «++; Xm, Xm41) ist. Andererseits folgt aus der Symmetrie von 
AD(P, Xi, Xs, +++, Xm, Xmi1; Xm+2) in bezug auf X,, Xz, ---, Xm, Xm+1 
auch die Symmetrie von @(P, X,, Xe, ---,; Xm, Xm+1). Also erfiillt 
“(P, X,, X2,---, Xm) die Voraussetzungen des Satzes fiir » = m und 
ist folglich vollstandig. Nach § 2 folgt daraus, da8 auch sein Differential 
O(P, X,, Xz, ---, Xm, Xm41) vollstandig ist, womit der Satz bewiesen 
worden ist. 

Erfillt O(P, X,, Xz, ---, Xn) die Voraussetzungen des Satzes 5, so gibt 
es eine Operation F(P), fir die 


a" F(P; Xi; Xe; SSA Xn) — O(P, Xi, Xe, °°; Xn). 


Diese ist aber nur bis auf eine Operation vom Grade nm — 1 genau bestimmt“. 


'S Vgl. [2], 8.306. Herr Fréchet gebraucht den Ausdruck ,ordre“ (Ordnung). Wir 
meinen, daf der Ausdruck ,Grad“ (degré) besser demselben Begriffe entspricht. 














ae 


eee 


“ “eageiprd ce he Sat 


i 








558 M. KERNER. 


ZwEITES KAPITEL. 
Der Satz von Stokes. 


9, Multilineare Operationen. Kine n-lineare Operation F(X,, Xp, ---, X,) 
heift symmetrisch, wenn sie bei jeder Permutation von X,, Xp, ---, X, 
ihren Wert beibehalt. Sie heift schiefsymmetrisch, wenn sie bei einer 
geraden Permutation ihren Wert beibehalt, bei einer ungeraden nur ihr 
Zeichen wechselt. Wir werden auch jede lineare Operation (m = 1) zu 
den schiefsymmetrischen zahlen. 

Ist eine n-lineare Operation F'(X,, Xz, ---, Xn) vorgegeben, so fiihren wir 
eine neue Operation 


Xi, Xe, ++, Xn 
| gabe” 
Xi, X2,; tee, ae 


oder kiirzer 
(17) F(|X, Xe, aaa Xn |) 


ein, die wir eine Operationsdeterminante nennen, und die folgendermafen 
gebildet wird: man entwickle formell die Determinante, man ordne die 
Faktoren jedes Gliedes nach Zeilen, man ersetze die Multiplikation durch 
die Operation F'™*. Bezeichnet =,, =,,---, Zn eine beliebige Permutation 
von X,, Xs, ---, Xn, So ist: 

F(|X,, X2,+++, Xn|) = L 4 F(Ei, 5, +++, Fn), 


wo man -++ oder — setzt, je nachdem die Permutation gerade oder 
ungerade ist. Ist beispielsweise F(X, Y, Z) eine trilineare Operation, 
so folgt: 
F(|X,Y, Z|) = F(X, Y, 2)+ F(Y, Z, X)+ F(Z, X, Y) 
—F(Z, Y, X)—F(Y, X, I —F(X, Z, Y). 
Die Operationsdeterminante ist immer schiefsymmetrisch. 
Setzt man 


(18) Y= Day X (i =1,2,---,n), 
i 


und bezeichnet man mit a die von ay gebildete Determinante, so lat sich 
leicht beweisen, daB 


(19) F(| ‘F "8 ae nl) — aF(| X, Xs, eee Xn|). 


Ist F(X,, Xz, ---, Xn) symmetrisch, so ist (17) gleich Null. Ist dagegen 
F(X,, X2,---, Xn) schiefsymmetrisch, so gilt die Beziehung: 


(20) F(|X1, Xs, ---, Xn|) = nt FCM, Xe, -- +, Xn) 


‘Man kann auch die Operationsdeterminante fir verschiedene Zeilen definieren, doch 
ist das fiir unsere Zwecke unndtig. 
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Daraus folgt, daB die Formel (19) fiir die schiefsymmetrischen Operationen 
gilt, 
(21) F(Y;, Yo,-°°, Yn) — aF(X,, Xs, ---, Xn), 
wenn zwischen X,, X:,---, Xn und Y;, Yz,---, Yn die Beziehung (18) 
vorausgesetzt wird. 

Im folgenden werden die multilinearen Operationen noch von einem 
Element P stetig abhingen. Auch in diesem Falle kann man die 
Operationsdeterminante betrachten. Fir F(P, X,, X2,---, Xn) soll sie mit 


F(P, |X, X:, CT one Xn!) 


bezeichnet werden. Die Operation selbst, wie auch die Determinante, sind 
hier n-fache Differentiale. Am wichtigsten ist der Fall, wo F(P, X,, Xo, --+, Xn) 
selbst schiefsymmetrisch ist. Dann gelten die Formeln (20) und (21), wo 
man beiderseits P eingefiihrt hat. 

Ist F(X,, Xa,-+++, Xn) ein Funktional, so kann man es als einen n-fach kova- 
rianten Tensor betrachten. Doch ist allgemein die Bestimmung seiner Komponenten 
nicht méglich. Ist F'(X,, X2,°++, Xn) selbst ein Element desselben Raumes wie 
X,, X2,+++, Xn, so kann man es als einen einfach kontravarianten und n-fach kova- 
rianten Tensor betrachten. Die Bildung mehrfach kontravarianter Tensoren ist nach 
meiner Meinung in allgemeinen Banachschen Raumen nicht méglich. 

Hangt F(P, X,, X2,-++, Xn) noch von P ab, so haben wir es mit einem Tensorfeld 
zu tun. Ist n = 1, so bestimmt das Funktional F(P, X) ein Vektorfeld. 

10. Das Rotational. Jetzt wollen wir einen mit dem Differential eng 
verknipften Differentialoperator einfiihren, den wir das Rotational nennen. 

Es sei F(P, X,, X2,---, Xn) von jetzt ab ein n-faches schiefsymmetrisches 
Differential, das selbst ein Differential d F'(P, X,, Xs, ---, Xn; Xn41) besitzt. 
Der Bequemlichkeit halber schlieBen wir den Fall » = 0 nicht aus, indem 
wir F(P) als eine 0-lineare schiefsymmetrische Operation oder ein null- 
faches schiefsymmetrisches Differential bezeichnen (vergleiche die Bemerkung 
am Anfang von § 9 fiir m = 1). Das Differential dF (P, X1, X2, +--+, Xn; Xn+1) 
ist in bezug auf X,, X:,---, Xn schiefsymmetrisch. 

Mit 5,, 2, ---, Bn, Hai: bezeichnen wir, wie oben, eine beliebige 
Permutation von X,, X2,---, Xn, Xn41. Greifen wir in willkirlicher Weise 
n-+1 Permutationen Sou so, daB das letzte Element 5,4: darin alle 


Werte X,, Xs, ---, Xn, Xn+1 genau einmal durchlauft. Mit [= bezeichnen 


i=1 
wir eine Summe, die iiber diese Permutationen erstreckt ist, wobei jedes 


Glied mit dem Vorzeichen + oder — versehen wird, je nachdem die Per- 
mutation gerade oder ungerade ist. Zum Beispiel ist die Summe 


—— — 


aa [Sere 5.512080) 
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eindeutig bestimmt, weil das Differential schiefsymmetrisch in bezug auf 
n erste Elemente =,, =:,---, =, ist. Man kann in (22) die Permutationen 
so wahlen, daf alle gerade sind; dann sind alle Glieder mit dem Vor- 
zeichen ++ zu versehen. 

Die Summe (22) bezeichnen wir mit 


dF(P, Xi, Xe, -++, Xnj Xn41), 


und nennen sie das Rotational des Differentials F'(P, X,, X2, ---, Xn). 
Der Buchstabe d soll an den engen Zusammenhang mit dem Differential 
erinnern und ist zum Unterschied gotisch. Das Rotational enthalt, wie 
das Differential, eine neue Veranderliche X,41, die wir etwa den ,,Zuwachs“ 


nennen kénnen. 
Es ist beispielsweise fur F'(P, X, Y): 


dF (P, X,Y; Z) = dF(P,X, Y; )+dF(P, Z, X; Y)+dF(P, Y, Z; X). 


Ist n = 0, so gibt es auBer der identischen keine Permutationen, und 
das Rotational stimmt mit dem Differential iiberein: 


dDF(P; X) = dF(P; X). 
Aus der Definition des Rotationals folgt die Beziehung: 


dF (P, |X, X:, ar iae Xn; Xn+1) ae dF (P, |X, Xe, i ane Xn; Xns1|) 
und mittels der Formel (20), 
P 1 
(23) oF (P, X4, Xe, rio Xn; Xn+1) — ni CP: | Xi, Xe, Rhee Xn} Xn+1|). 


Also ist das Rotational schiefsymmetrisch, was auch unmittelbar aus der 
Definition folgt. Die Formel (23) kénnte selbst zur Definition des Rotationals 
dienen. Man kann das Rotational etwa als das schiefsymmetrisierte Diffe- 
rential bezeichnen. 

Wir setzen voraus, daf das Differential F(P, X,, X2,---, Xn) ein stetiges 
zweites Differential d? F(P, X,, Xz, ---, Xn; Xnit; Xnt2) besitzt. Wir 
wollen die Iteration 


dd F(P, Xi, X:, iy Xn} Xn413 Xn+2) 
berechnen. Es ist am bequemsten, die Formel (23) zu differenzieren, 


dv F(P, Xi, X3, a Xn} Xn413 Xn+2) 
1 
oat pit FP: |X, X3, fi Xn; Xn4il; Xn+2); 
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n+2 
und auf beiden Seiten die Summierung [ > | zu verwenden, 
i=1 


ddF(P, X, Xe, erp! Xn} Xn} Xn+2) 


(24) i 
= nif F(P, |X, X:, oO, Xn} Xnt13 Xn+2 





). 


Da a? F(P, X41, Xe, +++, Xn3 Xn+1; Xn+2) stetig ist, so folgt aus dem Satz 1 
(wo man X,, X2,---+, Xn als konstant ansehen soll), dab 


ad? F(P, xX; Xs, oe Xa; Xn413 Xn-+2) 


in bezug auf Xn41, Xn+2 symmetrisch ist. Daher reduzieren sich paarweise 
die Glieder von d* F'(P, | X,, Xz, +--+, Xn; Xni1; Xn+2|), die sich nur durch 
die Reihenfolge von zwei letzten Elementen voneinander unterscheiden. 
Also folgt aus (24), dab 


(25) dD F(P, X, Xe, +++, Xn; Xnt1; Xn+2) = 0. 


Die Iteration des Rotationals verschwindet also identisch, falls das zweite 
Differential von F(P, X,, Xz, ---, Xn) stetig ist. 
Dem Differential d F entspricht in gewoéhnlicher Tensoranalysis im Falle n = 0 
der Operator grad. Nur treten in allgemeiner Analysis die linearen Formen an die 
Stelle der Komponentendarstellung auf, der Bemerkung von § 9 gemiaé. 


Auch dem Rotational }F entspricht im Falle »=0O der Operator grad. Im 
Falle » = 1, wo F(P, X) ein Vektorfeld darstellt, bestimmt 


dF(P,X; Y) = dF(P, X; Y)—dF(P, Y; X) 


die bilineare Kovariante oder den schiefsymmetrischen Tensoroperator, der gewéhnlich 

mit rot oder curl bezeichnet wird. Das Rotational verallgemeinert diesen Operator 

auf einen beliebigen Grad des Tensorfeldes und auf einen beliebigen Banachschen Raum. 
Die Beziehung (25) umfabt fir n = 0 die Formel: 


curl grad F = 0. 
Dieser Fall war schon in (3) enthalten. 


11. Einfache Hyperflachen. Es sei in einem durch ein kartesisches 
System (21, 22,---, %n) gerichteten n-dimensionalen Euklidischen Raume 
eine gerichtete Einheitskugel Hn, 


2,3 -+4- 2,7 -- ai, le +23 < 1, 
gegeben. Ihre ,,.Flache* R,-; ist durch 
t2+a2+---+23 = 1 


bestimmt. Der positive Sinn von Rn-1 werde dadurch definiert, daB die 
(n —1)-dimensionale gerichtete Tangentenebene in einem Punkte von Ry. 
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mit der auferen Normale zusammen ein positiv gerichtetes n-dimensionales 
System bilden soll”. 

Es sei §,, §,---,&, eine beliebige gerade Permutation von 2,, 2, ---, x,. 
Ist darin &, = 2;, so werden wir diese Permutation mit 17; bezeichnen. 
Die Koordinaten §, &,---,&, bestimmen auch den positiven Sinn des 
Raumes. Mit K{?, bezeichnen wir die (n—1)-dimensionalen gerichteten 
Einheitskugeln 


go 4a +... dd = 4, 5 = ay = 0 (¢ = 1, 2,---,n). 


Dies sind Diametralschnitte der Kugel H,. Die ,,Fliche“ Rn»_: abt sich 
fir jedes 7 in zwei Teile zerlegen: den positiven, wo &—2;>0, und 
den negativen, wo §& = 2:<0. Man bemerkt leicht, daf bei der ortho- 
gonalen Projektion des positiven Teiles auf KH, der positive Sinn bei- 
behalten wird, bei der des negativen dagegen wird der Sinn vertauscht. 

Ein homéomorphes Bild der gerichteten n-dimensionalen Kugel X, werden 
wir ein n-dimensionales einfaches Hyperflichenstiick nennen und kurz mit 
($n) bezeichnen. Das Bild von Ryz-1 werden wir den Rand des Hyper- 
flachenstiickes nennen. Er ist aus zwei (Gn—1) zusammengesetzt, deren 
Sinn mit dem von (<n) verkniipft ist, und bildet eine (nicht die allge- 
meinste) geschlossene — 1-dimensionale Hyperflache. 

Fir n = 1 ist (Yn) = (G) ein einfacher Bogen (vgi. § 4), und sein 
Rand besteht aus zwei (So), das hei®t aus zwei Punkten (Endpunkten); 
fiir n = 2 ist (Yn) = (G2) ein einfaches Flachenstiick, und sein Rand 
bildet eine geschlossene Kurve, die aus zwei einfachen Bogen zusammen- 
gesetzt ist, usw. 

Zum Unterschied von den Elementen des betrachteten Banachschen 
Raumes werden wir die Punkte (a, 72, ---+, Zn) des Euklidischen Raumes 
mit griechischen grofen Buchstaben I’, A,--- bezeichnen. Ein (Yn) wird 
durch eine stetige Funktion P(I) bestimmt, die jedem Punkte J der 
Kugel XH, ein Element P des Banachschen Raumes zuordnet, und fiir 
welche die Gleichung P(I) = P(Z”) nur fir [= TI” bestehen kann. 

12, Regulare Hyperflachen. Ein ($,) heift ein reguliires n-dimensio- 
nales Hyperflichenstiick und wird mit (&,) bezeichnet, wenn 
1° die definierende Funktion P(/) ein stetiges Differential d P (I; A) besitzt, 
2° fiir jeden Punkt I die Funktion dP(I; A) eine n-dimensionale Ebene 

beschreibt, falls 4 alle Punkte des n-dimensionalen Euklidischen Raumes 
durchlauft. 

Die Bedingung 2° besagt nichts anderes, als, da® fir jeden Punkt I 
und 7 linear unabhingige Punkte A,, 4,,---, 4, des Euklidischen Raumes 





*® Diese Verabredung ist der iiblichen tiber den positiven Sinn des Kreises entgegengesetzt. 
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die Elemente dP(I; 4;) (¢=1,2,---,m) linear unabhangig sind. Die 


n-dimensionale Ebene 
P(T)+dP (Ir; 4) 


hei&t die Tangentenebene im Elemente P(/). 

Fir n = 1 ist (Qn) = (&) ein regulirer Bogen (vgl. § 4). 

Ist ausnahmsweise fiir einen Punkt F eine der Bedingungen 1° und 2° 
nicht erfiillt, so kann man das entsprechende Element des Hyperflichen- 
stiickes singular nennen. Wir schlieBen jedoch die singuliren Elemente 
aus den Betrachtungen aus, obwohl eine passende Beschrinkung der Menge 
dieser Elemente die Durchfiihrung aller folgenden Untersuchungen gestatten 
wide. 

Ist der Punkt Z, wie auch der Zuwachs A durch kartesische Koordinaten 
bestimmt, 

r= (x, Hey**"*, Ln); 


A — (Iu, he, Ree , hn), 


so ist (Qn) durch eine Funktion P(a, x2, ---, 2») definiert. Wir behaupten, 
da8 die Bedingungen der Regularitiét den folgenden aquivalent sind: 


a) die Funktion P(2, %2,---,2%n) besitzt stetige partielle Ableitungen 
i 4 
Om (= 1, 2, “++, 0), 
b) diese Ableitungen sind linear unabhingig. 
Die Behauptung a) ist mit 1° Aquivalent. 
Was b) betrifft, so nehme man vn linear unabhingige Punkte 
A; = (hi, hia, «++, hin) (6 = 1, 2,---, ). Dann ist 
n 
dP(r; 4) = D> is 


JH1 02; 
Da die aus hy gebildete Determinante von Null verschieden ist, so sind 
aP(T; Aj) und oe gleichzeitig linear unabhangig oder linear abhangig, 


was die Aquivalenz von 2° und b) beweist. 

Oft werden wir anstatt 2;, 22,---, 2%, andere Parameter 1%, v2, ---, Un 
gebrauchen. Dabei soll die Abbildung ein-eindeutig und stetig differenzier- 
bar, und die Funktionaldeterminante iiberall positiv sein: 





hj. 


d(x, X2,°**, Ln) 
26 1) “29 ? 0. 
( A(v4, va, +++, Un) “2 





Die Parameter 7, v2,---, Un bestimmen den positiven Sinn von (%,). Man 
bemerkt leicht, daB man an Stelle von 2, 22, ---, %n in den Bedingungen a) 
und b) der Regularitét v,, v2,---, vn einsetzen kann; die Bedingungen 
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bleiben unverandert. Definiert man die Zahlen k,, kz,---, kn» durch die 
Gleichungen 





n 
0 ; 
h= 2 = ky (7 = 1, 2,---, n) 


i=1 Ov; 


mit nicht verschwindender Determinante (26), so bekommt man 


P n n aP a n 
w= 2 25 7 = 2 ek. 


0 xj ia {mi 


n 


aP(r; 4) = , 


F ol 











Wir wollen noch einige Bemerkungen iiber den Rand von (&,) machen. 
Wir projizieren stereographisch die positive Halfte (a, >0) der Kugel- 
fliche Ryn-1 auf die Ebene x, 0 vom Punkte (0, 0,---,0,—1) (Siid- 
pol). Ihr Bild fallt mit Hx, zusammen. Die kartesischen Koordinaten 
Yis Y2,°**, Ynt Ges Bildpunktes bestimmen den Punkt von Ry»-1. Die 
Abbildung ist stetig differenzierbar, und ihre Funktionalmatrix 























Oa, 0 2X 02n 
i oo | 
Oxy 0 Xa 02n 
(27) yn) a) 
02 02s 02n 
Oyn1- OYn-1 sO Ynt 


hat den Rang n—1. 
Die Funktion 
AH, Y2; ee Yn—1) a P(x, 2 wf tact Ss In) 


bildet einen Teil des Randes von (%,) auf Ko, ab. Dabei sind 


aQ OP da; 
be die peg ee | 
oui p> yg (2 1,2, .+--,%#—1) 








stetig und linear unabhingig (sonst hatte die Matrix (27) nicht den Rang 
n—1). Also ist der betrachtete Teil des Randes ein (2,—1). 

Ebenso beweist man, vom Punkte (0, 0, ---, 0, 1) projizierend, daf auch 
der Teil des Randes, welcher der negativen Halfte von R,—-1 entspricht, 
ein (Zn) ist. Doch bestimmen y,, ye, ---, Yn—1 auf dem Bilde der positiven 
Halbkugelflache den positiven Sinn, auf dem der negativen dagegen den 
negativen. 

Also ist der Rand eines (&,) aus zwei (f,—1) zusammengesetzt. Sie 
bilden zusammen eine (nicht die allgemeinste) geschlossene regulare n —1- 
dimensionale Hyperfliche. Die Punkte des Randes von (&,), die dem 
gemeinsamen Rande der beiden (2,1) angehéren, sind nur durch unsere 
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Beweisfihrung, nicht aber durch die Natur der Sache ausgezeichnet. Man 
kann R»—-1 anders in Halften zerlegen, wobei diese Punkte nicht auf dem 


erwahnten gemeinsamen Rande liegen. 
13, Das invariante Hyperflachenintegral. Es sei F(P, X,, Xs,---, Xn) 


ein in einem Bereiche & erklartes n-faches schiefsymmetrisches stetiges 
Differential. Es sei weiter & ein n-dimensionales regulares Hyperflichen- 
stiick im Bereiche &, das durch die Funktion 


P(t) m3 P(x, Xe, +++, Xn) 


der Definition von (Zn) gem&éB auf die Kugel XA, abgebildet wird. 
Die Funktion 
F[P(1), Pz, (r), Pz, (Tt), “Aghs Py, (T)] 
ist stetig, und man kann sie iiber XA, integrieren: 
u =f f---[) PLEO), Po, 0); Pa 0), +++) Po, Dd day +++ dan, 


Wir driicken 2, %2,---,%n durch neue Parameter x, v2, +--+, vn, aus, 
wobei alle Voraussetzungen, und insbesondere (26), des § 12, iiber den 
Zusammenhang von 2%, 2%2,-°+-+,%m und my, %,--++, Um erfiillt sein sollen. 
Dann ist: 


u=JJ---f PIP), Pe, (0), Po (Cy ++) Pe, O] 

d(x, Hey **"*5 Xn) 

d(u, mies, Un) dv dvs 
wo die Integration iiber den Veranderlichkeitsbereich von 1, ve, ---, Un 
erstreckt werden soll. Setzt man 

P(l) — Q(v, Ve, °***, Un); 





a ae 


so wird 
. 0 xj 
Qu, (U1; Us, °**, Un) = > Px, (1) —, 
j=1 Ou; 
und da F(P, X,, Xz, ---, Xn) schiefsymmetrisch ist, so folgt aus (21) 
d(x, He, **"s Xn) 
d(v,, me ° * Un) 





F(Q, Qe, » Qv,, lhe. Qu,) — F(P, Pe, , Pz,; ite Px.) 
U nimmt die Gestalt 
(28) U= Jf. : J FQ, Qu,» Qu,s +++» Qu,) dv: dvz +++ dun 


an. Also ist das Integral U invariant gegeniiber der ausgefihrten Para- 
metertransformation. Wir kénnen es mit 


Sf---[[e@, ap, a, dnP) 
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bezeichnen, wobei formell 
dP = Py,dax; Gire 1, 2,.--;.9) 
zu setzen ist. 
Ist F(P, Xi, Xe, +++, Xn) n—1-fach, so kann man auch das Integral 


ff--fre, d, P, dy P, -++, dp1P) 


iiber den geschlossenen Rand # eines (fn) erstrecken. Man hat nur & in 
zwei (2n—1) zu zerlegen und iiber diese zu integrieren. Dabei ist zu 
beachten, daB der Sinn der (%,-1) mit dem der entsprechenden Halfte 
von RKn»-1 iibereinstimme. 

Man kann ein invariantes Integral nicht nur iiber ein regulires Hyper- 
flachenstiick, sondern auch iiber analoge Bilder von mehrdimensionalen 
Polyedern, wie z. B. von einem n-dimensionalen Simplex, definieren. 

Fiihren wir die Parameter 1%, ve, +--+, Um ein, die alle Bedingungen 
auBer (26) erfiillen, und ist die Funktionaldeterminante negativ, so soll 
man (28) nur mit dem Vorzeichen — versehen. Dabei bestimmen 
V1, Ve,°**, Un den negativen Sinn von S&. 

14. Der Satz von Stokes. 

Satz6. Ist n=2, ist F(P, XM, Xs, ---, Xn-1) ein n—1-faches schief- 
symmetrisches Differential, das in einem Bereiche & ein stetiges Differential 
dF (P, Xi, Xs, +++, Xn-1; Xn) besitet, ist R ein n-dimensionales reguliires 
Hyperflichenstiick in B und KR sein Rand, so gilt die Stokessche Formel: 


JJ--frore d, P, dz P, +++, dns P; dnP) 
=ff--[re d, P, dy P, «++, dna P). 


Zusatz. Ist F(P) eine Operation, die in einem Bereiche & ein stetiges 


Differential d F(P; X) besitet, ist © ein reguliirer Bogen in B&B und A, B 
sein Anfangs- und Endpunkt, so ist: 


fe F(P, dP) = F(B)—F(A). 


Beweis. Was den Zusatz betrifft, der dem Falle n = 1 entspricht, 
so ist er im wesentlichen im § 6, Formel (12), bewiesen worden (man 
beachte, da8 fiir n = 1 das Rotational mit dem Differential ibereinstimmt, 
§ 10). 


Wir wollen den Satz beweisen. Wir gebrauchen dabei die Bezeichnungen 
n 

des §11. AufSerdem soll [ >], wie im § 10, eine Summe bezeichnen, 
i=1 


die iiber m Permutationen 17;(i = 1, 2, ---, m) erstreckt ist (die Bedeutung 
von 7; wie im § 11). 





DIE DIFFERENTIALE IN DER ALLGEMEINEN ANALYSIS. 567 


Ist 17; fir ein bestimmtes 7 gleich §,, §., ---, &n, so bestimmen &,, &, «++, &,—1 
zwei Punkte auf R»-1, fiir die &, >0O bzw. §&,<0 ist. Die entsprechenden 
Elemente von & bezeichnen wir mit P+(&,, §s,---, §a—1) und P~(&,, &, «++, &n—1), 
oder kurz mit P+ und P-. Dabei kann der Punkt (§,, §&,---, §:—1) der 
Ebene & = aj = 0 die n—1-dimensionale Kugel X® , durchlaufen. 

Wir fihren die Bezeichnungen 


v= Jf-- [Pe aP, dP, ---,dsP), 

v - [S1ff-- do FOP Pay Pye) PR) OE Bs dE 
i=1 n—1 

[2 

t=1) 


ein und wollen zuerst beweisen, dab 
(29) U = V. 





J fo fog POR Pi Piss PE) aR hy des 
n—1 


Um in U Parameter einzufiihren, zerlegen wir Rn. in zwei Halften, 
fir die z,>0O und x,<0. Auf der positiven Hilfte fiihren wir, wie im 
§ 12, die Parameter y,, ys, ---, Yn—1 ein, welche die kartesischen Koordinaten 
der stereographischen Projektion auf die Ebene x, = 0 vom Punkte 
(0, 0, ---, 0, —1) darstellen. Ebenso sollen fiir die negative Hilfte 
Yi; Y2y***, Yn—1 die Koordinaten der Projektion vom Punkte (0, 0, ---, 0, 1) 
bezeichnen. Zum Unterschied werden die Punkte der beiden Teile von &, 
die denselben 4, Y2,°++, yn—1 entsprechen, mit Qt(y:, ys,---, Yn—1) und 
Q-(Y, Ye, ***, Yn—1), Oder kurz mit Qt und Q- bezeichnet. Dann ist 


U = JJ--flewy POs Gis Gis ddim dye ++ dyna 





(30) 
—ff.-. eo FL Qajs Gigs 221 Gina) Ayn dye ++ AYn-a. 
Es sei ¢ eine kleine positive Zahl («<< 7x) Wir zerlegen Rp: in 
n 


zwei Teile: Rn-1, der aus den Punkten besteht, deren alle Koordinaten 
die Ungleichung 

|a;| > e (i= 1, 2,---, n) 
erfiillen, und Rn, der aus allen iibrigen Punkten besteht. Durch beide 
Stereographischen Projektionen wird auch Ko, in (dieselben) zwei Teile 
zerlegt. Ist m der Inhalt des zweiten Teiles von Ke 4, so sieht man 
leicht, daB 
(31) lim m = 0. 


e—0 
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Das Integral U zerfallt in zwei Teile: 
= U+0. 


Der zweite Teil U laBt sich leicht abschatzen. In der Tat sind in beiden 
Integralen von (30) Q*,a, Qi. Qy,, +++ Stetige Funktionen von %, ys, «++, yn—1. 
Da nach § 2 F eine stetige Operation von allen Veranderlichen zusammen 
ist, so ist F' auch eine stetige Funktion von endlich vielen numerischen 
Veranderlichen y,, y2,-+-, Yn—1- Also ist F’ beschrinkt: 


|F ll Sa. 
Daraus folgt nach (30), dab 
||U|| S 2am, 
und nach (31), dab =a 
(32) lim U = 0. 
e—>0 


Wir gehen zum Integral U iiber, das tiber Ry». erstreckt ist. Nach der 
Definition zerfallt R,-1 in 2” Kugelsimplexe, die etwa durch die Vorzeichen 
VON 2, %,-++-+, 2m bestimmt werden kénnen. Wir bezeichnen diese Sim- 
plexe mit $;(j = 1,2,---, 2”) und fihren auf jedem die Veranderlichen 
V1, Ve, +++, Un—1 ein, die fiir die Simplexe, fiir welche x, >0, mit y, ys, +++, Yyn—1 
iibereinstimmen, und fir die tibrigen sich von 4, Ye, +--+, Yn—1 nur durch 
eine einzige Transposition unterscheiden. . Damit wird erreicht, daB auf 
jedem Simplex 1, %,---+, vn—1 den positiven Sinn bestimmen. Nimmt man 
in (30) in Betracht, daB F(P, X,, X2, ---, Xn-1) schiefsymmetrisch ist, 
so folgt 


(33) 0= ZS f--Lre@ Ou, +- Ale ta 


Man bemerke, da8 auf jedem Simplex x, 2, ---, 2» stetige Ableitungen 
in bezug auf 1%, v2, ---, Un—1 besitzen, und daf alle méglichen Funktional- 
GCE, Fay +++» Sn) von Null verschieden sind. Doch ist 


k A(r%, v2, a Un—1) » 
eine solche Determinante fiir eine bestimmte Permutation 7; auf einer 


Halfte der Gesamtzahl von Simplexen positiv, auf der anderen dagegen 
negativ. 
Wir bemerken, daB 





determinanten 


Ox 
Qv, —— Pan (a = 1,2,--:, m—1). 


Fihren wir diese Werte in (33) ein, und nehmen die Schiefsymmetrie 
von F in Betracht, so folgt 
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a(&,, &, cakes En—1) , 
< aa... a) dv, dvs AVn—1. 


(34) 





Wir greifen eine Permutation 27; heraus und untersuchen das entsprechende 
Glied von U. Fir die Simplices, fiir welche §&, = a;>0, ist nach § 11 
der positive Sinn durch &,, &,---, &:—1 bestimmt, und die Funktional- 
determinante ist positiv. Fir die iibrigen Simplexe ist sie negativ. Be- 
zeichnet man mit A, die orthogonale Projektion aller Simplexe auf die 
Ebene &, = 2; = 0, so nimmt (34) die Gestalt 


- 


U = 


al § 


Lé= 11 


a 
IM 
pivd* 


lJ J = (i) F(P, Py, Pe, +++, P&o_) db: dB. -+-d Ens 
(35) xO, 








ff-- i. F(P, Ps, , Pi, +++) PE) dE ds +++ don 
1 


an. 
Bezeichnen wir mit H®, die Mengen A®,—H®,. Dann last sich 
das Integral V in zwei Teile zerlegen, 


V=V-+Y, 


von denen der erste mit (35) iibereinstimmt: 


(36) T= Vv. 

Ist m, der Inhalt von H®, (alle Mengen H®, besitzen denselben Inhalt), 
so ist 

(37) lim Ny = 0. 


e—0 


Man beweist ebenso wie fiir (30), da&S F in allen Integralen von V 
beschrankt ist: 


|F'|| < 6. 
Daraus folgt, daB S 
und nach (37), daB ee 
(38) lim V = 0. 
e—0 


Aus den Beziehungen (32), (36) und (38) folgt die geforderte Gleichung (29). 
Jetzt wollen wir noch V umformen. Wir greifen aus V zwei Integrale 
heraus, die einer bestimmten Permutation 7; entsprechen. Sind §,,&:,---, n—1 
die Koordinaten eines Punktes von H®,, so gibt es zwei Werte von &n, 














ee, ee 
SE PRONE UES 


ES Rt naa aR ASF ETI 


at SETS 
on 


Se. 


acti 
ER. 


wisa EA $a 


fa. WSS eae 





VSIA trot PF ty ae eee ee 


570 M. KERNER. 


die auf Ry, den &,, &,---, ,-1 entsprechen. Wir bezeichnen diese mit 
En (1, &2, -- +, §,-1) und &n (81, $2, +--+, Saa), oder kurz mit Ei und &, (es 
ist & ——&/). Die herausgegriffenen Integrale haben den Wert: 


{}. . Soe {F[P(&, &, "a En—1, Er), P:, (&, Es, sate En—-1, Er), ee 
GN eee 
— F[P(&, &,, rey | ae §,), P;, (&,, §., tiki Se-1, &,.), net 
sey Pe, iy Bay oy Seay Sw} EAB, dS 
=JJ---f Edda J.” AF (P(E, $2, -++, &n), Pe, ($1, $2, +++, En), «+ 
7 $94 . (&, &, oe §,.); Pz (&, &,, ces En) dé, 
=JJ. f. @FC, Ps,, Psy +++) Ps, Pe) d5: dS +++ den. 


Fiihrt man diese Umformung fiir alle Glieder von V aus, so folgt: 


i =|S\Sf. J. a? P;, Ps, +++, Pe,_.3 Pe.) 05, d82--- den 
=f. oi dF (P, Pz, ; Px; O° He Px; Pz) ax dx, ee dan 


={J---fore, are? nr 


Erinnert man sich an die Bedeutung von U und an (29), so wird der 
Beweis des Satzes beendet. 
15. Folgerungen aus dem Stokesschen Satze. Verschwindet 


dF (P, X,, Xz, +--+, Xn-1; Xn) identisch und ist R der Rand eines beliebigen 
(Ln), so ist: 


SJ--[P@ aP, aP,--,dvaP) me 


Zerlegen wir R in zwei (V,-1), ©, und @,, und wechseln auf ©, den Sinn 


um, so folgt: 
J Jeff re ap, @P,---dnaP) 


=JJ--f. F(P, d, P, dy P, +--+, dn P). 


Also ist das Integral eine Funktion des gemeinsamen Randes & von ©, 
und ©,, der eine geschlossene regulire (m — 2)-dimensionale Hyperflache 
bildet. Wir haben mit Hyperflichenfunktionen im Sinne von Herrn Volterra 
zu tun.’® Doch sind diese Funktionen nicht fiir alle selbst regularen 


© Vgl. [4], 8. 74-86. 


(39) 
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geschlossenen Hyperflachen bestimmt, weil man erstens im voraus nicht 
wissen kann, ob sich durch diese eine geschlossene (n — 1 )-dimensionale 
Hyperflache ® fiihren ]46t (man erinnere sich an die Kurven mit Knoten 
im dreidimensionalen Raume), und zweitens entsteht dieselbe Frage bei 
Bildung eines (2,), dessen Rand mit R zusammenfillt. 

Fir n = 3 wird & eine geschlossene Flaiche und & eine geschlossene 
Kurve. Wir haben es mit Linienfunktionen zu tun. 

Fir n = 2 ist R eine geschlossene Kurve, und die Integrale (39) sind 
langs zweier regularen Bogen zu nehmen, die zwei Punkte verbinden. Das 
Verschwinden von 0F(P, X; Y) ist jetzt mit der Bedingung (6) der Sym- 
metrie identisch und die Unabhangigkeit des Integrals (39) vom Integrations- 
wege fallt in mancher Hinsicht mit dem ersten Teile des Beweises 
des Satzes 3 zusammen. Doch sind jetzt die Bogen ©, und ©, nicht nur 
durch Differenzierbarkeitsbedingungen, sondern auch durch gegenseitige 
Lage im Raume bedeutend mehr beschrankt. 

Es folgt daraus, daB man auch die Untersuchungen des ersten Kapitels 
auf den Fall » >2 auszudehnen suchen kann. Man mu8 zuerst das von 
Herrn Volterra vorgeschlagene’’ Problem der Linien- und Hyperflachen- 
funktionen in allgemeinen Raéumen untersuchen. Dann kann man eine 
Linien- oder Hyperflachenfunktion durch ihr Differential zu bestimmen 
versuchen. Ich hoffe, mich mit diesen Gegenstinden an anderem Orte 
beschaftigen zu kénnen. 

Zum Schlu8 wollen wir noch mittels des Stokesschen Satzes die Identitat (25) 
von neuem begriinden. Es seien Py, X;, Xz, ---, Xn+2 gegeben. Das Element 


Po + 4 Xi te Xe - +> + Un+2 Xn+2) 
u,?+ u.2+ Tees “2 < 72, 


durchlauft eine (n-+2)-dimensionale Kugel vom Radius r, die wir mit & 
bezeichnen. Ihr Rand R werde durch die Aquatorkugelflache 


UP Ug t eb u = 7,  Uys = 9, 


die wir mit E bezeichnen, in zwei Teile ©, und ©, zerlegt. Dann folgt 
aus dem Stokesschen Satze, dai 


JJ--fre d, P, dy P, ---, dn P) 
a fff > F(P, dP, dyP, +++, InP; dn4sP) 


—_ —ff--f dF (P, ad P, dg P, +++, dnP3 dniiP), 
"’ Siehe [4], S. 86. 


wo 
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woraus 
ff- : for, d, P, dz P,+++,dnP; dntiP) = 0. 


Verwendet man noch einmal den Stokesschen Satz, so folgt: 


ff---[jo0F@, dP, dP, +++ dnP; duisP; dnixP) = 0 


oder 


Joe Seg 22F Bot Xa + te Set +++ ungeXnta, Xa, Xe, °-- 
-++, Xn3 Xn41; Xn+2) dus dug +--+ dune = 0. 
Strebt » gegen Null, so folgt endlich: 
DOF (Po, Xi, X2, +++, Xn3 Xn413 Xn+2) = 0, 
was zu beweisen war. 
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Von MicuarL Kerner (WARSCHAU). 


1. Einleitung. Herr Volterra hat bekanntlich in die Analysis Funktionen 
eingefiihrt, deren Wert von einer geschlossenen Kurve abhingt, die soge- 
nannten Funktionen der Linien*, Und insbesondere hat er die additiven 
Linienfunktionen untersucht, welche Ableitungen besitzen. Die letzten sind 
reelle Zahlen, die den Doppelrichtungen des Raumes entsprechen und in 
mancher Hinsicht dem Gradienten analog sind. Derartige Untersuchungen 
lassen sich unmittelbar auf Riume von endlicher Dimensionenzahl und auf 
geschlossene Flachen und Hyperflichen ausdehnen. Nun hat Herr Volterra 
das Problem vorgeschlagen, seine Untersuchungen auf den Raum stetiger 
Funktionen zu iibertragen *. 

In vorliegender Arbeit haben wir einen Versuch gemacht, dieses Problem 
zu lésen. Doch wollten wir uns nicht auf den Fall des Raumes stetiger 
Funktionen beschrinken. Die Beziehungen sind gar nicht verwickelter im 
Falle eines allgemeineren Banachschen Raumes (d. h. eines linearen, nor- 
mierten und vollstindigen Raumes). Wir haben unseren Versuch fiir einen 
solechen Raum getan. Und noch in einer Hinsicht stellten wir uns auf 
einen allgemeineren Grund. Die Funktionen von Herrn Volterra sollen 
reelle Zahlen sein. Wir setzen voraus, daB die Funktionswerte selbst 
Elemente‘ eines (desselben oder eines anderen) Banachschen Raumes sind. 
Deshalb sprechen wir von Linienoperationen, Fliichenoperationen und Hyper- 
Jliichenoperationen. 

Im letzten Paragraph wollen wir jedoch etwas naher den Fall des Raumes 
der stetigen Funktionen und der reellen Werte von Operationen (die man 
deshalb Funktionale zu nennen pflegt) entwickeln. Dabei werden die 
unmittelbaren Verallgemeinerungen der Volterraschen Ableitungen definiert, 
wahrend im allgemeinen Falle an ihre Stelle die Differentiale treten. 

Dem Titel gemaéS beschranken wir uns hauptsichlich auf den Fall der 
Linienoperationen. Was die n-dimensionalen Hyperflachenoperationen betrifft, 
so haben wir nur die Unterschiede und Besonderheiten am Ende jedes 
Paragraphen unterstrichen (siehe die Abschnitte ,Der allgemeine Fall“). 

Manche Probleme der vorliegenden Arbeit sind Problemen iiber die 
gewohnlichen Operationen analog, die in der Arbeit iiber Differentiale 

"Received August 5, 1932. 

* Rendiconti della Reale Accademia dei Lincei (4) 3 (1887). 

* Theory of Functionals. London and Glasgow, 1930. S. 86. 

‘Wir werden unten von Punkten des Banachschen Raumes sprechen, was bei geome- 
trischer Sprechweise bequemer ist. 
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vom Verfasser behandelt wurden®. Wir benutzen unten manche Ergeb- 
nisse jener Arbeit, und insbesondere diese des zweiten Kapitels, die den 
Satz von Stokes betreffen. Wir haben in §§ 2—4 der Bequemlichkeit 
halber einen kurzen Auszug aus diesen Ergebnissen gemacht und sie ein 
wenig unseren Zwecken angepaft. Doch verzichten wir auf strenge 
Beweise der etwas veranderten Behauptungen, weil diese Beweise ganz 
analog den in jener Arbeit vorhandenen verlaufen. Auch die Definition 
des einfachen Zusammenhanges unterscheidet sich von der dortigen. Das 
fiihrt uns schneller zum Ziel, und topologische Untersuchungen sind keines- 
wegs ein Gegenstand der vorliegenden Arbeit. 

Wir bezeichnen mit kleinen Buchstaben die reellen Zahlen, und mit 
grofen die Elemente (Punkte) eines Banachschen Raumes. 

2. Differentiale. Eine Operation F(P, Xi, X2,---, Xn), die den Punkten 
P, X,, Xz, +--+, Xn eines Banachschen Raumes ein Element F' desselben oder 
auch eines anderen Raumes zuordnet, heiBt ein n-faches Differential, wenn 
es in bezug auf X,, X:,---, Xn n-linear ist. Ein Differential heiBt stetig, 
wenn es in bezug auf P stetig ist. Kin stetiges Differential ist in bezug 
auf alle Veranderlichen zusammen stetig®. Ein Differential heifit symmetrisch 
(schiefsymmetrisch), wenn es in bezug auf X,, Xz, ---, Xn symmetrisch (schief- 
symmetrisch) ist. Ein Differential kann selbst ein Differential in bezug auf P 
besitzen, das wir mit dF'(P, X1, Xs, ---, Xn; Xn+1) bezeichnen und einfach 
das Differential des gegebenen Differentials nennen. 

Fir ein schiefsymmetrisches Differential (der Fall » — 1 werde immer 
als schiefsymmetrisch gerechnet) wird ein Operator, das Rotational 

oF (P, XxX, X2, Ors Xn; Xn+1) 
definiert, der aus dem Differential dF'(P, X,, X2, ---, Xn; Xn+41) dadurch 
entsteht, da8 man darin n +1 Permutationen von X;, X2, ---, Xn, Xn+1 aus- 
iibt, in denen der letzte Punkt genau einmal jeden Wert X;, X:, ---, Xn, Xn+1 
durchlauft, dann das so permutierte Differential mit dem Zeichen + oder — 


versieht, je nachdem die Permutation gerade oder ungerade ist, und endlich 
alle erhaltenen Ausdriicke addiert. Es ist beispielsweise fiir » = 1 


DF (P, X; Y) = dF (P, X; Y)—adF(P, Y; X), 
und fiir n = 2 
dF (P, X, Y¥; 27) = dF (P, X, Y;27)+dF(P, Y, Z; X)+dF(P, Z, X; Y). 
3. Stiickweise-glatte Gebilde. Es sei I ein Punkt eines n-dimen- 


sionalen Euklidischen Raumes, der durch ein kartesisches Koordinatensystem 
(2%, %,---+, %n) gerichtet ist. Es sei weiter P(I) eine Operation, die 





5 Vorangehende Arbeit dieses Bandes. 
5 Loc. cit. unter *, S. 548. 





LINIENOPERATIONEN. 575 


jedem Punkte I einer Umgebung von 7) einen Punkt P des von uns 
betrachteten Banachschen Raumes zuordnet. 

Wir nennen die Operation P(I) glatt fiir 7 =, wenn sie in einer 
Umgebung von J) ein Differential d P(I; 4) besitzt, das fir = I) stetig 
ist. Geht man zur Koordinatendarstellung iiber, so soll die Funktion 
P(2;, x2, +++, %n) in der Umgebung von I) Ableitungen 8 P/ 8 aj (¢ = 1, 2,---,n) 
besitzen, die fiir I stetig sind. 

Kin Bild eines Simplex eines n-dimensionalen Raumes mittels einer glatten 
Operation werden wir ein glattes n-dimensionales Hyperflachenelement 
nennen. Es kann auch auf einen Punkt zusammenschrumpfen. 

Mit HM, bezeichnen wir die n-dimensionale Kinheitskugel 


2+ x%+---+2,? <1, 
und mit R,»-; ihren Rand 
L2+ x2+---+2,27=1. 


Der Sinn von Rn-1 wird dadurch festgelegt, da er mit der 4uBeren Normalen 
der Kugel zusammen den positiven Sinn des Raumes bestimmt’. Ein 
Hn, wie auch ein R»-1, kann in eine endliche Anzahi von Teilen zerlegt 
werden, die eineindeutige Bilder von Simplexen mittels glatter Operationen 
sind, und die wir auch Simplexe nennen werden; der Rand zweier aneinander- 
liegenden Simplexe soll dabei zu den beiden gerechnet werden. 

Ist eine Operation P(Z) fiir alle Punkte der Kugel X, stetig, und aft 
sich die Kugel X&, in eine endliche Anzahl von Simplexen so zerlegen, daB 
fir jeden Simplex P(I) glatt ist, so heiBe das Bild von XH, mittels P(T) 
ein stiickweise-glattes n-dimensionales Hyperflichenstiick (kurz: st.-gl. n-dimen- 
sionales Hpfistiick). 

Ein ebensolches Bild von Ry; heife eine stiickweise-glatte (n — 1)-dimen- 
sionale geschlossene Hyperfliiche (kurz: st.-gl. (n —1)-dimensionale gschl. 
Hpflache). 

Beide Gebilde sind nach der Definition aus einer endlichen Anzahl glatter 
n- oder (n—1)-dimensionaler Hpflichenelemente zusammengesetzt. Unter 
dem Rande eines st.-gl. n-dimensionalen Hpfistiickes, das mittels P(I") auf 
die Kugel X, abgebildet ist, verstehe man das Bild von R,-1 mittels 
derselben Operation P(I), also eine st.-gl. (nm —1)-dimensionale gschl. 
Hpflache. Diese 148t sich in zwei st.-gl. (n —1)-dimensionale Hpfistiicke 
zerlegen, welche auf zwei einfach zusammenhangende Teile von Ry-1 ab- 
gebildet sind. 

Die Definitionen der Hpflachen umfassen selbstverstaindlich die Kurven 
und Flachen. Insbesondere werden wir hauptsichlich mit den st.-gl. gschl. 





7 Loe. cit. unter 5, 8. 561-562. 
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Kurven zu tun haben. Diese bestehen aus einer endlichen Anzahl auf- 
einanderfolgender glatter Bogen. 

4, Invariantes Hyperflachenintegral und Satz von Stokes. 
Es sei nun §& ein regulares* n-dimensionales Hpfistiick, das mittels einer 
Funktion P(a,, 22, +++, %n) auf KH» regular abgebildet wird. Es sei weiter 
F(P, X,, Xe, +++, Xn) ein fiir alle Punkte P von & erklartes, stetiges, 
schiefsymmetrisches n-faches Differential. Dann ist das Integral 


fff F(P, Pe, , Px; athe Px.) dx, dite som din 


von der Parameterwahl unabhangig und wird mit 


J f-fre, d, P, dyP, +++, dnP) 


bezeichnet. In derselben Weise laft sich dieses Hyperflachenintegral fiir 
ein glattes Hpflachenelement und dann durch Addition fiir st.-g]l. Hpfistiicke 
definieren. 

Ist & ein st.-gl. n-dimensionales Hpfistiick und R sein (st.-gl. (n— 1)- 
dimensionaler geschlossener) Rand, ist weiter F'\(P, X,, Xe, ---, Xn—1) ein 
fiir alle Punkte P von S erklartes, schiefsymmetrisches (n— 1)-faches 
Differential, das selbst ein stetiges Differential d F'(P, X,, X2,---, Xn—-1; Xn) 
besitzt, so la6t sich, ahnlich wie fiir regulare Gebilde, die Stokessche Formel 


{f-fre, d, P, dy P, +++, dn—1P) 
=f f.--fore, d, P, dy P, +++, dn—1P; dn P) 


beweisen. Es empfiehlt sich am besten, diese Formel fiir ein glattes Hpflachen- 
element und dann durch Addition fiir den allgemeinen Fall zu beweisen. 

In dem (fiir unsere Zwecke wichtigsten) Falle » = 2 hat (1) eine der 
beiden Gestalten: 


Q) reap) =f [or aP;aP), 
(3) | rw,aP) = J J, [A F(P, dy P; dy P) —d F(P, de P; d; PY], 


(1) 


wo & ein st.-gl. Flstiick und ® sein Rand (eine st.-gl. gschl. Kurve) ist. 

5. Additive Linienoperationen. Wir wollen eine Summe von zwei 
st.-gl. gschl. Kurven € definieren, falls diese mindestens einen gemeinsamen 
Bogen enthalten, auf dem die zu beiden Kurven gehirenden positiven Sinne 
entgegengesetzt sind. Wir nennen eine Summe von € und ©’, und bezeichnen 
mit 


C+C 


§ Loc. cit. unter °, S. 562. 





_ —! itbetwe K . 
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eine (st.-gl. gschl.) Kurve, die durch Zusammensetzung von © und €’ nach 
Entfernung des Inneren eines gemeinsamen Bogens entsteht. Diese Definition 
ist nicht eindeutig, weil beide Kurven mehrere gemeinsame Bogen enthalten 
kénnen, und insbesondere, weil sie mit jedem Bogen auch jeden Teilbogen 
gemeinsam haben. 

Wir definieren eine Linienoperation als eine Zuordnung, in welcher jeder 
st.-ql. gschl. Kurve © ein Punkt eines, im allgemeinen anderen, Banachschen 
Raumes entspricht. Wir bezeichnen sie mit 


F@). 


Die Kurve € soll dabei einem bestimmten Bereiche & angehiren, der auch mit 

dem ganzen Raume zusammenfallen kann. Ist der Raum der zugeordneten 

Punkte eine Zahlenachse, so spricht man auch von einem Linienfunktional. 
Definition. Ist fiir jede Bestimmung von 


C= +6" 


FC) = F@)+ FC, 


so heift die Operation F'(C) additiv. 
Man beweist leicht, daB 


ammer 


FC") = —FCO), 
falls ©’ und ©” sich untereinander nur dem Sinne nach unterscheiden, und daB 
F(€) = 0, 


falls © auf einen Punkt zusammenschrumpft. 

Ks seien hinfort alle Linienoperationen additiv, wenn auch dies nicht 
explizit betont wird. 

Der allgemeine Fall. Die Definition der Summe 1laf8t sich ohne 
weiteres auf st.-gl. n-dimensionale gschl. Hpflichen ausdehnen. Nur soll 
man den gemeinsamen Bogen durch ein gemeinsames Hpfistiick ersetzen. 
Die Definition der Hyperfliichenoperation und des Hyperfliichenfunktionals, 
wie auch der Additivitat bietet keine Schwierigkeiten. 

6. Stetige Linienoperationen. Es sei P, ein Punkt des Raumes. 
Kine glatte Funktion P(u, v), die den Wertepaaren (u, v) einer Umgebung 
von (%», v) Punkte des betrachteten Raumes zuordnet, und insbesondere 
dem Wertepaare (up, v) den Punkt Py), heiBe ein zweidimensionales Netz 
durch Py. Kin Netz bestimmt eine glatte Flache durch Py, doch kann 
dieselbe Flache verschiedenen Netzen entsprechen. 

Es seien zwei Wertepaare (u,v) und (2, v2) in einer Umgebung von 
(wo, %) gegeben. Die Kurven des Netzes P(u, v), die durch Gleichungen 
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U= mh, U= UW, v= V4, V = vy bestimmt sind, bilden ein krummiiniges 
Parallelogramm, das wir Parallelogramm des Netzes nennen, und mit ¥ 
bezeichnen. Die Punkte P(u, v), fiir welche uw zwischen u, und us, und » 
zwischen v; und v, enthalten ist, bilden ein glattes Flstiick, das wir 
Parallelogramm/fliche des Netzes nennen, und mit © bezeichnen. Der positive 
Sinn von © sei durch (u, v) bestimmt, falls 


(4) (uz——m) (va—%4) > 0, 


und durch (v, wu) im entgegengesetzten Falle. Der Sinn von $ sei dadurch 
bestimmt, daB es der Rand von © sein soll. In dem durch (4) bestimmten 
Falle ist die Reihenfolge der Parallelogrammecken: 


P(u, 1); P(m, Ve), P(us, Ve), P (us, 1). 


Gehért Py dem Definitionsbereiche einer Linienoperation F'(€) an, so ent- 
spricht jedem Parallelogramm des Netzes durch FP) ein bestimmter Wert 
von F(@). 

Definition. Eine in einer Umgebung von Py erkliirte, additive Linien- 
operation F'(C) heift im Punkte Py stetig, wenn fiir jedes zweidimensionale 
Netz P(u, v) durch Py der Wert F (3) gegen Null konvergiert, falls (uw, v) 
und (uz, v2) gegen (uo, Vo) streben. 

Der allgemeine Fall. Das zweidimensionale Netz wird durch ein 
(n+ 1)-dimensionales, und das Parallelogramm durch den Rand eines (n+ 1)- 
dimensionalen Parallelepipeds ersetzt. 

7. Das Differential einer Linienoperation. Wir fiihren diesen 
Hauptbegriff ein durch die 

Definition. Ist F(€) eine in einer Umgebung von Py erkliirte, additive 
Linienoperation, und gibt es eine bilineare Operation ®(X, Y) derart, dab 
Siir jedes zweidimensionale Netz P(u, v) durch Py 


; FR) 
©) ae | 


wenn (u,, 1) und (us, ve) gegen (up, v) streben, 
so heifBt O(X, Y) das Differential von F(C) im Punkte Pp. 
Es hangt von P, ab und wird mit 


d F(Po; X, Y) 





—> O[Pu(uo, v%), Pv (uo, vo]; 


bezeichnet. Wir haben solche Operationen zweifache Differentiale genannt. 
Wir lassen den Beweis aus, daB eine Linienoperation in Py stetig ist, 
falls sie in Py ein Differential besitzt. 
Das Differential dF (Py; X, Y) ist schiefsymmetrisch. In der Tat, fiihrt 
man das Netz P’(u, v) = P(v, u) ein, und halt man (a, 7) und (ws, v) 
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fest, so wechselt $ nur seinen Sinn und F(%) das Zeichen, Aus (5) 


folgt, dab 
O(Py, Py) = — O(P., P»). 

Der allgemeine Fall. Das Differential einer n-dimensionalen Hpflachen- 
operation ist ein (m+ 1)-faches schiefsymmetrisches Differential. 

Beispiel. Ist #(P, X) ein einfaches Differential, das selbst ein stetiges 
Differential d#(P, X; Y) besitzt, so ist das invariante Integral 


6) F© = |, ¥(P, 4P) 


lings einer st.-gl. gschl. Kurve © eine additive Linienoperation. Aus der 
Stokesschen Formel (2) folgt fiir ein Parallelogramm $8 des Netzes durch P), 


dab 
F(®) =[,¥e, dP) =f fowe, d, P; de P) 


= [Pav fom, Pu; Py) du, 


woraus nach leichter Uberlegung® folgt, daB F(€) ein Differential besitzt, 
und daf 
(7) dF(Po; X, Y) = 0¥(Py, X; Y). 


Im Falle eines vielfachen Integrals 


F©) =ff..fwe, LP, &P,---,&P) 


nimmt die Formel (7) die Gestalt an: 
dF (Po; Xi, Xe, -++, Xn, Xn) = DW(Po, Xi, Xe, +++, Xnj Xn41)- 


8. Variation einer Linienoperation. Es sei eine st.-gl. gschl. Kurve ©, 
in eine einparametrige Schar ebensolcher Kurven ©, die vom Parameter « 
abhangen, eingebettet. Wir machen dabei folgende Voraussetzungen: 
1° fiir a, die einem bestimmten Werte a hinreichend nahe sind, ist die gschl. 

Kurve € aus endlich vielen Bogen 
P®(u, a), 0O<ucl, @ = 1,2,+++,m 
zusammengesetzt, 
2° fiir « = a fallt © mit Cy) zusammen, 
3° fiir hinreichend kleine Werte von (a—a) und fir 0 <u <1 sind alle 
Funktionen P®(u, «) glatt. 

Damit ist durch jeden Punkt der Kurve ©) ein Netz P®(u, @) gelegt, 
dem die Kurve selbst angehért. Den Grenzpunkten zweier Nachbarbogen 
von © entsprechen zwei Netze. 





*Vgl. den expliziten Beweis in § 11. 
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Satz. Liegt © im Definitionsbereiche einer additiven Linienoperation F (©), 
welche ein stetiges Differential dF(P; X, Y) besitzt, so existiert die erste 
Variation von F(G) liings €y fiir die oben bestimmte Schar ©; diese Variation 
ist gleich 

=> 


m 1 ; 
alma = J AFLP (u, oo); Pu (u, eo), Pa (Uy a)] du 


oat * dF (P; dP, Pz). 


(8) 


Beweis. Es sei (@ — a) hinreichend klein, damit € im Definitions- 
bereiche von F(€) liege, und die Bedingungen 1° und 3° erfiillt werden. Fiir 
jeden Wert von 7< m und 0 < % <1 konvergiere der Ausdruck 





Bay ay ~ AFLP (uo, 0); PP (i to), Pa (ty) 
mit (u;— Wo), (2 — UM), (@, — a), (@— a) gegen Null, wo $ das Paralle- 
logramm des Netzes P® (uw, «) durch den Punkt P® (up, &) bezeichnet, welches 
den Wertepaaren (u,, @,) und (#2, @,) entspricht. Wir behaupten, da diese 
Konvergenz in bezug auf alle 7 und uw gleichmafig ist. Es geniigt natiirlich, 
dies fiir einen bestimmten Wert von z zu beweisen. 

Setzen wir im Gegenteil voraus, da es fiir ein bestimmtes positives « 
und fiir jedes positive 0 Werte von uw, %, U2, @,, @ gibt derart, daf 


|e; — Wy |<, = tg — ty |< d, |a,—ag|<0, |a,—ao|<d, 
und trotzdem 


| F(R) 


(uy — t) (@— a) 
Es sei 6, eine gegen Null strebende Folge positiver Zahlen. Fiir jedes 0, 
bilden wir Werte w”, U1, Us, &,, & derart, dab 











— AFP (a, 9); P2 (uo, 6), Plug, e)]| >«. 


(9) |e — uy” | << dn, | tg — us” |< bn, | #1 — |< dn, | @y—ay|< dy, 


PF 0 n Dr < n 
(10) | a =r ay — A FIPO (us, 9); PO (US, a0), Be (us, a) 








>e. 


Es sei w ein Haufungswert von wu”, und setzen wir der Einfachheit 
halber voraus, da8 n nur die Teilfolge der natiiwlichen Zahlen durchlauft, 
fiir die 

lim uf = uO, 


nun >o 


Jetzt waihlen wir eine solche positive Zahl dj, da& fiir 


(11) lay —up?| < do, | te — ug? | < 0» |@,—a@|< dy, |a@g—a@y|< 
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die Ungleichung 


| F (B) te Ht @ 7, ) . p%,,,O @, © ] ” & 
(12) (ug — M4) (a — @) AF(P™ (uo , %); Pu (uo, %), Pa (uo, «o)}|| << 5 


erfillt wird, und da8 fir 





|u— u |<, 
die Ungleichung : 
(13) \|a F[P (u, a); Pu (u, a), Pa (u, «%)] 
1 


— dF{P® (ut), a); Pu (us? , 0), Pe (us?, @)]|| <> 


gilt (was der Stetigkeit von dF[P(u, a); Pu(u, ¢o), Pa(u, @)] in bezug 
auf w wegen mdglich ist). 
Fiir hinreichend groBes n» liegt das Intervall 


(u—d_, ul” +d.) 
(u— d,, u + d,), 


bn < dp. 


Aus (9) folgt dann (11), daraus (12). Die Ungleichung (13), wo man 
u durch u ersetzen darf, und (12) widersprechen der Ungleichung (10). 
Also mu8 die Konvergenz gleichmafig sein. 

Ist fiir ein ¢ die Zahl 6 bestimmt, derart, da fiir jedes 0 < uw <1 und 
jedes 7 aus 


im Intervalle 


und es ist 





(14) |u— uw\|<d, |a — ay|<d 

die Ungleichung 

(15) | 28) —dF(P®( a); PO (u a), PY (u a,)||<e 
(u—wp) (a — a) Uo, &o); Lu Wo, 0), La Mo, o 








[% durch (u%, a) und (w, «) bestimmt] folgt, so zerlege man das Intervall 
0<u<1 in Teilintervalle 

0 = WM<WM<.-- cu = 1, 
so daf fiir jedes j 


und wahle man einen Wert «, fiir den 
(16) |a—a |<d. 


Mit $f bezeichnen wir das Parallelogramm des Netzes P® (u, @) durch 
den Punkt P® (wJ—), ao), welches durch die Wertepaare (w/~, ao) und 
(u, @) bestimmt ist. Ist € die Kurve, die dem Werte « entspricht, so ist 


> Foes). 


m 
i=1 j= 


7) F©)—F@) = 


89 





if 
3 
} 
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Andererseits gelten fiir jedes o) die Ungleichungen (14), wo man % durch 


uJ—) und u durch w ersetzt. Die Ungleichung (15) wird zu 





@ 
F ($j ) —d F[P® (us, a); 


(uD) — wI-Y) (a@ — ao) 








> (uF, a0), PP (uF, a) 








<8, 


Wir multiplizieren beiderseits mit (u/)—wY-), summieren iiber j und i, 
und nehmen (17) in Betracht: 


FO—-FG)_ $F 5 








dF[P® (uF, ); 














| a— aX i=1 j= 

se) ue, ao), P? uF, a) (u? — 4) | <me. 
Streben alle (u—w—») gegen Null, so folgt daraus 

_ KG m (rt 
POPE) _ ¥ [ar[Po., a) 
a— ay i=10 
(18) ; 
ag (u, 0), ~ (w, &)] du||<me, 








weil die zu integrierende Funktion stetig ist’. Da m konstant, « will- 
kiirlich ist, und « nur die Ungleichung (16) erfiillen soll, wo 0 durch ¢ 
bestimmt ist, so folgt aus (18) die gewiinschte Beziehung (8). 

Der allgemeine Fall. Ist die st.-gl. n-dimensionale gschl. Hpflache € 
in eine Schar ebensolcher Gebilde eingebettet, die analoge Bedingungen 
wie oben erfiillen (glatte Hpflaichenelemente an der Stelle von Teilbogen), 
so gilt die Formel 


[Az = fff awa, aP,--, dP, Po. 
- wane, 6, 


Der Beweis unterscheidet sich nur durch etwa mehr komplizierte For- 
mulierungen. 

9. Ein Integralausdruck fiir Linienoperationen. Ist eine st.-gl. 
gschl. Kurve Rand eines st.-gl. Flstiickes, welches ganz im Definitions- 
bereiche von F'(€) liegt, so la£t sich F(€) einfach mittels eines Integrals 
darstellen. Es gilt namlich der 

Satz. Lvegt ein st.-gl. Flstiick R im Definitionsbereiche einer additiven 
Linienoperation F'(€), welche ein stetiges Differential dF (P; X, Y) besitet, 
ist © der Rand von &, so gilt die Formel 


(19) F() =| fare; d, P, dy P). 








''Vgl. Kerner, Prace matematyczno-fizyczne 40 (1932), S. 54. 
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Beweis. Es geniigt die Formel (19) im Falle zu beweisen, wo & ein 
glattes Dreieck (Sonderfall des glatten Hpflichenelementes) ist. Der all- 
gemeine Fall folgt durch Addition. 

Es sei & auf ein ebenes Dreieck X mittels einer glatten Operation 
abgebildet. Mit © bezeichne man den Rand von &, dem der Rand € 
entspricht. Wahlen wir einen inneren Punkt A von X und bilden wir C 
in bezug auf A homothetisch im Verhaltnis « ab. Wachst @ von 0 bis 1, 
so durchliuft das Bild Ce von © eine einparametrige Schar von Dreiecken, 
die & iiberdeckt; Cy fallt mit dem Punkt A zusammen, und @, mit dem 
Dreieck @. Auf & entsteht durch Abbildung eine Schar €« von st.-gl. 
gschl. Kurven, welche fiir jedes O<a@ <1 die Bedingungen des § 8 er- 
fillen. Fir « =O reduziert sich ©q auf einen Punkt (Bild von A) und 
fir « = 1 ist ©, —€. Nach Formel (8) erhalten wir: 


d F (Ca) -{ 
om FP dP, Px). 


Integriert man von 0 bis 1 und nimmt man in Betracht, dah 


F (Gp) = 0, F(€,) _— F(@), 
so folgt 


F® = Jae f. are: dP, Pe), 


was mit Formel (19) gleichbedeutend ist. 

Man kann diese Formel auch unmittelbar, in ahnlicher Weise wie (8), 
beweisen. Sie ist eine Verallgemeinerung der Stokesschen Formel (2), 
die man aus (19) erhalten kann, wenn man als F'(€) die Linienoperation (6) 
wahlt und (7) in Betracht nimmt. 

Der allgemeine Fall. Ist € n-dimensional und & (n+1)-dimensional, 
so verwandelt sich die Formel (19) in 


F@) =Jff-.-fare; d, P, dy P, +++, dn P, dais P). 


10. Das zweite Differential einer Linienoperation. Besitzt das 
Differential dF’ (P; X, Y) einer Linienoperation F'(€) ein Differential, so 
nennen wir das letzte das zweite Differential von F'(€) und bezeichnen es mit 


a? F(P; X, Y; Z). 
Satz. Besitzt eine additive Linienoperation F(€) in einer Umgebung 
von Py ein stetiges eweites Differential d*F (P; X, Y; Z), so «st 
(20) dd F (Py; X, Y; Z) = 0, 


oder 
@F (Py; X, ¥;Z)+@F(Py; Y,Z;X)+@F (Po; Z, X; Y) = 0. 


39* 








<p errren 
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Beweis. Sind X, Y, Z gegeben, so bilde man eine dreidimensionale 
Hyperebene 
(21) P= PRtaext+y¥+2Z. 


Ist r geniigend klein, so liegt das Bild ® der Kugel Ae: 

et y?+ 2° < rf’, 
mittels (21) in der erwahnten Umgebung von Py. Ist ® der Rand von &, 
so folgt aus der Stokesschen Formel (1): 


Es sei © das Bild des Kreises 

ety? = zr, ¢=0 
mittels (21). Die geschlossene Kurve (Kreis) © zerschneidet ® in zwei 
Teile: R, (wo z>0) und RK, (wo z<0); € bildet den Rand der beiden 
Teile, doch muf8 man im Falle von St, den Sinn von © umkehren. Nach 
der Formel (19) schreibt man: 


F® = Shh dF(P; d, P, de P) = —J fare: d, P, deP), 


woraus das Verschwinden von (22) folgt. Also ist 


(23) SJ Je rere +aX+yY¥+2Z;X, Y;Z)dxdydz = 0 


fiir jedes hinreichend kleine ». Ware (20) nicht erfiillt, so wiirde (23) 
fiir kleine + zu einem Widerspruch fiihren. 
Der allgemeine Fall. Ist © n-dimensional, so lautet die Bedingung (20): 


dd F (Py; Xi, xX, -2+) Xn, Xn; Xn+2) = 0. 


11. Integration eines Differentials. Wir wenden uns einem, so 
zu sagen, inversen Problem zu. Ks ist ein schiefsymmetrisches Differential 
® (P, X, Y) gegeben, und es wird gefragt, ob es eine Linienoperation gibt, 
deren Differential gleich @(P, X, Y) ist. Wir fiihren dazu den Begriff 
des einfachen Zusammenhanges ein: 

Ein Bereich & heife n-dimensional einfach zusammenhiingend, wenn jede 
st.-gl. n-dimensionale gschl. Hpfliiche in B ein Rand eines st.-gl. (n+ 1)- 
dimensionalen, ganz in & gelegenen, Hpfistiickes ist. Im Falle n = 1 und 
n = 2 sprechen wir auch von einfach linien- und fliichenzusammenhiingenden 
Bereichen. 

Satz. Besitet das schiefsymmetrische Differential ®(P, X, Y) in einem 
einfach linien- und fliichenzusammenhiingenden Bereiche B ein stetiges 
Differential d®(P, X,Y; Z), und ist 
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(24) d@(P, X, Y;Z) = 0, 
so gibt es genau eine additive Linienoperation F(€), fiir welche 
(25) ad F(P; X,Y) = 0 (P, X,Y). 


Der Satz des § 10 hat uns gelehrt, da® (24) eine notwendige Bedingung 
der Lésbarkeit von (25) in bezug auf F'(€) ist. Der ausgesprochene Satz 
behauptet die Hinlanglichkeit der Bedingung (24). 

Beweis. Wir beginnen mit der Eindeutigkeit der gesuchten Linien- 
operation F(€). Zu diesem Zwecke setzen wir voraus, dafh es eine 
Linienoperation F'(€) gibt, welche (25) erfiillt. Es sei € eine st.-gl. gschl. 
Kurve in &. Da der Bereich & einfach linienzusammenhangend ist, so 
lagt sich in & ein st.-gl. Fistiick R bilden, das € zum Rand besitzt. Dann 
aber muB nach der Formel (19), wegen (25), der Ausdruck gelten: 


(26 FO) = f [, oP aP, &P), 


was die Eindeutigkeit von /’(€), wenn es existiert, beweist. 

Jetzt wollen wir die Existenz von F'(€) beweisen. Dazu zeigen wir, 
daB (26) wirklich eine additive Linienoperation definiert, und da diese 
die Beziehung (25) erfiillt. 

In der Tat sei © eine st.-gl. gschl. Kurve und & ein st.-gl. Fistiick, 
das © zum Rand hat. Die Formel (26) definiert ein Element F. Ist 8; 
ein anderes st.-gl. Fistiick, das € zum Rand hat, so bilden R und &, 
zusammen, wenn man auf &, den positiven Sinn umkehrt, eine st.-gl. gschl. 
Fliche in & Da & auch einfach flachenzusammenhingend ist, so gibt es 
ein st.-gl. dreidimensionales Hpfistiick ©, das diese Flache zum Rand hat. 
Die Stokessche Forme] (1) liefert: 


SJ. @ (P, d, P, P)—Jf, ® (P, d; P, dz P) 
ba Jf frow, d, P,d;P;d;P), 
oder nach (24): 


J Je OP bP, taP) = JJ. CaP uP. 


Also bestimmt (26) eine Linienoperation, die nur von ©, nicht aber von 8, 
abhingt. Die Additivitat folgt ohne weiteres. 

Es bleibt nur fiir (26) die Formel (25) zu beweisen. Es sei wirklich 
Py ein beliebiger Punkt von &, P(u,v) ein Netz durch Py, das noch in B 
liegt, $ ein durch Wertepaare (w, v,) und (uv, v2) bestimmtes Parallelogramm 
des Netzes, Q die entsprechende Parallelogrammflache. Es sei der Bequem- 
lichkeit halber u,< ts und v,< vg. Aus (26) folgt: 
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F®) =f [ O@, 4P, &P) 
= [av F O[P(u, v), Pu(u, v), Pp (u, v)} du. 


Es sei ¢ eine willkirliche positive Zahl. Wahlen wir (%, 7%) und (ug, ve) 
dem dem Punkte Py entsprechenden Wertepaare (wo, vo) hinreichend nah, 
damit die Ungleichung 

‘ | O[P(u, v), Pulu, v), Py (u, v)] 

(28) — O[P(%, Uo), Pu(uo, Uo); Py (uo, vo) ||<e 


fiir alle wm <w< ww, v% <v < ve gelte. Die Méglichkeit dieser Wahl folgt 


(27) 


aus der Stetigkeit von ®[P(w, v), Pu(u, v), Py(u, v)]. Aus (27) und (28) 
schlieBt man, daf 


| F(%) — fra of. O[P(uo, Vo), Pu(uo, vo), Po(uo, vo] du 


oder 








<@(u2— 41) (v2 — U4), 


| F(%) 
(ug — Uy) (v2 —%) 
woraus die behauptete Eigenschaft (25) folgt. 

Bemerkung. Ist der Bereich & nicht einfach linienzusammenhangend, 
so wird die Linienoperation F(€) nur fiir solche st.-gl. gschl. Kurven er- 
klart, die einen Rand eines st.-gl. Flstiickes in & bilden. 

Der allgemeine Fall. Der Satz fordert, daB der Bereich & n- und 


(n-+1)-dimensional einfach zusammenhingend sei. Die Bedingung (24) 
wird zu 








— O[P(uo, vo), Pu(uo, vo), Pv(uo, vo)] | <9, 


dO(P, X, X3,+++, Xn, Xnt1; Xn+2) = 0. 


12. Der Fall eines Funktionalraumes. Setzen wir voraus, da6 der 
Banachsche Raum, in welchem die Linienoperationen untersucht werden, 
ein Funktionalraum, namlich der Raum der stetigen Funktionen p(t) im 
Intervalle 0 <¢<1 sei. Dabei ist unter ||p(¢)|| das Maximum von | p(f)| 
zu verstehen. 

Es sei f(€) eine Linienoperation, die jeder st.-gl. gschl. Kurve eines 
Bereiches des Raumes eine reelle Zahl f zuordnet, also ein Linienfunktional. 
Dies ist der von Herrn Volterra* vorgeschlagene Fall. Wir setzen voraus, 
da8 f(€) in einem Punkte P = p(t) ein Differential 


df(P; X,Y) = dfl[p(); <(), yO) 


besitzt. Dies ist ein bilineares schiefsymmetrisches Funktional von x(t) 
und y(t). Setzen wir weiter voraus, es besitze eine normale Form”!: 





''Vgl. Kerner, Annali di Matematica (4) 10 (1932), S. 162. 
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29) ga, yO =f Oey Oat tf [ne, D2 yDasat, 


wo g(t) und h(s, ¢) stetig sind. Da (x(t), y(t)] schiefsymmetrisch ist, so 
kann man es in der Form schreiben: 


pe, yl = + (9leO, vl— oly, eO)) 


1 
= f f 5 hes, t)— h(t, s)|x(s)y(Odsdt, 
0 Jo 


oder kurz Ni 
(30) ple(d, yOl = ffs, Dal) yl asat, 


wo j(s, ¢) eine schiefsymmetrische stetige Funktion von s und ¢ ist. Man 

kann auch unmittelbar beweisen, da® (29) die Form (30) haben muf, und 

daB j(s, t), als stetige Funktion, durch ¢[x(¢), y(é)] eindeutig bestimmt ist. 
Wir schreiben 


(31) js, ) =f lp; 8, 4 


und nennen es die Ableitung von f(€) im Punkte p(t). Die Formel (30) 
nimmt die Form 


aftr; e(), Ol = J [ FO; 8, del) y( deat 


an. Die Ableitung (31) verallgemeinert auf unendlich viele Veranderliche 
die Volterraschen Ableitungen einer Linienfunktion in verschiedenen Doppel- 
richtungen, ganz analog wie die Funktionalableitung eines Funktionals 
nach Herrn Volterra die gewéhnliche Ableitung einer Funktion. 

Der allgemeine Fall. Die Ableitung 


SI [p; th, te, stints | tn; tn] 


ist eine schiefsymmetrische stetige Funktion von t,, ts, ---, tn, try 

















REMARQUES SUR LES FONCTIONS SOUSHARMONIQUES.' 


PaR EDWARD SZPILRAJN. 


Nous considérons dans cette note une classe de fonctions qui présente 
une extension naturelle de la classe des fonctions sousharmoniques au 
sens de M. F. Riesz.” 

Les théorémes que nous allons démontrer permettent de résoudre un 
probleme posé par M. Mazurkiewicz, concernant des suites de fonctions 
sousharmoniques. 

Notations et remarques préliminaires. 1°. Nous considérons des fonctions 
réelles de deux variables réelles qui admettent des valeurs finies ou infinies. 

Toutes nos considérations peuvent étre appliquées dans le cas de n 
variables réelles. a 

2°. Z étant un ensemble plan quelconque, Z désigne sa fermeture, CZ 
son complémentaire. 

3°. (x, y) et (a, y’) étant deux points arbitraires du plan et Z un en- 
semble plan quelconque, e(x, y; x’, y’) désigne la distance entre (x, y) et 
(x', y'), et o(a, y; Z) la distance entre (x, y) et Z, c.-a-d. la borne in- 
férieure des nombres oe(x, y; §, 4) ot (§, 4) € Z. 

4°. f(x,y) étant une fonction quelconque définie dans un ensemble 
plan Z, on désigne par Max,f(x, y) [pour tout point (a, y) € Z] la borne 
supérieure des nombres lim f(xn, yn), pour toute suite {(an, yn)} de points 

nae 


de Z, tendant vers (x, y). 

Max f(x, y) est une fonction semi-continue supérieurement et on a 
Max f(x, y) = f(x, y) pour tout (x, y) € Z. 

5°. Le cercle fermé de rayon r et de centre (x, yo), ¢.-a-d. l’ensemble 


Ele Yo; X, y) < 7] sera désigné par Q(x, yo; 1). 


6°. #(§, 4) étant une fonction sommable sur Q(z, y; r), posons: 


Tefle,y) = 5 Jf £6, natn. 
Q(@,y5r) 





La fonction J,.f(x, y) est — comme on le sait — une fonction continue 
de (x, y). 





‘Received June 22, 1932.—Les résultats contenus dans cette note ont été présentés 
& la Société Polonaise de Mathématique (section de Varsovie) & la séance du 18. III. 1932. 
* Cf. F. Riesz: Sur les fonctions subharmoniques et leur rapport a la théorie du potentiel; 
1** partie, Acta Mathematica 48 (1926); 2'™° partie, Acta Mathematica 54 (1930). 
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1. M. Littlewood a démontré le théoréme suivant:* 
(*) Pour qu'une Fonction u(x, y) soit sousharmonique dans un domaine D, 
il faut et i suffit que 
a) w(x, y) soit sommable sur tout cercle fermé contenu dans D, 
b) pour tout x,y et r tels que O<r<e(x, y; CD), on ait 


Jru(x, y) = u(x, y), 


c) u(x, y) soit semi-continue supérieurement. 
M. Littlewood a prouvé de méme que la condition b) peut étre remplacée 


par la suivante: 
b’) pour tout (x, y)€ D il existe des nombres r positifs, arbitrairement 


petits tels que 
Jru(x, y) = u(a, y). 


Remarque. M. Saks a établi des relations entre les fonctions sousharmoni- 
ques et les propriétés d’une expression introduite par M. Blaschke.‘ Dans 
le méme ordre d’idées, et en se servant du méme raisonnement, on peut lier, 
alaide du théoréme (x), les fonctions sousharmoniques 4 une autre ex- 
pression, introduite par M. Privaloff.® 

J (x, y) étant une fonction sommable sur tout cercle fermé contenu dans 
le domaine D, posons d’aprés M. Privaloff: 


8[ Jf (x, y) — f(z, y)! 


7? 





A* f(w, y) = lim 
‘ r—>0 
€ 





A* f(a, y) ncn lim 8[J, f(a, y) — f(z, y)| . 


2 
r—>0 v 


Or, nous allons démontrer que la condition b) du théoréme (*) peut étre 
remplacée par chacune des conditions suivantes: 


B’) A*tu(x,y) 20 pour tout (x, y)ED; 
B") A*u(x, y) > 0 pour tout (a, y)ED. 


Il est évident que ces conditions résultent de b). 
Admettons done qu’une fonction u(x, y) satisfasse aux conditions a), 8”) 
et ¢). 


*J. E. Littlewood. On the definition of a subharmonic function, Journal of the London 
Mathematical Society 2 (1927), p. 189, et F. Riesz 1. c., 2° partie, p. 344. 

*S. Saks. Sur les fonctions convexes et sousharmoniques (en polonais) Mathesis Polska 6 
(1931), p. 57; aussi: On subharmonic functions, Acta. Univ. Franc. Jos. Szeged 5 (1932), 
p. 190. 

> J. Privalloff. Sur les fonctions harmoniques, Recueil de la Société Mathém. de Moscou 
32 (1925). 
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Posons 
x? 
un(a, y) = u(x, y)+ _— 


On a 
a oe et ee 2 
— mn n n 





= asa 0? 0? 
(car dans ce cas A* = A* = A, ott Af désigne as + rae donc 


A* un(x, y)>0. 


Il en résulte que les fonctions w(x, y) satisfont aux conditions a), b’) et c), 
et qu’elles sont par conséquent sousharmoniques. 

La suite w,(x, y) étant uniformément convergente, u(x, y) est sous- 
harmonique.° 

2. Dérinition. Une fonction u(x, y) est dite presque sousharmonique dans 
un domaine D lorsque 
a) u(x, y) est sommable sur tout cercle fermé, contenu dans D, 
b°) pour presque tout point (x, y)€D et tout r tel que O<r<oe (x,y; CD) 

on a 

Jru(a, y) = u(x, y) 

Nous allons démontrer le 

THEOREME 1. Pour qu'une fonction u(x, y) soit presque sousharmonique 
dans D, il faut et il suffit qu'il existe une fonction v(x, y) sousharmonique 
dans D, presque partout égale a u(x, y). 

Démonstration. La suffisance de cette condition étant évidente, il ne 
reste qu’a en démontrer la nécessité. 

Soient w(x, y) une fonction presque sousharmonique dans D et D* 
lensemble de tout les points (7, y)€ D tels que pour tout r positif 
<o(x, y; CD): 

Jru(x,y) 2 ua, y). 


On a alors m(D— D*) = 0, et par conséquent D* > D. 
Désignons par u*(x, y) la fonction u(x, y) considérée seulement sur D*, 
et posons pour tout (zx, y) € D: 


u(x, y) = Max u*(a, y). 


Nous voulons démontrer que v(x, y) est une fonction sousharmonique. 
On a 


(1) u(x, y) < v(x, y) presque partout dans D. 





® Voir Riesz 1. c., 1° partie, p. 385. 
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Pour tout point (x, y)€D il existe une suite {(zn, yn)} de points de D*, 


tendant vers (x, y), tels que 
(2) lim u* (an, yn) = v(x, y). 
n—>o 


Soit O<r<e(x, y; CD), et par conséquent 7 < e(%n, yn; CD) pourn>N. 
Il résulte de la définition de la fonction u*(x, y) que 


(3) u* (Xn, Yn) < JyU (tn; Yn) pour n> WN. 
La fonction J,u(a, y) étant continue, on a d’aprés (2) et (3): 
(4) v(x, y) S Jru(a, y). 


Dans la suite nous nous servirons de cette inégalité plusieurs fois. 

Soit Q un cercle fermé contenu dans D. Pour r suffisamment petit la 
fonction J-u(x, y) est définie et continue dans un ensemble contenant Q. 
Il résulte de (1) et (4) que v(x, y) est sommable sur Q. 

D’autre part on a toujours, en vertu de (1), 


Jyu(z, y) < Jrv(z, y), 
v(x, y) < Jrv(z, y). 


La fonction v(x, y) satisfait done aux conditions a), ¥ et c) et, d’aprés 
le théoréme (*), elle est sousharmonique. 

Nous allons démontrer & présent qu’on a presque partout w(x, y) = v(z, y). 

Supposons au contraire que 


m E (u(x, y) $ v(x, y))>9, 


x,y) 


et ainsi d’aprés (4): 


. 
: 

a 
. 


d’ou, en vertu de (1): 
m E |v(«, y)>u(z, y) >— x] >0. 
ay 


Il existe par conséquent un nombre « >0 tel que 


m E [v(2, y)—a>u(z, y)>—«)]>0. 
Posons oe 


(5) H = Eve, y)—a>u(z, y) >—&). 
zy 


Il résulte du théoréme bien connu de M. Lebesgue que l'ensemble H 


contient un point de densité, soit (&, 4). 
Il existe alors un nombre 7; >0 tel que l’inégalité 0<r<7, entraine: 





(6) m[H-Q(&, %0; N>yrr. 
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D’autre part, la fonction v(w, y) étant semi-continue supérieurement, i 
existe un nombre 7, >0 tel qu’on ait 


VE, 1) <vEo, 0) +5 pour (8, 1) € Q(Eo, 105 72) 
Par conséquent l’inégalité suivante subsiste pour O0<r<ry: 
(7) Tr v Bos %o) <0 Eo, 0) + > 
Soit O0<r< Min (71, 72). Posons 


K, = H-Q (8, 40; 7); 
Kz, = Q(&, 40; 7) — H. 
On a 


Jr v(8o, 0) —Ir u (So, Yo) = Lf fee. n—u@, Maray 


mr? 


+e J J, oe we, pl dz dy 


Les relations (5) et (6) entrainent: 


1 1 tr a 
=o SJ, (u(x, y)—u(a, y)|dxdy> rae ; 


et l’inégalité (1) nous donne 


1 
a J Jj.toe wee y|dxdy ZO, 














d’ot il vient: 
Jy v (So, Yo) — Jr (So, 0) > + . 
Il en résulte, d’aprés (7): 
Jy W(Eo, Yo) <v (Eo, %o), 


ce qui est incompatible avec (4). 

Le théoréme se trouve ainsi démontré. 

3. Nous ferons dans ce numéro quelques remarques concernant la notion 
de fonction presque sousharmonique. 

1°. Nous allons démontrer d’abord que la condition b°) dans la définition 
de fonction presque sousharmonique ne peut pas étre remplacée par la condition: 

b*) pour presque tout point (7, y) € D il existe un nombre R>O tel que 
Vinégalité 0<r< R entraine 


Jy u(x, y) = ula, y). 
La fonction 


U(x, y) = —log V2? +y* 
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remplit en effet les conditions a) et b*), mais elle n’est pas presque 
sousharmonique. 

Cette fonction est d’une part sommable et harmonique dans tout le plan, 
le point (0,0) étant exclu. — Il en résulte immédiatement que w(x, y) 
satisfait aux conditions a) et b*) (dans tout le plan). 

Supposons d’autre part que w(x, y) soit presque sousharmonique. I] 
existe, d’aprés le théoréme 1, une fonction sousharmonique v(x, y) égale 
presque partout & uw (x,y). Mais v(@w,y) ne peut pas admettre d’infinis 
positifs, et en méme temps elle est semi-continue supérieurement, ce qui 
est incompatible avec l’allure de v(x, y) dans le voisinage du point (0,0). 

2°, Remarquons encore, que toute fonction presque sousharmonique n’est 
égale presque partout qu’a une seule fonction sousharmonique. 

A cet effet il suffit de démontrer que deux fonctions sousharmoniques 
u(z,y) et us(a,y), égales presque partout, sont identiques. On a pour 


tout r>0: 
Jy Uy (a, y) = Jy Us (a, y) 
et comme 
lim J, u(z,y) = u(a, y) 
r—>o0 


pour toute fonction sousharmonique u(z, y),’ nous obtenons 
Uy (x,y) = us(x, y). 


3°, Nous prouvons enfin que toute fonction u(x, y), continue et presque 
sousharmonique dans un domaine D, est sousharmonique dans D. 

Soit (%, yo)€D etO<r<e(x%, yo; CD). La fonction continue J,u(x, y) 
est définie dans un ensemble K contenant un voisinage de (x, yo). On a 


Jru(x, y) > u(z, y) 


presque partout dans K et, en vertu de la continuité de ces deux fonctions, 
aussi au point (2%, Yo). 

4. Une suite {f,(x, y)} de fonctions définies dans un domaine D et 
sommables dans tout cercle fermé contenu dans D est dite convergente en 
moyenne vers une fonction f(x, y) lorsqu’on a pour tout cercle fermé Q, 
contenu dans D: 


tim f flac, y)—f(x, y)|\dady = 0. 


On sait qu’il existe dans toute suite { f(x, y)}, convergente en moyenne 
vers f(x, y), une suite partielle convergente (au sens ordinaire) presque 
partout vers f(a, y). 


"Cela résulte aisément des conditions b) et c). Cf. Riesz l.c., 2'™° partie, p. 344. 
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THEOREME 2. Si une suite {un(x, y)} de fonctions presque sousharmonigques 
dans D converge en moyenne vers une fonction u(x, y), cette derniére est de 
“méme presque sousharmonique. 

Démonstration. Soit D, V’ensemble de tous les points (7, y)€D tels que 
pour tout entier m et tout nombre positif r< e(x, y; CD) on ait 


Jrun(@, y) 2 Un(a, y). 


Les fonctions un(a, y) étant presque sousharmoniques, D— D, est un 
ensemble de mesure nulle. 

Soit & présent {wx,(x, y)} une suite partielle de {w,(x, y)}, convergente 
presque partout vers u(x, y); désignons par D, l’ensemble des points pour 
lesquels {uz,(x, y)} converge vers u(x, y). On a done: m(D— D,) = 0. 
Posons D* = D,- Dz; il en résulte que m(D — D*) = 0. 

Soit (x, yo)€ED* et O0<r <0E(%, yo; CD). 

Nous avons d’aprés la définition de D*: 


(1) Jy Un, (Xo 5 Yo) = Ux, (Xo, Yo) pour n= 1,2,--- 
et 
(2) lim ux, (%, Yo) = U(a, Yo): 

n—->® 


Mais la suite {wx,(~, y)} étant convergente en moyenne vers u(x, y), on a 


lim Jr Ux, (Xo, Yo) = Jy U(Xo; Yo); 
re : 
done, en vertu de (1) et (2), 


Jr U(X, Yo) 2 U(xo, Yo). 


Notre théoréme est ainsi démontré. 

Les Théorémes 1 et 2 nous donnent le corollaire suivant, ne concernant 
que les fonctions sousharmoniques: 

Si une suite un(x, y) de fonctions sousharmoniques converge en moyenne 
vers une fonction u(x, y), cette derniére est égale presque partout a une fonction 
sousharmonique. 

C’est la réponse & une question posée par M. Mazurkiewicz. 


VARSOVIE. 














ON A THEOREM OF HAHN-STEINHAUS.* 


By 8S. Saxs anv J. D. TAMARKIN. 


1. Introduction. In the present note we consider the function-spaces WM, 
consisting of all measurable functions f(x) essentially bounded on (a, b) 


with the metric 
IF lle = ess. 1. u. db. | f(x)|, 


and ©, consisting of all functions g(¢) continuous on «a <t< # with the 


metric 
Ile = max | 9()|. 


According to custom we say that f(x) is essentially bounded on (a, b) 
if there exists a finite constant M such that | f(2)| < M almost every- 
where in (a, b), and define the essential least upper bound (= ess. I. u. b.) 
of |f(x)| as the greatest lower bound of these constants M@. A sequence 
of functions {fn (x)} is said to be essentially bounded on (a, b) if the 


inequalities 


are Satisfied simultaneously except for a set of values of 2 of measure zero. 
In his investigations on the representation of functions by means of 
singular integrals Hahn’ has established and used the following result: 
Let {wn(x)} be an orthonormal set of functions for the interval (a, b), 
where each wn (x) is essentially bounded. Let g(x) be an arbitrary con- 
tinuous function and let 


b . 
gn = J g(a) on (a) de (n = 1,2,---) 


be the sequence of its Fourier coefficients with respect to the set {wn (x)}. 


If the sequence of functions 
n 


D> Gv wy (x) (n = 1,2,--+) 


v=1 


is essentially bounded for each fixed g(a), then the sequence of functions 


J, 


is also essentially bounded. 


* Received March 6, 1933. 

'H. Hahn, Uber die Darstellung gegebener Funktionen durch singulire Integrale, IL. 
Denkschriften der K. Akademie in Wien, Math.-naturwiss. Kl., vol. 93 (1916), pp. 657-692, 
esp. pp. 678-679. 


n 


wy (2) wy (t) dt (n = 1, 2,---) 
1 


v= 
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This result of Hahn was stated (without proof) by Steinhaus® in the 
following, more general form: 

Let K(x, t) be integrable over the square a<x,t<b. Tf the sequence 
of functions 


fk, olat = 1,2,--) 


is not essentially bownded, then there exists a continuous function h(x) such 
that the sequence of functions 


b 
[Ku @, Oh Wat (n = 1,2,---) 
is not essentially bounded. 

In the present note we establish a theorem which is more general than 
that of Hahn-Steinhaus, using a method of proof which is entirely different 
from that of Hahn. To state this theorem in a concise form we need 
a suitable notation. 

Let H(a, t) be a function of two variables x, ¢. We say that H(z, t) 
satisfies condition (A) if (i) for each fixed x in (a,b), which does not 
belong to a set E(H) of measure zero, the function H(z, ¢) is of bounded 
variation in ¢ over the interval a <¢< 8, and (ii) the function H(z, f) is 
normalized according to the condition 


Nts: 6 «0 Se, t+0)+H(a,t—0)], e<t<f, xCCE(H) = D(H). 
We set , 
Via; H) = V(z) =x | ld: H(x, t)|, xc D(H). 
Our theorem can now be stated as follows: 


THEOREM 1. Let ali the functions of the sequence {Hy(a, t)} satisfy 
condition (A). If for every continuous function g(t) the sequence of functions 


[o0ame,9 (n= 1,25) 


as essentially bounded on (a, b), then the sequence of functions 


V(a; Hn) = Vn (x) = [ld Ba, t)| (n = 1,2,---) 

is also essentially bounded. 
As we shall see, this theorem appears as an immediate consequence of 
two lemmas of the theory of linear transformations which might be of 
interest in themselves. These lemmas and the proof of Theorem 1 are 





? H. Steinhaus, Sur les développements orthogonaux, Bulletin International de |’ Académie 
Polonaise, Cl. des sciences math. et nat. (A), 1926, pp. 11-39, esp. p. 13. 
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dealt with in § 2 of the present note. In § 3 a theorem is proved which 
is analogous to Theorem 1, but which corresponds to the case where the 
space © is replaced by the space RR of all the characteristic functions of 


measurable sets. 
9, Lemmas. We are concerned here with the linear transformation 


of € to Mt as defined by , 
(1) Ula; 9) = UW) =. 9a He, 0, 


where H(z, t) satisfies condition (A). This transformation is said to be 
- limited if there exists a constant M such that 


|O@\lm SZ Migig, gc. 


The modulus ||U|| of the transformation U(g) is then defined as the greatest 
lower bound of the set of all.admissible constants @. We can also write 


||U|| = Lu. b. || O@; g)\Ig_ when |ig|lg = 1 


We shall prove two lemmas which state necessary and sufficient conditions 
that the transformation (1) be limited. 
LemMA 1. Jf for every g(t)C€ the function 


B 
Ue 9) =f" 9) a He, HOM | 


so that U(x; g) is essentially bounded on (a,b), then the transformation 
U(x; g) is limited. The converse is also true. 

Proof. First we prove that whenever g” (¢) is a sequence of elements 
of © which converges in € to g(¢) so that 


Lg —g ||s > 0 as n>, 
then 
(2) U(x; g) > U (az; 9) 


almost everywhere in (a, b). Indeed, for each xC D(H) we have 





B 
| Te; 9) — Ue; | = | [gg Ol Hs 9 
< |\gM—g ||, Viz) > 0. 
Since meas D(H) = b—a, (2) holds almost everywhere in (a,b). Now 


let m be any integer >0. Let Pm be the set of elements g (t)C© such 
that the inequality 





|U(a@;9)| im 


40 
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is satisfied for all x in (a, b) aside from a set of values of x of measure 
zero, Which might depend on g(t). Under the hypothesis of Lemma 1 
we have 


¢ — 2 Pm: 


On the other hand, from the above argument it follows that each P,, is 
closed in ©. A familiar argument of Baire will then show the existence 
of at least one integer m = p and of a sphere in ©, say 


(S) llg—9olle S; 


which is entirely contained in P,. Hence, for an arbitrary g(t)CS and 
for all x aside from a set E(g) of values of x of measure zero, 


(3) | Ue; 9)| Sp. 
Thus 
l| D(x; 9) lm Sp, gC. 


Since U(zx; g) is a linear transformation it follows that U(x; g) is limited.’ 
The converse statement of Lemma 1 is obvious. 


Lema 2. A necessary and sufficient condition that the transformation (1) 
be limited is that the function 


B 

(4) Ve; H) = Ve) = f |aHe, \|com 
or else that V(x) be essentially bounded. If this condition is satisfied, then 
(5) | Ol] = | Vee 

Proof. The sufficiency of condition (4) follows immediately from the 
inequality 

IU@9 lS V@) Il lle <I] Vilop | 9 lle 

which is satisfied almost everywhere in (a, b), We also note that 
(6) | Ol SII Vip - 


Now let {gi} be a denumerable set of elements dense in€. For example, 
let {gi} be the set of all polynomials with rational coefficients. Let E; be 
the set of values of x such that 


| U(x; 9) |>|| Ul! lI ge lle- 





* Lemma 1 might be considered as a supplement to an analogous theorem of Banach, 
Théorie des opérations linéaires, Warsaw, 1982, p. 87, Theorem 9. 
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We put 


i-¢) 
E=)>F, Kk = F(A). 
i=0 


Since each set H;(i = 0,1, 2,---) is of measure zero, the same is true 
of the set E. The inequality 


(7) |U(@; 9)| S 1} lig lle 


is satisfied for each g = gi( = 1, 2,---) and all xC CE. Since, how- 
ever, the set {gi} is dense in © it is readily seen that the inequality (7) 
is satisfied for all gC ©, «CCE, Furthermore, U(x; Q), for any fixed 
+C CE, may be interpreted as a linear operation on © of modulus V(z). 


Then it follows from (7) that 
Via) s ||U|| 


for all eC CE, that is, almost everywhere in (a, b). Thus V(x) is essen- 
tially bounded and 


lI Vie S IT). 
On the other hand we have proved that 

Tl SV ep 
Hence 

7] = UV ee 


and the proof of Lemma 2 is completed. 
Proof of Theorem 1. Under the hypotheses of Theorem 1 each trans- 


formation 


8 
Un (a; 9) =f g(t) dt Ha(a, t) ee ee 
is limited and has the modulus 
8 
Tall = [Valle = || fp |e Hae, OI] 








while, by Lemmas 1 and 2, each function V,(x) is essentially bounded. 
Furthermore, at each point g of the space € the sequence {Un(x;9)} is 
bounded in M. It follows‘ that the sequence of moduli {|| U,||} is bounded. 
Hence the sequence of functions {V,(x)} is essentially bounded on (a, d), 
as is stated in Theorem 1. 

3. A modification of Theorem 1. In this section we deal with the 
space ® consisting of all the characteristic functions of measurable sub- 
sets of the interval J= (0, 1), that is, of all the functions e(¢) defined by 





‘Banach, loc. cit., p. 80, Theorem 5. 
40* 
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e(t) = 1, or 0, according as ¢C ZH, or (CCE, 


where £ is an arbitrary measurable set CJ. If we define the metric of 
vt by 


1 
\| else =f le(t)|dt = meas E, 
distance (e, ¢2) = ||e:— és |ln, 


we obtain a metric complete separable space which, however, is not linear.® 
If we replace the space © by R we are naturally led to the following 
statement. 

THEOREM 2. Let Ky (x, t) be defined for almost all (a, t) in the square 
0<a2, t<1, and be integrable in t over (0, 1) for almost all values of x. 
If, for an arbitrary measurable set EC I, the sequence of functions 


1 
(8) [ Ku@, Nat =|" Ke, edt (n= 1,2,--) 
is essentially bounded, then the sequence of functions 
1 


is also essentially bounded. , 
Proof. Let m be any integer >0. We designate by Pm the set of 
elements e(¢)C # such that the simultaneous inequalities 


|; Ku (w, i) ett) at! <m ee »..) 


are satisfied for all « aside from a set of values of x of measure zero, 
which might depend on e(¢). On the one hand it is plain that the set P, is 


closed in #. On the other hand, under the hypotheses of Theorem 2, 
we have 


R= 2 Pm. 


A familiar argument of Baire will then show the existence of at least 
one integer m = p and of a sphere in R, say 


(S) ll e—e lp s°; 


which is entirely contained in Py. In other words, the simultaneous 
inequalities 


1 
|; Ku, Det at < p (n = 1,2,---) 





* Throughout this section we use the results of the paper by S. Saks, On some func- 


tionals. Trans. Amer. Math. Soc., vol. 35 (1933), pp. 549-556. This paper will be referred 
to by (F). 
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are satisfied for an arbitrary e(#)C S, and for all x aside from a set E(e) 
of values of x of measure zero. 

Now we can apply the lemma of § 2 of (F'). By part (i) of this lemma, 
for an arbitrary element e(¢) of the sphere 


(So) llelle <7 
there exist two elements e’ (#), e’ (¢) such that 
e(t) = e'(t)—e” (0), e(t)CS8, e"(t)CS. 


Thus the simultaneous inequalities 


1 1 1 
(xu, deat! < | [ Kaw, deat! +f" Kile, e"at| < 2p 
(n = 1, 2, oe -) 
are satisfied for an arbitrary e(¢)C S and for all x aside from those 
values of x belonging to a set H’(e) of measure zero. Again, by part (iii) 


of the same lemma, an arbitrary element of the space ® can be represented 
as the sum of a fixed number of elements ¢&(¢#)C S), namely, 


ef) =atat--+e(, &=[4]+1. 


Now we see that the inequalities | 
1 [8 
if Kn (a, i) et) at < 2kp (sn = 1, 2, ---) 


are satisfied simultaneously for an arbitrary element e(¢)C ®, and for 
all values of 2, aside from those values belonging to a set HL” (e) of 
measure zero, 

Since the space R is separable, a simple argument of the type used in 
the proof of Lemma 2 above will establish the existence of a fixed set D 
such that meas D = 1, while the inequalities 


| [- Ku, t)e(t)dt| < 2kp (n = 1,2,->-) 


are satisfied simultaneously regardless of the element e(#)CR andzCD. 
This immediately yields 
1 
[| Kn, O| dt < 4kp (n = 1,2,--) 


for all eC D, that is, almost everywhere. This shows that the sequence 
of functions (9) is essentially bounded, and Theorem 2 is therefore proved. 














ADDITION TO THE PAPER 
“ON THE SUMMABILITY OF FOURIER SERIES II”.!9 2 


By Ernar Hitie anv J. D. TAMARKIN. 


6. (B)-effective transformations. In §1 we explained the reasons 
which compelled us to denote by L,, the class of all continuous functions 
rather than the class B of all essentially bounded functions. It appears, 
however, that results of some interest may be obtained for transformations 
of Fourier series of functions C B, provided the limit concept in this space 
is defined not by means of the metric of B, but rather by means of 
asymptotic convergence.” We shall denote asymptotic convergence by the 
symbol —. ‘The following known property is essential for our discussion. 

Lemma 6.1. If a sequence of functions {fnr(x)}C LI, converges in Iy, 
it also converges asymptotically. Conversely, if {fn(x)} converges asympto- 
tically and is bounded in B (that is, the functions fn(x) are uniformly 
essentially bounded), then {fn(ax)} converges in Ty. 

We now introduce 

DEFINITION 6.1. A transformation UA is said to be (B)-effective of it 
satisfies the following conditions 

(E’.1) The series 


ir.2) 
(6.1) tm(asf)~ 2 dmn fn Gn (oe) B m= 1, Q,e°'5 
n= 
whenever f(x)C B. 
(E’.2) The sequence of the m-th transforms converges asymptotically to f(x), 
(6.2) tm(a;f) f(x) when m>o. 


(K’.3) For every fixed function f(a)CB the sequence of the m-th trans- 
JSorms is bounded in B. In other words, there exists a constant K(/) 
depending only on f(x) such that 


(6.3) tm (23S) \lp < K(/). 


Our purpose is now to prove 
THEOREM 6.1. The classes of (B)-effective, (L)-effective and (L,,)-effective 
transformations are identical. 





9 Received March 15, 1933. 

* The present note constitutes § 6 of our article in the preceding issue of these Annals, 
pp. 329-348, 

1 Banach [1], pp 3-4. We are indebted to Professor M. Riesz for calling our attention 
to such a possibility. 


602 





Ee — Chl 








AN ADDITION. 603 


Proof. Let {an} be a factor-sequence which transforms the Fourier 
series of an arbitrary function /(~)C B into a Fourier series CB. The 
class of all such factor-sequences is denoted by (B, B). It is well-known 
(see footnote * on p. 336) that the classes (B, B) and (1, 1) = (, o) are 
identical. Hence, whenever a transformation % satisfies condition (E. 1) 
of p. 331 with p—1 or p=, it also satisfies condition (K’.1), and 
vice versa. Now assume that % is (L,)-effective. Let f(a) be an arbitrary 
function C B. Since (E.1), and therefore (E’.1), is satisfied, each transform 
tm(x;f)C B. By hypothesis 
(6.4) || tm (x3 f)—S@) |h> 0; || em(@3 FYI) S Man’ ||P \|r S Mn’ | \|p- 
Consequently, by Lemma 6.1, 

Tm(a; f)— f(x) when m>o, 
and so condition (E’.2) is satisfied. To prove that (E’.3) is also satisfied 
we have to show that the sequence {t»(x;,f)} is uniformly essentially 
bounded. Let g(x) be an arbitrary function CZ,. We can apply relation 


(2.18) of p. 337 which holds for an arbitrary pair of functions f(7)CB, 
g(x)C LT, (see footnote '° on p. 337). Thus, upon putting 





1 b 
(65) Un (9) = Gaz J, 92) em (ef) de, 
we have 
1 . - 
(66) Um (g) = Gaz J, f@) em (@ 9) de, 
and, by (6.4), 
(6.7) | Um (9)| Ss Mm \lf\\p \Ig li, aesihaaeel 1,2,---. 


If we consider U;,(g) as a linear operation on L,, we see that {Um (g)} 
is a sequence of linear limited operations bounded on Z,. By a theorem 
of Banach*® the sequence of their bounds, {||tm(x;/)||z}, is bounded. 
Thus condition (E’.3) is satisfied and % is (B)-effective. 

Conversely, assume that & is (B)-effective. Condition (E’.1), hence also 
condition (E.1) with p= 1 and p = ©, is satisfied. Moreover, by (E’.2) 
and (E’.3), for an arbitrary function f(x)C B we have 


tm(a;f) f(a), — ||tm (asf) \|p S KY). 
In view of Lemma 6.1 this implies 
|tm (a2; 1) —S (x) ||, >0 when m>, 


The set of all essentially bounded functions is dense in Z,, and so the 
transformation %& is (Z,)-effective over a dense set of L,. Consider the 


* Banach [1], p. 80, Theorem 5. 
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sequence of the mth transforms {tm(x;g)}, where g(x) is an arbitrary 
function of Z,. To apply Theorem 3.1 of p. 338 we have only to show 
that this sequence is uniformly limited on Z,. We now write 


1 
b—a 





b 1 b 
6.8) Vm (f) = 72— fF @)rm (0; de = z>— J 9 @) tm (as fy de. 
This is a linear limited operation on B with the bound ||tm (a; g)||1. For 
each element /(x)C B we have 


(6.9) [Vn (P| < lem es Allgiiglh < KNlgl, m= 1,2,--., 


whence the sequence of operations {Vm(/)} is bounded on B. By the 
same theorem of Banach* the sequence of bounds {||tm (a; g)||,} is bounded. 
Consequently the sequence {tm (x; g)} of linear limited transformations on L, 
is bounded on Z,. Another application of Banach’s theorem will show 
that the sequence {t»(x; g)} is uniformly limited on Z,. Since all the 
conditions of Theorem 3.1 are satisfied, we conclude that % is (Z,)-effective, 
and Theorem 6.1 is completely proved. 

Remark 6.1. Let f(x) be an arbitrary function C B. By referring to 
the papers mentioned in footnotes ® and * on p. 337 it is readily found 
that Lemma 2.3 remains valid if the space L,, is replaced by B. Hence, 
for a fixed m, tm(x;f) defines a linear limited transformation on B to B, 
with the bound Mi? — M®. Thus 


(6.10) lem (#3 Alp S Mn'll/lp- 
The quantity -_ amid 
My? = lim MS = lim M2 = MP 
m—> eo m—> oo 

may be designated as the (B)-bound of the transformation &%. We con- 
clude that the (B)-bound of a (B)-effective transformation 2% is equal to 
its (Z,)- and (Z,,)-bounds. 

Remark 6.2. Let a sequence {f;(”)}C B be uniformly essentially bounded 
and let 


Su(x) > f(x) when k>o, 


If {an} is an arbitrary sequence C(B, B), then 


Tales f)~ 3 andn Yn(x), I (x) ~ S faon(2), 


is a linear limited transformation on B to B. We shall prove that it is 
continuous in the sense that the sequence of functions {7,(x;fr)} is 
uniformly essentially bounded, while 
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(6.11) Ta(x; fx) > Ta(a; f) 
whenever a 
(6.12) Sr(x) > f(x), = || fe@) |p S K. 


Indeed, since 
|| Tale; fe) lly < Me’ || e(2) ||, < KM, 


the sequence of functions {7a(x; /,)} is essentially uniformly bounded. On 
the other hand, by Lemma 6.1, 


\| f(x) — f(x) ||, > 0, \| Tala; fic) — Tala; f)|\, > 0, 
whence 
T a(x; fx) > Ta(x; f) when k>o., 


Remark 6.3. We call a transformation 2 which satisfies only conditions 
(E’.1) and (E’.2), but not (E’.3), (B’)-effective. The argument of the first 
part of the proof of Theorem 6.1 shows that if & is (L,)-effective, it is 
also (B’)-effective. It is an open question whether the class of (B’)-effective 
transformations coincides with the class of (Z,)-effective transformations 
or is actually larger than this class. 














ON A THEOREM OF PALEY AND WIENER.* 


By Eryar Hitze anv J. D. TAMARKIN. 


1. In their recent work on the theory of quasi-analytic functions Paley 
and Wiener prove the following important theorem which is the basis of 
their discussion. 

Let w(x) be a real non-negative function not equivalent to zero defined 
for —x<a<o, and of integrable square in this range. A necessary 
and sufficient condition that there exist a real- or complex-valued function 
F(x) defined in the same range, vanishing for x<0, and such that the 
Fourier transform G(x) of F(x) satisfy the condition |G(x)| = w(x) is that 


i.) 
| log w (2) | 1 
i dz<iw, 


In the present note we prove a slightly more general theorem. This 
proof uses essentially the same idea as that of Paley and Wiener, but 
seems to throw some additional light on the situation. 

2. We shall deal with two complex variables, z=a-+iy, and w= oe® 
which are related by 
1+ iz 
(1) w= 


1—iz’ 





so that the half-plane $(z) >0 is mapped on the interior of the unit circle 


\w\<1. The variables § = e? and [ = tan will trace the circumference 


2 
of the unit-circle in the w-plane and the real axis in the z-plane respectively. 


Let p be any number such that 1 <p<o, The classes of functions 
@(&), F(¢) for which the integrals 


Lowa, fF relat 


exist will be designated by Ly, 2p respectively. The formula 


af IFO ag = {" \o@)ray, @(&) = F(tan $), 


* Received March 16, 1933. 

*R. E. A. C. Paley and N. Wiener, Notes on the theory and application ‘of Fourier 
transforms. I. On a theorem of Carleman. Trans. Amer. Math. Soc., 35 (1933), pp. 348-355. 
Paley and Wiener write «>0 instead of «<0. This distinction is due to a different 
notation for the Fourier transform of a function. 
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shows that ®(§) C Ly whenever F'(f) C %». We designate by H, the class 
of functions y(w), analytic in |w|<1, such that the integral 


LF tr(qo) nao 


is bounded for O< e<l. 
The integrals 


(2) I(e; F) = (2mi)- See FO ar, 
3) Iw; ®) = (@ni f ‘ eas 


will define the integrals of Cauchy type associated with the functions 
F(¢), O(&), while the integrals 


Me Gee = 
(4) Q(z; F) = a in (¢—-2x)*+y ,at = Iz; F)— I(z; F), 








z= x—1y, 
1 7 1—¢? 
5 th eel Si! 
6) Pie) 2a o() 1+ 0?— 2ecos(y— 4) i 
= Jw; sehen: ®), w= ww’, 


will define the Poisson integrals associated with the same functions. It 
is plain that Z(z; F'), J(w; ®) are analytic in their respective variables 
whenever (2) +0, |w| +1, F(S)CRp, O(§&)C Ly. It is well known 
that, for almost all ¢, &, 

bones Qe; F) = F), 

‘Se: _P(w;®) = = (8), 

w—>t 
where z and w tend to their respective limits along arbitrary non-tangential 
paths. If the variables z, w are related by (1), the variables ¢, & by 


> Se ef? ¢ = tan, and the functions F(t), @(§) by 





1—7¢ 
FQ) = F(tan £) = @(§), then a direct computation shows that 
(6) J(w; ®) = Ie; F)—C, C= I(—i; F), 
(7) P(w; ®) = Q¢&; F). 


Let g(z) be analytic in the half-plane $(z)>0. For almost all ¢ let 
g(2) tend to a finite limit as z>¢ along all non-tangential paths. These 
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limiting values define the limit-function G(¢) of g(z). In an analogous 
fashion we define the limit-function F'(§) of the function y(w) analytic in 
the unit circle |w|<1. We shall be particularly concerned with the 
analytic functions which are represented by their own Cauchy integrals? 


gz) = 1e;@, vw) =JWw;TP). 


It will be assumed that G(¢) C &,, F'(§) C Ly for some fixed p, 1 < p<, 
3. We now are in a position to state and prove our results. 
THEOREM 1. A necessary and sufficient condition that a function G(C) Cc &, 
be the limit-function of a function g(z) which is analytic in the half-plane 
S(2)>0 and which is represented by its Cauchy integral, is that G(¢) 


satisfy the condition 
io) 


Qo) dt _ 


(8) IG @=@nj*) es 


0, @ a s—sy, y>0. 


Proof.® Tf g(z) is represented by its Cauchy integral then 


g(z) = Ie; &) 
and, in view of (4), 


(9) g(z) = Qe; H+1(Z; @). 


Since the limit-functions of g(z) and of Q(z; @) are the same (= G(¢)), 
the limit-function of Z(z; @) is zero for almost all ¢. Hence J(z; @), 
being an analytic function of the variable Z, vanishes identically for y >0 
by the uniqueness theorem of analytic functions. Conversely, if (8) is 
satisfied, then (9) shows that g(z) = Q(z; @) is the analytic function 
satisfying the conditions of Theorem 1. 

THEOREM 2. Let g(z) be analytic in the half-plane $(z)>0 and let its 
limit-function G(f) Xp. If g(z) is represented by its Cauchy integral it 
is also represented by its Poisson integral, and vice versa. 

Proof. We observe that the analogous theorem in the case of a func- 
tion analytic in the unit circle is well known. If now g(¢) is represented 
by its Cauchy integral, then Theorem 1 and formula (9) show that 





?We refer to the following two articles for the various properties of the Cauchy and 
Poisson integrals, and of the classes Hp, needed in the subsequent discussion: G. Fichten- 
holz, Sur Vintégrale de Poisson et quelques questions qui s’y rattachent. Fund. Math., 
13 (1929), pp. 1-33; W. Smirnoff, Sur les valeurs limites des fonctions reguliéres a l’intérieur 
dun circle. Jour. Soc. Phys.-Math. de Léningrade, 2 (1928-29), pp. 22-37. Other- biblio- 
graphical references are found in these articles. 

3 Of. Fichtenholz, loc. cit. 2, pp. 21-23. 
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g(2) = Q(e; @) is also represented by its Poisson integral. Assume con- 


versely that 
(10) gz) = Qe; G@) = Ie; ——I(z; 4). 


If we pass to the variable w and set y(w) = g(z) we conclude from (7) 
that y(w) = P(w; TI) is represented by its Poisson integral since J'(&) 


= 6 (tan 4] = G(f) obviously is the limit-function of y(w). Then y(w) 
is represented also by its Cauchy integral, and we have 


y(w) = J(w; TP). 
On returning to the variable z and using (6) we get 
(11) g(e) = Ie; M—C. 
A comparison of (10) and (11) yields 
I(z; G) = C, y>0o0. 


Let x be fixed and y>oo. It is readily seen that J(z;G)>0. This is 
obvious when py — 1, and the general case follows from the inequality 


fal Aloe Lee 


jo. ee 
g = 7° pol. 


It results that Z(z; G@) = 0, and (10) shows that g(z) is represented by 
its Cauchy integral. 

Remark. From the above argument it follows incidentally that if 
G(t)C kp and '(&)C Ly are the limit-functions of the analytic functions 


F i ne, then the corresponding Cauchy integrals 
are transformed into one La nl 
I(e; G@) = Jw; T). 














g(2) = y(w), where w = 


4. In the subsequent discussion we shall employ Fourier transforms 
defined in a slightly more general manner than usual, Let F'(¢) be 
measurable over (—oo, 00) and integrable over every finite range. Let 
(2) vw) = Gar(us F) = ay [me PO at. 

We assume that: . 
(i) For every fixed finite A>0 


(13) [3x0 du < Ma, 








a ee 
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where the constant Ma depends only on A and on F(£), but not 
on JN. 
(ii) There exists a fixed number ¢, > 0 such that for each ¢ > & 


a4) flr lerauso, [Sw] duo 


as A-oo, the approach being uniform in J. 
Under these assumptions it is readily proved that there exists a sequence 
of values {Nx}, Ni t ©, and a function %°(w) = F°(u; #’) such that 


(15) J 5x,(0 at > 30 as N;,—> 


for every finite range of uw. This function %°(u) will be called a Fourier 
transform of F'(¢) of order 1. To prove these statements we have only 
to observe that, for a fixed A, the functions 


(16) Jawa, Asus, 


are of uniformly bounded variation. Hence, by a classical theorem of 
Helly, there exists a subsequence 4§;(A; wu) of this set and a function of 
bounded variation (A; «) such that 


(17) [S45 0 dt; w as ise, |u| <A. 


We now take a seqnence {A;}, A; to, of values of A and apply the 
“diagonal process” to the double sequence of functions {%;(Aj; #)}. This 
process establishes the existence of the sequence {N;} and of the func- 
tion %°(u) satisfying (15). 

From the construction it follows that %°(wu) is of bounded variation over 
every finite range, while 


[vO sx, oat f? vO ax «s Moo 


holds for an arbitrary continuous function y(é), On setting w(t) = e*" 
and using property (ii) we see at once that the integral 


(18) JE, ean jagze| 


exists (as an absolutely convergent improper Stieltjes integral), On the 
basis of these facts it is now readily seen that the relation 


(19) a e-elt| w(t) Sy, (¢) dt ~{_ e—elt! w(t) d F(t), lp > ®, 
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holds for an arbitrary continuous function w(¢) bounded in —w<u< om, 
Finally we note that 


20) FO) = 0, FH) = FIFO) +H u—O}. 


The first of these relations follows from (17) while the second may be 
assumed without modifying (19). 
An important special case is obtained if we impose the additional 
restriction: 
(iii) For every fixed A the set of integrals (16) is uniformly (with respect 
to N) absolutely continuous. 
Under this assumption the function §°(u) is itself absolutely continuous. 
On setting 


(21 $°(u) = "(oat 


we call the function (wu) = ¥(u; F) the Fourier transform of F(¢). 
According as the conditions (i-ii) or (i-iii) are satisfied we shall say that 
F(¢) has a Fourier transform of order 1 or a Fourier transform respectively. 

5. This notion of Fourier transform can be generalized in the direction 
of the Hahn-Wiener-Bochner theory of generalized trigonometric integrals. 
We do not intend to enter here into a discussion of such generalizations 
and their relationship with the theories mentioned. Neither do we in- 
vestigate here the question of the uniqueness of the Fourier transform as 
defined above. We prove only the following 

Lemma. The Fourier transform of order 1 of F(£) is uniquely determined 
at its points of continuity whenever F(C)C Xp», 1 <p. Moreover, at all 
such points we have 


(22) in u(t) dt > F° (u) 


no matter how N tends to infinity. The function ¥°(u) is uniquely deter- 
mined everywhere if it is normalized according to (20). 
Proof. We start from the directly verifiable formulas 


1 1 r 
a a oe elta—Crit dt, 
x—C+iy i Jo 
(23) te eee 1 : i(w—C—iy)t qf ~0 
a—t—iy Sot iis te fie 


cate ee J eie—Ot e—ultl dt, 
—o 
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Let F(¢) C &, and let conditions (i) and (ii) be satisfied. Thus we haye 


Y FQat -{ ‘end f- sit 
auf C—zP +s a wie. ie — 


= en)” f eet e-vitl F(t) dt. 


—o 





(24) 


On allowing VN = N.—> we get, in view of (19), 


200 


25) ey) = @/nptyf BAO — [ araven, 





(26) Vu) = few asco, y>s, 


Here V(u) is of bounded variation over the whole infinite range. Hence 
we can conclude that‘ 


(27) Vit) = Jim (omy f 


A —iet 
Q(x, y) wae dz. 
A 


—42 
Thus %°(u) is uniquely determined by F(¢) at all the points of continuity, 
and everywhere if %§°(w) is normalized according to (20). 

Remark 1. If all three conditions (i-iii) are satisfied then an analogous 
argument® will show that 


|u| fj a . —4 
(28) e(u) = ev Jim (27) [i 2@, y) e-*™ dz. 


Finally, if in condition (ii) ¢& — 0, we can allow yO in (25) with 
the result 


(29) F(x) = lim (2n)-10 [" ett e—ult! F(z) dt, 
y—>0 — 


almost everywhere in —o<a<oo, Thus we have obtained the classical 
Sommerfeld integral. 
Remark 2. Conditions (i—iii) are satisfied when 1 < p< 2. Then 


F(¢) has a Fourier transform in &,, p’ = - £ rT? that is 





G(u) = lis m. Fy (w), 





‘Cf. S. Bochner, Vorlesungen iiber Fouriersche Integrale, Leipzig, 1932, pp. 65-68. 
Bochner assumes that V(u) is increasing, but, as he remarks himself, his argument is 
valid for any function of bounded variation in (— , o), 

5 Cf. Bochner, loc. cit. 4, p. 42. 
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where l.i.m. stands for the limit in the mean of order p’ if p’<o, and 
for the uniform limit when p’ = *. In this case we have « = 0. 
But there exist functions F(f)C&,, p>2, possessing no Fourier trans- 
form in any &,, but such that the Fourier transform in the above more 
general sense exists, while ¢)>0 in condition (ii)’. 

6. We now return to our main subject matter. 

THEOREM 3. Let G(C)\C&p, p= 1, and suppose G(£) possesses the Fourier 
transform %°(u) of order 1. A necessary and sufficient condition that G(C) 
be a limit-function of a function g(z) which is analytic in the half-plane 
(2) > 0 and which is represented by its Cauchy integral, is that ¥°(u) vanish 





for u<0.8 
Proof. As in § 5 it is readily seen that 
“ soe wf iat gut 
(30) is Te i(2n) ee, evt A(t), y > &. 


By the Lemma of § 5 the function °(é) is uniquely determined if it is 
normalized according to (20). Consequently the vanishing of the integral (8) 
implies, and is implied by, the vanishing of %°(¢) for¢<0. Now it remains 
only to apply Theorem 1. : 

THEOREM 4, The condition ¥°(u; G)=0 for uw<0 is necessary and 
sufficient that the Poisson integral Q(z; G) represent a function g(z) analytic 
in the half-plane $(z)> 0. 

Proof. This theorem is a simple consequence of Theorems 1, 2 and 3. 

THEOREM 5 (Paley and Wiener), Let O< F(QS)CY,, lao ps2. The 
condition 





(7 og F(o) | ae 
” jE < 
is necessary and sufficient that there exist a function G(l)C Xp such that 
(32) |4()| = FO), 


while the Fourier transform ¥(u; G) of G(¢) vanishes for u<0. 
Proof. To prove the necessity of (31) assume that G@(f) is a function 
satisfying the conditions of Theorem 5. By Theorem 4, the function 





°E. ©. Titchmarsh, A contribution to the theory of Fourier transforms. Proc. London 
Math. Soc., (2) 283 (1924-25), pp. 279-289. 

'E. Hille and J. D. Tamarkin, On the swmmability of Fourier Series. IIl. To appear 
shortly in the Math. Annalen. It should be mentioned, however, that the method employed 
in §18 of this paper could be used to construct functions F(¢) c%,, p>2, such that 
lim §w(u) exists, but the theory developed in the present paper does not apply. 

*For a special case of this theorem see N. Wiener, The operational calculus, Math. 
Ann., 95 (1926), pp. 557-584 (580). 

41 











? 
: 

H 

E 

o 








614 E. HILLE Aanp J. D. TAMARKIN. 


g(z) = Q(z; @) is analytic in the half-plane ¥(¢)>0 and is represented 
by its Cauchy, as well as by its Poisson, integral. The same will be true 
in the w-plane for the corresponding function y(w) = g(z). This implies, 
however, the integrability of log|(§)|, where F'(§) = G@(¢) is the limit- 
function of y(w).? Hence 


fi MeeFOlat _ Ff jrogireilay<eo. 


—o 





Conversely, let (31) be satisfied. Then O(&) = F (tan Zed, while 


log @(&)C L,. Under these circumstances’ there exists an analytic 
function y(w) such that the limit-function I'(§) satisfies the relation 
| '(§)| = @(§), and y(w) is represented by its Cauchy, as well as by its 
Poisson, integral. In view of the preceding theorems, the same will be 
true of the corresponding function g(z) = y(w), and the Fourier transform 
of the limit-function G(¢) must vanish for the negative values of its 
argument. Finally (32) holds. This completes the proof of Theorem 5, 

Remark. The. conditions of Theorem 5 remain necessary when p> 2. 
It is an open question whether they will be also sufficient for such values 
of p. 





® Cf. Smirnoff, loc. cit. %. 








ON THE LACUNARY COEFFICIENTS OF POWER SERIES.' 


By R. E. A. C. Pateyf. 
1. Let U(@) be a real function defined in (—v7, zm), and let 
iv.2) 
U (0) ~ + (an cos n 6+ by sinn @). 
a= 


Let 4,, 42, 43, ++ be a series of integers for which 4n41/An => @>1. Zyg- 
mund* has shown that the existence of the integral 


oa 
(1) [Z| 7@)| 10g | 7()| a0 
implies the convergence of the series 
2) 
(2) (aj, + 0i,). 


The condition (1) is the best possible, and no weaker condition on U will 


imply the convergence of (2). 
Now let V(@) be the function conjugate to U(@). The object of this 
paper is to prove the following theorem. 








THEOREM. Jf 
7 
(3) [7 |u@|\ae<~, [7 \V@|a0<a, 
then the series (2) converges. 
2. Let 
1 (" Uy)i—r)dg 
a oe 
“fe 2a Jn 1—2rcos(@—g)+7r*’ 
1 (" Vigi—r’)dg 
3 ae 
saci Qn J—n 1—2rcos(@— 9) +7*’ 
and 


Se) = f(re®) = u(re®) +iv(re®). 
Then (3) is equivalent to the condition 


(4) [7 ree) a0 = O(1). 


Suppose first that f(z) has no zeros in the circle |z|<1, and that 
S(2) = g*(e), 


"Received March 16, 1933. 
? A. Zygmund, “On the convergence of lacunary trigonometric series”, Fundamenta Math., 
16 (1930), pp. 90-107, Theorem G (106). 
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f(2) = 5 tote e+ cet + vee (Cn = An+ibn), 
g (2) = do t+ dyz+d,2?+ Te Py 
where > |d,|? = O(1). Then 


a +h, = si dil Po fel 


2 








2 
1] din di, —m a 


fa} ni In 
<4 (3 > lawl)( Saal 


nS 


An 
4(Zilant)( ant) 
4,] 
by Schwarz’ inequality. Thus 


ics) ice) co An 
Dai, +i) < 4( 2 dnl) (3 oy 
n=1 A, 


m = 0 


6) = 4(5 lanl) (3 lanl 


} 
m=0 mh, £2m+1 





3. Finally if f(z) has zeros, we can write® 


SQ) =AOtTAE), 


where f, and f2 both satisfy inequalities of the form (4) and neither of them 
has a zero inside the unit circle. Thus the coefficients of each of them 
satisfies an inequality of the form (5), and hence the coefficients of / will 
also satisfy such an inequality. 





3In virtue of a theorem of Hardy and Littlewood; see G. H. Hardy and J. E. Littlewood, 
“Some new properties of Fourier constants”, Math. Annalen, 97 (1927), pp. 159-209 [207]. 
I am indebted to Professor Littlewood who suggested this point of the argument to me. 








UBER ANALYTISCHE DEFORMATIONEN 
EINES RECHTECKS|' 


Von G. Pétya. 


Eine Uberlegung von L. Ahlfors, die iibrigens in seinen vielversprechenden 
Untersuchungen tiber den Picardschen Satz eine wesentliche Rolle spielt?, 
fiihrte mich zu einer geometrischen Aussage iiber analytische Abbildungen, 
die wegen ihrer Einfachheit und Anschaulichkeit einer Mitteilung wert 
zu sein scheint (vgl. Satz I); mit ihrer Hilfe und zu ihrer Erlauterung will 
ich noch einen wohlbekannten funktionentheoretischen Hilfssatz (vgl. Satz IT) 
auf neue Art und in verscharfter Form (vgl. Satz III) beweisen. 


I. 


Ich spreche im folgenden, der Kiirze halber, von der Deformation des 
Rechtecks, wo ich eigentlich genauer von der Deformation des Rechtecks- 
randes sprechen sollte. 

Alle Figuren, die wir im folgenden zu betrachten haben, liegen in einer 
Ebene, deren Punkte auf die iibliche Weise mit komplexen Zahlen be- 
zeichnet sind. Unter Deformation eines Rechtecks verstehe ich eine ein- 
deutige (aber im allgemeinen nicht ein-eindeutige!) stetige Abbildung des 
Rechtecksrandes. Die Deformation des Rechtecks ergibt also eine ge- 
schlossene stetige Kurve, die mehrfache Punkte haben kann. 

Unter einer analytischen Deformation des Rechtecks verstehe ich eine 
Abbildung des Rechtecksrandes, die durch eine im abgeschlossenen Recht- 
eck regulire analytische Funktion entworfen wird. Heift eine solche 
Funktion f(z), so wird der Punkt w = f(¢) die aus der analytischen 
Deformation resultierende Kurve dann durchlaufen, wenn z den Rand des 
Rechtecks beschreibt. 

Zu je zwei gegeniiberliegenden Seiten des Rechtecks gehért ein Parallel- 
streifen; ich verstehe darunter das ins Unendliche sich erstreckende offene 
Gebiet, das zwischen den beiden Geraden liegt, in welche die betreffenden 
Rechtecksseiten verlangert werden kénnen. Unter einer einseitigen Kom- 
pression des Rechtecks verstehe ich eine solche spezielle Deformation des 
Rechtecks, bei welcher die Bilder zweier gegeniiberliegenden Rechtecksseiten 
ganz innerhalb des entsprechenden Parallelstreifens, die der beiden anderen 


* Received March 8, 19383. 
*Comptes Rendus, 194 (1932), pp. 245—247. Vgl. Lemma I. 
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Rechtecksseiten hingegen ganz auferhalb des zu ihnen gehérigen Parallel- 
streifens, u. zw. nach verschiedenen Seiten davon zu liegen kommen (wie 
beispielsweise in Fig. 1, wo das Ent- 
sprechen der Teile von Urbild und Ab- 
bild durch gleiche Ausziehung hervor- 
_...---- gehoben ist). Die Seiten des Rechtecks 
und die entsprechenden Bégen der Bild- 
kurve sind als abgeschlossen zu denken. 

Es gilt der Satz: 
I. Eine analytische Deformation eines 
Rechtecks ist nie eine einseitige 

Kompression. 
Die Konformitat der analytischen Ab- 
bildung la8t diese Aussage als ziemlich 
,»plausibel“ erscheinen. Der Beweis ist 
Fig. 1. y sehr einfach. Es darf angenommen 
werden, dafi die Seiten des in der 
z-Ebene gelegenen Rechtecks achsenparallel sind, die Siidwestecke des 
Rechtecks sei mit a+72b, die Nordostecke mit a+ @+7(b-+ 4) bezeichnet, 
so daB a, b reell, a, & positiv sind. Die die Deformation des Rechtecks- 
randes hervorbringende, im abgeschlossenen Rechteck regulare analytische 

Funktion heife 


w = f(z) = flat+tiy) = ula, y)+iv(@, y); 


es ist z= a-+7y gesetzt, x,y, u,v sind reell. Es geniigt offenbar, den 
Fall zu betrachten, in welchem die Bilder der beiden vertikalen Recht- 
ecksseiten auferhalb des durch sie bestimmten offenen vertikalen Streifens 
liegen. Ferner darf man annehmen, daf das Bild der rechten Vertikal- 
seite rechts, das der linken links vom Streifen liegt. (Ware es umgekehrt, 
so geniigte es, die Bildfigur um den Mittelpunkt des Rechtecks um 180° 
zu drehen: lineare ganze Transformation von /f(z)!) Die vorausgesetzte 
Situation der Bilder der beiden Vertikalseiten ergibt die Ungleichung 














(1) Min [w(a+e, y)—u(a, y’)] 2 «. 
bsy,y'sb+B 
Um so mehr gilt 
= ee ee u(a, y)] 


Man beachte, dai 


J roa =f w +i) @x+iay), 


entlang des betrachteten Rechtecksrandes erstreckt, verschwindet. Das 
Verschwinden des Imaginarteils ergibt 
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fw +a, y)—u(a, y)] dy =" "te, b+ 8) —v(a, b)] dx. 


Folglich ist 
B- Min [w(a+e,y)—ua,y)] < @- Max | lo(x, b+ 8) —v(@, dj]. 


bsysb+B Qin 
Dies mit (2) konfrontiert, ergibt 
(3) Bs e... [v(x, b+ 8) — v(a, b)]. 
Um so mehr gilt 
(4) Max  [v(w, b+ 8) —v(@’, b)] = &. 
asx, x’ s£a+ 


Wir haben (4) aus (1) erschlossen. Das bedeutet aber: Wenn (vgl. (1)) 
die Bilder der Vertikalseiten aus dem offenen Vertikalstreifen von der Breite « 
ganz ausgeschlossen sind, so kénnen (dies besagt (4)) die Bilder der 
Horizontalseiten nicht ganz in den offenen Horizontalstreifen von der Breite 8 
eingeschlossen werden. Damit ist aber der ausgesprochene Satz bewiesen. 


Il. 
Der eben bewiesene Satz I kann zu einem, wie mir scheint, neuen Beweise 
des folgenden wohlbekannten Satzes* verwendet werden. 
II. Die analytische Funktion f(z) set regulir im Halbstreifen 


(5) —1<exe<1, y>0 
(g=a+iy; x,y reell). Ferner sei 
(6) lim f(—1+iy) =a, lim f(itizy) = b. 
y—>-+00 y+ 


Wenn a+b, so nimmt f(z) im Streifen (5) beliebig groBe Werte an. 
Ohne Beeintrichtigung der Allgemeinheit darf angenommen werden, dab 
a=—2,b=2 ist. Es gibt dann, gemaf (6), ein y,, so dab 


(7) Rf(—1+iy)<—1, Rf(it+iy)>1 firy>y 


(Rw hei®t Realteil von w). Es sei yz>y.. Die Vertikalseiten des 


Rechtecks 
—tSes!t, azasvsae 


werden durch f(z) auf Kurvenbégen abgebildet, die aus dem diesen Seiten 
entsprechenden Vertikalstreifen, gemaB (7), ganz hinausgedrangt sind; daher 
kénnen, gemafB Satz I, die Bilder der Horizontalseiten des Rechtecks, ent- 








* E. Lindeléf, Mémoire sur certaines inégalités etc., Acta Societatis Scientiarum Fennicae, 
25 (1908), No. 7; vgl. 8. 28. 
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worfen sei es durch f(z), sei es durch f(z)+-ic, wo c reell, nicht ganz 
in den durch das Rechteck bestimmten Horizontalstreifen hineingedringt 
sein: Fiir passende 2, 2%, WO —1<%, 2% <1, muf somit 


| f (xe + tye) —f(mt+iy)| 2 y—"m 


sein. Die rechte Seite wird aber mit ys beliebig gro&: Dies beweist den 
Satz I. 
Eigentlich haben wir etwas mehr bewiesen, namlich: 

III. Die analytische Funktion f(z) sei reguliir im Halbstreifen (5), und 
sie soll fiir « = —1 nur Werte annehmen, die einer abgeschlossenen Halb- 
ebene A, und fiir « = -+1 nur solche Werte, die einer abgeschlossenen 
Halbebene B angehiren, wobei A und B keinen gemeinsamen Punkt haben. 
Dann ist f (2) im Streifen (5) unbeschriinkt. 

Es kann Satz ITI, wie Satz IJ, durch konforme Abbildung verallgemeinert 
werden, was ich wohl nicht genauer auszufiihren brauche. 


PRINCETON UNIVERSITY, PRINCETON, N. J. 





THEORIE GENERALE DES VARIETES ET DE LEURS 
THEOREMES DE DUALITE'. 


Par Epvarp Crcu. 


La topologie combinatoire a fait dans les derniéres années des progrés 
tres remarquables et elle constitue, tant intrinséquement qu’au point de vue 
des applications, un des plus importants chapitres de la topologie. Ceci 
est vrai tout particulitrement pour la théorie de l’homologie; c’est en effet 
la branche la plus avancée de la topologie combinatoire*. D’autre part, la 
topologie générale, fondée sur la théorie abstraite des ensembles, constitue 
désormais un édifice immense occupant une des places centrales dans le 
vaste champ des mathématiques modernes. 

A mon avis, on peut espérer d’arriver 4 étendre d’une maniére inattendue 
le champ de recherches topologiques si on réussit & approcher mutuellement 
le plus prés possible les méthodes combinatoires et celles de la théorie 
générale des ensembles. Le premier pas essentiel et général dans cette 
direction et qui a déj& eu des conséquences trés remarquables a été fait 
par M. Vietoris qui a réussi 4 fonder la théorie de l’homologie dans chaque 
espace métrique et compact*. Néanmoins il y a encore un profond abime 
entre les recherches combinatoires et celles abstraites dans la topologie. 
Mon opinion est d’une part que la topologie combinatoire doit complétement 
abandonner l’usage des polyédres, c’est-i-dire des figures dont la nature 
topologique (au sens d’une description axiomatique compléte) nous restera 
probablement pour longtemps cachée; d’autre part qu’il est impossible 
d’étudier profondément déja p.ex.la topologie des sous-ensembles de l’espace 
ordinaire si on s’obstine & négliger systématiquement les notions combinatoires. 

Un des plus beaux sujets de la topologie combinatoire est sans doute la 
théorie des variétés (Mannigfaltigkeiten, manifolds). Or toutes les définitions 
connues* d’une variété V supposent ou que V soit homéomorphe & un polyédre 
ou du moins que chaque point de V posséde un entourage’ homéomorphe & un 





' Received February 15, 1933. — J’ai exposé quelques résultats de ce Mémoire dans une 
communication au Congrés Int. de Zurich (septembre 1932) ainsi que dans un cycle de quatre 
conférences que j’ai faites & l'Université de Varsovie (novembre 1932). 

? Une exposition complete de cette théorie se trouve dans l’excellent livre de M. Lefschetz, 
Topology, Amer. Math. Soc., Coll. Publ., vol. 12, 1930. 

* Math. Annalen, 97, 1927, pp. 454—472. Of. déja L. E. J. Brouwer, Math. Annalen, 72, 
1912, pp. 4292—495,. 

‘La plus générale de ces définitions est celle de MM. Lefschetz et Flexner (v. Proc. Nat. 
Acad. Sci., 16, 1980, pp. 5830—533, et Annals of Math., 32, 1931, pp. 393—406 et 539—548). 

* Un entourage d’un point a ou d’un ensemble A est un ensemble ouvert contenant a ou A. 
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worfen sei es durch f(z), sei es durch f(z)+-ic, wo c reell, nicht ganz 
in den durch das Rechteck bestimmten Horizontalstreifen hineingedrangt 
sein: Fir passende 2, 7, Wo —1< %, 2 <1, muS somit 


| f (a2 + tys) —f(atiys)| 2 x—%" 


sein. Die rechte Seite wird aber mit y, beliebig grofB: Dies beweist den 
Satz II. 
Eigentlich haben wir etwas mehr bewiesen, namlich: 

III. Die analytische Funktion f(z) sei reguliir im Halbstreifen (5), und 
sie soll fiir x = —1 nur Werte annehmen, die einer abgeschlossenen Halb- 
ebene A, und fiir «= -+1 nur solche Werte, die einer abgeschlossenen 
Halbebene B angehiren, wobei A und B keinen gemeinsamen Punkt haben. 
Dann ist f (2) im Streifen (5) unbeschriinkt. 

Es kann Satz III, wie Satz IJ, durch konforme Abbildung verallgemeinert 
werden, was ich wohl nicht genauer auszufiihren brauche. 


PRINCETON UNIVERSITY, PRiINncETON, N. J. 











THEORIE GENERALE DES VARIETES ET DE LEURS 
THEOREMES DE DUALITE'. 


Par Epvarp Cercu. 


La topologie combinatoire a fait dans les derniéres années des progrés 
tres remarquables et elle constitue, tant intrinséquement qu’au point de yue 
des applications, un des plus importants chapitres de la topologie. Ceci 
est vrai tout particuliérement pour la théorie de l’homologie; c’est en effet 
la branche la plus avancée de la topologie combinatoire*. D’autre part, la 
topologie générale, fondée sur la théorie abstraite des ensembles, constitue 
désormais un édifice immense occupant une des places centrales dans le 
vaste champ des mathématiques modernes. 

A mon avis, on peut espérer d’arriver & étendre d’une maniére inattendue 
le champ de recherches topologiques si on réussit & approcher mutuellement 
le plus prés possible les méthodes combinatoires et celles de la théorie 
générale des ensembles. Le premier pas essentiel et général dans cette 
direction et qui a déja eu des conséquences trés remarquables a été fait 
par M. Vietoris qui a réussi & fonder la théorie de l’homologie dans chaque 
espace métrique et compact*. Néanmoins il y a encore un profond abime 
entre les recherches combinatoires et celles abstraites dans la topologie. 
Mon opinion est d’une part que la topologie combinatoire doit complétement 
abandonner l’usage des polyédres, c’est-a-dire des figures dont la nature 
topologique (au sens d’une description axiomatique compléte) nous restera 
probablement pour longtemps cachée; d’autre part qu'il est impossible 
d’étudier profondément déja p.ex.la topologie des sous-ensembles de l’espace 
ordinaire si on s’obstine & négliger systématiquement les notions combinatoires. 

Un des plus beaux sujets de la topologie combinatoire est sans doute la 
théorie des variétés (Mannigfaltigkeiten, manifolds). Or toutes les définitions 
connues* d’une variété V supposent ou que V soit homéomorphe & un polyédre 
ou du moins que chaque point de V posséde un entourage’ homéomorphe & un 





‘ Received February 15, 1933. — J'ai exposé quelques résultats de ce Mémoire dans une 
communication au Congrés Int. de Zurich (septembre 1932) ainsi que dans un cycle de quatre 
conférences que j’ai faites & l'Université de Varsovie (novembre 1932). 

? Une exposition compléte de cette théorie se trouve dans |’excellent livre de M. Lefschetz, 
Topology, Amer. Math. Soc., Coll. Publ., vol. 12, 1930. 

* Math. Annalen, 97, 1927, pp. 454—472. Cf. déja L. E. J. Brouwer, Math. Annalen, 72, 
1912, pp. 422—495, 

‘La plus génézale de ces définitions est celle de MM. Lefschetz et Flexner (v. Proc. Nat. 
Acad. Sci., 16, 1930, pp. 5830—533, et Annals of Math., 32, 1931, pp. 393—406 et 539—548). 

5 Un entourage d’un point a ou d’un ensemble A est un ensemble ouvert contenant a ou A. 
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+ 


logique de la notion de variété®. Dans le présent Ouvrage, je donne justement 
une telle définition comprenant du reste, comme on pourrait le démontrer 
sans difficulté, toutes les définitions connues comme des cas particuliers, 

Je m’appuie dans ce qui suit trés essentiellement sur mon Mémoire Théorie 
générale de Vhomologie dans un espace quelconque’ dont la connaissance est 
indispensable au lecteur; je le cite par l’abréviation Homologie. Outre ce 
quit a été exposé dans l’Homologie, je ne suppose de la topologie com- 
binatoire que la connaissance des nombres de Betti d’un simplexe. Je sup- 
pose d’ailleurs quelques connaissances de la topologie générale, en par- 
ticulier de la théorie de la dimension (v. n° 2.2). Relativement & 1’ Homologie, 
quatre remarques sont nécéssaires : 

I. Pour un (p, R)-cycle, j’emploie ici la courte notation C? (p. ex.) au 
lieu de {C? (11)} (Homologie, II, 20). Done C? est ensemble de tous les 
CP (UU), WU parcourant tous les réseaux dans #. 

II. La famille fondamentale de réseaux (Homologie, II, 1) est dans ce qui 
suit toujours la famille de tous les réseaux ouverts (v. Homologie, III, 2). 

II. La notion d’un affinement normal (Homologie, Il, 15) dépend essen- 
tiellement des deux ensembles A et @ (v.1.¢.); je parle done toujours 
explicitement d’un affinement normal rel. aux cycles mod « dans A (I’attribut 
dans A sera omis si A = R; l’attribut mod @ sera omis si « = 0). 

IV. Dans ce qui suit, les coefficients de toutes les chaines appartiennent 
& l’ensemble R des nombres rationnels (vy. Homologie, I, 1 et II, 3); du reste, 
toute la théorie vaut sans aucune modification si ® désigne l’ensemble des 
entiers réduits mod p, p étant un nombre premier® (v. Homologie, V, 1). 

Le présent Ouvrage est divisé en huit Chapitres. 

Au Chap. I, j’introduis successivement les axiomes A, (n°1), As (n° 2), 
Ag (n° 3) et A, (n° 7). Les deux axiomes A, et A, sont vérifiés en particulier 
si R est un espace métrique et compact. Bien que ce soit le cas le plus 
important, je n’ai pas voulu introduire explicitement la métrisabilité de Z, 
d’autant mieux que cette hypothése ne simplifie guére les démonstrations. 
On pourrait se passer entiérement de l’ensemble S introduit dans l’axiome A,, 
en remplagant A; et As par l’axiome unique que R—S soit un espace 
polyédre. I/ n’existe donc jusqu’a présent aucune définition purement topo- 





*Aprés avoir terminé cet Ouvrage, j’ai pris connaissance d’un manuscript de M. Lefschetz 
intitulé On generalized manifolds (a paraitre dans le Amer. Journal of Math.). L/illustre 
géométre americain y étudie, avec une méthode entitrement différente, presque la méme 
notion. Je voudrais insister sur une différence essentielle: pour démontrer le théoréme de 
dualité entre les p-cycles et les (n — p)-cycles O<psn— p <n), je vai besoin d’aucun 
axiome relatif aux cycles de dimensions <n — p—1. 

7 Fund. Math., 19, 1932, pp. 149—183. 

° J’espére de revenir ailleurs sur la possibilité d’étendre ma théorie des variétés au cas 
d’autres domaines R. 
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localement bicompact®; ce procédé, logiquement équivalent A celui du texte, 
introduirait peut-étre quelques difficultés d’exposition. L’axiome A, dit que 
la dimension n (au sens de Menger-Urysohn) de l’espace R—S est finie 
(et >0). En appliquant le allgemeiner Zerlegungssatz de M. Menger’? je 
prouve au n° 8 que, un réseau 3 étant donné, on peut définir une famille 
compléte de réseaux « commodes» WU jouissant de la propriété suivante: 
chaque (k, U)-simplexe r* est situé dans un certain sens sur un (h, 3)- 
simplexe o”'! de maniére qu’on ait toujours k << n—h. On voit que les o* 
sont pour notre variété abstraite ce que les faces sont pour une variété 
polyédrale (& un o” correspondant une (nm — h)-face du polyédre). 

Au Chap. II, j’introduis successivement les axiomes B (n° 9), D, (n° 11), 
Dz (n° 12), E (n° 13) et F' (n° 16) relatifs & la maniére dont se comportent 
les cycles & m ou & m—1 dimensions de l’espace R—S. A l'aide de ces 
axiomes, on démontre (n° 17) l’existence d’un (n, R)-cycle G” mod 8S, 
recouvrant tout l’espace R et appelé le cycle principal. En considérant un 
réseau 3 et les réseaux commodes U relatifs, on attache (n°19) & chaque 
(0, 3)-simplexe o° une (n, M)-chaine K”(o°, Ul) située dans o° de maniére 
que la somme de tous les K” soit égale &4 G" (U). Successivement, on 
attache alors & chaque (h, 3)-simplexe o” une (n—h, U)-chaine K”~" 
(c”, Ul) située dans o” de maniére que les relations d’incidence entre les a" 
soient duelles de celles entre les K"—"(o", 11). On voit déja que le théoréme 
de dualité subsiste entre les (p, 3)-chaines et entre les (n — p, U)-chaines 
élémentaires, c’est-a-dire de la forme > c; K"-” (o?, U). Ce théoréme de 
dualité n’a d’ailleurs encore aucune signification géométrique et on doit 
encore vaincre trois différentes difficultés: 

«. On doit prouver que l’on peut s’arranger de fagon que K”~?(o?, U) $0. 

4. On doit prouver que, C”-” étant un (mn — p, R)-cycle, C"?(U) est 
homologue & une chaine élémentaire. 

y. On doit prouver que si la chaine élémentaire C”~? (U) est homologue 
4 zéro, il existe une (n —p-+1)-chaine élémentaire D*-?**(U) telle que 
Dp (1) —> 0r-» (11) 12. 

Pour vaincre les difficultés «, 8 et y, on a besoin de nouveaux axiomes 
(le nombre de ces axiomes croit avec p; pour p = 0 aucun nouvel axiome 
n’est plus nécessaire). 

La difficulté @ est résolue au Chap. III (n° 25) & l’aide des axiomes G* 
(v. n° 21), oh n—p<k<n—1. L’axiome G* dit que, dans Rk —S, les 
petits cycles & k dimensions sont ~ 0. 





* Tous les axiomes ultérieurs se rapportent uniquement a l’espace R—S. 
 C’est peut-étre la premitre application de ce théoréme trés important & mon avis. 
'' tt est d’espéce o* dans la terminologie du texte (v. n° 8.3). 
En réalité, je démontrerai un énoncé un peu plus compliqué que 7. 
42* 








Nene 
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La difficulté 8 est résolue au Chap. IV (n° 31) & l'aide des axiomes G* 
(n—p<k<n—1) et des nouveaux axiomes H* (vy. n° 27), oi max (0, n—p—1) 
<k<n—2. La démonstration est trés compliquée et presque entitrement 
combinatoire. 

La difficulté y est résolue au Chap. V (n° 44); on n’a plus besoin d’aucun 
nouvel axiome. La démonstration est trés analogue a celle du Chap. IV. 

Au Chap. VI, j’introduis (n° 56) Vindice de Kronecker d’un coupie de 
cycles dont les dimensions sont resp. p et n—p. Cette théorie est com- 
pléte & l'exception de la loi commutative que je démontrerai dans un 
Mémoire qui fera suite au présent, et oi j’exposerai la théorie complete 
des intersections des cycles sur une variété abstraite. 

Au Chap. VII, je démontre le théoréme général de dualité dans une 
variété abstraite; pour une variété polyédrale, c’est la formule (7), p. 142 
de la Topology de M. Lefschetz. 


Au Chap. VIII je prouve d’abord que les axiomes G* (o< k< ea 


et H* (0 <ks *—1) sont des conséquences des autres axiomes. Ensuite, 


je généralise & mes variétés quelques autres théorémes de dualité (théo- 
rémes de Poincaré et de MM. Alexander, Lefschetz et Pontrjagin). 


L 


1. AxIoME A,: L’espace R est bicompact'*. Cela signifie que de chaque 
famille % de sous-ensembles ouverts on peut extraire une famille finie re- 
couvrant R (= réseau dans R). 

1.1. Un sous-ensemble A de R est bicompact si et seulement si A est fermé 
dans R. 

Démonstration. Supposons en premier lieu que A — A. Soit ¥ un re- 
couvrement de A. A chaque U)€ % attachons un ensemble U ouvert dans R 
et tel que U) = U- A; en ajoutant R— A & ces ensembles U, on obtient 
un recouvrement % de R. L’espace R étant bicompact, il existe un re- 
couvrement fini %; extrait de F. Les U) = U- A, ob UE Ri, forment un 
recouvrement fini de A extrait de %. Supposons en second lieu que 
ensemble AC R soit bicompact. Alors A — A (vy. Alexandroff et Urysohn, 
l.c. sub **), p. 47, corollaire 1). 

1.2. L’espace R est normal. Cela signifie que, U étant un entourage d’un 
sous-ensemble fermé A de R, il existe un entourage V de A tel que VEU. 

Pour la démonstration, v. Alexandroff et Urysohn, 1. ¢., p. 26, I. 





'S L. Vietoris, Stetige Mengen, Monatshefte f. Math. u. Phys., t. 31, 1921; P. Alexandroff 
et P. Urysohn, Mémoire sur les espaces topologiques compacts, Verhandelingen Akad. 
Amsterdam, 1929. 
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1.3. Chaque réseau (dans R) U posséde un affinement B jouissant de la 
propriété suivante: A chaque sommet V de B on peut attacher wn sommet U 
de i de maniére que non seulement VC U mais aussi V'C U pour chaque 
sommet V' de B tel que VV’'+0. 

Démonstration. Soient Uj (1 <i<m) les sommets de U. D’aprés un 
lemme de M. Menger“ on peut trouver des ensembles ouverts U/ (1 <i< m) 


™m 
tels que Uj © U;, > Uj = R. A chaque point a de R attachons un en- 
1 


tourage V si petit que 1° a € Uj entraine VC Uj; 2° a € Uj entraine VCU;; 
3°a €R— U; entraine VU; = 0. D’aprés l’axiome A,, il existe des points a, 
en nombre fini tels que les entourages V, correspondants constituent un 
réseau 8. Pour chaque valeur de y», il existe une valeur de i telle que 
ay € Uj, dou (d’aprés 1°) V,C Uj. Il suffit de montrer que V, V, +0 
entraine V,C U;. Or soit b€ VuVy; alors b€VyuUi, doi Vy Ui +0 et done 
(d’aprés 3°) ay € Uj et par suite (d’aprés 2°) Vac Ui. 

2. AXIOME As: Chaque sous-ensemble ouvert de R est un Fo dans R. 

2.1. Chaque sous-ensemble de R satisfait a Vaxiome Ag". 

2.2. Nous allons rappeler les théorémes de la théorie de la dimension 
dont nous ferons usage dans ce qui suit. Ces théorémes sont vrais dans 
chaque espace satisfaisant aux axiomes A, et A,, et méme plus généralement 
dans chaque espace topologique normal satisfaisant & l’axiome Ag. Pour 
les démonstrations je renvoie au livre de M. Menger: Dimensionstheorie 
(cité par M) pour le cas particulier d’un espace métrique séparable ainsi 
qu’a mon Mémoire: Sur la dimension des espaces parfaitement normaux"® 
(cité par C) pour le cas général. 

2.21". dim R = —1 signifie quae R = 0. A étant un sous-ensemble 
fermé de R, dima R < n signifie qu’a chaque entourage U de A on peut 
attacher un entourage VC U de A tel qu’on ait dim@® < n—1, oil 
®=—V—V. dim R = n signifie que: 1° dima R <n pour chaque sous- 
ensemble fermé A de R; 2° la relation dima R < n—1 n'est pas vraie 
pour chaque sous-ensemble fermé A de R**. 

2.22". SC R entraine que dim S < dim R. 

'* Dimensionstheorie, pp. 159-160, ,,.Bemerkung“. Le lemme est évidemment vrai dans 
chaque espace normal. 

 V. Urysohn, Uber die Méchtigkeit zusammenhiingender Mengen, Math. Annalen, t. 94, 
p. 286, note ‘") au bas de la page. 

‘© Bull. intern. de l’Acad. des Sc. de Bohéme, 1932. 

‘TM, Chap. II (vy. aussi p. 116); C, Chap. IL. 

'® Dans cette définition, il est permis de limiter A aux points de R, si l’espace R jouit 
de la propriété suivante: de chaque famille de sous-ensembles ouverts recouvrant R on 
peut extraire une famille dénombrable recouvrant R (cette propriété vaut si R est un 
sous-ensemble d’un espace satisfaisant aux axiomes A; et As). 

‘9M, p. 81; 6, n° 23. 














a 
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2.939, Soit R = b R,, les R, étant fermés dans R. Alors dimR 


= max.dim R,. 

2.2471, Soit dim R <n; soit U un réseau dans #. Il existe un affine- 
ment 8 de U dont l’ordre (v. cet Ouvrage, n° 7.2) est < n. 

2.25"*, Soit dim R <n. Soit Ul un réseau dans R; soient U,, Us,---, Up 
les sommets de U. Il existe des sous-ensembles fermés F,, Fy, ---, Fn 
de R tels que 1° F,CU,; 2° dim F,:-F,: +: -KH, Gn—h pow 


m 
0<h<n+1; 3° af, a: 3”, 
2.264. Soit R= R, DOD R,D---DRz, les R; étant fermés dans R. Soit 
dim Rj = ni. Soit a € Ry. Soit U un entourage de a. Il existe un en- 
tourage VC U de a tel que dim Ri(V—V) < ni—1 pour OSi<k. 
2.3. Si R= RDR,D---DRn, les Ry étant des sous-ensembles fermés 
de R tels que dim Rk, < n—k pour 0 < k < n, alors chaque réseau Ul 
dans R posséde un affinement B jouissant de la propriété suivante : Si chaque 
sommet d’un (h, B)-simplexe o” rencontre Ry (O< k <n), onah<n—k. 
Démonstration. Le théoréme étant évident pour » = 0 (v. 2.24), sup- 
posons le vrai pour la dimension » —1 (= TV’hypothése H). Soit donné le 
réseau ll. A chaque point a de R attachons un entourage VC UE UW tel 
que (v. 2.26) dim Ry F(V) < n—k—1 pour 0 < k < n, en particulier 
Rn F(V) = 0. D’aprés laxiome A,, il existe des points a, (1 <»<s) 


en nombre fini tels que > V, = R. Posons 
1 


v—1 


Vi = Ni, YV=VW—D>Vi pur 2<7<s. 
7 

J 
On a alors DVy = R, Viale = 0, dou ViaF(Vy) = 0 et enfin 

1 
EVN CS FV») et par suite (v. 2.23) dim Ry F(V+) < n—k—1 pour 

i= 
0<k<n,1<v<s, en particulier R,-F(V,)=0. Posons Ri = > F(V,), 
1 


Ry = Ry Ro Ak <n—1). Alors dim Ri <n—1—k pour 0<k<n—1. 
En vertu de 1.1 et 2.1, l’espace Ro satisfait aux axiomes A, et A:. Done, 





20M, Chap. III; 6, Chap. II. 

21M, pp. 158—161; G, n° 26. 

22M, pp. 161—174; 6, n° 26. 

3 En réalité on trouve 1. c. seulement la démonstration de l’existence d’un réseau fermé § 
qui est un affinement de Ul et tel que dim %,®,... ®,<n—h pour €%. Or il suffit 
de partager Jes sommets ® de en m groupes de maniére que ®C Uy pour chaque ® du 
veme groupe et de désigner par Fy la somme de tous les ® de »*™* groupe. 

24M, p. 169; C, n° 24.2. 
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d’aprés 'hypothése H, il existe des ensembles v, (1 << f) en nombre 
t 

fini ouverts dans Ro et tels que: 1° 2 = Ro; 2° chaque v, fait partie 

d'un sommet Uy, de U; 3° si les indices mo, w,,---, wn différents l'un de 


h 
l'autre sont tels que []vu,+0 et que (pour une certaine valeur de k, 
0 


0<k<n—1) Revg,+0 pour 0 Si <h, alors hion—k—1. Pour 
1<m<t, soit V,/ un sous-ensemble ouvert de R tel que 1° xx~oV.CUp—Rn; 


2 si mw R= 0 low st, 1 Sk < n—1), alors V,- Re = 0; 


= 


h h 
3° si []vu, = 0 alors [] Vu, = 0*. Les ensembles V, (1 < » < s) et 
0 0 


Vi (1 < w S #) constituent Vaffinement cherché B de U. 

3. AXIOME As. S est un sous-ensemble fermé de R; S + R. 

3.1. Jl existe une suite dénombrable {F;} de _sous-ensembles bicompacts de 
R—S telle que 1° Fits DF;; 2° R—S = 2K; 3° pour chaque sous- 
ensemble bicompact A de R—S il existe une valeur de i telle que AC Fj. 
On peut méme supposer F; = Gi, Gi étant un sous-ensemble ouvert de R — S, 
Gi S Gis. 

Démonstration. D’aprés les axiomes A, et Ag, il existe une suite {@;} 


de sous-ensembles bicompacts (vy. 1.1) de R —S telle que R—S =o, 
Set @, sont deux sous-ensembles fermés disjoints de l’espace R. D’aprés 1.2, 
il existe un ensemble ouvert G, tel que ®,C G,G@ R—S. Plus générale- 
ment, supposons que, pour une certaine valeur de k (= 2, 3,---), on ait 
déja construit des ensembles ouverts G; (1 < 7 < k —1) tels que G1€ Gi, 
0:CG:;ER—S. Les ensembles @,+G,-1 et S étant fermés dans 
l’espace normal R et disjoints, il existe un ensemble ouvert G, tel que 
O+Gr.1CG,ER—S. La suite {G;} étant ainsi construite par récurrence, 
il suffit de poser F; = G;. En effet, si A est un sous-ensemble bicompact 


de R—S, on a SAG; = A, doi, d’aprés la définition méme de la 
1 
k 
bicompacticité, A — >'AG; pour une certaine valeur de k, et donc 
1 


k 
Ac Gi = Ge CF. 


4. Un réseau gén. (= généralisé) Y% est une famille {Pj} au plus dénom- 
brable de sous-ensembles ouverts et non vides de R—S telle que: 


° k—-8= SP; 2° pour chaque sous-ensemble bicompact A de R—S 
1 


on a AP;=O pour presque toutes les valeurs de 7. En particulier, un 





*'V. Homologie, III, 21. L’hypothése que l’espace soit complétement normal est ici 
vérifiée en vertu de 1.3 et 2.3 (v. Urysohn, 1. c. sub "). 
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point a € R — S ne peut appartenir qu’é un nombre fini des P;. Les P; sont 
les sommets du réseau gén. $. 

Dans le cas particulier S = 0 [ou, plus généralement, si R —S est fermé 
dans R] l’ensemble R — S est bicompact; en vertu de la condition 2°, les 
ensembles P; sont alors en nombre fini et le réseau gén. est simplement un 
réseau dans Rk — 8S. 

4.1. Soit % une famille de sous-ensembles ouverts de A—S (en particulier, 
% peut étre un réseau gén.). Soit Q un réseau gén. On dit que O con- 
stitue un affinement de J, si chaque sommet Q de © est contenu dans un 
élément (sommet) de ¥. 

4.2. Soit % une famille comme dans 4.1. Il existe un réseau gén. Q qui 
soit un affinement de ¥. 

Démonstration. Déterminons {F;} d’aprés 3.1. Les ensembles F; étant 
bicompacts et C R— 8S, pour chaque valeur de 7 il existe un nombre fini 
d’éléments Pir, Pi, ---, Pa, de $ recouvrant /;. Posons Qix = Pixe— Fir 
(1<k<A4), ob K=O. La suite Qx (¢ = 1, 2, 3,---; k= 1, 2,---, a) 
dont on supprime les membres vides, constitue le réseau gén. © cherché, 

4.3. Chaque réseau gén. 8 posséde un affinement Q jouissant de la pro- 
priété suivante: Pour chaque Q€ Q il existe un PE YB tel que QE P. En par- 
ticulier QE R—S pour chaque sommet Q de Q. 

Démonstration. Déterminons les Px (¢ = 1, 2, 3,---; k = 1, 2,---, 4) 
comme dans 4.2. Pour chaque valeur de z les ensembles ouverts Pi, 
Pi2, +++, Pa, recouvrent le sous-ensemble fermé F;.de l’espace normal &. 
= existe done (vy. '*) des ensembles Qix (k = 1, 2, ---, 4;) tels que QE Pix, 


7 
> Qn Fi. Les Qix (¢ = 1, 2, 3,---; k = 1, 2, ---, 4:) constituent le réseau 
k=1 


gén. QO cherché. 

4.4, Chaque réseau gén. % posséde un affinement Q jouissant de la pro- 
priété suivante: A chaque sommet Q de Q on peut attacher un sommet P 
de % de maniére que non seulement QC P mais aussi Q'’C P pour chaque 
sommet Q! de Q tel que QQ'+0. 

Démonstration. Déterminons {F;} d’aprés 3.1. On peut (v. 4.3) déterminer 
deux suites {Pj} et {P;} d’ensembles ouverts telles que PEP, PiEFi, 


ie.) i.) 

2 P= 2 P;=R—S. A chaque point a de R — S attachons un entourage 
Q si petit que: 1° a€ P/ entraine QC P/; 2° a€ P; entraine QC Pi; 
3° a€R—FP;' entraine QP; = 0*; 4° a€R— F; entraine QF; = 0. Les 





© On ne peut préscrire qu’un nombre fini de telles conditions a l’entourage Q. Or d’aprés 
la définition méme du réseau gén., la relation a€ P; (et a fortiori a€ Pi ou a€ Pi’) ne 
peut avoir lieu que pour un nombre fini d’indices i de maniére que 1° et 2° n’imposent 
qu’un nombre fini de conditions. Quant & 3°, déterminons un entourage U de a tel que 
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2) 
ensembles F; étant bicompacts, de la relation R—S = > F; on voit qu'il 


existe une suite dénombrable {a,} de points de R—S telle que les Q, cor- 
respondants recouvrent & — 8S; de plus, pour une valeur donnée de k, on 
a dy € F; pour un nombre fini d’indices », d’otl, en vertu de 4°, Q, F, = 0 
pour presque toutes les valeurs de v. Les Q, constituent donc (v. 3.1) un 
réseau gén. OQ. Pour chaque valeur de v, il existe une valeur de { telle 
que ay € Pj, dou Q,C Pj d’aprés 1°. Si Qu Qr +0, on a Qu Pi +0 et donc 
(d’aprés 3°) ay € Pj et par suite (d’aprés 2°) Quc F. 

5.1. On dit qu’un réseau UW est un affinement mod S d’un réseau gén. §, si 
chaque sommet U de U tel que US=0 est un sous-ensemble d’un sommet de §. 

5.2. Une famille @ de réseaux dans FR s’appellera parfaitement complete 
si, ll étant un réseau et $ étant un réseau gén., il existe dans ® un 
affinement de U qui soit un affinement mod S de $$. Une famille parfaitement 
compléte est compléte (dans le sens de Homologie, II, 30 et relativement a 
la famille fondamentale Z constituée par tous les réseaux ouverts dans 2). 

5.3. Soit U un réseau; soit B un réseau gén. II existe un réseau B tel que 
1° B est un affinement de U; 2° B est un affinement mod S de ¥; 3° les 
sommets rencontrant S sont les mémes dans les deux réseaux Ui et B; 4° VE B, 
VS = 0 entraine VS = 0. 

Démonstration. Soit Gla somme de tous les sommets de U rencontrant S. 
Soient U;(1 <i< k) les autres sommets de U. Soit P,(1 <v» < m) les 
sommets de $ rencontrant R —G (ces sommets sont en nombre fini, car 
kt — G est un sous-ensemble bicompact de R — 8). L’ensemble Rk — G étant 
fermé dans l’espace normal R et recouvert par les ensembles U;- P, (1 <i<k, 
1<v< Mm), il existe, d’aprés le lemme ', des ensembles ouverts, Vj, tels 
que Vip€ U;- Py, > Vv DR—G. Le réseau ¥ s’obtient de Ul en remplagant 
chaque Uj(1 <i <k) par les Vi, (1 < » < m), dont on omet ceux qui sont vides. 

5.4. Soit U un réseau; soit B un réseau gén.; soit ® une famille par- 
Saitement compléte de réseaux. La famille de tous les réseaux & tels que 
1° VEO; 2° B est un affinement de U; 3° B est un affinement mod S de ¥, 
est parfaitement complete. 

La démonstration est banale. 

5.5. Soit ® la famille de tous les réseaux Ui tels que: 1° U est régulier par 
rapport & S (v. Homologie, III, 22); 2° VEU, US = 0 entraine US = 0. 
La famille © est parfaitement complete. 

Cela résulte de 5.3 et de Homologie, III, 23. 





UG R—S et posons la nouvelle condition 5°: QC U. La condition 3° est alors vérifiée 
pour tous les indices i tels que O= UP, >UP;. Or U étant un sous-ensemble bicompact 
de R—S, Vinégalité U P,+0 n’a lieu que pour un nombre fini d’indices i. Enfin, d’aprés 3.1 
on a a€ F; pour presque toutes les valeurs de i. 
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6.1. Déterminons {Gi} @aprés 3.1. Soit p = 0,1, 2,---. Pour chaque 
valeur de i soit Li un systéme linéaire de (p, R)-cycles mod (R — G4) tel que 
CP EL; pour chaque (p, R)-cycle C? mod (R — Gi) jowissant de la propriété 
que, pour chaque réseau U d’une famille compléte donnée il existe un Cf € L; 
tel que C” (U)~CP(U) mod (R—Gi). Si i<k, supposons qu’ chaque 
CPE Ly on puisse attacher un CP € L; de maniére que C? ~ Cf mod (R — Gi). 
Tl existe un (p, R)-cycle C? mod S tel que pour chaque valeur de i il existe 
un CP € L; jouissant de la propriété C?~C? mod (R — Gi). 

Démonstration. Soit ® la famille compléte du n° 5.5. Soit UE @. Soit K 
la somme de tous les sommets de U1 disjoints 4 S. D’aprés la définition 
de la famille ®, on a KG R—S, de maniére qu’il existe (v. 3.1) un indice 
iy tel que KC G; pour i >i. Alors si un sommet U de U rencontre R—G; 
(i > %), il rencontre aussi S; le réseau UW étant (v. 5.5) régulier par rapport 
4 8S, on a plus généralement: si le noyau d’un U-simplexe rencontre R— G; 
(¢ > %), il rencontre aussi 8. Done les frontiéres, cycles, homologies mod 8 
et mod (R — Gj) (¢ = %) coincident dans le réseau U. 

Pour i> %, soit 4? (1) la famille de tous les (p, 11)-cycles C? (U1) mod S§ 
(ou, ce qui est la méme chose, mod (R — G;)) tels qu’il existe un C/E L; 
tel que C?(U)~C? () mod (R — G) (et done mod 8). On voit sans peine 
que 4? (U) +0 et que 4f (U)C 4? (UN) pour k>i > %. Done 

[] 2m = 7) +0 

ieN 
pour chaque ensemble fini N d’indices i>%, car 1(N) = 4f (UW) pour 
k = max. N. 4} (1) est évidemment un systéme linéaire contenu dans le 
module fini de toutes les (p, 11)-chaines. Par suite (v. Homologie, I, 15) la 
partie commune 4? (11) de tous les 47 (1) (¢ > %) est non vide; c’est donc 
un systéme linéaire. 

Or, soit 1, @E€@ et supposons que B soit un affinement de U, 
nm = Pr.(&, U). On voit sans peine que 7 4? (B)C 4? (Ul). Done (v. Homo- 
logie, II, 21) il existe un (p, R)-cycle C? mod S tel que C? (U1) €.4” (UW) pour 
chaque réseau 1 € @. Soit donnée une valeur de 7; on doit prouver que 
C’~C? mod (R—G), CPE L;. On peut méme démontrer que C” € Li. 
Il suffit de prouver que pour chaque N€@ il existe un C? € LZ; tel que 
C? (U)~C? (UW) mod (R— Gj). Or soit NE @; soit k>%. On a CP(U) 
€ 4? (U)C 4 (U1), dot C? ()~C# (UN) mod S avec CPE Ly. Or on peut 
attacher & Cf un C?€ L; tel que C?~C? mod (R — G), d’ot C? (U)~C? (U) 
mod (R — Gi). 

6.2. Déterminons G; d’aprés 3.1. Soit p= 0, 1, 2,---+. Soit C? un (p, R)- 
cycle mod § tel que C?~0 mod (R — Gi) pour chaque i. Alors C?~0 mod S. 

Démonstration. La famille ® du n° 5.5 étant complete, il suffit de voir 
que C?(U)~0 mod S§ pour chaque réseau 1€ ®. Or nous venons de voir 
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que, ll étant donné, il existe une valeur de 7 telle que C?(U)~0 mod (R— G;,) 
(ce qui a été supposé pour chaque 7) entraine C? (Ul)~0 mod S. 

6.3. Soient R,, Ry deux espaces; soit S,CR,, S,C Ry. Supposons que R, 
et 5, ainsi que Ry et Sz, vérifient les axiomes A,, Az, As. Supposons de plus 
que R:—S;, soit homéomorphe a Rz—Ss. Alors, pour p = 0, 1, 2, +++, 
le pm? groupe de Betti de R, mod &, est isomorphe au p*"* groupe de Betti 
de Rz mod Ss. 

Démonstration. Soit gy Yhoméomorphie donnée entre R,— S, et R, — S.. 
Dans l’espace R,— S,, définissons la suite {G;} comme dans 3.1. La suite {G;}, 
ou G/ = 9 Gi, jouit de propriétés analogues par rapport & R,— S,. Soit 
CP un (p, R,)-cycle mod S,. Pour i= 1, 2,---, soit C? un (p, G)-cycle 
mod (@;— @,) tel qu’on ait C?~C? mod (R,— G). On voit sans peine que 
de tels cycles existent. Posons *C? = gC}; c’est un (p, G/)-cycle 
mod (Gi/— G@/) que Y’on peut considérer aussi comme un (p, Rz)-cycle 
mod (R, — G;'). Evidemment on a pouri<k: *C? = *Cf mod (R,— G)). 
D’aprés 6.1 il existe un (p, R,)-cycle mod S,: *C? tel que *C?~*C/ 
mod (R, —Gj) pour chaque 7. Posons*C?= wC?. De 6.2 il résulte aisément 
que w définit une isomorphie entre les deux groupes de Betti considérés. 

7, AXIOME A,: La dimension (v.2.21) de R —S est égale a n (=1,2,3,---). 

7.1. Soit U un réseau dans R. Un U-simplexe (en particulier un sommet 
de Ul) sera dit zntériewr si aucun de ses sommets ne rencontre S, extérieur 
dans le cas contraire. 

7.2. L’ordre d’un réseau 11 dans R est la plus grande dimension d’un 
U-simplexe. L’ordre mod S de WU est la plus grande dimension m d’un 
U-simplexe intérieur ; si chaque sommet de U rencontre S, on pose m = —1. 

7.3. Soit Uun réseau; soit Bun réseau gén. Il existe un réseau B tel que 
1° B est un affinement de 1; 2° B est un affinement mod S de B; 3° les 
sommets rencontrant S sont les mémes dans les deux réseaux U et B; 4° Vordre 
mod S de B est <n. 

Démonstration. Soit G la somme des sommets extérieures de U. Soient 
Ui (1 <i <k) les sommets intérieurs de 11. Les ensembles (R — @) Uj con- 
stituent un réseau ll’ dans R—G. Soient P,, P2, ---, Pm les sommets 
de $% rencontrant R—G; les ensembles P,— G(1 <<» <m) constituent 
un réseau YW’ dans R—G. Puisque R—G@ est un espace bicompact de 
dimension < n, il existe un affinement &’ simultané de W’ et de W’ dont 
lordre est <n. Soient V/ (1 <j <h) les sommets de B’. Déterminons 
(v. Homologie, III, 21) des sous-ensembles ouverts V; de R—S de manitre 
que (R—G)V;=V/ et que 7V;,=0 entraine 7 V;,=0. B étant un 
affinement de 1’ et de YW’ on peut s’arranger de maniére que chaque Vj; 
fasse partie d’un U; et d’un sommet de $%. En ajoutant aux V; les sommets 
extérieurs de Ul, on obtient le réseau cherché &. 
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7.4. Soit ®, la famille de tous les réseaux U de la famille ® du n° 5.5 
dont ordre mod S est <n. La famille ®, est parfaitement complete. 

D’aprés 5.5 et 7.3. 

8. Soit 3 un réseau de la famille @, du n° 7.4 possédant des sommets 
intérieurs. Soit G la somme de tous les sommets extérieurs de 3. Pour 
h=0,1,2,--+ soient o?(1<i< a) tous les (h, 3)-simplexes intérieurs 
rangés dans un ordre déterminé. (On a a, = 0 pourh>n.) En particulier 
o°(1 <i <a) sont les sommets intérieurs de 3 de maniére que les o9—@ 
constituent un réseau dans l’espace bicompact R—G. Puisque dim(R—S)<n, 
d’aprés 2.25 il existe des sous-ensembles bicompacts 7; (1 <7< a) de 


Qo 

R—S tels que 7;cCo?, > TD R— G*™ et enfin dim Reo n—k pour 
1 

0<k<n-+1, ot R, désigne l'ensemble de tous les points de R appartenant 


ay 
& k+1 au moins parmi les ensembles 7;. (On a en particulier Ry = > 7;, 
1 
Rn4i = 0.) Désignons par & le réseau fermé dans Ry aux sommets 7;. Pour 
h 
OSh<Sn, 1<i<en, oh=(6), oP, ---, of) soit To) =I] Ti,. En 


particulier 7’ (09) = 7T;. Les T'(o?) sont d’ailleurs les noyaux des T-simplexes 
(si on exclut les T'(o”) = 0). 

8.1. 3 et TE étant donnés, un réseau Ui dans # s’appellera commode par 
rapport & 3+, ou commode tous court*®, s’il jouit des propriétés suivantes: 
1° U appartient 4 la famille ® du n° 5.5; 2° aucun sommet de UW ne ren- 
contre simultanément Ry et S; 3° l’ordre mod S de U est <n; 4° pour 
1<k<vn, si chaque sommet d’un (h, U)-simplexe rencontre R,, on a 
h<n—k; 5° pour VEU, OS hn, 1 <i < e@ la relation UT(o;) =0 
entraine U T(o}') = 0; 6° si le sommet U de Ul recontre T;,, Ti,,---, Ti, 
alors les Oj, , 6; , res, 5}, sont les sommets d’un (h, 3)-simplexe of et on 
a UT(o!) +0. 

8.2. Les réseaux commodes forment une famille parfaitement complete. 
La démonstration fera l’objet des n° 8.21—8.22. 

8.21. Soit Rt un ensemble bicompact tel que RoC Ro C R—S. D’aprés 
2.1, lespace Ro satisfait a l’axiome Ap. 

LemME L,(0<p<n): Soit B un réseau dans Ro. II existe un affine- 
ment B, de B jouissant des propriétés P,, P,, P; et P? (p <q <n) ci-aprés. 
Propriété P,: L’ordre (7.2) du réseau Bp est <n. Propriété P,: Pour 
1<k<n, chaque ¥,-simplexe dont tous les sommets rencontrent Ry a la 





27 On pourrait méme supposer que * T:= R—G;; mais ce ne serait pas commode plus 
tard (v. n° 40). 

Cette définition est provisoire. Plus tard (dans 18.1) nous allons un peu restreindre 
cette notion. 
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dimension < n—k. Propriété Ps: Vo, Vi,---+, Vx étant des sommets de &,,, 
k ae. 

la relation [[ V» = O entraine [] V, = 0; en outre, pour 0<h <n, 
0 0 = 


k oo 
1<i<an, la relation [] V,7'(o/) —0 entraine [] V, 7'(o") = 0. Nous 
StS ; ' 


exprimerons cette propriété comme il suit: Les incidences dans 8,-+ 
sont les mémes que dans B,»+ 2%. [Une incidence dans ¥,p+T, p. ex., est 
un groupe de sommets de ¥, et de Z dont le produit n’est pas vide.] Pro- 
priété P£: Soit Vp un sommet de B, tel que 1° pourg+1 <Q <n, 
1<i<ag, on a Vp T (oe) = 0; 2° il existe une valeur %, 1 < % < a, 
telle que Vp 7'(o2) + 0; alors, pour 1 <i <a, ou bien V, 7; = 0, ou bien 
o; est un sommet du simplexe of. La démonstration du lemme Ly sera 
donnée dans 8.211 et 8.212. 

8.211. Démontrons d’abord le lemme Z,. Pour chaque couple 7, 7 tel que 
1<i<a@, 1<j <n et tel que o? ne soit pas un sommet de o*, on a 
T; T(o}) = 0 (car autrement on aurait Rn+41 +0). Il existe un affinement 
U de B tel qu’aucun sommet de WU ne rencontre simultanément 7; et T(s}), 
pour aucun de nos couples i, 7**. Puisque Rj DR, D---D Rn, dim Ro <n, 
dim Ry <n—k, Re = Rx, d'aprés 2.3 i] existe un affinement B, du 
réseau I jouissant des propriétés P, et P,. Le réseau Ul, et done évidem- 
ment aussi son affinement %,, jouit de la propriété Pj’. Il ne reste qu’d 
satisfaire & Ps. Or les propriétés P,, P, et Pj du réseau Bs, restent évi- 
demment intactes si l’on rapetisse*® les sommets de %,. On peut donc 
choisir le réseau %, de maniére que, si B, en est un rapetissement quel- 
conque, les incidences dans %’-+ (qui sont en nombre fini) soient les 
mémes que dans 6, +S. Le réseau %), étant ainsi choisi, on voit sans 
peine que chaque rapetissement fort @, de By jouit de la propriété Ps. 

8.212. Le lemme Z, étant démontré, supposons pour une certaine valeur 
de p(0<p<n—1) la validité du lemme Zy+:. II s’agit d’en déduire le 
lemme Ly. Soit donc B un réseau donné dans Ro. Soit B’ un rapetisse- 
ment fort de B. D’aprés Zyii1, déterminons un affinement Bp}: de V’ 
jouissant des propriétés P,, P,, Ps et Pi (p +1 <q< 7). m 

Soit V:, Ve, --+, Vr la suite de tous les sommets de Bpii1, Mi = Vi, 
M, =Vz, ---, My =V, celle de tous les sommets de Bp4: et M,+1, M,+2,---, Mr+s 





** En effet, les ensembles disjoints 7; et T'(o;) étant fermés dans l’espace normal Ro, 
il existe deux sous-ensembles ouverts Uy et Uj de Ry tels que Uy DT, Uy DT), 
Ui; Uij = 0. Les ensembles Uy, Uy et Ro —(Tit T (o;)) constituent un réseau Uy dans Ro. 
Il suffit de prendre comme U1 un affinement simultané de B et de tous les réseaux Uy. 

* Rapetisser les sommets U;, Uz,-+-, Um d’un réseau U signifie que l’on passe de U 
i un réseau B aux sommets Vi, Ve, +++, Vm tels queViC Ui. Le rapetissement @ de U 
est dit fort si Vi Ui. Chaque réseau U possede wn rapetissement fort (v. le lemme “). 
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celle de tous les noyaux 7'(o!) des Z-simplexes. D’aprés Homologie, III, 21 


il existe des sous-ensembles ouverts Uj, U2, ---, Uris de Ro tels que 
1° U; DM, (1 <v<r-+s); 2° pour chaque combinaison (4, M2, +++, m) 


d’indices 1, 2,---,r+s (1 <h<r+s) la relation I] %, = 0 entraine 
‘= 


h 
I] U;,=0. Pour chaque »(1 <»<7r) il existe un sommet V, de & tel 
i=1 


que M,C V;. Posons Uy =U, V,(1< <r). Les ensembles U,, Uy, ---, U, 
constituent un réseau U dans Ro tel que 1° V,@U, pour 1 <» <r; 
2° les incidences dans U+S sont les mémes que dans (Spi1+T et par 
suite, Bp+41 jouissant de la propriété P;, les mémes que dans) Bpii:+7; 
3° U est un affinement de ¥. 

Pour chaque couple composé d’un sommet V, de By et du noyau 7(a?) 
d’un E-simplexe tel que p+1<h<n, V,T(o") + 0, choisissons un point 
bni€ V, T'(a"). Appelons points distingués ces points b,,,, (qui sont en nombre 
fini). ce 

Désignons par M la somme de tous les sommets de Bp+1 n’ayant aucun 


O41 
point commun avec R,,,, = ae TT. Considérons tous les couples 7;, 


T (a?) (lila, 157 < ap) tels que o? ne soit pas un sommet de o?. 
Evidemment les ensembles MT; et MT(o?) sont fermés et disjoints. Il 
existe donc*! un réseau %, dans Ro dont aucun sommet ne rencontre simul- 
tanément les deux ensembles M7’; et M T(o?) (pour aucun de nos couples 
T;,, T(o?)). 

L’espace Ro étant bicompact et le réseau Bpi1 un rapetissement fort 
de U1, il existe évidemment un réseau Y, dans Rp tel que si WE ®W, 
WvV,+0, ona WCU). 

D’aprés 1.3, on construit un réseau YW, dans Ro tel que, si W, W’€ Ws, 
WW’+ 0 et si W contient le point distingué b,,,, on a W+W’'CY,. 

En vertu du lemme Zp+1:, il existe un affinement simultané Y des réseaux 
BV, W., W. et W, jouissant des propriétés P,, P,, Ps et P? (p+1<q<n). 
Le réseau % posséde évidemment les propriétés de chacun des trois 
réseaux Y,, Ws. et W;. 

Partageons les sommets V,(1<»<p+1) de Bpii en deux espéces, 
les sommets de premiére espéce étant ceux qui rencontrent un des en- 
sembles T(o?"1)(1<i< O44) 

Partageons aussi les sommets de Y en deux espéces de maniére que 
W€%® est de premiére espéce si, et seulement si, WV, +0 pour un som- 
met V, de premiére espéce de Bpi1. WW étant un affinement de W,, on 
a alors WCU,. 





31 Cf. la note 29, 
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W étant un sommet de premiére espéce de YW, distiguons deux cas: Si W 
ne contient aucun point distingué, choisissons, parmi les sommets V, de 
premiére espéce de Bp4i tels que WV, +0, un sommet V,, et attachons 
Wa Vy. SiW contient un point distingué, attachons W a chaque sommet 
V, de premiére espéce de By+; tel que WV, +0. Pour chaque sommet V, 
de premiére espéce de Spi1, soit V, la somme de tous les WEW attachés 
a V,. On a alors V, CU). 

Les sommets du réseau %, sont: 1° les ensembles V,; que nous venons 
d’attacher & chaque sommet V, de premiére espéce de Bp+: (ce sont les som- 
mets de premiére espéce de Bp); 2° les sommets de seconde espéce de YW 
(ce sont les sommets de seconde espéce de By). Les réseaux U et W étant 
des affinements de B, B, est aussi un affinement de B. II s’agit de voir 
si le réseau B, possede les propriétés P,, P,, Ps et P? (p< q<n). 

Commencons par les propriétés P, et P;. A cet effet, choisissons un 
point a€ Ro. On doit prouver que les propriétés P, et P, sont vérifiées 
pour tous les ¥,-simplexes dont le noyau contient a. Deux cas sont A 
distinguer. En premier lieu, supposons qu’aucun des sommets de YW con- 
tenant a ne contient aucun point distingué. Chaque sommet de U, était 
la somme d’un certain groupe de sommets de YW; dans notre cas, chaque 
sommet de %& contenant a appartient & un seul de ces groupes. Le réseau W 
jouissant des propriétés P, et P,:, on voit que cela a lieu aussi pour le 
réseau By relativement aux %,-simplexes dont le noyau contient a. 
En second lieu, supposons que, parmi les sommets de YW contenant a, il 
y en ait au moins un, soit Wy, contenant un point distingué, soit b,,n,i,. 

Le réseau % étant un affinement de %;, il en résulte que pour chaque 
sommet W de W contenant a on a l’inclusion WC V,,. Puisquep+1 <hy<n, 


by ni, € Vo, T(o;*) + 0, V,, est un sommet de premiére espéce de Bp+1, donc 


oo "e 
WCYV,,en est un de %. Il en résulte que tous les sommets de ¥B, con- 
tenant a sont de premiére espéce; soient V,,, Vr,,---, Vr, ces sommets. On 
a alors Vy,C Uy,(1 <i<k). Puisque V,C U,, et puisque les incidences 
dans W%,4:+T sont les mémes que dans U+T, le réseau U jouit des pro- 
priétés P, et P, (car Bp41 en jouit par supposition). De V,,C U,, on conclut 
que le réseau B,y jouit des propriétés P, et P, relativement aux ¥,-simplexes 
dont le noyau contient a. 

Chaque sommet de U, étant la somme d’un groupe de sommets de & et 
le réseau %& jouissant de la propriété P;, on voit sans peine que le 
réseau Uy en jouit également. 

Ensuite montrons que pour p+1<q<7 le réseau ¥, jouit de la pro- 
priété PZ. Soit done V* un sommet de &, tel que 1° pourg+1<Q<n, 
1<icapo, ona V* T(o%) +0; 2° il existe une valeur 4, 1<% <a, 
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telle que V* 7'(o2) + 0. Soit 7(1 <a < a@%) un indice tel que 6; nest pas un 
sommet de of. On doit montrer que V* 7;= 0. Si le sommet V* de &, 
est de seconde espéce, cela est clair, car V* est alors un sommet du 
réseau Y qui jouit de la propriété P/. Supposons done que V* = J, soit 
un sommet de premiére espéce de By. On a alors VC U, de manitre qu’il 
suffit de montrer que U, Ti = 0. L’inclusion V; C U, montre d’ailleurs que 
Uy T (o/) + 0. Or les incidences dans U+ 7 étant les mémes que dans 
Voit T, on voit que V,- 7'(o2) +0, et qu’il suffit de montrer que V,7;=0. 
Supposons par impossible que V, 7;+0. Le réseau Bp+1 jouissant de la 
propriété P?, il en résulte qu’il existe des indices Q, 7 tels que V,T (62) +0. 
Il existe alors un point distingué b,;9€ V,T (of). Soit Wun sommet de BW 
tel que byj;g9€ W. Le sommet W contenant le point distingué b,j;9, on a 
l'inclusion WCVy d’aprés la définition méme de V,. Done byj9€ Vy - T (62) 
= V*T(o%) +0, ce qui est une contradiction. 

Il ne reste qu’A prouver que le réseau &, jouit de la propriété P?. Soit 
done V* un sommet de &%, tel que 1° pourp+1<Q<n, 1Si<aeg, on 
a V* T(o2) = 0; 2° il existe une valeur %, 1 < % < ap telle que V*T (a?) 
+0. Soit i(1 <<i< ap) un indice tel que of n’est pas un sommet de «7. 
On doit montrer que V*7; = 0. Remarquons d’abord que V* est un sommet 
de seconde espéce de By. En effet, dans le cas contraire on aurait V*= V,. 
V, étant un sommet de premiére espéce de B41, il existerait un indice j 
(1 <j < &p4s) tel que V, T (oP) $0, doit dy, j,p11€ Vr T (op*t). W étant 
un sommet de % contenant by,; p41, on aurait WCV, (par la définition méme 
de Vy) dott by, j,p41€ Vy T (opt!) = V*T(oP**) + 0, ce qui est une contra- 
diction. Done V* est un sommet de seconde espéce de By; cela signifie que 
V* = W est un sommet de % ne rencontrant aucun sommet de premiére 
espéce de Gyi1, d’oi V*C MV en vertu de la définition des sommets de 
premiére espéce de Bp+1 et de la définition de M. Le réseau YW étant un 
affinement de %,, le sommet V* de %& ne peut rencontrer simultanément 
les deux ensembles (M7; et M T (of) et par suite, en vertu de |’inclusion 
V*CM, les deux ensembles) 7; et T(o?)+0. OrV* T(o?) +0, done 
V*T; = 0. 

8.22. Nous venons de démontrer le lemme Ly. Or soit B un réseau donné 
dans F# et soit $ un réseau gén. donné. Les ensembles Ry et S étant fermés 
et disjoints, il existe un affinement 8, de B tel qu’aucun sommet de %; 
ne rencontre simultanément R, et S. Soit (v. 5.4) B, un réseau de la 
famille ® du n° 5.5 qui soit un affinement de %, et un affinement mod S 
de $. Soi Mla somme de tous les sommets intérieurs (v. 7.1) de Bs. Soit 
N la somme de tous les autres sommets de B,. Soit Rt = R—VN, de 


maniére que Rj est un ensemble bicompact tel que RC RICMCR—S. 
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’, parcourant les sommets du réseau ¥., les ensembles Ro V, (dont on 
supprime ceux qui sont vides) sont les sommets d’un réseau B* dans Ro. 
D’aprés le lemme Lo, il existe dans l’espace R¢ un affinement U* du réseau 
¥* jouissant des propriétés P,, P,, Ps et P§i(0<q <n). Us", Us, ---, UX 
étant les sommets du réseau U*, déterminons [v. Homologie, III, 21] des ensembles 
U;, Uz, +++, Um ouverts dans M> Rj et tels que 1° UCU, (1 <»<m); 
2° Rit Ui = Us; 38° Ro U; = Ui"; 4° 1, v2, +++, vm étant une com- 


h h 
binaison des indices 1, 2,---, m, la relation | | Uy, = 0 entraine [] U,,= 0; 
1 1 


chaque U, (1 <<» < m) est un sous-ensemble d’un sommet intérieur de By. 
En ajoutant aux U,, Us, ---, Um les sommets extérieurs de ¥,, on obtient 
un réseau U dans R qui est évidemment un affinement du réseau B et un 
affinement mod S de %. On voit sans peine que le réseau Ul est commode. 

8.3. Soit U un sommet d’un réseau commode U. Si UR, = 0, disons que 
U est d’espéce o—1 (ot le symbole o—!, appelé aussi (—1, 3)-simplexe 
intérieur, n’a aucune signification). Si UR, +0, d’aprés la propriété 6° 
d’un réseau commode (v. 8.1), il existe des indices h,7(0<h<n, 1 <i< a) 
tels que UT(o}') +0, tandis que UT(c?) = 0 pour toutes les valeurs de 
j(l Sj SJ @,) telles que o) n’est pas un sommet de o* [et donc, plus 
généralement, UT(ot) +00 Sk Sn, 1 <j < ex) si, et seulement si, le 
simplexe o* est une k-face du simplexe a”, ce qui exige en particulier k < h]. 
Nous disons alors que U est d’espéce o!. Chaque sommet U du réseau 
commode 1 posséde done une espéce bien déterminée ; cette espéce est un 
(h, 8)-simplexe intérieur; le nombre h(—1<h <n) est appelé rang du 
sommet U, 

Soit maintenant c* = (UW), U,, ---, Ux) un (k, U)-simplexe. Supposons 
que le sommet U,(0 <<» <k) soit d’espéce a,” Soit o} la face commune 


de dimension maxima de tous les k+1 3-simplexes “. [Si h, = —1 


pour une valeur de y(0<»<k), ou bien si les k+1 3-simplexes n’ont 
aucun sommet commun & tous, on a o = o—,] Nous disons alors que c* 
est d’espéce o?; le nombre h(—1 <h <n) est le rang de t*. 

8.31. Si le (k, U)-simplexe v* est extérieur (v. 7.1), en particulier sik 2n-+-1, 
alors t* est d’espéce o—, 

C’est une conséquence immédiate des propriétés 2° et 3° d’un réseau 
commode (y. 8.1). 

8.32. Si le noyau d’un (k, U)-simplexe t* rencontre Rn(OSh<n), le 
rang de t* est >h. En effet, il existe wn indice i(1 [i < @p) tel que 
o(t*) T(ah) + 0, d’ow UT (c") +0 pour chaque sommet U de wk, 

8.33. Soit c* un (k, U)-simplexe de rangh>0. Alorshin—k. Crest 


une conséquence immédiate des propriétés 3° et 4° d’un réseau commode. 
43 
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8.34. Soit ct une k’-face d'un (k, U)-simplexe c*, avec v* et ct resp, 
d’espéce 6”, oh’, Alors le 8-simplexe ao} est une h-face du 3-simplexe ah: en 
particulier on ah<Nh’, et h=N' entraine ok’ = o!, [Le symbole o— est 
ici considéré comme une (—1)-face de chaque 3-simplexe intérieur.] C’est 
une conséquence aisée des définitions. 

8.35. Soient U, U, deux réseaux commodes, U, étant un affinement de U1; 
soit m = Pr. (U,, U). Soit c* un (k, U,)-simplexe d’espéce o?-*, Alors ou 
bien mv*¥ = 0, ou bien wt* est wn (k, U)-simpleae d’espéce o?—*, C’est une 
conséquence facile de la définition de l’espéce et de 8.33. 


II. 


9. AxIOME B. Chaque point a€ R—S posséde un entourage U tel que, 
I” étant un (n, R)-cycle (absolu) dans U, on a Vhomologie I” ~ 0 mod S*, 

9.1. Chaque entourage suffisamment petit de chaque point a€ R—S posséede 
la propriété suivante: Chaque (n, R)-cycle I dans U est ~0 dans U. Il ° 
existe méme (vy. 7.4) un réseau B dans R tel que, si I est un (n, R)-cycle 
dans U, on a I'"(U) = 0 pour chaque affinement U de B qui soit dordre 
<nmodS8. 

Démonstration. Déterminons un entourage UG R—S du point a d’aprés 
Yaxiome B. Soit ¥, un réseau tel qu’aucun sommet de &, ne rencontre 
simultanément U et S. Déterminons un affinement B de B, jouissant de 
la propriété du n° 1.3, Alors, si V’, V” sont deux sommets de &% tels que 
V’'U+0, SU" +0, on a V’'V” = O et la méme propriété appartient 4 
chaque affinement de V. Soit 0 un affinement de B d’ordre <n modS. 
Puisque /™~0 mod 8, il existe une (n+1, U)-chaine A”*1!(U) telle que 


(*) FAH) — ruc s. 


Supposons, par impossible, que 7” (M1) +0. Alors il existe un (n, ll)-sim- 
plexe o” qui se trouve dans la chaine I (1) [avec un coefficient + 0}. 
Puisque Ic, chaque sommet de o” rencontre U et ne peut done ren- 
contrer S. Par suite (+) montre que la chaine A”*1 (11) contient un (n+1, U)- 
simplexe o”+! dont o” est une n-face. Puisque U ést un affinement de B 
et puisque les sommets de o” rencontrent U, aucun sommet de o”*t! ne 
peut rencontrer S. Or ceci est une contradiction, car le réseau U est 
d’ordre < n mod 8. 





2En vertu de Homologie, II, 28, cet axiome peut étre énoncé comme il suit: Chaque 
point a€ R—S posséde wn entourage U tel que, 1 étant un réseau et I™(U) étant un 
(n, 11)-cycle essentiel dans U, on a Vhomologie ['"(U) ~0 dans U. De la méme maniére 
on peut modifier aussi l’énoncé de presque tous les axiomes suivants. Il est important 
que le lecteur se rappelle constamment la possibilité de cette modification. 
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9.2. Il existe un réseau gén. Y, jouissant de la propriété suivante: 
Lorsque P,E Pi, on a P,E©R—S et si I™ est un (n, R)-cycle dans P,, 
on a I®~0 dans P,; on peut méme attacher a chaque sommet P, de }, 
un réseau B(P,) tel que, si I est un (n, R)-cycle dans P,, on a T"™(U)=0 
pour chaque affinement U de B(P,) dordre <n mod 8S. C'est une con- 
séquence de 4.2 et de 9.1. 

9.3. Déterminons un réseau gén. $, d’aprés 9.2, puis un affinement $f, 
de $3, jouissant de la propriété suivante: A chaque sommet P, de Pf, 
on peut attacher un sommet P, de $8, de maniére que, si P; est un sommet 
de B. tel que P. P2 +0, on ait P2CP;. [Le réseau gén. P, existe en vertu 
de 4.3 et 4.4.] Soit J, un affinement de ¥, jouissant par rapport A P, de 
la méme propriété que $, par rapport & %,. On suppose dans tout ce 
Chapitre que le choix des réseaux gén. $,, P., Ps ait été fait d'une 
maniére bien determinée. 

10. Soit 71, 2, ou 3. Soit A+0 un sous-ensemble bicompact de R—S. 
Soit /”— un (n—1, R)-cycle dans A. Supposons qu’il existe un sommet P; du 
réseau gén. B; tel qu’on ait Vhomologie F"-1~0 dans P; (d’ot ACP). 
Nous dirons alors que Z"~1 est un (n—1, R)-cycle du type ti dans A. 

10.1 Sot I" un (n—1, R)-cycle du type (i = 1,2, 3) dans A. 
Soit Pi; un sommet correspondant du réseau gén. Bi. Il existe un (n, R)- 
cycle C" mod A dans P; jowissant des propriétés suivantes: 1° FC"~I"— 
dans A; 2° il existe un réseau B(P;) [ne dépendant que de Pi) tel que si 
le réseau Us est un affinement de UU, et si U, est un affinement de B(Pi), 
si enfin U, et U, sont d’ordre < n mod S, on a wC™ (Uy) = C” (U,) mod A, 
ot 7 = Pr. (Ug, Uy). Le cycle relatif C” est bien déterminé a une homologie 
mod A dans P; prés; pour chaque affinement Ui de B(P;) d’ordre <n mod 8 
on peut méme affirmer que C”(U) est bien déterminé mod A. Le cycle 
relatif C" reste inaltéré (dans le sens qui vient détre précisé) si on rem- 
place I" par un (n—1, R)-cycle I~" dans A. 

Démonstration. Déterminons un réseau S(P;) jouissant de la propriété 
du n° 9.2. Cette propriété restant intacte si on remplace S(P;) par son 
affinement, on peut supposer qu’aucun sommet de ¥(P;) ne rencontre simul- 
tanément les deux ensembles P; et S (qui sont fermés et disjoints). Désignons 
par ® la famille de tous les affinements de G(P;) qui soient d’ordre 
<n mod 8; c’est (v. 7.3) une famille compléte de réseaux. 

A chaque réseau 11€ ® attachons un affinement U, € @ normal relativement 
aux cycles dans P;, et choisissons une projection 7, = Pr. (Uj, U), puis 
un (n—1, U,)-cyele Ty"~ *(,)~r"* (U,) dans A, enfin une (nm, U,)-chaine 
dans P;: C{'(,) telle que FC? (U,) = Ty" (Us) et posons C” (UM) = 7; Cy (UL). 
Démontrons le lemme ZL suivant: La (n, )-chaine C”(U) reste inaltérée 


mod A si l’on fait un autre choix U,, a, Zs (U2), C2 (Ue) de th, m, 
48* 
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rT? (u), Cl (Wy). On voit sans peine qu’il résulte du lemme L que le 
cycle relatif C”, s’il existe, est bien déterminé dans le sens énoncé dans 
le théoréme. 

Démontrons d’abord le lemme ZL dans deux cas particuliers: I. Soit 
Ws = Uy, tm = m. On a alors Fy" (U,)~ 72" (U,) dans A; il existe 
done une (n, U,)-chaine dans A: D” (U,) telle que 


FD" (,) = 73 (4) — 1" (,) = FC? (Wy) — FC? (). 


Alors A” (t,) = D” (W,) + Cr (W,) — Cr (U,) est un (m, U,)-cyele dans P,. 
U1, étant un affinement de 11 normal relativement aux (mn, U)-cycles dans P,, 
il en résulte que 7,4" (U,) = =, D” (Uy) +m Cy (U1) — 2, C2 (Uy) est un 
(n, W)-cycle essentiel dans Pi. Or le réseau Ul est un affinement d’ordre 
< nmodS du réseau B(Pi), dod il résulte (v. 9.2) que 2,4" (U,) = 0. 
Or ceci donne 7, Ci (U,) = 7m, Cy (U,) mod A, car D” (U,)CA entraine 
nm, D" (Uy) CA. IL. Soit Wy = Uy, 2 * (Wy) = Ty * (U), CU) = CHU). 
On a alors 22 Ci' (U,) — 7, Ci (U,)~Omod A dans P;. Or le réseau Ui, est 
d’ordre < nmodS et aucun sommet de U, ne rencontre simultanément P; 
et S; on en déduit sans peine que l’homologie précédente entraine 
my Ct (Uy) = 1, Cf (U,) mod A. 

Ceci étant, passons 4 la démonstration du lemme Z dans le cas général. 
Soit Us; un affinement simultané des réseaux U1, Mh, UY, normal relativement 
aux cycles dans P;; soit ms; = Pr.(Us, U,), 7 = Pr.(Us, Us). Soit 
C3' (Ms) une (n, U,)-chaine dans P; telle que FC; (U,) = Fr” * (Us). D’aprés I 
on a 7, Cy (U,) = 2, 2,Cs (Us) mod A, m2 C2 (Ue) = m2 73C3' (Us) mod A; 
d’aprés II on a 2,703 (Us) = a, 2$C3(Us)mod A. Done 27, Ci (Uy) 
= mC? (Uy) mod A. 

Le lemme L étant démontré, il reste & voir que les (n, 11)-chaines C” (Ul) 
construites plus haut pour chaque U€®, jouissent des propriétés suivantes: 
1° C°-(U)CP,; 2° FC"(U)~r™— (1) dans P;; 3° si U,, WE, si U, 
est un affinement de U1, et si 7 = Pr. (Uy, U,), on a wC" (UU) = C”(U,) mod A. 
Les propriétés 1° et 2° étant évidentes, démontrons 3°. A cet effet, soit 
Us un affinement simultané des réseaux U,, Ul, normal relativement aux 
cycles dans P, et soit 73 = Pr.(Us, U,). D’aprés le lemme L, on a C”(Uz) 
= m,C"(Us)mod A, C”(U,) = am3C”(Us)mod A, d’oh 7C” (Uy) = C”(U,)mod A. 

10.2. Etant donné un (n —1, R)-cycle "1 du type t (¢ = 1, 2, 3) 
dans A, il peut exister plusiewrs sommets P; de $; tels que m1 
dans P;. Or, si i = 2 ou i = 8, le cycle relatif C” du n® 10.1 est indé- 
pendant du choix de P; dans le sens suivant: Il existe un réseau B tel que 
dans chaque affinement U de W& qui soit d’ordre <nmod 8 le cycle relatif 
C” (Ul) est bien déterminé i mod A pres. 
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Démonstration. Soient Pi, Piz deux choix de P; et soient C;', C2’ les 
deux cycles relatifs correspondants. On a Pi Pix > A +0. II existe done 
(v. 9.3) un sommet Pj, du réseau gén. Pj; tel que Pi + PioC P+. Ten 
résulte que 7”—! est un (n —1, R)-cycle du type tj. dans A, P;-; étant 
le sommet correspondant de 1. Soit Co le cycle relatif correspondant. 
Soit Y3 un affinement simultané des trois réseaux B (Pj), B(Pi2), B(Pj-1). 
Chacun des deux cycles relatifs Cj', Cz’ jouit évidemment des propriétés du 
cycle relatif Co. Ces propriétés déterminant Co univoquement, on a pour 
chaque affinement U d’ordre < mmodS du réseau ¥W les relations Cy’ (U) 
= C3} (UW) = Cy (UM) mod A. 

10.3. Soit I"—1 un (n —1, R)-cycle du type ti: (i = 2 ou i = 3) dans A. 
Il existe un ensemble bicompact H tel que 1° ACHCR—S; 2° F®1n0 
dans H; 3° HCP;, ot PE Pi; 4° si K est un ensemble bicompact tel que 
ACKC Pi, PLEP; et I" ~0 dans K, alors HC K. 

La démonstration fera l’objet des n°* 10.31—10.33. L’ensemble H est 
évidemment bien déterminé (v. aussi 10.4); nous l’appellerons le porteur de 
Vhomologie T71~0. 

10.31. Lemme. Soit 7”—* un (n —1, &)-cycle du type ¢& (¢ = 1, 2, 3) 
dans A. Soit AC B, B,, B, et B, étant des ensembles bicompacts tels 
que B,+ B,C P;, PEP;:. Soit [> ~0 et dans B, et dans By. C” étant 
le cycle relatif du n° 10.1, C” est situé dans B, By. 

Démonstration. Soit @® la famille de tous les affinements Ul de B(P,) 
d’ordre < m modS. On voit sans peine que C”(U)CB, et C”(U)C B, pour 
chaque UE@. Il s’agit d’en déduire que C”(U)CB, B,. Soit donc U un 
réseau donné de la famille ®. Soit V un affinement de U régulier (v. Homologie, 
III, 22 et 23) par rapport 4 B, B,. Déduisons de B un nouveau réseau W 
de la maniére suivante: Un sommet V de % tel que VB, B, +0 est un 
sommet de Y%; au lieu d’un sommet VEX tel que VB, B, —0 le réseau BW 
posséde deux sommets V— B, et V— By. Evidemment le réseau %& est un 
affinement de Ul régulier par rapport 4 B, Bz ; en outre W posséde la propriété 
suivante: SiWEW, WB, +0, WB, +0, on aaussi WB, B,+0. Soit U,E@ 
un affinement de Y qui soit en méme temps un affinement de U normal 
relativement aux cycles dans P;. Soit 7, = Pr.(W,, ®), m2 = Pr.(BW, U). 
D’aprés 10.1, on a C"(U) = nm, 7,C"(U,) modA. Puisque C”(U,)C B, et 
C"(U,)C Bz, chaque sommet de chaque simplexe de la U,-chaine C”(U;) 
rencontre B, et B,. Il en résulte que chaque sommet de chaque simplexe 
de la QW-chaine 7,C”(U,) rencontre B, et B,, et par suite aussi B, By 
d’aprés la propriété du réseau Y. Le réseau YW étant régulier par rapport 
& B, Bz, il en résulte que 2,C”(U,)C B, Bs, d’o 1,2, C"(U,) C B, By et 
par suite aussi C”(11) C B, By. 

10,32, Lemme, Soit 7 un (n—1, R)-cycle du type i (¢=1, 2, 3) 
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dans A. Soit F7*~0 dans P;, P:€ ¥i. Soit «>O0O un nombre ordinal 
donné. A chaque nombre ordinal §< a soit attaché un ensemble bicompact B; 
de manitre que: 1° By = Pj; 2° Pour §<4<e ona BsDB,; 3° ACB; 
pour chaque §<a; 4° F™*~0 dans Be pour chaque §<«. Posons 
Ba = it Be. Alors ™-+~0 dans Be. 


Démonstration. Soit C” le cycle relatif du n° 10.1. Pour chaque §<« 
on a évidemment C”C Be. Soit @ la famille de tous les affinements i 
de B(P;) ordre <n modS. Soit UE®, Ils’agit de montrer que C”(U)C By. 
Soit U, un rapetissement fort (v.*°) de U. Evidemment Ul, € ®. Soient U, 
(1<»v<wm) les sommets de U et Ur» GU, les sommets correspondants 
de U,. En posant 7U;=U,, on a a = sia. UU). D’aprés 10.1 on a 
c™(u) = wC*(,) mod A. Soit (U,,, Ur,, ---, Uv,) un simplexe de la 


chaine C"(U1), = IT Uy, son noyau. On doit montrer que J Be + 0. 


Ceci est clair si x4 +t 0, car AC By. Supposons done que $A = 0. 
Puisque C”(W1) = 7C”(U,) mod A, la chaine C”(U,) contient le simplexe 
o” = (Uy, Uy,, +++, Ur,). Pour —- & <a le noyau de o” rencontre Bz, 


car C"(U,)C Be. En posant K = ion U;y,, K est un sous-ensemble bi- 


compact de ¥ tel que KBs +0 pour ieee E<a. {KBs} étant une suite 
monotone d’ensembles bicompacts et non vides, on a il KB: = KB. +0, 
don 3 Bu +0. ia 

10.33. Passons & la démonstration de l’énoncé du n° 10.3. Choisissons 
P;€ 8; de maniére que AC P;, F™~0 dans P;. Choisissons un nombre 
transfini 8 dont la puissance soit supérieure 4 celle de R—S et définissons 
par récurrence une suite transfinie {Bz} (§< 8) telle que: 1° les Be sont 
des sous-ensembles bicompacts de R—S; 2° B;DB, pour chaque §<94<A; 
3° By = Pi; 4° BED A pour chaque §&<f; 5° F"-1~0 dans Be pour 
chaque §<f. Soit 7 >0 et <£ un nombre ordinal donné et supposons 
qu’on ait déja défini les Be pour tous les §<y. Deux cas sont A distinguer : 
Premiérement soit 7 = §+1 un nombre de premiére espéce. Dans ce cas 
choisissons l’ensemble bicompact B, de maniére que AC B, C B; et que 
r~*~0 dans B,; c’est vérifié en posant B, = Bg; or si oe est possible 
choisissons B, + Bs. En second lieu soit 4 an nombre de seconde espéce. 


Dans ce py posons By, = a’ | Bz ce qui est loisible en vertu du lemme 
S<y 


du n°10.32. La construction de la suite transfinie {Be} (§< A) est ainsi 
achevée. De la propriété 2° résulte l’existence d’un nombre ordinal «< f 
tel que Ba = Ba41. Posons H= Be. Les propriétés 1°, 2°, 3° du n° 10.3 
sont évidentes. Soit donc K un ensemble bicompact tel que AC K ck, 
Pi€ Pi et F"~0 dans K; il s’agit de montrer que HC K. Puisque 
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P; PDA FO, il existe (v. 9.3) un sommet Pj; de Pi, tel que P; + PC P;-1, 
dot H+KCPi1. Puisque ["-'~0 et dans H et dans K, ona ™!~0 
dans HK en vertu du lemme du n° 10.31. Puisque H = Be = Bess, on 
ne peut avoir HK + H par la définition méme de Bei:. Done HK= H, 
cest-a-dire HC K. 

10.41. Soit 7 un (n—1, R)-cycle du type ¢; dans A. On peut alors 
considérer ”~! aussi comme un (n—1, R)-cycle du type ¢ dans A. Evi- 
demment ceci est sans influence sur le porteur de l’homologie ’”’-!~0. 

10.42. Pour v = 1, 2 soit T;'* un (n—1, R)-cycle du type ty dans Ay et 
soit Ty *~0 dans P,, P,€%:; soit Hy le porteur de Uhomologie Ty '~0. 
Soit Fr’ *~Ty* dans Ay+ Ao. Alors H,—(A, + As) = H,—(A, + Ay). 

Démonstration. Il existe un (n—1, R&)-cycle [”—! dans A,-+ Ag tel que 
roar) dans A+ Ae (vy = 1,%), r”*~0 dans P2. [Il suffit de poser 
p.ex. 2” * = J7*.] Evidemment Fr” est un (n—1, R)-cycle du type te 
dans A,+ Ag; soit H le porteur de l’homologie 7”! ~0., II suffit de montrer 
que H,+ As = H,+ A, = H. Or H+ H,+HCP,. On a HDA,\+ Ag, 
r’*~0 dans H, r™*~Iy* dans A;+ 42, done Fj’ *~0 dans H, d’ow 
HD H, (par la définition de H,), et par suite HD H,-+ A,. D’autre part 
ona Ij’ *~0 dans Hy, done aussi dans H, + 4,54,+ As, et wr" 
dans A, + As, done F™!~0 dans A,+A:, doi AH, +A,DA (par la 
définition de H). Il est ainsi prouvé que H,+ A, — H, et on prouve 
pareillement que H,-+ A, = H. 

10.43. Pour vy =1, 2 soit T* un (n—1, R)-cycle du type ts dans Ay. 
Soit Hy le porteur de UVhomologie Ty *~0. Soit Ay+A,CP;, PsEPs. 
Soit Tj’ '~Tz* dans A,+ A. Alors H,—(A,+ As) = Hy—(A, + As). 
_ Démonstration. Soit r*~0 dans Pras, PsvE Bs (v = 1, 2). Alors 
P; Ps3y> Ay +0. Il existe donc (v.9.3) un sommet P,; de $, tel que 
Ps+ Ps: + Psa Pz. Tl suffit done d’appliquer 10.41 et 10.42. 

10.44. Soit I"! un (n—1, R)-cycle qui peut étre considéré comme un 
cycle dams A, ou comme un cycle dans Az, dans les deux cas du type ty. 
Soit Hy (v =1, 2) le porteur de V'homologie [”-1~0, en considérant '~ 
comme un cycle dans Ay. Alors H,—(A,+ As) = Hz—(Ay;+ 4g). 

Démonstration. D’aprés la définition d’un (n—1, R)-cycle du type ts, 
il existe un sommet P,€ 9%, tel que 7*1~0 dans P,, d’ot A, + A.C Py. 
Il suffit done appliquer 10.42 en y posant To? = 7° =r"".~ 

10.5. Pour v =1, 2 soit T)* wn (n—1, R)-cycle du type ts dans Ay. 
Soit Hy le porteur de UVhomologie Ty '~0. Soit H, Hz, +0. Soit cyER. 
Alors I * +I? est un (n—1, R)-cycle du type tz dans A,+ Ag et 
le porteur H de V'homologie 1 ri *+eI7'~0 est contenu dans H,+ Hs. 

Démonstration. Soit Ty'*~0 dans Psy, Pay € Bs (v = 1, 2). Alors (v. 10.3) 
on a P3,DH,, donc Ps, Py,:> HH; H, +0. Il existe done (v. 9.3) un 














ge a i see 


ew .--~ a 








644 E. CECH. 


sommet Pz de Bs tel que P3:+ Ps2CP:. Il en résulte que A t As CP,, 
oT? +7 '~0 dans P,, de manitre que Jj ‘te T;'* est un 
(n—1, R)-cycle du type f dans A,+ Ag. Puisque « Ty” ++ Te 130 
dans H, + HeC Pa + Pre Pa, on a HCH, + A; d’aprés 10.3. 

11. Axiome D,: Soit [1 un (n—1, R)-cycle du type tz (ou ts, v. 10.41) 
dans A. Soit H le porteur de Vhomologie I” *~0. L’ensemble H—A est 
ouvert dans R (donc dans R—S). 

L’ensemble H— A sera appelé l’intérieur du cycle F”—', La maniére 
dont il dépend de A est éclaircie dans les n° 10.42 et 10.43. 

11.1. Sot T’— un (n—1, R)-cycle du type te dans A. Soit H le porteur 
de Vhomologie T”1*~0. Soit a un point de Vintérieur de I", Il existe 
un entourage W de a jouissant de la propriété suivante: A chaque entourage 
VCW de a on peut attacher wun (n—1, R)-cycle A” du type t, dans 
F(V) = V—V tel que: 1° le porteur de Vhomologie A”"~0 est V (de 
maniere que le point a est & Vintérieur de A”); 2° on a Vhomologie 
r?1~A" dans H—V. V étant donné, le cycle A” est bien déterminé 
a une homologie dans F'(V) pres. 

Démonstration. Soit W un entourage de a si petit quae WE H—A, 
W existe en vertu de l’axiome D,. Soit V un entourage de a tel que 
VCW. Soit C” le (n, R)-cycle relatif du n° 10.1. C’est donc un (n, R)-cycle 
mod A dans H. Soit N la famille compléte de réseaux dans H qui s’obtient 
de la famille N définie dans Homologie, IV, 2, en y remplacant R, R,, Re, 
R, = R, Rz, «, a, = Ria, og = R, a, «3 = Ry@ respectivement par H, V, 
H—V, F(V) = V(H—V) (car VE H), A, 0 (car VA = 0), A, 0. Soit ¥ 
la famille de tous les réseaux 11 dans R qui s’obtiennent d’un réseau VEN 
de la maniére suivante: Soient V,,V2,---,Vm les sommets de ¥; d’aprés 
Homologie, III, 21 on peut déterminer des ensembles U; (1 < i < m) ouverts 


k k 
dans R tels que Vj = HU; et que [| Vi, = 0 entraine [] Ui = 0; soient 
v=0 0 


Um+i, Um+2,-++, Um+s les sommets d’un réseau arbitraire dans R— H: 
les sommets de U sont U,, Uz,---, Um+s. % est évidemment une famille 
compléte de réseaux dans R et les réseaux de la famille N sont les inter- 
sections de ceux de la famille 4% avec l’espace H. Pour chaque Uc’, 
on peut poser (Homologie, IV, 6, ot l’on remplace n par n—1) C” (UU) 
= Ky (u) — K? (W), les (n, U)-chaines Kj' (1) et K3' (1) étant telles que 
Ky (u) CV, K? (ul) C H—V, et on peut définir un (n —1, U)- cycle absolu 
dans F(V): 4" (M1) tel que Kj’ (W) > A”* (Mu), K2' (UW) > A” (W) mod A. 
Les A”! (U1) définissent (v. Homologie, IV, 13) un (n—1, R)-cycle A 
dans F(V). Puisque Ky (WU) CV, ona A” *~0 dans VC HC Po, Po€ Ps. 
A” est donc un (n —1, R)-cycle du type tf, dans F(V) et, Hy étant le 
porteur de ’homologie 4"-"~0, on a Hy)CV. D’aprés 10.3, on a pour 
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chaque NEW: ”* (U)~ FC" (UW) = FR (U)— FR? (U) dans A. Or 
FKi (Ww) = A”*(N) et Ke WCH—V, dou FR? (ul)c H—V; enfin 
ACH—V. Done Fr" (N) ~ A" (U) dans H—V pour chaque UE wv, 
Wo r”  ~ A” * dans H—V. Si A? est un autre (n —1, R)- — dans 

F(V) tel que 4; *~0 dans V et r”~*~ Ay" dans H—V, ona A ; ~0 
et dans V et dans H—V. Puisque V+(H—V) = HCP, 2EBe, 
A” — A? est un (n—1, R)- cycle du type & dans F(V) et, H, étant 
le porteur de ’homologie A” *— A? *~0, on a A,CV et H,CH—V, 
doi H,CF(V) et par suite A” “~A?™ dans F(V). Le cycle 4" est 
done bien déterminé & une homologie dans F(V) prés. On doit encore 
démontrer que Hy = V. (Nous savons déja que H)CV.) D’aprés la 
définition de Hp, il existe pour chaque U€ # une (n, U)-chaine L” (ll) C Hy 
telle que L” (Ul) A”™* (WU). Or Ky (WU) > A” (Ul) et 


Fc" (W) = FR? (W) — FR? (W)~r"* (N) 


dans A, de maniére qu’il existe une (n, 11)-chaine M"(11) telle que Ki(U)—K2'(U) 
+r" "(w+ FM" (U). Il en résulte que L” (UW) — K7'(W)— FM" (Wyo r""W) 
pour chaque NE. Or, L”(U)C A, Ko (UCH—V, FM" (U)cCACH—YV, 
de maniére que 7*1~0 dans Hy+(H—V)CH. H étant le porteur 
de Vhomologie 7™*~0, on a done Hy+(H—V) = H, doi 
V= H—(H— V)C Hy et par suite, Hy étant fermé, Vo Hy. Comme 
nous savons que Hy CV, nous arrivons bien a la conclusion V = Ap. 

12. AxiomE D,: Chaque point a€R—S est intérieur a4 un (n —1, R)- 
cycle du type ts. 

12.1. Chaque point a€R—S posséde un entourage Wy jouissant de la 
propriété suivante: Si VC Wo est un entourage de a, il existe un (n—1, R)- 
cycle A"! du type ts dans F(V) tel que le porteur de Vhomologie A” ~ 0 
soit V. (Le point a est par suite a l’intérieur de A”—), 

Démonstration. Soit Ps; un sommet de réseau gén. $8; contenant le point a. 
En vertu de l’axiome D,, il existe un ensemble bicompact AC R—S—(a) 
et un (x —1, R)-cycle I” du type ¢, dans A tel que Je point a appartienne 
a lintérieur de F"—!, Déterminons W d’aprés 11.1 et posons Wo = WP. 
Pour chaque VC WoCW, on a, d’aprés 11.1, un (n —1, R)-cycle 4” du 
type tf, dans F(V), tel que le porteur de l’homologie 4"-'~0 soit V. 
Puisque A*-1~0 dans VC P;, A” est un (n—1, R)-cycle du type fs; 
dans F(V). 

12.2. La dimension de l’espace R—S en chaque point a est égale a n. 

Démonstration. D’aprés l’axiome Ay (n° 7) on a dima(R—S) < n. 
Supposons par impossible qu’on ait dimz(R—S)<n. Le point a posséde 
alors des entourages V arbitrairement petits tels que dim F(V) < n—2. 
La famille ¥ de tous les réseaux U tels que les dimensions des U-simplexes 
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dont le noyau rencontre F(V) sont < —2 est alors une famille complete. 
D’autre part, si V est suffisamment petit, il existe d’aprés 12.1 un (n—1, R)- 
cycle A™ dans F(V) tel que 4”-'-+0 dans F(V). Or pour tous les 
réseaux LE # on a évidemment A”—' (U1) = 0 ce qui est une contradiction. 

13. Axiome EL: A chaque point a€R—S et a chaque entourage Q de a 
on peut attacher un entourage Qi CQ joussant de la propriété suivante : 
Pour chaque entourage Q2 de a tel que Q2CQ, il existe un entourage Qs 
de a tel que: 1° Qs Qe; 2° si les (n —-1, R)-cycles Ti", T27* sont situés 
dans Q; — Qz. et sont homologues a zéro dans Q, al existe pil nombres r;, 
m2€ER, dont un au moins + 0, tels que nit +n ~0 dans Q— Qs. 

13.1. De l’axiome F on déduit d’aprés 4.2: OQ étant un réseau gén. donné, 
il existe un affinement Q, de Q et une projection m = Pr.(Qy, Q) qui 
jouissent de la propriété suivante: Qs étant un affinement quelconque de Q,, 
on peut déterminer un affinement D3 de Dz ainsi qu'une projection 
nm’ = Pr.(Q3, Qe) de maniére que Vénoncé suivant soit vrai: Pour chaque 
sommet Qs de Qs et pour chaque sommet Q, de Q, tel que Qi D7'Q; on 
peut attacher a chaque couple de (n—1, R)-cycles Tj", [2 situés dans 
Q, — 7’ Qs et homologues & zéro dans Q Un couple de nie 1, ER 
dont un au moins + 0, tels que Tt +r.T2 "~0 dans 7Q,— Qs. 

14.1. Soit a€R a soit U un entourage de a. Il existe un entourage 
VCU de a jouissant de la propriété suivante: A chaque couple C;', Cz de 
(n, R)-cycles mod(R—U) on peut attacher deux nombres r;, r2€R, dont 
un au moins +0, tels que 1, Ci +r, Cz ~0 mod(R—V). 

Démonstration. Soit QGU un entourage de a si petit que QC P€ f, 
(v. 9.3). Q étant donné, déterminons un entourage Q,C Q d’aprés l’axiome F. 
Choisissons l’entourage Q.C Q, de a arbitrairement et déterminons |’entourage 
Qs CQ. de a d’aprés l’axiome LE. 

Soit ¥ la famille compléte de réseaux dans F qui s’obtient de la famille V 
définie dans Homologie, IV, 2 en y remplacant R, R,, R,, Rs = R, Re, & 
ce, = Ria, a, = Ra, a, — R,@ respectivement par R, Q,, R—Q:, F(Q), 
R—U, 0, R—U, 0. Soit y—=1,2. D’aprés 1. c. n° 6 (ot l’on remplace 
c”* par C7) il existe pour chaque WE % deux (n, U)-chaines K7(U)CQ,, 
L;(u)c R—Q, telles que Cy (WU) = Ky (U)— LP (UW) et un (n—1, U)-cycle 

Ty (U) C F(Q:) tel que Ky (U)>Ty* (UW). D’aprés 1. c. n° 13 Ty (UW) 
définissent un (n—1, R)-cycle Ty * dans F(Q,). Comme Ky (Ul) C Qi, on 
aly '~0 dans Q,. Puisque les cycles 7” sont situés dans F(Q,)CQ:— , 
il résulte de l’axiome H existence de deux nombres 7,,72€%, dont un 
au moins +0, tels que 7,J{° +7273 '~0 dans Q—Q;. 

Soit UE # un réseau donné. On doit montrer que r; Cy (11) +72 C2 (MU) ~0 
mod(#—V). Soit B un affinement de U tel que A*(B) = 0 pour chaque 
(n, B)-cycle essentiel dans P;. [B existe en vertu de 9.2.] Soit 1’€ # un 











} 
} 


THEORIE DES VARIETES. 647 


affinement de B normal relativement aux cycles dans P;. Soit = Pr.(&, Wl), 

a’ = Pr.(W’, B). D’aprés Vhomologie 7; Ij '+ 7; 72 '~0 dans Q—Q;, 
il existe une (n, W’)-chaine D” (1’) dans Q— Q; telle que D"(W’)>r, Ty‘ (W) 

4r03 (WW). Comme Ty (W’) = FKy WW) (v= 1,2), ona D"(W)—r, K7' (W) 

—r, K;'(W’)>0. Le premier membre de cette relation est un (n, W’)-cycle 

dans (Q—Q3) + Qi CQC Ps. Done 2’ [D” (W’) — 7, Kt (W)—r,z K2'(WW’)] est 

un (n, B)-cycle essentiel dans P, et il est par suite égal & zéro. Donec 

on a aussi 


an [r, Ki (W’) +7, Ke (W)] = ax’ D" (W)C Q—Q CR—Q;. 


D’autre part, on a aussi Ky (W’)—Cyr(W’) = Ly (W)C R—Q, CR—Q. 


Done ; 
am’ [r, Cy (W’) +7202 (W’)] = 0 mod(R—Q,). 


Or am’ Cr (W)~ Cy () mod (R—U) C R—Q,, car Cy est un (n, R)-cycle 
mod(R—U). Done 
7 Ci (U) + rs C2 (1) ~0 mod (R— Qs) 


pour chaque N€ ¥. Il suffit donc de poser V = Q,. 

14.2. De 14.1 on déduit d’aprés 4.2: $B étant un réseau gén., il existe 
un affinement 2Q de Y% et une projection m = Pr.(Q, B) jouissant de la 
propriété suivante: Si QEQD et si Cy’, C2 sont deux (n, R)-cycles mod(R—7Q), 
il existe deux nombres 71, 72€ R, dont un au moins +0, tels quer; Ci + 1r2Cs' ~0 
mod (R— Q). 

15. Soit a€ R—S. Soit O;(a) (¢ = 2, 3) la famille de tous les (n—1, R)- 
cycles du type % dans A, A étant assujetti 4 la condition de ne pas contenir a. 
Orienter Vespace R—S au point a signifie que l’on attache 4 chaque I’ € @, (a) 
un nombre w(a, F"™“)ER tel que 1° w(a, F™") = 0 si et seulement si 
le porteur de l’homologie 7”! ~ 0 ne contient pas a; 2° pour ’”—'€ ©, (a), 
r€Rona@(a,rI”)=ro(a,r”’); 8°sily IY, TY 4+ *€ (a), 
ona o(a, TY +72") = o(a, Tt )+o(a, lr’). 

Remarque 1. Si T—1€ ©, (a) en le considérant comme un (n —1, R)-cycle 
du type ¢, dans A, ou Ag, le nombre w(a, I—') doit étre le méme dans 
les deux cas. Ceci est d’accord avec la condition 1° (v. 10.44). 

Remarque 2. Si T"-1€ O;(a) (i = 2, 3), rER, éEvidemment rl" € O;(a). 

Remarque 3. Si T?—1, T2€ Os (a) et si o(a, i’) $0, w(a, 2") $0, 
ny rg€R, on a yD + re I *€ O(a). Démonstration. Soit (v = 1, 2) 
Hy le porteur de l’homologie Ty *~0. D’aprés 1° a€H, Hz. Il suffit 
done d’appliquer 10.5. 

15.1 Le point a€ R—S étant donné, il est possible d’orienter R—S en a. 
Si @,, w, sont deux orientations de R—S en a, il existe un nombre sER, 
s+0, tel que ws(a, Pn—1) = 80, (a, I") pour chaque Tn—1 € Oz(a). Inver- 
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sement, si w, est une orientation donnée de R—S en a et si sER, s +0, on obtient 
une orientation w, de R—S en a en posant w2(a, I) = sa, (a, P—) 
pour chaque T”€@,;(a). 

Démonstration. D’aprés V'axiome D, (v. 12) il existe un (n—1, R)- 
cycle a ae type ¢t, dans Ay dont l’intérieur Hy — Ao contient le point a. 
Choisissons l’entourage W de a correspondant au cycle I ee d’aprés 11.1. 
Soit P; un sommet du réseau gén. J; (v. 9.3) contenant a. Soit 4 la 
famille de tous les entourages V de a tels que VCWP;. A chaque VE4 
correspond d’aprés 11.1 un (n—1, R)-cycle A” (V) du type ¢ dans F(V) 
tel que: 1° le porteur de l’homologie 4" 1(V)~0 est V; 2° on a l’homologie 
rv1~A"—(V) dans Hy) —V. D’ailleurs, comme VC Ps, les cycles A*-1(V) 
sont du type t. Si Vi, Ve€E4; VeCVi, on a A*-1(V,)—A""(7,)~0 
dans V7; + V2 =Vi:C P;, de maniére que A" (V,) — 4-1 (V,) est un cycle 
du type ¢ (et aussi du type ¢;) et le porteur Hy, de Il’homologie 
An (V,) — A"! (V,)~0 satisfait & la condition Hj,CV,. D’autre part, 
on a F”™1~A"-1(V,) dans Hy—Vi:C Hy—Vse et r"—t~ A" (Y,) dans 
H,—Vz2, doi A”! (V.) — A" (V,)~0 dans Hy — V2C Hyp C P2, ott P2E PL, 
(car To * est un cycle du type ¢), et par suite Hj,.C H)—V2. Ona done 
la relation Hy,;CV,—Vz» de maniére que le point a n’est pas a J’intérieur 
de A”-1(V,)— A” (V,). Done on a, dans chaque orientation de l’espace 
R—S ena, la relation »[a, 4”—!(V,)— A"-1(V,)] = 0. Il en résulte que 
le nombre s = w[a, A”—1(V)]€R est indépendant du choix de VE.4. Comme 
le point a est situé a l’intérieur V du cycle A” (V), on a s$0. 

Soit maintenant F”-!€0,(a). I” est un (n—1, R)-cycle du type t; 
dans A; soit H le porteur de l’homologie 7” 1~0. On a a€R—A. Si 
a€R—H, ona w(a, 7”) = 0. Si a€H, on a aC H—A. L’ensemble 
H—A étant ouvert (v.11), il existe un VE“ tel que VCH—A. SiV 
est suffisamment petit, d’aprés 11.1 il existe un (n—1, R)-cycle *A"-1(V) 
du type ¢; dans F(V) tel que F™-'~*A"4(V) dans H—V doi 
w[a, 7™1—*A"- (V)] = 0 et par suite w(a, [”—) = ofa, *A” (V)]. 
Le porteur de l’homologie *A*—1(V) est V. Puisque 4™-1(V), *4"—1(V) 
sont deux cycles dans F(V) homologues a zéro dans V, il résulte de 
l’axiome E (v. 13) que, si V est suffisamment petit, il existe un entourage Q; 
de a ainsi que deux nombres 7,, 72€R dont au moins un est +0 tels que 
r, A"—1(V)-+ rz *A" (V) ~0 dans H—Q;. Done o[a, 7, 4"-1(V)+72*A"—-(V)] 
= 0, Wot rs+7,@[a, *A"—(V)] = 0. Si l'on avait rz = 0, on aurait 
+0, 18=0, dou la contradiction s=0. Donec 72+0 et w(a, I~) 


= wa, *A"(V)] = er 
2 


On voit que l’orientation », si elle existe, est complétement déterminée 
par la connaissance du nombre s. Il s’agit encore de voir qu’on arrive 
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ainsi effectivement & une orientation. En premier lieu, on doit prouver 
que le nombre (a, I~) est déterminé sans aucune ambiguité. Or si |’en- 
tourage V est fixe, le rapport 7; : 72 dans la relation 7, A"~1(V)+ 7, *A"—1'(V) ~0 
dans H—Q;, est bien déterminé, car autrement on arriverait la contradiction 
Av (V)~0 dans H—Q, (c’est une contradiction, car H—Q, ne contient 
pas le porteur V de ’homologie 4"-1(V)~0). D’autre part, siVi, V2€4; 
V,DV2, nous avons vu que 4”—1(V,)— A”"1(V,)~0 dans V,— V2; et si 
V, est suffisamment petit, on a tout pareillement *A”—! (V,)— *4"-1 (V,)~0 
dans V;—Vz, de maniére que la relation 1, 4*-!(V,) +7, *4"" (V.)~0 
dans H—Qs (Q;C V2) entraine 7, A”! (V,) + 7. *A"—" (V,)~0 dans H—Q,. 
Enfin on vérifie sans peine que le nombre w(a, /”~") satisfait aux con- 
ditions 1°, 2°, 3° du n° 15, 

16. AxloME F': L’espace R—S est orientable, c’est-d-dire il existe une 
orientation w de R— S simultanée (en tous ses points) jouissant de la propriété 
suivante: Si aE R—S, ["™€O,(a), al existe un entourage U de a tel que 
az€U entraine [™1€O@, (x) et w(x, F”) = o(a, F™), 

Dans tout ce qui suit, on suppose que l’espace R—S soit orienté, c’est- 
d-dire que l’on en ait choisi une orientation » bien déterminé (jouissant 
de la propriété qui vient d’étre énoncée). 

16.1. Dans la théorie mod2 l’axiome F est superflu et Vorientation de 
R—S est possible d’une seule maniére. 

Démonstration. Soit F”—1€ O,(a) un (n—1, R)-cycle du type ¢, dans A; 
soit H le porteur de l’homologie F”’-!~ 0. II n’y a que deux possibilités : 
1° a€R—S—H; alors w(x, F™) = w(a, I!) = 0 pour tous les 
x€k—S—H, ce qui est un entourage de a; 2° a€ H—A, alors 
o(a, I~) = w(a, F™—) = 1 pour tous les x€ H—A ce qui est (v. 11) 
un entourage de a. 

17, Nous allons construire un certain (n, R)-cycle modS dans Rf, dit 
cycle principal que nous désignerons par @”. 

17.1. D’aprés l’axiome D, (v. 12 et 12.1) on peut attacher & chaque point b 
de R—S un (n—1, R)-cycle F™— du type ts; dans A, de maniére que 
b€ H—A, ou H est le porteur de ’homologie 7” ~ 0. Les H—A étant 
des sous-ensembles ouverts de R—S, d’aprés 4.2 et 4.3 il existe une suite {J/;} 
@ensembles ouverts constituant un réseau gén. M et une suite {b;} de points 
de R—S telle que, si on désigne par Ij’ ’, Ai, Hi les I”, A, H corres- 
pondant au point b;, on ait M;@H;— A; pour chaque 7. D’aprés 10.1 
& chaque Ij" ~* correspond un (n, R)-cycle C;' mod A; dans H;. Déterminons 
un affinement M de Mt jouissant de la propriété du n° 4.4. 

17.11. Ceci étant donné a chaque point a€ R—S attachons un entourage 
PE R—S si petit qu’il satisfasse aux cing conditions suivantes: 1°a€ NEN 
entraine PC N; 2° a€ H;— A; entraine que pour chaque x€ Pon a x€ Hj —A; 
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et w(a, Tj") = o(a, Fi ‘: 3° a€ M;, entraine PC M;; 4° a€ R—W, 
entraine Pc R— Ui: 5 pour chaque couple d’ indices 7,7 (@+ 7) tel que 


a€ M;M; posons oa = (a, Tj"), oy = w(a, Tj’); ao wai + 0, 

wa; +0 [ear a€ M; Mj; C (Hi— Ai) ea, Aj)] et comme Tr? , T7* € Os (a), 

On a Oy Tr} — wg Tf = Tig’ € O, (a) (v. 15, shite 3); done 
Tr; —1 


wo(a, Vai = wg o(a, T, ) — @ai o (a, Tj” ‘= 0 de manidre que le 
porteur Hajj de |’ homelogic Tiij_ ~ One collinin pas le point a; choisissons 
alors P de maniére que P Hay + 0. 

17.12. D’aprés 4.2 on peut déterminer une suite {a,} de points de R—S 
telle que les ensembles P = P, correspondant aux points a = a, constituent 
un réseau gén. $**. Pour chaque couple v,7 tel que a,€ M; posons 
©; = w (ay, Tj ")ER de maniére qu’alors (d’aprés 2° et d’aprés l’inclusion 
M;C H;— Aj 0 + o,; = w(x, I") pour chaque x€ P,. Pour », i,j tels 
que i + j, ay € M; M; soit H,y le porteur de l’homologie o,; Tj" — 0; T;"*~0 
de maniére qu’alors (en vertu de 5°) P, Hy = 0. 

17.13. Soit ®, la famille de tous les réseaux MU de la famille ®, du 
n° 7.4 qui soient des affinements mod S de Y. @, est (v. 5.4 et 7.4) une 
famille parfaitement compléte de réseaux dans #. En remarquant qu’un 
sous-ensemble bicompact de A —S ne peut rencontrer qu’un nombre fini 
de fermetures de sommets d’un réseau gén., on démontre sans peine (ef. la 
démonstration de 7.3) que la famille 4% est aussi parfaitement compléte si 7 
désigne la famille de tous les réseaux 11€ @, satisfaisant aux deux propriétés 
suivantes: 1° P, étant un sommet quelconque du réseau gén. Pe (v. 9.3), ou 
bien aucun sommet intérieur de U ne rencontre P;‘, ou bien Ul est un affine- 
ment du réseau B(P2) du théoréme 10.1; 2° pour i= 1, 2, 3,--- aucun 
sommet intérieur de U1 ne rencontre simultanément les deux ensembles Met A;*’. 

17.14, Ceci étant donné soient UE et o”(1 <k < m) tous les (n, U)- 
simplexes +0 mod S. Le réseau Ul étant régulier par rapport 4 S (v. 5.5 et 
7.4) un sommet au moins de chaque of est un sommet intérieur de U. 
oO, étant le noyau de o”, il existe donc (par définition méme de la famille 
®, > #) un indice y tel que 3.C P,. M étant un réseau gén., il existe 
un indice z tel que ay€M;, dou P, C M; en vertu de la condition 3° pour 
les P,. Le nombre o,;€R étant +0, il existe un nombre 7,€R tel que 
le coefficient du simplexe of dans la (nm, U)-chaine C?(U) soit 7, o,,*°. 





8 Comme au n° 4.4, on voit que toutes ces conditions sont simultanément réalisables. 

** En réalité, du théoréme 4.2 résulte seulement |’existence d’une suite {Q,} constituant 
un réseau telle que chaque Q,, fasse partie d'un P= P,, attaché au pointa=a,. Oron 
voit sans peine que l’on peut s’arranger de maniére que a,€@Q, pour chaque , d’ou résulte 
immédiatement que les cinq conditions 1°—5° restent intactes en y remplacant P par Q. 

35 Ces ensembles sont disjoints, car M;@ H; — Aj. 

36 Soit P:' un sommet du réseau gén. PB: tel que HiC P:. Remarquons que Ci (Wl) C Hi 
CP,'. Donc si aucun sommet intérieur de U1 ne rencontre P;* , la chaine C; (U) ne contient 
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17.15. Il s’agit maintenant de montrer que le nombre 7,€R est bien 
déterminé, c’est-a-dire qu’il ne dépend pas du choix des indices » et 7. 
En premier lieu, l'indice vy étant donné, remplacons l’indice 7 par j/ et 
désignons par 7% la valeur correspondante de rz. On a eC Py CM; M;, 
en particulier ay €M; Mj, d’ot P, Hyy=0. Comme 9xC P,, on a Sx Hy = 0. 
Comme $x C M; Mj C (Hi — Ai) (Hj — Aj), on a Ye (Ai+ Aj) = 0. Soit C” 
le (n, R)-cycle mod (A;+ A;) dans H,,j; correspondant au (n—1, R)-cycle 
oj TP — on. * du type f, dans (A;+ 4;). Comme P, CM; M)CH;H;j, 
on a Hi; Hy; + 0; or  étant un (n —1, R)- cycle du type ¢;, il existe un 
sommet P3; du réseau gén. 9 tel ue H,C Px; pareillement il existe un 
sommet Ps; de $8, tel que HjC Py. Comme H; H; + 0, on a Pu Py + 0. 
Il existe done (v. 9.3) un sommet Pe du réseau gén. PB, tel que Ps; + P§CP3. 
Puisque Hj C Psi, HjC Py, HyijC Hi+ Hj, on a Py D A+ Ajyt+ Mi. 
Done les chaines Cj‘ (1), Ci (U), Cc” (1) sont dans Ps. Si aucun sommet 
intérieur de U ne rencontre P;, les chaines C;'(U) et C7 (WU) ne peuvent 
contenir aucun sommet intérieur et par ote Tk @y; = 0, reo; = 0, 
dol r= rk = =. Supposons donc qu'il existe un sommet intérieur de u 
rencontrant P;; en vertu de la propriété 1° de la famille ¥%, le réseau Ul 
est un affinement de @(P;). D’aprés 10.1, on en déduit sans peine que 
c*(u) = — Ci’ (W) — o,: Cj (WW) mod (4; + 4;). Comme Sx Hi = 0, 
Ciuc Frys la chaine C”(U) ne peut pas contenir le simplexe o;', dont 
le noyau est Jy. Comme Sx, (4;-+ Aj) = 0, la chaine o,; Cj' (WU) — o,; C (1) 
ne contient non plus le simplexe o;’. Or cette chaine contient le simplexe «7 
avec le coefficient wy; + 7% i — Oni- 7, @,j. Comme o,; + 0, w,; + 0, on 
a donc 7% == 17%. En second lieu, remplagons l’indice vy par w. Quant a 
l'indice 7, nous pouvons le supposer inaltéré. En effet, Jt étant un réseau 
gén., il existe deux sommets N, et Ny de N tels que ay€Ny, au€ Nu. 
D’aprés la condition 1° pour les P,, on a alors PyC Ny, PuC Nu. Or 
OC Py Pu, dou N, Nu + 0. D’aprés la définition du réseau gén. Xt, il 
existe donc un sommet M; de M tel que Ny+N.CM, dot PyC Mi, 
P.CM;, de maniére que cette valeur de 7 est admissible dans les deux 
cas. Soient r,, r; les deux valeurs de 7;. D’aprés la définition méme de 
ces nombres, on a 7% 04 = ri Oui Or choisissons un point r€ nC Py Pu. 
En vertu de la condition 2° pour les P,, on a o; = wo (a, , 
Oui = (a, I’), Wor on = ou; + 0 et par suite ™% = rk. 


17.16. Les nombres r.€R étant bien déterminés posons G” (U) = >: 1k O. 


aucun (nm, U)-simplexe intérieur, d’ot 7, @»; = 0. Dans le cas contraire, d’aprés la propriété 
1° de la famille #, 1 est un affinement de B (Py). D’aprés 10.1, la chaine C; (Ul) est 
done bien déterminée & mod A; prés. Comme $iC PyC MiC Hi — Ai, on a Se Ai = 0, 
de sorte que le coefficient r:wy; du simplexe o; dans la chaine C; (1) est bien déterminé. 
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Remarque. Observons que la (n, U)-chaine G” (11) ainsi définie ne con- 
tient que des (n, U)-simplexes + 0 mod S. 

17.2. Pour chaque UE, G" (U) est un (n, U)-cycle mod S. 

Démonstration. Soit o”— un (n—1, U)-simplexe + OmodS. Il faut 
montrer que la chaine FG" (U) ne contient pas le simplexe o”~, Pour 
1<k<~m, soit y.€R le coefficient de o*~* dans la chaine F'o?. On doit 


montrer que Sn rz, = 0, ou bien que PET r~, = 0 ot Z est l'ensemble 
k= 


de tous les indices k (1 <k<m) tels on: <a + 0. Puisque o”-!+ 0 mod 
et puisque le réseau U est --yégulier par rapport a S, o”—1 posséde un 
sommet U tel que US + 0. Comme UEQ, il existe un indice » tel que 
UCP,, voi KC P,, K étant le noyau de o”~', D’aprés la condition 3° 
pour les P, (v. 17.11), il existe un indice 7 tel que Py, C Mj. Si kEZ, on 
a évidemment JC KC P, CM; de maniére que le coefficient de o” dans 


la chaine C;' (U1) est 7,,;. Done le coefficient de o”—! dans la chaine 
FC? (MW) est Pa revi. Or 6” + 0modS et C/(U)>O0modS. Done 


PA: Yk Ovi = “0 et par suite PAL re = 0, car wo, + 0. 


ite 3. Soit U, U,€ #; sort u, tl affinement de UU; soit m = Pr. (U,, U). 
Alors 7G" (U,) = G” (11) mod §. 

Les G@" (U1), UE % définissent done un (n, R)-cycle mod S. C’est le cycle 
principal G” annoncé dans 17. 

Démonstration. Soit o” un (n, U)-simplexe donné +0 mod¥S. Soient 
m (L< hs) tous les (n, U,)-simplexes tels que 774% = +o”. Nous 
pouvons d’ailleurs choisir les orientations des tr? de maniére que 71} = 0” 
(l1<h<s). Soit $ le noyau de o”; soient K, (1 <h<s) les noyaux 
de 77. On a évidemment K, CY pourl1<h<s. Comme nous le savons, 
il existe des indices v, 7 tels que ¥CP,CM;. Soit r le coefficient de o” 
dans G"(U); soient r, (1 <h<s) les coefficients des 7? dans @"(U,). 


8 
Il faut montrer que r n° rh. Soit P un sommet du réseau gén. Pe 
= 


tel que H;C P;", Si aucun sommet intérieur de MW ne rencontre P,*, on a, 

comme nous le savons, 70; or dans ce cas ¥P; —0, d’ou Ki, P2 =0 

(1<h<s); on en déduit sans peine que 7, =—0O (1<hSs), done 
8 


r at rh. Dans le cas contraire, nous savons que Ul, par suite aussi Ul’, 


est un affinement du réseau B(P2) du n°10.1, d’ou C/(U) = wC7 (UW). 
Or le coefficient de o” dans C;'(l) est rw,; et les coefficients de 7 


8 
(1 <h<s) dans C7'(W) sont r4,0,;. Par suite ro,;—= > rjio,i, et done 
i 


8 
r= D> rn, car o,;+0. 
R=1 


=1 
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17.4. La construction (v. 17.1-17.16) du cycle principal @” posséde un 
certain dégré d’arbitraire. Or on peut démontrer que (l’orientation de R—S 
étant donnée), le cycle G” est bien déterminé dans le sens suivant: J/ easte 
une famille complete ® de réseaux dans R telle que la (n, U)-chaine G" (U1) 
est déterminée sans aucune ambiguité pour chaque UE®. (Cf. la remarque 
x la fin du n° 17.16.) Nous laissons la démonstration de cet énoncé, dont 
nous ne ferons aucun usage, au soin du lecteur. 

17.5. Soit A un sous-ensemble bicompact de R; soit R—S—A+0. Le 
cycle principal G” n’est pas situé dans A. 

Démonstration. Tl existe évidemment un point a€ (R—S)—A. Choisissons 
les indices v,7 de maniére que a€ P, C M; © Hi— Aj. Soit V un entourage 
de a si petit que 1° VCG(R—S)—A; 2° VCP,. Il suffit de démontrer 
qu'il existe un réseau NE % tel que G"(U) contienne un n-simplexe o” dont 
le noyau § ne rencontre pas A. Comme H; est le porteur de l’homologie 

r'*~0 et comme H;—Vic Hi, Hi—V = Hi—V+ Hi, on a CPW CH; 
mais il existe des réseaux U€¥% arbitrairement petits tels que qu’on n’a 
pas C;'(U)C Hi;—V. Choisissons un tel réseau U assujetti & la condition 
qu’aucun sommet de WU ne rencontre simultanément V et A, ou bien V et 
R—P,, ou enfin V et S. Comme la chaine C/'() est dans H;, mais non 
dans H; —V, elle contient un (m, U)-simplexe o” dont le noyau ¥ rencontre V. 
Ona alors JA=0, FCPCM:, J¥S=—0. Comme ¥CP,C Mj, la chaine 
G"(Ul), comme C;'(1), doit contenir le simplexe o”. Puisque $A = 0, on 
ne peut avoir G" (11) C A. 

Remarque. Puisque les réseaux de la famille “% sont d’ordre < mod 
(vy. 7.4), nous avons démontré plus généralement que le cycle principal G”" 
n'est pas homologue a zéro mod A (A = A, R—S—A+0). 

18. Faisons de nouveau les conventions des n* 8, 8.1 et 8.3. Choisis- 
sons (arbitrairement) l’orientation de chaque simplexe o! (O<h<n, 
1<i<q@). Puisque les faces d’un (h+1, 3)-simplexe (0 < h < n—1) 
intérieur sont des (h, 3)-simplexes intérieurs, il existe des nombres 7/;¢R 
O<chSn—1,1<i< aqui, 1 <j <a) tels que 











apts Z hob = (OSh<n—1, 1<i<en41). 


Les nombres 4 ne prennent d’ailleurs que les valeurs 0, 1, —1. 
Comme F'o+1-+0, on a pour 1<h<n—1, 1SiS<a,,,, \Sksa, |: 


Remarque. v* étant un simplexe d’espéce o~! d’un réseau commode U, 
@aprés 8.32 le noyau de c* ne rencontre pas Ry et par suite c* = 0 
mod R— Ry. 
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18.1. Soit %, la famille de tous les réseaux commodes (dans le sens du 
n° 8.1) qui appartiennent a la famille # du n° 17.13. On voit sans peine 
que %#%, est une famille parfaitement compléte de réseaux. Dorénavant 
seuls les réseaux de la famille 4% seront appelés commodes. 

19.1. Soit 1 un réseau commode. A chaque simplexe intérieur o} (0 <h<n, 
1 <i< ap) du réseau 3 on peut attacher une (n—h, U)-chaine K"~" (a, 11) 
de la maniére suivante: 1° Chaque simplexe de chaque chaine K"—" (a! U) 
est +0 mod R—R,; 2° chaque simplexe de la chaine K"®* (co), Ul) est 
despéce o*; 3° pour 1 Shin, 1SjSen1 on a 


» 
Krati , ll) > 2s K"-* (ah, U) mod R— fy; 
4° on a (v. 17) 
a Pa Fa 
Ga (u) = > K"(o9, U) mod R—R. 
i=1 


Les chaines K"~" (o!, U) sont déterminées sans aucune ambiguité par les 
propriétés 1°, 2°, 3°, 4°. On a dailleurs pur OShsn, 1Sica: 
5° Kn-h (—o}, Ul) — — Kn-h (o?, Nl). 

Nous appellerons les K”~" (o?, U) les U-chaines fondamentales. Chaque 


&, 
(n—h, U)-chaine (0<h <n) de la forme >> c, K"—* (ah, U), ¢, ER sera 


appelée une (n—h, U)-chaine élémentaire. 

Démonstration. Commengons par les K”(o?, UW). D’aprés 8.33 chaque 
simplexe de la chaine G” (U1) est de rang 0 ou —1. D’aprés la remarque 
du n° 18, les simplexes de rang —1 sont —0O mod R— RR. D’aprés 19 
1°, 2°, 4° on doit done entendre par K"(o9, U) (1 <i< ap) la partie 
de la chaine G” (U1) dont les simplexes sont +0 mod R— R, et d’espéce o?. 
Les conditions 1°, 2°, 5° (h = 0) et 4° du n°19 sont immédiatement vérifiées. 

Supposons done que pour une certaine valeur de p (1 <p <7) on ait 
déja défini les chaines K"™ (o?, U) (Oh < p—1, 1<i<ep) de manitre 
que les conditions 1°, 2°, 3°, 4° du n° 19 soient vérifiées pour O<h<p—l, 
et que l’on ait reconnu que les chaines K”~” (o”, U) (0 <h < n—1) sont 
univoquement déterminées par ces conditions. I] s’agit de définir les chaines 
K"? (oP, U) (1 <i<ay) de manidre A satisfaire aux conditions 1°, 2°, 
3° du n° 19 pour h = p et de prouver que cela n’est possible que d’une 
seule maniére*’, 

Ce dernier fait est évident; en effet, la condition 3° donne pour h = p 





au K*"-» (oP, Nl) = F K*?11 (oP-1, Nt) mod 5 ...E.. 





*7 On doit aussi observer la validité de 5° pour h = p, en la supposant pour h = p—1. 
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Pour définir K"~? (oP, U) pour une valeur donnée de 7 (1 <i< ey), on 
doit done choisir l’indice j (1 <j < @p1) de maniére que nh *+0 (ce qui 
est toujours possible) et définir comme K”~? (o?, U1) la partie de la chaine 
ip? FK"-?+1 (op, UW) dont les simplexes sont +0 mod R—R, et 
despece o?. Les conditions 1°, 2° et 5° (k=vp) sont immédiatement 
vérifiées. Il s’agit de prouver que 1° la définition de K"~? (oP, UU) est 
indépendante du choix de l’indice 7; 2° les conditions 3° (h =p) sont 
satisfaites. 

A cet effet, considérons une chaine / K"-?+1 (op, UW) (1 S7 S @yp-1). 
D’aprés 8.33, un simplexe de cette chaine est de rang < p; d’aprés 8.34 
et 2°, ce rang est >p—1 et si le rang égale p—1, l’espéce du simplexe 
est op, tandis que, si le rang du simplexe égale p, son espéce est oP, 
indice i étant tel que q#-'+0. Soit donc H??(U) la partie de la 
chaine FK"-?+1(op-1, U) dont les simplexes sont +0 mod R—K, et 
d’espece op? et soit uf * Hj? (Ul) la partie de la méme chaine dont les 
simplexes sont +0 mod R— Ry et d’espéce of, de maniére que 





a, ah 
(*) PKe9+1 (op, 0) = Hp? (U)+ Dap Ap? (Ul) mod R—Fy. 
i= 
Distinguons deux cas. Hn premier lieu, soit p= 1. On a d’aprés 4° 


> FK"(o), U) = Omod k— R,, car FG"(U) = 0 mod SC R—RK,. Done 
Jj=1 





ee 


p> Hi") + 2 p> ny Hy (UW) = 0 mod R—R,, 


d’ot 
Hu) = 0 (1 <j < a) 
et 
(x) 21 HE (W) = 0 (lSiga). 
j=1 


On voit bien que la définition de K”~1(c}, U) est indépendante du choix 
de l’indice 7; en effet, pour une valeur donnée de 7 (1 <i < @), ily a 
justement deux valeurs j = j, et 7 = je de l’'indice j tels que 7f, + 0 et on 
a qi, + 4%, = 0 de maniére que (**) donne 
j, (a) = Hy, (), 

de maniére qu’on définit sans ambiguité 

K""(o7, 0) = HU) = AGW). 
La relation (*) prend la forme 


FR" (6°, W) = D 99, K"(}, U) (1<j< am); 
i=1 


or c’est précisément la relation 3° (h = p = 1) qui était & démontrer. 


44* 
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En second lieu, soit p=>2. Pour 1S kaye. on a 


a 


Kr (op, W > 2 ae? Kv vti(op', UW) mod R— Re 
et par suite 


DS 2 FR H (op, Wt) = 0 mod R—Ry 


fri 
c’est-a-dire 

“1 a, M4 

p> yp? He? (U) + pp qf! ge? He-?() = 0 
d’ou 

Hi *(U) = 0 (1 <j Sap) 
et 
G4 

(7) p> mm? AFP) =O (Sj Suma,lcisay). 


L’indice i (1 <i < a@py) étant donné, et j;, 72 (1 Sj, Jo < @—-1) étant tels 
que 74" + 0 + yj, °, on doit démontrer que Hy ”(U) = Ay,” (UW). On voit 
sans peine qu’il suffit de déduire ceci sous la supposition qu’il existe un 
indice k (1 <k <a, ,) tel que mE, +0+ mE Or sous cette supposition, 
pour j #4, OU je, On a mht yh? = 0 et en outre, comme on le voit sans 
peine, 1% Pe 1G WP = 0, de maniére que l’égalité & démontrer 
s’obtient immédiatement de (7). On définit done sans aucune ambiguité 


Kk"? (of, W) = Hy *(U) 


lindice 7 n’étant assujetti qu’é la condition i +0. La relation («) prend 
alors la forme 3° (h = p) qui était & démontrer. 

19,2. Soient U, U, deux réseaux commodes, UU, étant un affinement de UU; 
soit m = Pr. (U,, 1). Alors 


(*) aK"? (oP, Uj) = K"-*(oP, U) mod R—R (1 Si<ay). 

Démonstration. Soit d’abord p= 0. D’aprés 17.3 et 18.1 on a 7G" (UL) 
Sciipesiiaiinaiaiapaiian a 

= G"(U) mod SC R— Ry. D’autre part, d’aprés 19.1, 4° G"(W) = > K"(o?, UW) 
+=1 


mod &A— fy et pareillement pour U,. Done 


& [7 K" (0), u,) — K"(o?, W] = 0 mod R—R,. 








THEORIE DES VARIETES. 657 


Or d’aprés 19.1, 2° et 8.35 chaque simplexe de la chaine 


lA 
lA 
x 


(**) mK” (0), ul) — Kk” (0), u) (is 


est d’espéce o°. Done les chaines (**) sont = 0mod R— Ry. 
En second lieu, supposons que pour une certaine valeur de p (1 < p < n) 


on ait déja démontré que 
a Kn-tt (op, U,) = KP (oP, UN) mod R—Ry (Lj < ep). 


Cette relation reste vraie si l’on forme les frontiéres des deux termes. 
Cela donne d’aprés 19.1, 3° 


2 eK? op, U) — K* (oP, W] = 0 mod R— Ky. 


D’aprés 19.1, 2° et 8.35 chaque simplexe de 1’*™° terme de cette somme 
est d’espéce of; d’autre part, l’indice 7 étant donné, on peut choisir 7 de 
maniére que 7%? + 0. Il en résulte (*). 

19.3. Soit UW un réseau commode. Pour 0 <= hn, 1 Sis ae la 
chaine K"—" (of, 1) est située dans T(a!). 

Démonstration. Soit B un affinement de U régulier par rapport 4 7'(c/). 
Soit Ul, un réseau commode qui soit un affinement de B. Soit «= Pr.(&B, WW), 
mt, = Pr(U,, B). D’aprés 19.2 on a aa, K"—"(oh, U,) = K" “oh, U)mod R—Ry. 
Soit «’~’ un simplexe de la chaine K"~"(o", 1,). D’aprés 19.1, 2° le 
simplexe t”—" est d’espéce o. Chaque sommet de c”~ rencontre donc 
(v. 8.3) To"). Done chaque sommet de 7,c"~" rencontre T(o}). Le 
réseau B étant régulier par rapport 4 7'(o?), il en résulte que 7, c"~" = 0 
ou bien le noyau de 2,r"~" rencontre T(o)). Done si m2,c"~" + 0, le 
noyau de ce simplexe rencontre To). Par suite la chaine 72, K”"(o}, U1) 


est située dans T(o}). Or aa, K”"(o}, U,) est mod R— R, égale a la 
chaine K”~"(o", 11) dont tous les simplexes sont (v. 19.1, 1°) + Omod R—Rp. 
Par suite K"—* (of, W)C T(o?). 

20.1. En partant du réseau gén. ne contenant que le seul sommet R— 5S, 
on construit d’aprés 14.2 un réseau gén. % jouissant de la propriété suivante: 
Si PE & chaque couple Cy’, C2 de (n, R)-cycles mod S on peut attacher 
un couple de nombres 7,, 72€R dont un au moins +0, de maniére que 
nCt+reC?~0mod(R—P). On peut supposer que pour chaque Pe 
on ait P+ R—S, PER—S. 

20.2. Supposons que chaque sommet intérieur of (1 [7 < @ ) du 
réseau 3 du n° 8 fasse partie d’un sommet P; du réseau gén. ¥ du n° 20.1. 
Désignons par #, la famille de tous les réseaux commodes WU jouissant 
des deux propriétés suivantes: 1° Pour 1 <i < a, G"(U)-+0 mod (R—P)); 
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2° si un sommet U de U rencontre 7; (1 <i< a), ona UCP;; 3° UP; +0 
pour 1<i< az, et pour chaque sommet extérieur U de U. Puisque G" +40 
mod (R — P;) (v. 17.5, remarque) et T;Co?C P,, la famille ¥, est évi- 
demment parfaitement compléte. 

20.3. Ceci étant, on a pour chaque UE, le théoréme suivant: Soit 
C” (U1) un (n, U)-cycle essentiel mod S. Il existe une (n, U)-chaine élémentaire 
D" (UU) telle que C” (WU) = D" (UU) mod R— Ro. 

Démonstration. G” étant le cycle principal, d’aprés 20.1 il existe pour 
chaque 7 (1 <i < a) deux nombres 7,, 72€R, dont un au moins + 0, tels 
que r, C"(U)+7.G"(U)~0 mod (R—P). Or G"(U)+0 mod (R— P) 
d’aprés la propriété 1° de la famille ¥%. Done 7, +0, c’est-a-dire qu'il 
existe un nombre s;€ KR (1 < 7 < a@p) tel que C”(U) ~ 5,;G”(U) mod (R— P)). 
Done il existe une (n+1, M1)-chaine E”*1(U) telle que 


FE) = C"(U) — 5 G" (UW) mod (R — Pi). 





Le réseau Ul étant (v. 8.1, 3°) d’ordre < m mod S, chaque simplexe de la 
chaine E”+1(11) posséde un sommet extérieur, de maniére que (v. la pro- 
priété 3° de la famille #,) A" (U)C R — Pi, dot FE" (N) Cc R—P; 
et par suite C” (U1) = s; G”(U) mod (R — P;). Or si un (n, U)-simplexe 7” 
est d’espece o?, chacun des ses sommets rencontre P; d’ou c” + 0 mod (R— Pi) 
en vertu de la propriété 2° de la famille 4,. Done la partie de la chaine 
C"(U) formée des (mn, U)-simplexes d’espéce of est égale 4 celle de la 
chaine s;@"(U), c’est-a-dire & s,K"(o?, U) mod R— A. Or nous avons 
remarqué, en définissant les chaines K”"(o?, U1) (v. 19.1), qu’un (n, U)-sim- 
plexe qui n’est pas d’espéce o? pour aucun i (1 <7 < @), est = 0 mod R— Ry. 


Done C(t) = > s,K"(o?, W) mod R— Ry. 


Il. 


21. AxiomE G‘(0< k<n—1): Pour chaque entourage Q dun point 
a€ k—S il existe un entourage PCQ de a jouissant de la propriété suivante : 
Si I* est un (k, R)-cycle (absolu) dans P**, on a T¥~O dans Q. 

21.1. D’aprés 4.2 on déduit de l’axiome G*: Powr chaque réseau gén. 2 
a existe un affinement B et une projection m = Pr. ($B, Q) de manieére que : 
Si T* est un (k, R)-cycle dans P, PEP, on a T¥~O dans xP. 

22. Dans tout ce Chapitre, on se donnera une valeur fixe de p(0 < p < 2). 
On suppose la validité de tous les axiomes des Chap. I et II, ainsi que celle 
des axiomes G* (v. 21) pour n—p<k<n—1. 





**Pour k = 0 il faut supposer encore que I(/*) = 0, I(I) étant la somme des 
coefficients de I* (U1) (somme indépendante du choix du réseau 11). 
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93. Soit = la famille de tous les réseaux 3 de la famille @, du n° 74 
possédant des sommets intérieurs et tels que 1° 3 est un affinement mod S 
du réseau gén. % du n° 20.1, 2° le noyau de chaque 3-simplexe intérieur « 
contient un point n’appartenant a la fermeture d’aucun sommet de 3 qui 
ne soit pas un sommet de o. La famille = est parfaitement complete. 

Démonstration. Soit U un réseau donné; soit OQ un réseau gén. donné. 
Il existe évidemment un réseau 3; tel que 1° 3-1€@,; 2° 3.1 posséde 
des sommets intérieurs; 3° 3-1 est un affinement de 1; 4° 3; est un 
affinement mod S de $ et de Q. Soit m l’ordre (v. 7.2) de 3-1. Supposons 
généralement que, pour une certaine valeur deh(O <h <™m), on ait déja 
défini le réseau 3,1. Dans le noyau de chaque $,—1-simplexe intérieur r” 
choisissons un point ap, de maniére que an, + dgu si 0 < g<h ou bien 
g=h, w+v**. Modifions chaque sommet Z,1 de 3,-: en le remplacant 
par Z, = Zr-1 — (any), ott v parcourt toutes les valeurs telles que Z, ne 
soit pas un sommet de zt”. Soit 3, le réseau dont les sommets sont les 
ensembles Z;, ainsi associés aux sommets Z,—1 de 8n-1. En procédant de cette 
maniére on finit par construire un réseau 3m. Soit 3 un rapetissement 
fort®® de 3m. On voit sans peine qu’on peut choisir 8 de maniére que ce 
soit un affinement de U et un affinement mod S de Q possédant les pro- 
priétés voulues. 

24. Soit % un affinement de 3, les deux réseaux 3 et 3 appartenant a la 
famille = du n° 23. Pour le réseau 3 gardons la notation 


Gn of, T;; T (a?), z; xe", Ul) 


(ot UU parcourt les réseaux commodes par rapport 4 3+). Pour le 
réseau 3 on prendra la notation analogue 


Bis , t,, t(c*), t, "ee, N), 


U parcourant cette fois les réseaux commodes par rapport & 4+t. Sup- 
posons le réseau fermé t attaché & 4 choisi selon 8 d’une maniére quel- 
conque; quant & Z, nous le choisirons bientét d’une maniére convenable. 

Choisissons une projection = Pr. (3, 3). Un sommet intérieur 1° de 3 
Sera appelé complétement intérieur, si sa projection 77° est un sommet 
intérieur de 3. Un (h, 3)-simplexe intérieur 7?(0 <h <n) sera appelé 
complétement intérieur, si chacun de ses sommets est complétement intérieur. 
On peut numéroter les c* de maniére que, pour chaque h(0<h <n), les 
simplexes complétement intérieurs précédent les autres; soient c#(1<yv< yn) 
tous les (h, g)-simplexes (0 < h < n) complétement intérieurs (done 0 < yn 
<n pour chaque A). 





* D’aprés 12.2, ceci est évidemment possible. 














660 E. CECH. 


Pour 0O<h<n, 1<¥<yp on a ark = 0 (seulement pour h > 1) ou 
bien il existe un indice 7 = gn(v) bien déterminé (1 <7 < ep) tel que 
ath = +o, Pour h =0 on a toujours le signe plus; et la méme chose 
vaut aussi pour 1 << en orientant convenablement les vc” ce que nous 
voulons supposer. 

Ceci étant, définissons le réseau fermé Z attaché & 3 en posant, pour 
1<i<am, 


(1) Ti = 2 tv, 


oil » parcourt toutes les valeurs (1 < v < 70) telles que (v) = 7. On voit 
sans peine que le réseau fermé & posséde bien par rapport a 3 les pro- 
priétés du n° 8. 

R,(O <k < n) ayant la signification usuelle (v. 8) relativement 4 T, soient 
Ri, (0 <k <n) les ensembles analogues relatives a t. Evidemment Ry D R, 
pour 0<k<n. 

On vérifie sans peine que pouurO<hin, 1otica@,ona 


(2) T (oh) = Str), 


ol » parcourt toutes les valeurs (1 < » < ya) telles que gp (v) = 7. 

On voit aussi sans peine qu’un réseau U1 commode par rapport 4 3+t 
(dans le sens de la définition du n° 8.1) est aussi commode par rapport 
a 34+. 

kK" (o", U) étant toujours les chaines fondamentales (v. 19.1) relatives 
a 3+, soient k”— (vc, U1) celles relatives & 3+t. On vérifie sans peine 
que pour 0< hn, 1<7< a, on a dans chaque réseau Ul commode par 
rapport a 4+t 
(3) K"* (of, W) = D> keh, UW mod R—R, 

v parcourant toutes les valeurs (1 <<» < yp) telles que gy, (v) = 7. 

WY, et HW, étant les deux familles de réseaux définies resp. dans 18.1 et 
20.2 relativement & 3+, soient W% et yw, les familles correspondantes 
relatives & 3-+t. On voit sans peine que %C%, w,CW,. Wy (W%) est 
d’ailleurs la famille de tous les réseaux commodes (vy. 18.1) relativement 
a 3+2(3+1). Les familles y et w, sont, comme nous savons, completes. 

25. Supposons que le réseau 3 appartienne a la famille 5 du n° 23. On 
peut déterminer le réseau fermé & correspondant a 3 (v. 8) de maniére que, 
si le réseau commode U est suffisamment fin, on ait K”—*(o}, 0) +0 pour 
OShemn(n, p+), 1<i< a. 

La démonstration fera l’objet des n° 25,1—25.2. 

25.1. Lemme. Soit W+ 0 un ensemble ouvert CR—S. Soit0<q<p+tl. 
II existe un réseau B, et un réseau gén. M, jouissant de la propriété sui- 
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yante: Supposons que le réseau 3 du n°8 soit un affinement de &, et un 
affinement mod S de Mt,. Choisissons arbitrairement le réseau fermé FT (n° 8) 
correspondant & 3. Alors il existe une valeur de i(1 <i < @,) telle que 
1° chaque sommet de of est un sous-ensemble de W; 2° dans chaque réseau 
commode U suffisamment fin on a K"~7(o%, 0) + 0%. 

Démonstration. Soit dabord g=1. Choisissons un point a€W. Soit 
W, un entourage de a si petit que W,@ W. Soit $° un réseau gén. tel que: 
1° si a€P*, PEP, on a P°CW,; 2° P° jouit de la propriété du n° 4.3 ; 
3° si P°EP, on a F™~O dans P® pour chaque (n, R)-cycle 7” dans P°. 
8° existe d’aprés 4.2 et 9.1. Soit OQ* un affinement de $° jouissant des 
propriétés des n°* 4.3 et 4.4. Déterminons un affinement $' de Q' ainsi 
qu'une projection 7, = Pr.($’, Q') d’aprés 21.1, en y posant k—=n—1. 
Supposons généralement que, pour une certaine valeur de h (1 << h<q—2), 
on ait déja déterminé les réseaux gén. BP" et OQ”. Soit O”*+" un affinement 
de $8" jouissant de la propriété du n° 4.4. Déterminons un affinement B+! 
de Q’*+1 ainsi qu’une projection mp4. = Pr.(P"*!, O*') daprés 21.1, en 
y posant k = n—h—1. En procédant de cette maniére, on construit de 
proche en proche les réseaux gén. $B" (0<h<q—1) et Q* (1<h<q—1). 
Soit encore 2% un affinement de %%—! jouissant de la propriété du n° 4.4. 
Posons M, = O4%. 

Soit Bz un réseau tel que: 1° si VEB, et que VW, 40, ona VCW; 
2° si a€V, VEB,, on a VOW. 

Supposons que le réseau 3 soit un affinement de &, et un affinement 
modS de M@, = OQ%. Puisque |’affinement O% de ¥"~! jouit de la propriété 
du n° 4.4, on peut attacher & chaque (g—1, 3)-simplexe intérieur o7—' 
(i<s¢<s @,_) un sommet P%'(o%') de $7" tel que chaque sommet 
de of en soit un sous-ensemble. Posons Q!~'(of~!) = m,_, P?*(af~"), 
Supposons généralement que, pour une certaine valeur deh (O< h<q—2), 
on ait déja attaché & chaque of! (1 <i<a,_,,) des sommets pori(ehtsj, 
Q'1 (oh) resp. de $+! et de Q’*+1 de maniére que chaque sommet de o}*! 
soit un sous-ensemble de P**1(a?*) C Q1(o?+1), Supposons donnée une 
valeur de 7 (lL <j < aq). Deux cas sont & distinguer. En premier lieu, 
supposons que oft ne soit une h-face d’aucun (h+1; 3)-simplexe intérieur ; 
dans ce cas, choisissons un sommet Ph (a?) de $3" de maniére que chaque 
sommet de oh en soit un sous-ensemble; ce qui est possible, puisque le 
réseau gén. $2! est un affinement de %". En second lieu, supposons qu'il 





“ Pour q=n-+1, la these du lemme s’énonce comme il suit: Il existe une valeur de 
i(1 <i < ap) telle que 1° chaque sommet de o” est un sous-ensemble de W; 2° dans chaque 
réseau commode U suffisamment fin, on a J[K°(o?, UW] +0, (1 Sis). (V.** pour la 
signification de J.) Du reste, nous n’aurons dans cet Ouvrage aucune occasion d’appliquer 
le cas g=n+1 du lemme. 
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existe des valeurs de 7 telles que uh +0; dans ce cas, choisissons un 
sommet P’(o!) de 9%” de maniére que l’on ait P” (of) DQ (o'+1) pour 
chaque valeur de i (1<ica,,,) telle que 7 $0: ce qui est possible, 
car Q*+! est un affinement de 3” jouissant de la propriété du n° 4.4; on 
voit que, ici encore, chaque sommet de of est un sous-ensemble de P” (ot >. 
Si h > 1, posons Q' (ol) = = Ny, Ph(or), En procédant de cette maniére, on 
construit de proche en ‘proche ie ensembles P* (or) O<h<q-1, 1<i<a,) 
et (or) 1s h<gq—l1, 1Si<ae,). 

Soit W. un entourage de a si petit que 1° pour chaque sommet Q' de Q' 
la relation W, Q' + 0 entraine a€Q'; 2° W,o? = 0 pour chaque valeur de 7 


(1<i<a,) telle que of —W, +0; 3° W,R—R,=0. W existe, car: 


1° en vertu de la définition méme d’un réseau gén., on a W,Q'=0 pour 
tous les sommets Q' de Q' a un nombre fini d’exceptions prés; 2° si 
lensemble o? n’est pas contenu dans W,; on déduit, 3 étant un affinement 
de Bo que le point a n’est pas situé dans of; 3° ac R—R—R,, comme 
nous allons voir. 

On a W, R—R, = 0 (et done a€ R—R— Rp). Dans le cas amteayn, il 


existerait un point b€ W,R—Ry. Or, d’aprés 8, on a R—R,y = R— = T; 


C>Z oi Z parcourt tous les sommets extérieurs de 3. Il existerait dene 
un sommet Z de 3 tel que D€Z, ZS+0. Le réseau B étant un affinement 
de B,, il existerait un sommet V de B, tel que ZCV, d’ou bEV, done 
VW,+0 et par suite VCW, ce qui est impossible, car ZC V, ZS + 0, 
WcR—S. 

On peut donc déterminer un réseau commode ll, tel qu’aucun sommet 


de Uy ne rencontre simultanément W, et R—R,. Uy soit en outre tel que 
la chaine G"(U) ne soit pas située dans R—W.; c’est réalisable, car 
(v. 17.5) le cycle principal G” n’est pas situé dans R—W,. Enfin, Uy soit 
si fin qu’aucun sommet de WW, ne rencontre simultanément S et un des 
ensembles P° (a) (1 <i< a); c’est possible, car $° jouit de la propriété 
du n° 4,3, Supposons eénéralement que pour une certaine valeur de h 
(0<h<q—1), on ait déja construit le réseau U,. Soit alors Ups. un 
réseau commode tel que U,+1 soit un affinement de WU) normal par rapport 
aux cycles dans P"(o!") pour chaque valeur de i (1 <i< a,). On définit 
de cette maniére de proche en proche les réseaux commodes Uy, (0O<h< Q). 
Soit encore U,+: un réseau commode qui soit un affinement de U,. Pour 
0<h <q, choisissons une projection = Pr.(Wy41, Up). 

Pour 0<h<n, soit NM, V’ensemble de tous les indices i (1 <i < a) 
tels que le simplexe o” posséde un sommet qui soit un sous-ensemble de Wi. 
Evidemment j€N,, 74+0 (0 <h<n—1) entraine 1€ Nn41. 
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Por 0<k<q, OShSn, 1S tice, on a dapres 19.2 
a), K*—* (oh, W,.,) = K"- (o?, U,) mod R— Rp. 


Or je dis que, si ¢€ Nz, on a plus précisément 
(2) ni, K-* (9), Uy.) = K"-* (of, U,). 


D’aprés 19.1, 1° il suffit de prouver que la chaine 7, K”~” (a), U,,,,) ne 
contient aucun simplexe situé dans R— 2. Supposons au contraire que 7 
soit un tel U,-simplexe. Alors chaque sommet de « rencontrera R—R). 
D’autre part, d’aprés 19.3, chaque sommet de v rencontre 7'(o!) et par 
suite chaque sommet Z de o!. Or, puisque 7€. Np, on peut choisir Z de 
maniére que ZCW,. Done chaque sommet de t rencontrera simultanément W, 
et R—Ry, ce qui est impossible, car U, est un affinement de Uy. 

Par le méme raisonnement on déduit de 19.1, 3° que pour 0 <k < q+1, 
l<h<n, 7€Nr-a on a 


ba} 
(xx) Kren oe, u,) ode = er Kr (ah, Ui,). 





Ceci étant, supposons que notre lemme ne soit pas vrai. Si 7€, 
(0<h<n), le simplexe o” posséde un sommet Z, tel que ACW,. Z étant 
un sommet arbitraire de o/, on a ZZ+0 et par suite ZW, +0, doi 
ZCW, car le réseau 8 est un affinement de %,. Donc l’hypothése que 
le lemme ne soit pas vrai entraine, en excluant d’abord le cas g = n+1, 
que K"~7(o7, U,,,) =O pour un choix convenable de U,,,, si 7€ Ny. 
Donec, d’aprés (*), on a K"-4%(o%, U,) =0 pour chaque 7€N,. Done on 
déduit de (**) que K"~2+1(o2-1, 11,) est, pour chaque7€ Ny—-1, un(n—q-+ 1, U,)- 
cycle, situé dans P21 (o9—") d’aprés 19.3. Done XP-0t* Ge, U4) est, 
pour chaque <€N,_,, un (n—q-+1, U,)-cycle essentiel dans P7™ (o2-) de 
maniére qu’il existe pour 7 € NV 7—1une (n—qt+2,U q—1)-chaine H"-t (62-47, o—1) 
dans Q¢~—1 (o2~) telle que 

H*-7 (ost, u_,) ol Ka (7, U,_,)- 





On arrive au méme résultat si g = »-+1. En effet, de I’hypothése que 
le lemme ne soit pas vrai il résulte dans ce cas que J[K° (o", U,.,)] =0 
pour chaque 7€N,. Puisque K°(o?, U,,.,)CP" (97), il existe donc une 
(1, U,)-chaine H1(o", U, ,) dans Q”(o”) telle que 


H} (9, U,) > K°(o', U,). 


Quelleque soit la valeur de q, il résulte de ce que nous venons de prouver, 
en tenant compte de (**), que pour chaque j€N,-2 
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existe des valeurs de 7 telles que yi +0; dans ce cas, choisissons un 
sommet P’(o!) de 3” de maniére que ]’on ait Ph (oh) D Qt (oP) pour 
chaque valeur de i (1 <i<a,,,) telle que 7, +0: ce qui est possible, 
car Q*+! est un affinement de $3” jouissant de la propriété du n° 4.4; on 
voit que, ici encore, chaque sommet de oh est un sous-ensemble de P” (ot ). 
Si h>1, posons Q’( (of) = = 1, Ph(oh), En procédant de cette maniére, on 
construit de proche en ‘proche ine ensembles P* (oh) O<Sh<q-1, 1<i<a,) 
et Mor) (AS h<q—1, 1<Sice,). 

Soit W. un entourage de a si petit que 1° pour chaque sommet Q' de Q' 
la relation W. Qt 0 entraine a€Q'; 2° W,6? = 0 pour chaque valeur de 7 
(1<i<a,) telle que o?—W, +0; 3° iv, R—R, = 0. W existe, car: 
1° en vertu de la définition méme d’un réseau gén., on a W,Q'= 0 pour 
tous les sommets Q' de Q* & un nombre fini d’exceptions prés; 2° si 
ensemble o? n’est pas contenu dans W,, on déduit, 3 étant un affinement 
de Bo que le point a n’est pas situé dans of; 3° ac R—R—R,, comme 
nous allons voir. 

On a W, R—R, = O (et donc a€ R—R— R). Dans le cas eouhrome, il 


existerait un point D€ W,R—R,. Or, d’aprés 8, on a R—Ry = R— > T; 


C>Z oi Z parcourt tous les sommets extérieurs de 3. Il existerait ieee 
un sommet Z de 3 tel que D€Z, ZS+0. Le réseau B étant un affinement 
de ¥,, il existerait un sommet V de ¥B, tel que ZCV, dot DE V, done 
VW,+0 et par suite VC W, ce qui est impossible, car ZC V, ZS +0, 
Wc R—S. 

On peut donc déterminer un réseau commode Ul, tel qu’aucun sommet 
de Uy ne rencontre simultanément W, et R—R). Uy soit en outre tel que 
la chaine G"(U) ne soit pas située dans R—W.; c’est réalisable, car 
(v. 17.5) le cycle principal G” n’est pas situé dans R—W,. Enfin, Uy soit 
si fin qu’aucun sommet de UW, ne rencontre simultanément S et un des 
ensembles P°(a°) (1<i< a); c’est possible, car %° jouit de la propriété 
du n° 4.3. Supposons généralement que pour une certaine valeur de h 
(0<h<q—1), on ait déja construit le réseau UW. Soit alors Un+1 un 
réseau commode tel que U,+1 soit un affinement de 11, normal par rapport 
aux cycles dans P"(o?) pour chaque valeur de i (1 <i<a,). On définit 
de cette maniére de proche en proche les réseaux commodes Uy, (0<h< q). 
Soit encore 1,4; un réseau commode qui soit un affinement de U,. Pour 
0<h Sq, choisissons une projection 2, = Pr.(Wy41, Un). 

Pour 0<h<n, soit N, ensemble de tous les indices i (1 <7 < en) 
tels que le simplexe o} posséde un sommet qui soit un sous-ensemble de W. 
Evidemment j€N,,, 74,+0 (0 <h<n—1) entraine i€ Nas. 
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Por 0<k<gqg, OShSn, 1 Stila on a daprés 19.2 
a) Kn" (of, U,,,) = K" (oh, U,) mod R— RK. 


Gr je dis que, si i€. Na, on a plus précisément 
(+) n,, K"™ (6), U,,,) = K" (oF, U,). 


D’aprés 19.1, 1° il suffit de prouver que la chaine 7, K”~” (a), U,,,) ne 
contient aucun simplexe situé dans R—R). Supposons au contraire que t 
soit un tel U,-simplexe. Alors chaque sommet de + rencontrera R— Ry. 
D’autre part, d’aprés 19.3, chaque sommet de t rencontre 7'(o!) et par 
suite chaque sommet Z de o!. Or, puisque 7€M,, on peut choisir Z de 
maniére que ZC W,. Done chaque sommet de z rencontrera simultanément W, 
et R—Rp, ce qui est impossible, car U, est un affinement de Up. 

Par le méme raisonnement on déduit de 19.1, 3° que pour0 <k < q+, 
1ch<n, JENA on a 


bt.) 
(+) Kr (6), U) > 2 ni? Kr (op, Wy). 





Ceci étant, supposons que notre lemme ne soit pas vrai. Si ¢€M, 
(0<h<n), le simplexe o posséde un sommet Z, tel que %CW,. Z étant 
un sommet arbitraire de o”, on a ZZ,+0 et par suite ZW, +0, doi 
ZCW, car le réseau 3% est un affinement de ¥,. Donec l’hypothése que 
le lemme ne soit pas vrai entraine, en excluant d’abord le cas g = n+1, 
que K"~@ (of, U,,,) = 0 pour un choix convenable de UW,,, si 7€ Ny. 
Done, d’aprés (s), on a K"-4(of, 1) = 0 pour chaque i€Ny. Done on 
déduit de (**) que K"~911(og-1, Ul, est, pour chaque 7€ N,-1, un(n—q-+1, U,)- 
cycle, situé dans P?—! (og) d’aprés 19.3. Done K”~**? (of-!, U_,) est, 
pour chaque i€N,_,, un (n—q-+1, Ut,)-cycle essentiel dans P?~ (a7) de 
maniére qu’il existe pourz€ V_, une (n—qt2, U,_,)-chaine H"-? (677, o—1) 
dans Q~1 (og) telle que 

H*-72 (o¢-, U_,) —> K-11 (7, U,_,). 


On arrive au méme résultat si g = »+1. En effet, de l’hypothése que 
le lemme ne soit pas vrai il résulte dans ce cas que J[K°(o?, U,,,)] =0 


pour chaque i€N,. Puisque K°(o”, U,,,)CP"(o%), il existe donc une 
(1, U,)-chaine H1(o”, U, ,) dans Q”(o") telle que 


H} (o}, U,) > K° (9;", U,). 


Quelleque soit la valeur de q, il résulte de ce que nous venons de prouver, 
en tenant compte de (**), que pour chaque j€ Nj~2 
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est un (n—q-+2, U,-1)-cycle dans 
Tor)+ DY SoCo )cPr (or), 


"4° +0 





Supposons généralement que, pour une certaine valeur de h (1 <h<q—2), 
on ait déja attaché & chaque 7€ Na41 une (n—h, Un41)-chaine H"™ (oh, U,..) 
dans Q’¥1 (a?+4) de manitre que pour chaque j€M, 
[pu-h (of, Wa) = — Kr (oh, U,+1) ~ ae uh Hh (oh+1, U1) 
h+1 


soit un (n—h, U,,,)-eyele dans P* (oh) (o}). Posons 
Hr (oft, u,) — 1, H*-h (oh, Uy +1) 


ete., ce qui est d’accord avec (*). Alors /"~” (of, U,) est un (n—h, U,)- 
cycle essentiel dans P*(o"), Il en résulte qu'il existe pour j€N, une 
(n—h-+1, U,)-chaine H”"*! (o?, 11,) dans Q” (a?) telle que 
He! (o}', U,) —> [n—h (o}., u,) 
d’ott pour 7€ Na-1 
[u-hti (oh, U,) ~— Krk (of, U,) ~ge qt Hef (ol, u ) 
h 


> ety [Ke (op, Ui) — Po}, Uy) 
= mei Ny H"" (of, U,) = 0 
sex,” eat 


de maniére que 7”~"+! (o!—1, 11) est, pour j€EN,_,, un (n—h+1, Uu,)- 


cycle dans 


aig? 


T(o}) .* 2 O ( Qi (ah) Cc pio >. 


ieN, 


Kn procédant de cette maniére on arrive finalement 4 attacher 4 chaque 
v€N, une (nm, U,)-chaine H”(o}, U,) dans Q'(o}) de maniére que pour 
chaque 7€ No 

rn (0°, u,) = K (0°, Wy) — Ay % H" (o}, Ul,) 


soit un (n, U,)-cycle dans P® (o°) de maniére que 7” (o?, U1,) est un (n, U,)- 





cycle cssentiel dans P°(o?)EP. D’aprés la définition du réseau gén. $0, 


il en résulte que 7” (o?, U,)~0 dans P? (0°) pour chaque j€N,. Or le 
réseau Uy est d’ordre iS mmod 8 et aucun sommet de Uy ne peut rencontrer 


simultanément S et P°® P? (0°), Done 








THEORIE DES VARIETES. 665 


K" (o, U,) = Pa H" (a}, 


pour chaque 7€.No. Done 


PEE , a) = afi H” (c}, U,) 


&j = a pour i€J,. 


Or pour 7€.N, on a o} >+ (69 —o?), ot un au moins des deux ensembles a? 


et o? est contenu dans W,. Si o9+ oCW,, on as, t€N,, doh «& = 0. 
Done si l’indice 7€ N, est tel que ¢; + 0, on nine supposer oe oo —W, Ft 0. 
Or «9 CQ' (a}), done Q' (s}) —W, + 0. Il en résulte que le point a n’est pas 


situé dans Q'(o}); en effet, dans le cas contraire on aurait a€ Q! (cP (0°), 
dot la contradiction Q' (¢}) C P®(o°) CW, d’aprés la définition de 2p, 
Puisque le point a n’est pas situé dans Q' (a}), on a Q! (o!) W, = 0 d’aprés 
la définition de W,. Done 7€N,, ¢, + 0 entraine que Q! (co!) CR—W, et 
par suite que la chaine H”(o}, U,) est située dans R—W,. Done 
pour chaque i€N, la chaine K”(o?, U,) est CR—W,. Or ce fait 
subsiste pour toutes les autres valeurs de z (1 < 7 < a); en effet, si 
l'on n’a pasz€N,, on a of W, =O d’aprés la définition de W, et, d’autre 
part, la chaine K” (a), U1,) est (v. 19.3) située dans 7',C 0° Done la chaine 


> (0, n) 


i=1 
est située dans R-—W,. En outre on a R—RCR—W, d’aprés la 
définition de W,. Done (v. 19.1, 4°) la chaine G” (Uy) est située dans 
i —Ws, ce qui est une contradiction. 

Le cas g = 0, qui était exclu jusqu’é présent, se traite bien facilement. 
On peut choisir arbitrairement le réseau gén. Ytp. Choisissons de nouveau 
le point a€ W et son entourage W,@W. Supposons le réseau Bo choisi 
de telle maniére que 1° VES), VW, + 0 entraine VC W; 2° a€V, VEX 
entraine VCW,. Soit W. un entourage de a si petit que 1° oo — W, + 0 
(1 <i<a,) entraine W,o° =0; 2° W,R—R,=0. Comme plus haut 


on voit que ces conditions sont réalisables. Choisissons le réseau com- 
mode Uy de maniére que la chaine G” (Uy) ne soit pas située dans R— Ws. 
Si le cas g = 0 du lemme n’était pas vrai, on aurait [v. (*)] K” (09, U,) = 0 
pour chaque 7 tel que x bares Comme plus haut, on voit que pour les 
autres valeurs dei K”(o%, U,) est située dans R— Ws. Puisque 
R—R, Ry C R— Wz, on aurait de nouveau la contradiction G” (Uy) C Rk — Ws. 


25.2, Passons & la démonstration du théoréme du n° 25. D’aprés la 
définition de la famille = on peut déterminer des points ani € J (") 


pour j€No, ou 




















666 E. CECH. 


(0<h<pt+1,1<i<e; % signifie le noyau) de maniére que l’inclusion 
au€Z, ZEZ entraine que Z soit un sommet de . Désignons par @ la 
somme de tous les sommets extérieurs de 3. On a alors ans€ R—G. Les 
points an; étant manifestement distincts les uns des autres, on peut déter- 
miner des ensembles ouverts Wr; tels que 1° WriC Y(o"); 2° Wri Wij + 0 
entraine h = k,i=Jj; 3° WiC R—G. PourOlhlpt+i1,l<i<a, 
attachons a l’ensemble ouvert Wri le réseau Vai et le réseau gén. My; 
d’aprés 25.1 en y posant g =. Choisissons le réseau 3 de maniére qu'il 
soit un affinement de 3, ainsi que de chaque ¥&,; et que chaque sommet 
intérieur de 3 fasse partie d’un sommet de chaque Yt,;. Associons & 3 un 
réseau fermé t selon 8. D’aprés 25.2 il existe des (h, 3)-simplexes intérieurs 
ol = (znio, 2niny +++, rin) OLAS p+ 1,1 cic ep) tels que 1° ena CW 
(0<’4<h); 2° il existe une famille parfaitement compléte x de réseaux 
commodes par rapport & 3-+t et tels que k”~"(o", U) + 0 pourr0<h< p+, 
1<ica,, U€x. Posons of = (Z,,., Zin» +++» Ag) Les ensembles z,,, 
sont évidemment distincts les uns des autres et on a z,,, CW, C (6!) CZ... 
On peut done choisir 7 = Pr. (3, 3) de maniére que 


tend = Za pour OShSpti, 1oicsa, OSASH. 


Déterminons le réseau fermé T attaché 4 3 d’aprés 24. D’aprés 24, (3) on 
a pour chaque N€xz et pour O< ho p+1,1Sicay 


(*) KK (oh, U) = De *(eh, U) mod R—Ro, 


y parcourant tous les indices (l1< » < y,) tels que wc* = oa}, En par- 
ticulier la somme & droite dans (*) contient le terme k”~” (g?, U), puisque 
évidemment ¢? =o". La somme a droite dans (+) ne peut étre égale 
a zéro mod #— Ry que si chaque terme est — 0 mod R— Rp, car chaque 
simplexe de la chaine k”~" (ch, U1) est d’espéce zc” relativement & 3+ +t de 
maniére que deux termes différents de notre somme n’ont aucun simplexe 
en commun. Done l’égalité K”"(o", 01) = 0 entrainerait en particulier que 
kn" (gh, U) = 0 mod R—A. Or nous savons que k*—*(o%, U) +0. Il 
suffit done de montrer que, si le réseau U€y est suffisamment fin, un 








simplexe de la chaine k"~" (9, 11) ne peut pas étre situé dans R—R. Or 
on a, d’aprés 8, RL DR—G, dou R—R, CG. D’autre part, on a 
t(oh) C249 ©W,,C R—G@. Done t(g") et R—Ry sont deux ensembles 
fermés disjoints, de maniére que, si le réseau U est suffisamment fin, un 
U-simplexe ne peut étre situé simultanément dans t(o”) et dans R—A). 


Or chaque simplexe de la chaine k"~" (g, U1) est situé dans ¢(o”) d’aprés 19.3. 
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26. Soit O0< pn. Soit BEF (v. 23). Déterminons le réseau fermé F 
d'apres 25. Soit A un sous-ensemble bicompact de R. Il existe un réseau 
commode Up jouissant de la propriété suivante: Si les nombres r¢;ER sont 

a 


tels que P r, K" ? (oP, Uy) est un (n—p, Uy)-cycle mod A R—R homologue 


a 
a zéro dans A, alors PA yr; K” ? (oP, U) est un (n—>p, U)-cycle mod A R—R, 
homologue & zéro jon A pour chaque réseau commode U qui est un af- 
finement de Up. 

Démonstration. Soient Ul et 1’ deux réseaux commodes dont le second un 
affinement du premier. D’aprés 19.2 et 19.1, 1° la relation K"~?(o}, W)CA 
entraine K"-?(o?, U)C A. On en déduit sans peine qu’il existe un réseau 
commode U, tel que K”-?(o),1,)CA entraine K"-?(o!, U)CA pour 
chaque réseau commode UW. Si l’on numérote convenablement les o?, on a 
un nombre «, (0 < @, <a,) tel que K"~"(o", U,)C A si et seulement si 
1<i<a},. D’aprés 25 on peut supposer que K”~(o!, U) + 0 mod A R— Ry 
pour 0< A< min (nm, p+1), 1 <i< ap dans chaque affinement commode 
U de U,. Il en résulte (v. 19.1, 3°) que si 

ee 


(*) > 1, K" (oP, U)>0 mod AR—R, 


i=1 
pour U = U,, la méme relation a lieu pour chaque affinement commode ll 
de ,. Les chaines (*) forment un module de rang fini (< «)). Désignons 
par M,(U) le sous-module du module défini par la condition 


a 
> 7, K"* (oP, W~0 mod AR— Rp dans A 
i=1 


et soit @,(U) le rang de M,(U). Il existe un affinement commode Up de U, 
tel que la valeur de ep(ll) pour 1 = Uy soit un minimum. On voit sans 
peine que le réseau commode UU, jouit de la propriété voulue. 


IV. 

27. AxlomE H® (0<k<n—2): Pour chaque entourage P d'un point 
a€k—S il existe un entourage P,CP de a jouissant de la propriété 
suivante: A chaque entourage P,P, de a on peut attacher un entourage 
P;C P, de a de maniére que: Si I* est un (k, R)-cycle dans P,— P, et que 
lon ait T¥~0 dans P,, on a aussi T*~0 dans P—P3. 

27.1. D’aprés 4.2 on déduit de l’axiome H*: Pour chaque réseau gén. % 
a existe un affinement J, et une projection x’ = Pr.(P,, PB) jouissant de 
la propriété suivante: A chaque affinement B, de P, on peut attacher un 
affinement Bs de PB. ainsi qu’une projection x" = Pr.(Ps, Pz) de manieére 














f 
\ 
: 
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que: Si PyEPs, a” PaCP,EPi, si T* est un (k, R)-cycle dans PR rm” Py, 
si T*~0 dans P,, alors T* ~0 dans mn’ P,— Ps. 

28. Dans tout ce Chapitre, supposons donnée une valeur fixe de »p 
(1 <p<vn). Outre les axiomes des Chap. I et II, on suppose la validité 
des axiomes G* pour n—p <k<n—1 (v. 21) et celle des axiomes H* 
pour max. (0, n—p—1)<kin—2. 

29, Soit $7 un réseau gén. donné. 

Déterminons un affinement Q”* de ? jouissant de la propriété du 
n° 4.4, Ensuite déterminons un affinement $2? de OQ” ainsi qu’une 
projection 2,1 = Pr.(®?-1, O7-") d’aprés 21.1, en y posant k = n—1. 
Enfin déterminons un affinement 8?’ de ¥?~ ainsi qu’une projection 
ny _1 = Pr.(BP*, B?*) daprés 27.1, en y posant k = n—2*', Supposons 
généralement que, pour une certaine valeur de h (0 <h < p—2), on ait 
déja défini les réseaux gén. oe", $!*1_ Déterminons un affinement 2" 
de $i'" jouissant de la propriété du n° 4.4. Ensuite déterminons un af- 
finement $8" de Q” ainsi qu’une projection 7, = Pr.($", OQ") d’aprés 21.1 
en y posant k=n—p+h. Enfin déterminons un affinement 1°" de $""* 
ainsi qu’une projection 2, = Pr. (Bh, 3") d’aprés 27.1, en y posant 
k=n—p+h—1*. En procédant de cette maniére, on construit de proche 
en proche les réseaux gén. OQ”, PB", Pr pour O<h < p—t. 

Déterminons un affinement P2 de J} jouissant de la propriété du n° 4.3. 
Ensuite d’aprés 27.1, ot l'on remplace %, ¥,, Pe, 2’, k resp. par PB’, ¥1, 
Po, m),n—p—1 déterminons un affinement ¥3 de Bo ainsi qu’une pro- 
jection =’ = Pr.($3, ¥2)*%. Enfin déterminons un affinement $: de $3 
jouissant de la propriété du n°4.3. Supposons généralement que, pour 
une certaine valeur de h O<h< p—2) on ait déja défini les réseaux 
gén. Bo, Bs, Pr. Déterminons un affinement Bi" de Pf jouissant de la 
propriété du n° 4.4. Ensuite dapreés 27.1, ot l’on remplace %, ¥,, $2, 7’, k 
resp. ed Ca ee, ' Th41, N— tk déterminons un affinement pit! 
de pot bs ied qu’une peneeion Th+41 = Pr. (B37, “ee! Enfin déterminons 
un affinement $1 ** de $5"* jouissant de la propriété du n°4.3. En procédant 
de cette maniére, on construit de proche en proche les réseaux gén. £, 

$, 1 O<h < p—1). 

‘ene encore un affinement $? de $?~* jouissant de la propriété 
du n° 4.4, Ensuite déterminons un affinement $7 de $2 ainsi qu’une pro- 
jection 7 = Pr. ($#, PB?) jouissant de la propriété du n° 14.2; on peut 





1 Si n=1 et par suite p==1, on détermine l’affinement $B: de P° et la projection 7 de 
maniére que 70 P; + Py pour dec Pie Pi: 

42 Si p=n et h=O, on détermine I’affinement $8: de $%° et la projection 7 de manitre 
que 7 P; + Py pour chaque Pre Ri. 

3 Si p =n, on pose Ps = Pe et 2 est Videntité. 
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supposer que l’affinement PB? de P? jouisse de la propriété du n° 4.3. Enfin 
déterminons un affinement $7 de $# jouissant de la propriété du n° 4.4 
ainsi qu’un affinement $f de $7 jouissant de la méme propriété, 

30. Reprenons les notations du n° 8 en supposant que chaque sommet 
intérieur du réseau 3 fasse partie d’un sommet du réseau gén. B? (et done 
aussi d’un sommet du réseau gén. $f donné a priori). 

Pour abréger, disons que o? (1 <j < a) est contigqu & o? (O< hp, 
1<i<a,), si oP rencontre un sommet de o/ (en particulier si a? est 
lui-méme un sommet de o?), 

Comme le réseau gén. Bf ($3) jouit par rapport a PB? (BP) de la pro- 
priété du n° 4.4, on peut attacher & chaque oP (1 <7 < @,) un sommet 
P} (o?) de $2? de maniére que chaque sommet intérieur de 3 contigu a o? 
fasse partie de P3 (of). Posons P? (of?) = na" PP (oP?) (1 <i < ay). 
Supposons généralement que pour une certaine valeur de h (0 << h < p—1), 
on ait déja attaché & chaque o?** (1 <i<a,,,) un sommet Pj (o!+) 
du réseau gén. $+ tel que chaque sommet intérieur de 8 contigu a o/'** 
en soit un sous-ensemble. Soit donnée une valeur de 7 (1 <7 < a). 
Distinguons deux cas. Premiérement, si le 3-simplexe o/ n’est pas une 
face d’aucun (h-+1, 8)-simplexe intérieur, choisissons un sommet P? (a!) 
de $ de maniére que chaque sommet intérieur de 8 contigu A o! en soit 
un sous-ensemble; ceci est possible, car le réseau gén. J? * est un affine- 
ment de 83. En second lieu supposons qu’il existe des valeurs de 7 
(1 <j < @,,,) telles que 7, +0. Dans ce cas choisissons le sommet 
Pi (o}') de Bi de manidre qu’on ait Pi’ (o/') > P}*' (o}'**) pour toutes les 
valeurs de j telles que 7} + 0; ceci est possible, car le réseau gén. Pit? 
jouit par rapport & 9" de la propriété du n° 4.4. Dans les deux cas le 
sommet P! (o?) est done construit de maniére que chaque sommet intérieur 
de 3 contigu & o” en soit un sous-ensemble. Comme le réseau gén. $/ 
jouit par rapport & $% de la propriété du n° 4.3, il existe un sommet 
Phish) (1 Si < a@,) tel que Ph (c")S Ph (or), Posons encore P}' (o!') 
= a, P* (ch), En procédant de cette maniére, on attache de proche en 
proche & chaque (h, 8)-simplexe intérieur o? (0< hl p—1,1<7t< «) 
des sommets P} (a), P} (o”), Ph (o") resp. de Pi, Ps, Pr: 

Le réseau gén. $2 jouissant par rapport & P; de la propriété du n° 4.3, 
il existe (pour 1 <7 < a@,) un sommet P? (a?) de P? tel que P? (a?)5 P? (9?). 
Posons P? (0?) = m) P? (a%), Q° (9) = m, P®(o?). Supposons généralement 
que, pour une certaine valeur de h (0<h< p—2), on ait déja attaché 
& chaque of (1<i<e,) un sommet Q" (o)) de O” tel que chaque sommet 
intérieur de 3 contigu a o en soit un sous-ensemble. Soit donnée une 
valeur de i (1 < i < apis). Comme le réseau gén. Q” jouit par rapport 


45 











eS (ee 
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a P+! de la propriété du n° 4.4, il existe un sommet P/*!(o)+1) du 
réseau gén, P+) tel que Prt (oP 1) DG (o?) pour chains: valeur de j 
(1 <j < @,) telle que 7, + 0. Posons encore 


Ph (ght) = al, PMH (gh), Qt (ot) = mr, Pht (ght) 
(1 si S G41). 


En procédant de cette maniére, on attache de proche en proche & chaque 
(h, 3)-simplexe intérieur o? (0 < h < p—1, 1 <7 < e@y) des sommets 
Ph (oh), Ph (oh), Q’ (oh) resp. de Br, PB", O". 

Comme le réseau gén. Q”* jouit par rapport & $B? de la propriété du 
n° 4.4, on peut enfin attacher 4 chaque of? (1 <7 < @,) un sommet P? (a?) 
de $? de maniére que P? (o?)>Q?™ (op) pour chaque valeur de j 
(1 <j <a@, ,) telle que 77 + 0. 

31. Gardons les conventions des n° 8, 29 et 30. Soit A un sous-ensemble 
bicompact de R; soit B un entourage de A. On peut choisir le réseau 
gen. Bf (n® 29) de maniére que (3 satisfaisant a la condition énoncée au 
commencement du n° 30) on ait la propriété suivante: Soit U un réseau 
commode (v. 18.1). Soit C"~? (WU) un (n—p, U)-cycle mod SA dans A essentiel. 
Il existe une (n—p, U)-chaine élémentaire D*~?(U) dans B telle que 
CP (Wl) ~ D"-? () mod B R—R) dans B. 

En fait il suffit de choisir Bf de maniére que chacun de ses sommets P’ 
qui rencontre un sommet P" de $B? tel que P” A+0, fasse partie de B. Un 
tel choix de $f est évidemment possible (v. 4.3 et 4.4). Tous les réseaux 
introduits dans 29 étant des affinements de $?, ils possédent aussi la 
méme propriété. 

La démonstration fera l’objet des n° 32—42.5, 

32. En tenant compte de 19.2, on voit sans peine qu’il suffit de donner 
la démonstration en mapperen que le réseau commode UW soit suffisamment 
fin. Or (v. 29) Vaffinement $i du réseau gén. Bs (0 < h < p—1) ainsi que 
V’affinement 2 ($7?) de YP: (PB?) jouit de la propriété du n° 4.3. On peut 
donc supposer que le réseau U soit tel que: 1° pour O<h<p—l, 
1 <i a chaque sommet de U qui rencontre P» (a?) (a?) fasse partie de 
Ph ( (ai); 2° pour 1<i<ap(a,») chaque sommet de WU qui rencontre 

. P® (0°) [P? (oP)] fasse partie de P? (a2) [P? (aP)]. De plus on peut supposer 
qu’aucun sommet de U ne rencontre simultanément S et un des ensembles 








P? (e?) (1 <i<a,). Ensuite on peut supposer que, si U’, U” sont deux 
sommets de U tels que U’ Rp +0, U" S+0, on ait U'U" =0. Puis, on 
peut supposer que si un sommet de UW rencontre simultanément A et un 
des ensembles P? (6°) (o9) (1 <i< ap), on ait A Pag P? (a) +0. En outre on peut 
(v. 17.5) supposer que qn (U) 0 mod R— Pp (?) (i<i<a@). Encore, 
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comme (v.30) chaque sommet intérieur de 3 contigu (v.30) de o” 
(0<h<p—1, 1St< ap) est un sous-ensemble de l’ensemble ouvert 
ph (o!), on peut supposer que, pour 0<h I p—1, O<k<p—1,1<j<ax, 
les indices 7, 7 étant tels que les 8-simplexes ao! et ok soient des faces 
d’un certain (7, 3)-simplexe intérieur (J >h, 1 >k), chaque sommet de 
qui rencontre T(o*) fasse partie de P!(o"). En effet T (a>) est un sous- 
ensemble bicompact de chaque sommet de of; or chaque sommet de af étant 
contigu 4c”, il en résulte que T(ok)CP? (o"). Pareillement on voit qu’on 
peut supposer que, si o? est un sommet de o?, chaque sommet de U qui 
rencontre 7’, est un sous-ensemble de P? (a?). 

Il est évident que ces propriétés de U appartiennent aussi & chaque 
affinement de UW. 

33. Posons Up = U. Soit BV un affinement de U régulier par rapport 
i B R—R). Soit 0, un réseau commode tel que 1° U1, soit un affinement 
de B; 2° U, est un affinement de U normal par rapport aux cycles 
mod R—P?P (oP), pour 1 <i#< a,. Soit 2, = Pr.(B, W), 1, = Pr. (U,, B), 
A* = Ty Ty = Pr.(U,, UW). Supposons généralement que, pour une certaine 
valeur de h(O< hi p—1), on ait déja défini le réseau U2»—2»—1. Alors, 
soit Usp—on un réseau commode qui soit un affinement de Usp—2,—1 normal 
par rapport aux cycles dans P”(o)) pour chaque i (1 <7< ap) et soit 
ona == Pr. (Ugy on» Upp ons); ensuite, soit U,, .,,, un réseau commode 
qui soit un affinement de Usp, normal par rapport aux cycles dans 
Pi (o})—P} (of) pour chaque 7(1 <i<e,)et soit ay, 4, = Pr.(U, 97,41, Usp—an). 
En procédant de cette maniére on construit de proche en proche les réseaux 
commodes Ul, pour 1 << h<2p+1. 

33.1. Le cycle C”—” (11) (v. 31) étant essentiel, il existe un (x —p, Uep+1)- 
cycle C*-?(U,,,, ,) mod S dans A tel que C”-? (U) ~~ 1* nf ay --- 17}, C”-? (UL, .) 
mod S dans A. Il est évident qu’il suffit de démontrer le théoréme du n° 31 
en supposant que C”~? (Ul) = n* af ax --- ny C”™? (U,, , ,)- Définissons de 
proche en proche les chaines C”-? (U1,) (1 <h < 2p) en posant 77C”-? (U1, , ,) 
= Cc"? (Uy) (1 Sh < 2p); ona alors 2* C”-” (U,) = C” *(U). Générale- 
ment, introduisons (pour le n° 34) la convention suivante : Si l’on a défini une 
certaine U,,, ,-chaine 0<h<2p) E*(U,,,), on pose E*(U,) = a; E*(U,, ,,). 

34. LemME. On peut attacher & chaque (A, 3)-simplexe intérieur o/ 
(0<h<p—1) une (n—p+hA+1, U,)-chaine L”?+"** (o}, U,) dans B 
de maniére que: 1° pour 1 <i< @, la chaine 








FL"-?+ (09, U,) —C"? (U,) 


ne contienne pas des simplexes situés dans P?(o?); 2° pourr0 <h< p—2, 
1<7< ayy, la chaine 


45* 
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oy 
FL9++2 (oft, U)— Qe ay LPP (op, Uh) 


ne contienne pas des simplexes situés dans P+ (o/*); 3° pour 1 <i < a, 


la chaine 


Oy—1 


Zerg wy 


soit un (n, R)-cycle mod R — P? (cP). 

La démonstration fait l’objet des n°* 34.1—34.3. 

REMARQUE. Si on change l’orientation d’un simplexe o/, on doit évi- 
demment changer le signe de L”-?+*+1(o?, 11). 

34.1. Pour 1 <i < @, soit C”?(o?, U,,,,) la partie de la chaine 
Cc”? (U,,,,) dont les simplexes sont situés dans P?(9?). Excluons pour le 
moment le cas ol p= n. Soit 


P+ (9), Uy, 14) = FC"? (9?, Uy) 





Or C"™-? (Uspi1) est un cycle mod S; puisque (v. 32) aucun sommet de Ul 
ne rencontre simultanément S et P?(o?), on voit qu’aucun simplexe de 
FC"? (U,,.,) nest situé dans P?(o?). Done I~? (a?, U4) est la partie 
de la chaine 

(*) Fc"? (9? ’ U4) — Fore (UW, 44) 





dont les simplexes sont situés dans P?(o?). Or le noyau de chaque simplexe 
de la chaine (+) rencontre R — P?(o°) et par suite (v. 32) ce noyau ne 


peut rencontrer P}(o?); donc** 
rm? (a), U,) C PP (0?) — P2(o?) (OS KS 2p+1). 


Or l’affinement Usp41 de Usp était (v. 33) normal par rapport aux cycles 
dans P} (o?) — P}(o?); done T-?-1(0?, U,,) est un (n —p —1, U,,)-cycle 
essentiel dans P)(o?)— P?(o?). D’aprés la définition du réseau gén. ¥} 
(n° 29) et celle de son sommet P? (o°) (n° 30) il en résulte l’existence d’une 
(n —p, U,,)-chaine D?-? (U,,) dans P° (o?)— P® (a?) telle que C*-?(0?, U,,) 
— DP? (U,,) est un (n— p, U,,)-cycle, situé naturellement dans P* (0). 
L’affinement U,, de U,, , étant (n° 33) normal par rapport aux cycles 
dans P°(a?), on voit que C”?(o?, U,, .) — D*? (09, U,,_,) est un 
(n—p, U,,,)-eyele essentiel dans P°(o?). D’aprés la définition du réseau 








) et pareillement 


“Tl faut tenir compte de ce que I'™-?-! (0°, ,) = a¥ [7 (o°, U 
dans ce qui suit. 


k+1 
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gén. B° (n° 29) et celle de son sommet P® (a?) (n° 30) il en résulte l’existence 
d'une (xn —p+1, U,,_,)-chaine L"-?** (9), U,,_,) dans Q°(a?) telle que 
(*) L*-7+1 (02, Ug) > C"-? (09, Uy.) — D?-?(U,,,_,). 
On peut arriver au méme résultat dans le cas of p = mn: D’aprés la 
définition du réseau gén. P?, on a P°(o?)— P°(oo) +0 et par suite 
P°(o°) — Po(o?) +0. Soit done a, un point de P°(a?) — P)(?) et soit U, 
un sommet de Us, tel que a;€ U;. Déterminons 7;€R de maniére que 
I[C° (e, U,,.) — D D}(U,,)] = 0(v. **), ot D? (u,,,) = r,U, est une (0, U,,)- 
chaine dans P°(o?) — P?(o?). D’aprés la définition de P° et de son sommet 
P*(o°) il existe une (1, U,,_,)-chaine L'(o?, U,,_,) dans Q°(a?) telle qu’on 
ait la relation (*) avec p =n. Dorénavant, nous pouvons traiter simul- 


tanément toutes les valeurs de p(l1 <p <n). 
Chaque sommet de U qui rencontre P?(o?) étant (v.32) contenu dans 


Po), il résulte de V'inclusion D?—? (U1) C P°(o?)— Po(o%) qu’aucun sim- 
plexe de D?-?(U) n’est situé dans P?(o?); pareillement on voit qu’aucun 
simplexe de C”-?(U)—C”°(0?, U1) n’est situé dans P?(o?). Par suite aucun 


simplexe de la chaine 
(*) FL"? (09, u,)— Cc” ?(U,) O<k<2p—) 





nest situé dans P?(o%). 

34.2. Supposons généralement que, pour une certaine valeur de h 
O<h< p—2), on ait déja attaché a chaque of (1<i<e«,) une 
(n—p+h+1, U,, »,,)chaine dans Q*(o!), soit perth 1 (at, Uy, siti 
de maniére que, pour 1 <7 < a@p, aucun simplexe de la chaine** 


Qr—t 


(++) FLIP Pht (oh, U,) = qt Tr Ph (oh, UW) OSk< 2p —2h—1) 


ne soit situé dans P*(o”), Il s’agit d’attacher & chaque o/*? (1 <i<@, | ,) 
ue (n—pth+2, Up,» )-chaine Lett? (oft, UL, 4, 5) dans 
Q1(o?+1) de maniére qu’aucun simplexe de la chaine 


Qn-—1 


PL viniz(eps, Uy) — 2 ale rreh, Uy) O Sk 2p—2h—3) 
ne soit situé dans P'+1(o?+1), Or la chaine 


Mt (oh+1, u, Ps a [PP tho}, Rad 


2p—2h— Be 





* Pour h =0 on doit remplacer la chaine (**) par (*). 
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se trouve située (v. 30) dans 


DS Vac PROP), 
41, +0 
13 jz, 





apn Op—i 


h+1 mn SF h gh — 2 4 
En outre, comme F'o"*!>0, doi >> ps ni, qi, =, aucun simplexe de 


la chaine 
Fe Mn Pets (of, Usp ony) 


an hh -1 , 
y ; 
— h n—p+h+1 (gh aie h—-1 [n—pt+h(gh-1 
2, "ij PiIY?r (97, U,on-1) p> "ilk ail (Os ya) 


nest situé (v. 30) dans 


[] Ppa PHM 

15 +0 

13 js, 
Donc le cycle FM" ?***Yoh+1 UL, _.,_,) est situé dans PIF(GtA)— Ph+ygh+), 
Par suite (v. 33) FM"-Pthe (ght, Uyy_on—») est un (n — p+h, Uy». 
cycle essentiel dans Pi? (o}+1)— P,., (o}*4); d’aprés la définition du réseau 
gén. eit (n° 29) et celle de son sommet P;'** (n° 30) il existe donc une 
(n— pt+th+1, U,,, on -)~ Chaine dans PO (ht) — Pt (oh), soit 


Ni Pt"? (Yop—on—2), telle que 


—pthH , Ati —p+h 
M" sida (a}'* » Uep—2n—2) — i Heme (Uep—on—2) 


soit un (n —p+h+1, U,, »,,_,)-cycle, situé naturellement dans P'+ (a+), 
Par suite (v. 33) 


(*) Meet - A+ 


’ Usp—on—s) —— VG (Uop—2n—s) 


est un (n—p+h+1, Ul, »,_,)-cycle essentiel dans P’*1(o}+1), Il existe 
donc une (n—p+h+2, U,,., ,)-chaine dans Q’*!(o?*), soit 
[rent (oft, Ul, ong)» dont (*) est la frontiére. Comme le noyau de 





Go 
 Pourh=0ona > 7, = 0, dou 
j=1 


Qo 


FM, 0, .) = i yl PL“? (6), U,,_,)— Or? (U,,_)], 


de maniére que, ici encore, aucun simplexe de FM"-?+'(c}, U,,_,) nest situé dans 


I] P&@) > P33). 
"iy 0 
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chaque simplexe de la chaine N”-?t*t!(oh+1, Ul, ., _,) rencontre 
phi (ght?) — Ph+1 (oh) et comme (v. 32) chaque sommet de Ul rencontrant 
Pi (oh) fait partie de P?*1(o!*"), on voit qu’aucun simplexe de la chaine 
Ne-pthtt (ght, UL) (0 < k < 2p — 2h — 3B) west situé dans P+1(o+), Or 


ah 
— Nee tht (ght, YW) = FL eth? ht, 1) — y), Lhe thet (oh, U,) 
0 < k < 2p—2h—83). 


34.3. En procédant de cette maniére, on finit par attacher 4 chaque o?— 
(1<i<a,_,) une(n, U,-chaine L” (oP—, U,) dans Q?-! (o?—) de maniére 
qu’aucun simplexe de la chaine*’ 


Qy—2 


FIM (of, U,)— 2 a Lop, Uy) (k = 0 ow 1) 
j=1 


ne soit situé dans P?—'(oP—"). Alors la chaine 


Op—1 


M" (oP, U,) = DY ag L* (op, U,) 
j=1 


est située (v. 30) dans 





> Qo?) Cc PP (oP). 
1g #0 , 


1sjse@p-1 
En outre aucun simplexe de la chaine 


¥ 


FM" (oP, U,) = 2 Ba (op, Uy) — = af,” L"? (op, u)| 


nest situé (v. 30) dei 
I] PrP) > PP op). 
ng +0 
1Zj2@y—-1 
Done M" (oP, U1,) est un (n, U1,)-cycle mod P? (o7)— PP(op) dans PP (oP). 
34.4, Si Vindice i (1 <i<«,) est tel que AP?(a))=0, on voit sans 
peine (v. 32) que C”-? (a), U,, 1) = 0; on peut dans ce cas supposer que 
[*-P+1 (99, U,,_,) = 0. Plus généralement, si l’indice ¢ (1 StS Ms 
0h < p—lt) est tel que A P? (o)) = 0 pour chaque sommet a? de af, 
on peut supposer que L*?++1(ch, U, ., ,) = 0. On n'a donc 











Qp—2 


‘Dans le cas p = 1 on doit remplacer > nz? L»— (o?-*, U,) par C™-? (U,). 
ix 
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porte), By od +0 que dans le cas ott A P°( (09) +0 pour m 
Sommet of de o”, Or la chaine [p-Ptet oe, ) ae est située dans 
Q' (o"). Les réseaux gén. B° et OQ” étant (v. 29) des affinements de /, 
il existe deux sommets P’, P” de BP? tels que P? (6°) C P’, Ceh)c P". 
Or (v. 29) P? (9°) Q" (a}) Do? + 0, dou P’P” + 0. Comme A P9(o°) + 0, 
P? (0°) (a) C P’, on a AP’+0, P’P” + O et par suite Q" (co) C PCB ete 
la définition de B. Or ceci signifie que toutes les chaines L”~?+"*(a?, ar 
(00 <h <p—1,1 <i < a@) sont situées dans B. 

35. Nous allons modifier un nombre fini de fois le cycle C”~? (U,) ainsi 
que les chaines L”~?t'+1 (ot, U,) de maniére que, *C et *L étant les 
éléments modifiés, on ait les propriétés suivantes: 1° chaque simplexe de chaque 
différence *C"—? (U,)—C”-? (U,) ou *L?-P TH (a? UW) — LY Pe (ah, U1) 
est une face d’un simplexe de C”” (U,) ou de *L"-?***4 (of, U1,) de maniére 
que les chaines modifiées restent situées dans B; 2° les relations 1°, 2°, 3° du 
n° 34 restent vraies pour les chaines modifiées *C, *L; 3° *C"®-?(U,)~C”-?(11,) 
dans B. 

Toutes ces modifications ayant lieu dans le réseau commode fixe ll,, 
nous omettrons WU, dans l’écriture. 

Pour 0 <q<p—1, 1 <r <a, nous dirons qu’une U,-chaine ne contient 
presque aucun simplexe d’espéce 6% si chaque simplexe t d’espéce o% de cette 
chaine est une face dun U,-simplexe d’espéce a. 

Ceci posé, le résultat de toutes ces modifications sera que pour 0<h<p—l, 
0<k<h, O<q</h les chaines modifiées possederons la propriété 9 (k, q, h) 
suivante: Si les simplexes oF, of (1<j Sax, 1 Sr <ae,) sont des faces 
du simplexe o/, alors la chaine [otk (a) "(modifiée) ne contiendra 
presqu’aucun simplexe d’espéce of. 

Dans le n° 36, nous donnerons un lemme. Dans le n° 37, nous réaliserons 
la propriété O(0, 0,0). Dans le n° 38, nous supposerons que, pour une 
certaine valeur de h(0<h<p—2), on ait déja réalisé les propriétés 
O(k, q,9) pour O< g</h et nous en déduirons qu’on peut réaliser aussi 
la propriété O(k,0,h+1). Dans le n° 39, nous supposerons que pour 
0<hop—?2, 0O<Q<h, on ait déja réalisé les propriétés OCF, q, 9) 
(OS g<h) ainsi que O(k, g,h +1) O<q<Q) et nous en déduirons 
qu’on peut réaliser aussi la propriété O(h+1, Q+1, h+1). Dans le 
n° 40, nous supposerons que, pourO<h<p—2,0<Q<h,h—-Q< K<h, 
on ait déja réalisé les propriétés O(k, ¢,9) O<g<h), O(k,g,h +) O<¢q<Q), 
Ok, Q+1,h+1)(K4+1<k<h-+1) et nous en déduirons qu’on peut 
réaliser aussi la propriété O(K,Q+1,h+1). Dans le n° 41, nous sup- 
poserons que, pour O<h<p—2, 0<Q<h, on ait déja réalisé les 
propriétés O(k, g, 9) O<9<h), Ok, g,h+1) O<q<Q, Ok, QE, h+N) 





THEORIE DES VARIETES. 677 


h—-Q <k<h+1) et nous y démontrerons que les propriétés O(k, Q+1, h+1) 
(0 <k<h—Q-—1) se trouvent alors aussi réalisées. 

Le résultat de toutes ces modifications sera évidemment qu'on peut 
réaliser la propriété O(k, g, h) pour OL hop—|1 ce qui était notre but. 

36. Lemme. Soit OS hiop—1, O<k<h, O< qh, 1<i<an, 
1<jco,1<cr <a. Supposons que of et o7 soient des faces de o}. 
Soit un U,-simplexe d’espéce of, Alors chaque sommet de ¢ est un sous- 
ensemble de Pf (o}). 

Démonstration. Soit t° un sommet de c. D’aprés 8.3 il en résulte que 
oo T(o2)+0. Le réseau U, étant un affinement de U, il en résulte (v. 32) 
que °C PF (of). 

37. Pow 1 << v< a, soit EH” ?** (9) la partie de la chaine L"-?*1 (0°) 
dont les simplexes sont d’espéce o? (v. 8.3). Posons 

a, 
*On—P = C»-?P — >) FE* P+ (99), 
v=1 m 
* [ptt (a?) — prt (a9) — =, Erp (a°), 
fa 
* [pth (a) — [r-pthtl (a!) pour 1<h<p—l. 
Les propriétés 1°, 2°, 3° du n° 35 sont évidentes. On voit immédiatement 
que la chaine *L”—?+! (o?) (1 <i<a,) ne contient aucun simplexe d’espéce o?, 
done qu’aprés notre modification on a la propriété O(0, 0, 0). 

38. Soit 0 < h < p—2 et supposons réalisée la propriété O(k, q, 9) 
purO0<g<h. Soitlowla, 1ov<ca,,,. Lorsque a) n’est pas un 
sommet de o?+1, posons H?—?th+?(o°, ott) — 0; dans le cas contraire 
soit Miia. oh+1) la partie de L*?t*?(o%+1) dont les simplexes 
sont d’espéce on Pour 1 <j < @p, soit 

Dn—p+h+2 (0!) _ 2 En—pth+2 (a, of ob), 


 parcourant toutes les valeurs (1 << «@,) telles que “ of soit un 
(h+1, 3)-simplexe. Posons 
*C"—? = C9, *[P-Ptet+ (a) — [r—pthti (ak) pour kth, h+1; 
* [n—pth+i (a) _ [pet h+1 (oh) — F Dr—Pth+2 (gh), 


* [2—prh+2 (oh +1) — [r-pth2 (oh) aa Px D-pth (a), 
J=1 


On voit sans peine que les propriétés 1°, 2°, 3° du n° 35 sont vérifiées. 





'S Si on change l’orientation de o”*1, la chaine E”? rn (o,; oy") se multiplie par 
—1 (v. la remarque & la fin du n° 34). 

‘9 Si l'on a (orientation comprise) of — (,, of eee, oy)» on a par définition (orientation 

comprise) 6° oi — (a9 oy, op, ae or). La notation analogue sera employée maintes fois 
0 1 3 


# od. 
dans ce qui suit. 
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Il s’agit de voir que la propriété supposée O(k, g, 9) OS 9 <A) reste 
vérifiée aprés la modification. L’unique cas oi ceci n’est pas immédiatement 
évident est le cas k = g =h. Iei il suffit de montrer que si of est une 
face de o”, la chaine 


*[P—Ptht1 (gh) — [r—Pthtt (ah) = FD Ptht2 (Gh) 


ne contient aucun simplexe d’espéce of. Or chaque simplexe de la chaine 
Dn—-Pth+2 (oh) est d’espéce On) V'indice » étant tel que o/ oF soit un (h+1, 3)- 
simplexe, de maniére que on n’est pas un sommet de o”. Done d’aprés 8.34, 


aucun simplexe de F_D”-?+"+°(o") ne peut étre d’espéce o?. 

On doit enfin démontrer (v. 35) que la propriété O(k, 0, h-+ 1) se trouve 
réalisée aprés la modification. Supposons donc que les indices k, 7, r, 7 soient 
tels que of soit une face et que o° soit un sommet de oft, On doit 
prouver que presqu’aucun simplexe de la chaine *[P-PtkH (gh) n’est 
d’espece o°, Tl n’y a que deux cas ou ceci n’est pas simplement une con- 
séquence de la propriété O(k, 0, h) qui est, comme nous le savons déja, 
conservée aprés la modification; ce sont: 1°k =h+1,j7 =i; 2°?k=h, 
ght! — + o% gh, 

a oo ee? ae 

Premier cas. Soit 7 un indice tel que ni +0, c’est-a-dire soit a} une 
h-face de o/*1, Les simplexes d’espéce o? dans la chaine D*?*"*?(o") ne 
peuvent exister, comme nous avons vu plus haut, que dans le cas oi o? 
nest pas un sommet de of; ceci n’a lieu que pour wve valeur de j, a savoir 
pour la valeur vy = j telle que 0/1 = 7 o® ot, Les simplexes d’espéce o? 
dans D"-?*"+?(6") sont alors évidemment les mémes que dans la chaine 
E”-?+h+2(49, 6° oh), Done les simplexes d’espéce o° dans la chaine 


ay 


—pt+h+2(gh+l) —_ * 7 n—ptht+2(ghtHt) — SS’ yh Jn—pth+2(gh 
[PP th+2(ghtl) — *[p—ptht2 (ght) — 21; D" P+h+2 (gh) 


sont les mémes que dans 7}, E™—Pth+2(¢°, gh), et par suite que dans la 
chaine L”-?+*+?(g)+1), de maniére que presqu’aucun simplexe de *L”-?*"*? 
n’est d’espéce o°, 

Second cas. Soit k =h, of+1 = +o%or, et par suite of +1 = qh af of. 
Il s’agit de voir que presqu’ aucun simplexe de la chaine * [pp th+4 (gh) 
n’est d’espéce o?. Supposons que l’indice j parcoure toutes les valeurs 
(1<j < a) telles que o/ soit une h-face de o?+1, La propriété O(h, 0, h) 
étant conservée aprés la modification, pour 7 + v la chaine # [p-p+h (gh) 
ne contient presqu’aucun simplexe d’espéce o”. Donc les simplexes d’espéece a? 
sont dans la chaine 7) *L"—P+h+1 (gh) presque les mémes que dans la chaine 


ah 


2, ni; *L"-?*h+1(oh), Or nous savons déja que presqu’aucun simplexe de 
J= 
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la chaine *L"-?+*+2(oh*1) n’est d’espéce of. Il en résulte sans peine 
(y, 8.34) que la chaine F *[p—Ptht3(ght1) ne possede non plus presqu’aucun 
simplexe d’espéce of. Il s’agit donc de montrer que la chaine 


ahr 
(x) F* LP tht2 (ght1) — _ qh * pth} (oh) 
f= 


ne contient aucun simplexe d’espéce o°, Or, d’aprés 36, chaque U,-simplexe 
d’espece o° est situé dans Pitt(c!*), tandis que la chaine (*) ne contient 
aucun simplexe dans Pi (oh+), parce que la propriété 2° du n° 34 reste 
conservée aprés la modification. 

39. Soit O< hi p—2, O< Q<A. Supposons réalisées les propriétés 
O(k,q,9) OSg<h) ainsi que O(k,¢g,h+1) OS Gq Q). 

Soit 1<wlao,,, 1Sv<ae,,,. Si le simplexe of" n'est pas une 
(Q+1)-face de o'+1, posons EH”? +*+2(o@t1, oh +1) — 0; dans le cas con- 
traire, soit Be-ereneg™, ot+1) la partie de la chaine L”~?**+?(oh*1) 
dont les simplexes sont d’espéce of? °°, 

On peut évidemment attacher & chaque indice w (1 < Ke < @gi1) un 
indice (uw) [1 < y(#) < &] bien déterminé de maniére que of, soit pour 

chaque w (1 Swe on) un sommet du simplexe o@*, 

Si les indices p,v,4 (LS weg, LovSa@p~ys, LSA S @p) sont 
tels que 1° Sa soit une (Q+1)- face de ao Hs > htt — = +09 ws posons 


e(a8tt, of, oF) = a3 
dans tous les autres cas, posons 
e(o2tt, of, oht1) = 0. 


Pour 1 <’4< ap, posons 


1 On+i 
DrPtht2 (gh) — hits ‘$ Mo e(o@t, oft ght) Br-ethta(egtt, oh), 
a=1v=1 





Ceci étant, soit 
*C™-? = (?, * [PP tkti (gk) — Tp tk+1 (oF) pour k+h, k$¢=h+1; 
* [p—pt+h+i (of) — [pr-pthtH (a}') — Fp rhe (of), 


ah 
*[p—p+ht2(ghtt) — [n—pth+2 (ght) — ee rit Dr—ptit2 (a), 


On voit sans peine que les propriétés 1°, 2°, 3°, du n° 35 sont vérifiées. 





*° Si l'on change l’orientation de o)+', la chaine E*-?+*+? (o$+', o}+1) se multiplie par — 1 
(v. la remarque a la fin du n° 34). 
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Démontrons que les propriétés O(k, g, g) (OS 9g <A) restent conservées 
aprés la modification. L’unique cas a considérer est évidemment le cas 
k=g=h. Soit done of une qg-face (0S q<h) du simplexe of, Il s’agit 
de montrer que presqu’aucun simplexe de la chaine 


__ * Tn—pthti (gh n—ptht+l(qgh) — n—p+h+-2 (qh 
[p-vth+4 (gh) + [PH (gh) — FDP+h42(oh) 


n'est d’espéce of. On voit sans peine (v. 8.34) qu’il suffit de prouver que, 
si of est une face de oN, presqu’aucun simplexe de la chaine ee erttah) 
n ‘est d’espéce of. Or chaque simplexe de D*-?+"**(a) est d’espéce ott, 
ot. la valeur de w est telle que, pour une valeur convenable de v, on ait 
e(aett, of, oft)+0. Or cette inégalité donne oiti—_ +¢ ou) o} de 
manidre que Om) nest pas un sommet de oh, tandis que c’est un sommet 
de oft; opt n’est done pas une face de oh, 

Il est évident que la propriété O(k, g, h +1) (0 <q < Q) reste conservée 
aprés la modification, car (v. 34) presque chaque simplexe de chaque *L— L 
est despéce o,, ot J>q+1. 

On doit enfin démontrer (v. 35) que la propriété O(h +1, Q+1,h+1) 
se trouve réalisée aprés la modification. Supposons done que les indices 7, r 
soient tels que o@+! soit une face de o/*1, On doit prouver que presqu’aucun 
simplexe de la chaine *L”~?+"*?(o/1) n’est d’espéce o@+1, ringer que 
indice 7 parcoure toutes les valeurs (1 <j < @,) telles que 1, +0. Il 
existe ra seule valeur de 7, soit 7 = 4, telle que oft — = +0) a Ff Pour 
j+A4, Oo) est un sommet de of, d’oul i résulte que e(o@*7, a}, "ght) — a= @. 
On en déduit sans peine que la arn de Dy ?+h+2(¢") dont les ‘simplexes 
sont d’espéce oft1, est égale & 0 pour j7+4 et égale a yi, En Vth? 
(+1, o*1) pour 7 = 4. Done les simplexes d’espéce o@1 dans la chaine 


h Jynr—ptht2(gh) — [n—pthto(ghtt) — * [n—ptht2 (ght 
Sap Pth+2(gh) — [—pth+2(ghtt) — *[p—pth+2 (ght) 


constituent la chaine H”~?+"+?(¢@+1, gh+1), qui était égale a la partie de 
[?-?+h+2(gh*t) dont les simplexes sont d’espéce o@+!, Par suite presqu’aucun 
simplexe de *L”-?+"+2(gh+1) n’est d’espéece o@tt, 

40. SoitO<hop—2, OS Q<h, h—Q<K<h. Supposons réalisées 
les propriétés O(k, g, 9) OX 9g <h), OK, g,h+1) O<q <Q et 
O(k,Q+1,h+1) (K4+1<k<h+1). Il s’agit de réaliser encore la 
propriété O(K,Q+1,h+1). Ceci sera effectué dans les n°* 40.1—40.5. 

40.1. Choisissons les indices 7 et r de maniére que le simplexe o?** soit 
une face du simplexe o/+'; ensuite, déterminons l’indice s de maniére que 
lon ait 


(1) o}tt = + o@tl gh-e-1, 
« 
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Pour chaque (K — h+ Q)-face of—"*@ du simplexe o@*+! soit: 1° Ep-Pt kr 
(ok h+®) la partie de la chaine L”~-?+*+1 (ok-*+¢ of o~ Q- 1) 5! dont ies sim- 
plexes sont d’espéce o@t?; 2° Ep -PtKti (Gg k-h+@) la partie de Er-P+k+ 
(ok—-*+@) dont chaque simplexe sat une face d’un U,-simplexe d’espéce o—'; 
3° Eee (af-h+e) = Bp-etert (of +10) — He-et K+ (ak—h+Q), 

Soit off "te une (K—h+Q+ 1)-face de o?*! de maniére que 


= sen h—Q— =a 
ents — eo h+-Q+1 oh Q-1 (e = +1) 
est une (K+ 1)-face de o/*1, Nous allons démontrer que 
(2) St En-P+ KH (gkK-A+Q) — 
La relation (2) dit que presqu’aucun simplexe de la chaine 
(3) a [PP +K+1 (g K-h+@ gh—Q-1) 
a . 


n'est d’espéce o@t1, 
Lorsque of—"+@ parcourt toutes les (K—h-+ Q)-faces de aren, on 
peut attacher & chaque 4 une valeur de j de maniére que 


ok — + ok-*1@ gh 
J es 8 


soit une K-face de o%*1 telle que o”—@~ en soit une face; et on voit 
sans peine que le terme correspondant de la somme (3) est égal a 
i [?-?+ +1 (a). Lorsque s>1, il y a encore d’autres K-faces ok de 
ok qui ne correspondent & aucune valeur de 4; ce sont les faces of 
de ok! telles que o’—@-1 n’est pas une face de oF, & chaque telle valeur 
de 7 correspond, comme on le voit sans peine, une valeur de v telle que 
F et oft soient des faces de o” (tandis que o” est une face de o/'**); 
la propriété O(K, Q-+1, h) étant supposée vérifiée, il en résulte que, dans 
le cas actuel, la chaine [”—?+*+1 (o*) ne contient presqu’aucun simplexe 
despéce o@t1, 

Done, les simplexes d’espéce o?+1 dans la chaine (3) sont presque les 
mémes que dans la chaine 


OK 
(4) p> gE, LP-P+K+1 (aK); 


on doit done prouver que presqu’aucun simplexe de (4) n’est d’espéce o&*", 
Or o2*1 et oX+1 étant des faces de o?+1, il résulte de 36 que chaque 


* Puisque of "*® est une (K —h+Q)-face de o°*', o, "*® co)" est, en vertu de 


(1), une K-face de oh+t, 
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simplexe d’espéce 02+! est situé dans P¥**(o*%t1), La propriété 2° du 
n° 34 étant vraie (v. n° 35, 2°), il en résulte qu’aucun simplexe de la chaine 
ar 


F L?-1+ K+ (g K+) fe 4k [Pt KH (0%) 


n’est d’espéce o@t!, Done il suffit de montrer que presqu’aucun simplexe 


de la chaine 
FLY ?t+k (o K+) 


n’est d’espéce o@t!, A cet effet, d’aprés 8.34, il suffit de prouver que, 
of étant une face de o@t!, la chaine L*-?+**? (oK*) ne contient pres- 
- qu’aucun simplexe d’espéce of. Or ceci est une conséquence de la propriété 
O(K+1,q¢,h+0D0<¢S Q+1), réalisée par hypothése., 

40.2. Considérons le cas K>h—Q, d’o K 21. Continuons & supposer 
qu’on ait choisi les indices r et i de maniére que o?*! soit une face 
de o/+1, Si l’on attache & chaque (K—h+Q)-face of—"*@ du simplexe o¢+! 
un entier a,, on obtient une (K—h- Q)-sous-chaine de o?*?: 


Ka+Q — 24, ok-h+Q, 


Posons 
(5) E+ EH (K-42) = P a, EX-P+ EH (gK-h+Q), 


les chaines & droite ayant été définies dans 40.1; (5) est une (n—p+K-+1, U,)- 
chaine dont tous les simplexes sont d’espéce «21, 

En particulier, si c*—"+@ est la frontiére d’une (K—h+Q-+ 1)-face 
ok-h+@rl de oft, la relation (1) du n° 40.1 dit que 


(6) E-?+EK1 (cX-h+Q) = 0. 


Or on sait que, si cX—"+@-—0, il existe des entiers b, tels que r"*¢ 
= Fb, ok e+; done cX"+@->0 entraine (6). On en déduit sans 
peine que la chaine (5) dépend seulement de la frontitre Fr*—"*? de la 
chaine r*—"+@, On peut donc poser 


(7) E’-et kn (cX—h+Q) — @—7+K+1 (F'rk—*+@) : 


Si cX*+e1 est un (K—h+Q—1)-sous-cycle® arbitraire de o%+, il 
existe, comme on sait, une (K —h-+ Q)-sous-chaine de o@+1c%—"+@ dont 
la frontiére est égale 4 cX—"+@+1, La relation (7) définit donc (comme on voit 
sans peine, sans ambiguité) la (n—p+K-+1, U,)-chaine @*—P+ 411 (¢k—-h+@-}) 
pour chaque (K —h-+ Q—1)-sous-eycle de o@+1, 





2 Lorsque K—h+@Q—1 = 0, on doit convenir d’entendre par un 0-sous-cycle de 
o¢*+! seulement une 0-sous-chaine de o€+! dont la somme des coefficients égale & zéro. 
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Or soit 1, T2, +++, Ta une base (lin. indépendante) de toutes les 
(K —h+Q—1)-sous-chaines de o@*! sousmise 4 la seule condition que 
les premiers b élements de cette base constituent une base de toutes les 
(K —h+Q—1)-sous-cycles de o@t!, A chaque (K —h-+Q—1)-sous- 
chaine rX*+@-1 de o@t" on peut attacher, et d’une seule maniére, des 
entiers ¢,, ¢2,+++, Ca tels que 


a 
ckn+Q-1 — >t Tt. 


t=1 

On définit alors ; 

(8) p—P+K+1 (c K—-h+Q-1) — > Ct ("P+ EH (z), 
t=1 


les valeurs de ® & droite étant déterminées par (7). Dans le cas particulier 
ol cX—*+2-1 est un cycle, le premier membre de (8) était déja défini; or 
on voit sans peine que l’ancienne définition est dans le cas actuel d’accord 
avec (8). 

40.3. Nous sommes en état d’atteindre, dans le cas o1 K>h—Q, le 
but proposé dans 40. Si les indices 7,7, « sont tels que 1° o@*' est une face 
de o*1 de maniére qu’il existe une valeur de s telle que o?*1 = +o@*1a @-1; 
2° ok) est une face de o/+1; 3° chaque sommet de o/*' est un sommet 


de +1 ou de o%—1, posons 


(9) H- ett (6+, gE“, ght!) = ¢ QP Et! (Gk-Mt@-1) 
l'indice ¢ et le signe « = +1 étant tels que 
K-1 — K-—I —1 ~h—Q—1. 
gb am gq te oft; 


quant & la valeur de la chaine @, elle est déterminée par 1l’équation (8) 
du n° 40.2. Si les conditions 1°, 2°, 3° ne sont pas toutes vérifiées, posons 


H*-?+s1 (ott, ans, ott) —_ 0. 
Posons encore 


GQh+1 


@Q+1 
Dit KH (gK-1) — ¥ 
r=1i 
Ceci posé, soit 
*O-P = Cn—P ppt kt (ok) = [r-ptktt(gk) pour k + K—1,k+K, 


n—p+K+1 +1 K-1 h+1 
H p+ + (a2 b oy b g; ). 


Me 


* [P+ K (gK-1) — [p—p+K (gk) — PDP KH (gk), 


Q@K-1 


* [n—p+K+1 (gk) — —p+K-+1 (_@K) — —1 Jn—p+K+1 (gK-1), 
L +1 (6%) = ["? +1 (aX) Pa D (o*-") 


On voit sans peine que les propriétés 1°, 2°, 3° du no® 35 sont vérifiées. 
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Démontrons que les propriétés O(k, g, 9) (Og SA) restent conservées 
aprés la modification. Deux cas seulement exigent une considération: 
°c k= K,q= Q+1; 2°? k = K—1,q¢42Q+1 (v. 8.34). 

Supposons done en premier lieu que les indices g,7, 7, ¢ soient tels que 
of et o@+1 soient des faces de of (0 © g < h). On doit prouver que la 


chaine 
QK-1 


[DL ?tm1 (a) _ * [pt KH (o*) aie 2, nf Dr-p+k1 e+ 
| 


ne contient presqu’aucun simplexe d’espéce o@**, Dans le cas contraire 
il existerait des valeurs des indices wu et 7 telles que 1° o— est une face 
de oF; 2° H™-P+ Ki (ott, o& 1, of +1) +0. Or ceci entrainerait que chaque 
sommet de o/+! serait un sommet de of*1 ou de o*—1, done de o@ ou 
de of, done de o;, ce qui est impossible, car g<h-+1. 

En second lieu, supposons que les indices g,g,u,v,¢ soient tels que 
ok et of (¢=Q-+1) soient des faces de of (QS gy <h). On doit prouver 
que la chaine 

[pot E (gE-1) — *[p- otk (gk-') ne PIP here 4 


ne contient presqu’aucun simplexe d’espéce of. Dans le cas contraire, il 
existerait une valeur de 7 telle que la chaine D”-?**"1(¢%—*) contiendrait 
un simplexe d’espéce of*?, oti o@* est une face de of. Comme plus haut, 
on en déduirait l’existence d’un indice 7 tel que chaque sommet o”*" serait 
un sommet de o?%** ou de of, done de o), ce qui est impossible, car 
g<h+l. 

Il est évident (v. 8.34) que les propriétés O(k,q,h+1) O<q<Q) 
restent conservées aprés la modification. De méme il est évident que les 
propriétés © (k, Q+1,h+1) (K+1 <k <h-+1) restent aussi conservées. 

Il ne s’agit done que de prouver que la propriété O(K, Q+1, h+1) 
se trouve réalisée aprés la modification. Supposons donc que les indices 
j,7,@ soient tels que o* et of soient des faces de of, On doit dé- 
montrer que presqu’aucun simplexe de la chaine *L"-?+*'1(6%) nest 
despéce o@1, Ceci est évident dans le cas ot of et o@t! sont des faces 
d’une h-face de o*1, car nous savons que la propriété O(K, Q+1, h) 
reste conservée aprés la modification. Supposons done que chaque sommet 
de of*? soit un sommet de o* ou de o@+, 

Supposons que l’indice w parcoure toutes les valeurs telles que ee 
soit une (K—1)-face de o%. Les simplexes d’espéce o@+! dans la chaine 
D"~?+*+1 (gk) constituent la chaine 


On+1 


n—p+K-+-1(.Q9+1 ~K—1 gh+1 
an a (eS, oF-1, oh), 


v=1 
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Or pour »$7 ona 
H-P+KH(g@H, gk, htt) — 0, 


car: ou bien les simplexes oft! et o%—! ne sont pas tous les deux des 
faces de o”*1, ou bien ces deux simplexes sont tous les deux des faces 
communes de o”*1 et de o/*! de maniére qu'il existe un sommet de o/*! 
qui n’est sommet ni pour ¢?** ni pour o*—1, Donc les simplexes d’espéce o?!? 
dans la chaine D*-?+*+1(o%—1) constituent la chaine 


(*) H*-?+E1 (o@+1, —-, et). 
Si V'indice u est tel qu’il existe un sommet de o”~@'[y, 40.1 (1)] qui ne 
soit pas un sommet de o*1, on a de nouveau le résultat que la chaine (*) 


est égale & zéro. Il ne reste donc que des valeurs de wu telles qu’il existe 
une (K—h+Q—1)-face oX—*+@-1 de oX— telle que 


(* *) = = é ges ee (é, = + ] ) 


et on voit que les simplexes d’espéce o@* de la chaine 


QK—-1 
pret KH (ok) —* prt KH (of) —_ b — Dr—1t K+1( oX—1) 
u=1 
constituent la chaine 
(t) ake Het KH (a2, ok—1, ght), 


ol Vindice u parcourt toutes les valeurs déterminées par (**), l’indice ¢ 
parcourant toutes les valeurs telles que 7{—"t@-1 + 1, ott 4 est déterminé 


par la condition 
ok = dok-ht@ gi e1 (6 = +1). 


Or pour chacune de ces valeurs de w on a [v. 40.3 (9)] 
H"-?+ +1 (o@H, , o}+) sacs e, Or Pt Et ore) 
ainsi que 
Gg = aa, 
de maniére que la chaine (}) est égale [v. 40.1 et 40.2] a 
6 Lake O(oF-+0) = 50 (& hel poe) 
= b@(Fok-+® = b E91 K+1 (of), 


Or E"-P+K+1 (gk-h+®) est, abstraction faite des simplexes qui sont des faces 
d’un U,-simplexe d’espéce o—', cette partie de la chaine 
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Lt et1 (of h+@Q eos =— o Lr e1 (of) 


dont les simplexes sont d’espéce o@*'. Jl en résulte que les simplexes 
d’espéce o@*1 sont dans la chaine 


n—p+K-+1 (7K) — * .n—p+K+1 (GK 
L (o*) — *L (5;") 


presque les mémes comme dans L”~?*#*1(o%), Done presqu’aucun simplexe 
de la chaine *L"-?+**1(o*) n’est d’espéce oer, 

40.4. Il reste & considérer le cas K — h—Q. Soit d’abord K>0O ou 
h>Q. La relation (2) du n° 40.1 dit que, si o?, o1 sont les deux sommets 
d’une 1-face de o@*!, on a 


E-?+e1 (cf) — E71 (/). 


Il en résulte que la chaine EL” ”+**1 (a?) reste la méme, si on y remplace of 
successivement par tous les sommets de o@*?. 
Done, si les indices 2, 7, s sont tels que 


att +1 gK— 
(1) 0; a isae + o@rt 0; *y 
on peut définir sans ambiguité la chaine 


n—p+K+1 1 K—1 h+1 
H"-?+ (o@r (or, ofr ) 


égale, abstraction faite des simplexes qui sont des faces d’un 11,-simplexe 
d’espéce o~*, a la partie de la chaine L”-?+*+1(o? o*~1) (ott of est un 
sommet quelconque de o@*) dont tous les simplexes sont d’espéce o@t'. 
Si les indices 7,7, s sont tels que la relation (1) n’est pas vraie, on pose 


—p+K+1 ia abt 
H” p+K+- (o@t , oO ‘ 6; +1) <= O. 
Posons encore 


“gt “at 
—p+K+1(gK-1) — —p+K. — 
Deer (ok!) = 2 = H+ (g@H, ok, ght), 
Ceci étant, soit 


*On—p — C*?, * p+ k+1 (of) = [—pt+kt+i (o*) pour k + K—1, k + K; 
* [p+ Kk (oX—1) amet [Y-r+k oe) ne FD 7?+5+1 4, 


Or_1 


* [n—pt+K+1(gK) — J n—p+K+1(,K) _ K-1 —p+K-+1 (q@K—1 
L (9;") L (9;") 2 Nis dita (9, ). 


On voit sans peine que les propriétés 1°, 2°, 3° du n° 35 sont vérifiées. 
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On vérifie de la méme fagon comme dans le n° 40.3 que les propriétés 
O(k,q,9)O0<g9<h) sont conservées aprés la modification. Comme au 
n° cité, il est évident que les propriétés O(k, g, h+1) O<q< Q) et 
O(k, Q+1,h+1)(K+1<k <h-+1) restent aussi conservées. 

On doit encore vérifier que la propriété O(K, Q+1,h+1) se trouve 
réalisée aprés la modification. Supposons done que les indices j, 7, 7 soient 
tels que o¥ et of*? soient des faces de o/**. On doit démontrer que 
presqu’aucun simplexe de la chaine *[”"—?+*+1 (of) nest d’espece o@+, 
Comme au n° cité, l’unique cas 4 considérer est celui oi chaque sommet 
de o?*? est un sommet de o* ou de o@*. Or cette hypothése entraine, 
dans le cas actuel ot K = h—Q>0, que le simplexe o* posstde une 
(K — 1)-face —* telle qu’on ait la relation (1). 

<* parcourant toutes les (K—1)-faces de o*, on voit comme au 


n° cité que ; 
H*--+ 1 (cet), -*, o}+1) — 0 


si v+7 ou bien vy = 7 et u+s. Done la partie de la chaine 
Ox_1 


—p+K+1 — * Tn—p+K4+1(gK) — yK-1 —p+K+1 (_K-1 
lL? (a) Lk (9G; )= P Wr Dr-Pt+ (a; ) 


dont les simplexes sont d’espéce o?t1, est presque égale a 
(x) — H-7t+KH (621, io a4. 


Or si l'on détermine le signe « = + 1 et la valeur de l’indice 4 de maniére 
que of = eof oX 1, on a ¢ = 4X et on voit que (*) est presque égale 
ala partie de la chaine L”—?+4+1 (o¥) dont les simplexes sont d’espéce o@*". 
Par suite presqu’aucun simplexe de la chaine [n?+ E+1 (Gf) n’est d’espéce ott, 

40.5. On doit enfin considérer le cas 01 K=O, Gach, La relation (1) 
du n° 40.1 dit que la partie de la chaine L”~”’*'(o}) dont les simplexes 
sont d’espéce o/+1 est la méme pour tous les sommets de o/+!; désignons 
la par "PH (oh), Posons 


es 
*COn—p — sania Cp — Ps FE? (o}*), 
¢=1 to 
* [n—pti (0?) — [rp (6°) = P | ie an (ah+1), 
¢=1 


*LI—rteH (gk) — [n-vth+t (gt) pour 1 < k < p—l. 


On voit sans peine que les propriétés 1°, 2°, 3° du n° 35 sont vérifiées. 


Tl est évident que les propriétés O(k, g, 9g) O<g<h), Ok, q,h+1) 
(0<q¢<h) et Ok, hk +1,h+1) restent conservées aprés la modification 
et que la propriété O(0, h+1, h+1) se trouve réalisée aprés la modification. 


46* 

















688 E. CECH. 


41. Soit O<h<p—2, 0<Q<h. Supposons qu’on ait déja réalisé 
les propriétés suivantes: O(k,q,g) pour Ol g<h, Ok, g,h+1) pour 
0<q<Q, Ok, Q+1,h4+1) €—-QSkSh+1). On doit démontrer 
que les propriétés O(k, Q+1,h+1)O0<k Sh—Q —1) sont aussi ré- 
alisées. Supposons donc que les indices k,j,7,2 soient tels que O<k<h—Q—1 
(d’ot Q<h) et que les deux simplexes of et o%** soient des faces de a+"; 
on doit prouver que presqu’aucun simplexe de la chaine L”~?t*11 (af) n’est 
d’espéce 6+, Ceci est évident si of et o2** sont des faces d’une h-face 
de o/*1, car la propriété O(k, Q+1, h) est vérifiée. Supposons done que 
chaque sommet de o/** soit un sommet de of ou de o@*'. On a alors 
k+Q+12>h; dautre part on avait k < h—Q—1, de maniére que 
k = h—Q—1 et on a évidemment 

ght] = +0011 ia 


Puisque Q<h, on peut distinguer deux cas: 1° Q<h—2; 2° Q—=h—1. 
Premier cas: Q < h—2. Choisissons un sommet of du simplexe o@*", 

D’aprés 34.2, 2° la chaine 

(*) FLY—?th-@1 (o$ oe) tae L*-Pth-e (of-@-4) 


On—gq—2z 


+ a 7%, ** [7-P+h-2 (G9 lig 





ne contient aucun simplexe situé dans P!—@(o? ope), D’aprés 36, il en 
résulte qu’aucun simplexe de la chaine (*) n’est d’espéce o@t1, Puisque 
notre but était de montrer que la chaine L”?+"—@ (ate) ne contient 
presqu’aucun simplexe d’espéce o@*", il suffit done de prouver que ceci est 
vrai pour la chaine FL” ?+h—@+ (6? oye") ainsi que pour chaque chaine 
[PP th-@ (a9 gh-@-4), of oh -@-2 parcourt toutes les (kh — Q — 2)-faces de 
oh Q-1, 

Or hin propriétés O(k,g,h+1) O<q <Q) et O%, Q41, 24+) 
(h—Q <k < h+1) il résulte que, si of est une face de of O <9 
pa Q-+1), la chaine ["-?+h—@+1 (a) oh) ne contient presqu’aucun simplexe 
d’espéce ol. D’aprés 8.34, il en résulte que la chaine FL” eereweee © *) 
ne contient presqu’aucun simplexe d’espéce o@+1. D’autre part, gh a ita 
étant une (h — Q — 2)-face de of @-4, les deux ‘simplexes hk et oe 
étant des faces de la h-face o@*1 gh—@-? de of i] résulte de O(k, q, h) 
que presqu’aucun simplexe de la chaine L”—?+'—@ (69 oh-@-*) n'est 
d’espéce o@11, 

Second cas: Q = h—1, do k =0. Les indices j, r, i étant tels que 
oftt — +h o;, on doit démontrer que la chaine L"~?*+* (a?) ne contient 
presqu’aucun ‘simplexe d’espéce o/, Choisissons un sommet o9 du simplexe o”. 
D’aprés 34.2, 2° la chaine 
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(*) FL" ?*? (a) af) — L®-?*1 (6?) + L*- P+ (of) 


ne contient aucun simplexe situé dans P{(o?o)) et par suite (v. 36) aucun 
simplexe d’espéce o#, On ne doit donc nation que ni FL"? +? (a9 6!) ni 
["-?+1 (6?) ne contient presqu’aucun simplexe d’espéce o”. Si 69 (0< g < h) 
est une face de o”, les deux simplexes o} a? et of sont des faces de o/*, 
de maniére qu’il "résulte de O(k, q, h-+1) O<sqsQ=h-—1) et de 
O(k,h,h+1) = O%, Q4+1,h4+1) Ud =h—-—Q Sk <ht+1) que la 
chaine L”?*? (a9 o?) ne contient presqu’aucun simplexe d’espéce 09, D’aprés 
8.34 il en résulte que la chaine FL" ?*? (of a?) ne contient presqu’aucun 
simplexe d’espéce o”. D’autre part, il résulte de O(k, h, h) que la chaine 
[”-?*1 (6?) ne contient presqu’aucun simplexe d’espéce a? 

42. Le but proposé au n° 35 est atteint. Projetons toutes les U,-chaines 
obtenues dans le réseau Ul. En tenant compte du fait que (v. 33) Ul, est 
un affinement de 1 normal par rapport aux cycles mod PP (o?) — PP (a?) 
dans PP? (oP) (1 © i [«@,), nous avons donc le résultat suivant: 1° La 
chaine C"~?(U1) primitive a été remplacée par une nouvelle (x— p, U)-chaine, 
que nous continuons d’appeler C”~? (U1) et qui est homologue a l’ancienne 
dans B. 2° A chaque (h, 3)-simplexe intérieur o! (0 <h <p—1,1<i<a,) 
on a attaché une (n—p+h-+1, U)-chaine L*?+*1 (oh, W) dans B. 
3° Pour 1 < i < aq la chaine 

FL" ?* (69, UW) — C™ ? (U) 


ne contient aucun simplexe situé dans P?(o?). 4° Pour 0 <h < p—2, 
lt < e@psy, la chaine 


an 
FLP-9+h+2 (oh, U1) — a qh, [PP +h+1 (gh, 1) 


ne contient aucun simplexe situé dans P!+1(o?+), 5° Pour 1<i< ep, 
Qp—-1 


a yt Lh Cop, W) 
j= 


est un (n, R)-cycle essentiel mod R — P? (o?). 6° Pourr0O<hop—l, 
O0<k<h, O<q<h, si les simplexes of, of (1S ja, 1S r<a,) 
sont des faces du simplexe o”, la chaine pote (of, U) ne contient 
essentiellement aucun simplexe d’espéce of, ce qui veut dire que chaque 
simplexe d’espéce of de la chaine [tet (oF, U) est égal a zéro 
mod R — R,*, 


* En effet, soit t un simplexe de la chaine L"-’+*+' (o*, 11) tel que +0 mod R— Ro. 
Il existe alors un simplexe t, de L*—?+*+1 (o*, 11,) tel que (v. 33) t= 7) t,. Evidemment 
t1+0 mod R—Ro. Par suite, comme on le ‘voit sans peine, t, n’est pas une face d’un 
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Or nous en déduirons (dans les n°* 42.1-42.5) que la chaine C"~? (11) est 
égale mod BR—R, a une (n— p, U,)-chaine élémentaire. Avec cela le 
théoreme du n° 31 sera évidemment prouvé. 

42.1. Soit « un U,-simplexe dont le noyau rencontre et B et R— ft — Ro. 
Alors le noyau de 7a) t (v.33) et done aussi celui de mr rencontre B R—R —R). 
Or toutes les U1-chaines que nous considérons ici cout des projections de 11,- 
chaines situées dans B; done si un simplexe d’une de nos U-chaines est 
= 0 mod R — Ry, il est aussi = 0 mod B k — Ro. Les chaines élémentaires 
ne contenant que des simplexes + 0 mod R— Ry (v. 19.1, 1°), on voit sans 
peine qu’il suffit de démontrer que C”~? (U1) est égale mod A— Ra une 
chaine élémentaire. 

42.2, LEMME 4;,(0 < k<p—1): Supposons que les simplexes of, of 
soient des faces de of (1 <j S ax, LS ray, 1 StS ay). Soitkr rte 
7 of, U) la partie de la chaine L”—?+*+1 (of, Ul) dont les simplexes sont 

* oie of, 2° +0 mod R—R. Alors: 1° sig+p—k—1, ona 
pli: (of, of, U) = 0; 2° si g = p—k—1 il existe un nombre 
ajrER tel que BY —P+**3 (gf, of, U) = ay K”" 4 (of). 

Dans le n° 42.3, nous démontrerons 4,1. Dans le n° 42.4, nous 
déduirons 4; (0 < k <p —2) de 441. Par conséquent, le lemme % 
sera vrai. 

42.3, Soient of*, of des faces de of. Pourg=1, ona E” (op, 0%, Ul) 
= 0 d’aprés 8.33. Soit donc g=0. Dans le cas ou o? est un sommet 
de o?*, on a E” (oP, 6°, NU) = O daprés 42, 6°. Il ne reste que le 
cas oa o< = +o! 0 gp A, Si o?* est une (p — 2)-face quelconque de op, 
nous savons déja que Em (o° o?-2, o°, U) = 0. Il en résulte que E” (oP, 
o, U) est la partie de la chaine™ 














On—2 


M" (op, U) = L" (op, W— D oh? L* (0 o?, W) 
v=1 


dont les simplexes sont 1° d’espéce o°, 2° +0 mod R—R,. D’apres 42, 
5° M"(o?, U) est un (n, R)-cycle essentiel mod R—P?(e?); puisque 
SC R—PP (oP), G(U) est aussi (v.17) un tel (nm, R)-cycle. D’aprés la 
définition du réseau gén. BP (n° 29) et celle de P? (a?) (n° 30), il en résulte 
existence de deux nombres 7,,72€R, dont un au moins +0, tels que 
r M" (o?, W+rnG"*(U)~0 mod R— PP (of). Or (v. 32) Gr +0 
mod R — P# (6?) de maniére qu’il existe un nombre a€ KR (a = —r2: 11) tel 





U,-simplexe d’espéce o—'. Soit o l’espéce du simplexe 7,. On a 1= 0 et, en vertu de la 
propriété 6 (k, q,h), o/ n'est pas une face de o*. Or si le simplexe r était d’espéce of, on 
voit tout de suite que "ot serait une face de o7, donc de o}. 

°4 Dans le cas p = 1, il existe un indice tel que +o}->0°— 0° et on doit poser 


M* (63, U) = L*(o°, U) — L*(o, U). 
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que M” (o?, U)~ aG" (UW) mod R — P}(o?). Tl existe done une (n+ 1, W- 
chaine H”** (U1) et une (n, U)-chaine N” (Ul) C R — P? (o?) telles que 


M*(o?, W = a@*(W+ FA" (+ NW. 


Le réseau U étant commode, il est d’ordre < m mod S; par suite chaque 
(n+ 1, U)-simplexe posséde un sommet U tel que US+0. Or si U’, VU" 
sont deux sommets de Ul tels que U’R, +0, U’"’'S40, ona (n°32) U'U"=0. 
Il en résulte que FH”*1(U) = 0 mod R— Ry. Lorsque + est un sommet 
de Ul d’espéce o°, chacun de ses sommets U rencontre 7’, et par suite (v. 32) 


UCP? (c?). Il en résulte que la chaine N” (11) ne contient aucun simplexe 
desptce o?. Done E£” (oP, of), cest-a-dire la partie de la chaine 
M" (oP, UW) dont les simplexes sont 1° d’espéce o°, 2° + 0 mod R—R), 
coincide avec la partie pareille de la chaine aG" (Ul), c’est-a-dire (v. 19.1) 
avec aK” (60, UW). 

42.4. Soit O<k<p—2 et supposons la validité du lemme 441. II 
s’agit d’en déduire la validité du lemme 4. Supposons donc que les sim- 
plexes or, o% soient des faces de of, S’il existe un sommet de o? qui n’est 
sommet ni pour oF, ni pour o%, il existe une (p—1)-face of?" de o? telle 
que of et of sont des faces de of? *; par suite H™-?t***(o%, 07) = 0, 
d’aprés 42, 6°. Supposons done que chaque sommet de o? soit un sommet 
de of ou de of. Il en résulte que k+q>p—1. Lorsque g>p—k, on 
a En—ptk+ (o%, o?) = 0 d’aprés 8.33. Il ne reste donc que le cas oi 
q = p—k—1, les indices 7, r, 2 étant tels que of? = + of _*, 
Choisissons un sommet o? de o?—*—1 et supposons que o%~' parcoure toutes 
les (k—1)-faces de oF. Alors o*-1 0? et op *-? sont des faces d’une 


(p—1)-face de of, de manitre que H”-?t*t1 (ok oP, gpk) = 0 
d’aprés 42.6. En outre, d’aprés 42, 4° et 36 la chaine® 
Qpe—2 


FL-ot+k (o? or, Nl) — [paeries, Nl) +2 qi? Lr-etk +1 (a? et, ll) 


ne contient aucun simplexe d’espéce o?—*—1, Il en résulte que E”?t**? 


(o%, o?-*—1, 11) est la partie de la chaine 


(*) F L-9+#+2 (o? of, UW) 


dont les simplexes sont 1° d’espéce o?—*-1, 2° +0 modR—R,. Soit 1 
un tel simplexe de la chaine («). Il existe alors un simplexe 7, de la chaine 


—p+k Ik 
| Look (of oF, U) 
*° Pour k = 0 ce symbole signifie 0°. 


6 Pour k= 0: 
F L"*+* (09 o>, U) — Lt (6), U) +L" "+" (0), U). 


hall 














Ses 
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tel que « appartienne a la chaine /'7,. Puisque c+ 0 mod R—R, évidem- 
ment 7, +0 mod R—R, de manidre que (v. 8.32) 7, n’est pas d’espece o—, 
Done (v. 8.34) le simplexe tr, est d’espéce o”, ot of est une face de . 
Done 7, est un simplexe de la chaine HE” ?**+?(o? of, of, Ul). Or en vertu 
du lemme 4,41, on a 


1°) En Prk (9? of, of U0 pour h+p—k—2, 


9° En -Ptkt2 (9? oF, or, Nl) cai dig a, e-orettige- ss, Nl) (a,€ R), 





oi o?—*-2 parcourt toutes les (y—k—2)-faces de o?*-!, Il en résulte 
que Hr-P+kti(g%, gpk t, U) est égale a la partie de la chaine 


Qp—k—2 


(x *) F 2, er a, Krk ae, 11) 


dont les simplexes sont 1° d’espece o?-*1, 2° +0 mod R— R,. Or la 
chaine (* *) est égale, en vertu de 19.1, 3°, a la chaine 


Qyp—K—2 &p—k—-1 


—k-2 -1 —ptkty wall 
ae es, Bee ee. 
v= = 


de maniére que, d’aprés 19.1,1° et 2°, 


E»?tk+1 (ak, 4, Ni) — aK* tk ae, Nl). 


42.5. Le lemme 4 étant démontré, passons a la démonstration du fait 
que (v. 42.1) la chaine C”?(U) est égale mod R—R, a une chaine 
élémentaire. 


Soit «”? un simplexe +0 mod R—R. D’aprés 8.32 et 8.33, 7 est 
d’espéce of, 01 0< k <p. Choisissons un sommet o? de o%. D’aprés 42, 3° 
et 36, la partie dont les simplexes sont d’espéce o% est dans C”?(U) la 
méme que dans /'L”~?*1(o?, 11) et par suite, comme on voit par le raison- 
nement employé dans le n° 42.4, la méme que dans 





(*) F> E"?+1(09, o*, U), 


h,j 


oi a} parcourt toutes les faces de of. Or d’aprés 42, 6° et d’aprés le 
lemme 4, on a 


1° E”?**(0?, ot) = 0 pour h+p—1 


ainsi que pour h = p—1, si o? est un sommet de op; 


¥ E"?+1(0?, op, UY) _ a; Kner (op, YW), 
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si k =p et si l'indice j est tel que of = +o} o?". Done, si k<p—1, 
la chaine (*) est égale & zéro; si k = p, la chaine (*) est, d’aprés 19.1, 3°, 
égale a w?1a,, K" ?(o?, WU). Par suite 


Cr?) = Dia, K"-?(o?, UW) mod R— Ry. 
t=1 


V. 


43. Dans tout ce Chapitre, supposons donnée une valeur fixe de p(1< p < n). 
On suppose la validité de tous les axiomes des Chap. I et II ainsi que celle 
des axiomes G* (v. 21) pour n —p<k<n—1 et des axiomes H* (vy. 27) 
por n—pskin—2. 

44, Soit BEF (v. 23). Soit S, la somme de tous les sommets extérieurs 
de 3; soit 2 un entourage donné de S,. Soit A un sous-ensemble bicompact 
de R; soit B un entourage donné de A. Il existe un affinement B de 3 
et un réseau gén. WN tels que Vénoncé suivant soit vrai: Soit ,€E= un af- 
jinement de B et un affinement mod S de M. Soit t un réseau fermé cor- 
respondant a 3 (n° 8) et possédant par rapport a % la propriété du ne 25. 
On peut choisir la projection 7 = Pr. (4, 3) de maniére que, le réseau fermé 
correspondant a 3% étant construit selon le n° 24 en y faisant usage de 4, t 
et ™, on ait la propriété du n° 25 ainsi que la propriété suivante, valable 
pour chaque réseau U suffisamment fin et commode relativement a 3-+-t (et 
par suite aussi par rapport d 3+ (v. 24)): C”-?(U) étant un (n — p, U)- 
cycle mod AR— Ry élémentaire (v. 19.1) par rapport 4 3+ et tel que 
0"? (0) ~ 0 mod AR—R, dans A, il existe wne (n—p+1, W)-chaine 
E*-?+1(11) dans B élémentaire par rapport a 4+ et telle que E”-?**(U) 
> O"-?() mod 2. 

La démonstration fera l’objet des n° 45,1—54.3. 

45.1. Soit T* un réseau fermé correspondant 4 8 (v. 8) et choisi arbi- 
trairement; soient 7*(1<i< a) les sommets de Z* (v. 8) de maniére 


ba) 


que T* Col (l1<ic<ae,); posons R* = DT* CR—S \v. 8). 


i=1 

A chaque point a€ R attachons un voisinage W(a) tel que pour 1 <7< @: 
1° a€ T entraine W(a)C 0°; 2° a€k— 7; entraine W(a) T;* = 0. Soit 
W'(a) un entourage de a si petit que W’(a)] W(a). L’espace R étant bi- 
compact, il existe un nombre fini de points a = 4, dz, ---, dm tels que les 
entourages correspondants W; — W'(a,r) constituent un réseau W’*"; soit 
encore W, = W(a,y) (1 <r <m). On peut supposer qu’il existe un entier m’ 


On voit sans peine qu’on peut s’arranger de fagon que le réseau %®’ soit arbitraire- 
ment fin. 
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(O<m’ < m) tel que a,€ Ro pour 1 <r<m', a,€R— Ro pour m ‘T1SrSm. 
Pour 1<r< mm’ il existe un indice 2 (1 < i <a) tel que a,€7;, doi 
WCW, cocR— S. Pour 1 <i<a,, il existe évidemment un en- 


tourage H, de 7* si petit que: 1° T*C H,C of; 2° W, T* = 0 entraine 


z 
W, H,=0. Pour 1<r<™m, soit Ww un entourage de a, si petit que: 
1° W}'EW!; 2° a,€ T¥ entraine W,’ © H, pour 1 <i<«,; 3° WW =0 
pour l1<r<s<m. Pour 1<r<m, soit W;” un entourage de a, si 
petit que W;” SW,’. 

Il existe évidemment un affinement 8, de 3 jouissant des propriétés 
suivantes: 1° Pour VE%,, 1 << r<s<m, on ne peut avoir simultanément 
VW,’ +0, VWe'+0. 2° Pour VER, 1 <r <M, la relation VW; +0 
entraine VCW,. 3° Pour VE%,, 1 <r <™m, la relation V W;”’ +0 entraine 
VcCW,'. 4° &, est un affinement du réseau YW’. 5° B, est un affinement 
du réseau § dont les sommets sont les ensembles H; (1 <i < @p) et l’en- 
semble R—Rj. 6° Pour 1 <r <-m’ soit M, un réseau fermé dans 
espace W,” tel que chaque sommet de Wt, soit un sous-ensemble d’un 
sommet de ¥,; alors l’ordre (v. 7.2) du réseau WM, est >. Il résulte de 
2.24 que la condition 6° est réalisable, car dim W;” =n, d’aprés 12.2%, 

45.2 Dorénavant, supposons que le réseau 4€ soit un affinement de &, 
et par suite de 8. Nous allons choisir une projection 7 = Pr. (3, 3). 
Soit zg un sommet de 3. Deux cas sont a distinguer. En premier lieu, 
soit zC R— Rj. Dans ce cas on choisira le sommet z= Z de 3 de 
maniére que ZS+0; nous savons (v. 8) que c’est possible. En second lieu, 
soit zR> +0. En vertu de la propriété 5° du réseau %,, on peut choisir 
Vindice 7(1 <i < a@) de telle fagon que zC H;; on peut donc poser 
M2 = 0}, car. H,Co}. La projection ~ n’est pas encore complétement 
determinée et nous poserons tout de suite des conditions ultérieures. 

Choisissons un réseau fermé t correspondant A 3 (v.8). Comme dans le 
n° 24, désignons par 7° (1 < » < &,) les sommets nw de 4 et par ¢, les 


sommets correspondants de t et posons Ry = s ty. D’aprés 8, on a 


kvo+g =R, ot g désigne la somme de tous les siemens extérieurs de 3. 
Soit bE W, we" (l1<r<wm’) et soit z un sommet de 3 contenant b. Ona 
zW;" +0, Voi 2CW, ’ dapreés la propriété 3° du réseau B,. Or W;’ CR—S, 
car 1 <r<m'; donc zCR—S est un sommet intérieur de 3. Donc 
bEeR—gTc Ri, Peale dire W;"’"C Ry pour 1 <r <m’. Il en résulte que 
les ensembles W;” ty (1 <» < A) constituent (si 1 <r<wm’) un réseau 
fermé dans W,”. D’aprés la propriété 6° du réseau %,, on en déduit la 
validité de la remarque suivante: Si 1<*<m’, on peut indiquer un 





58 En effet, puisque 1<r<m', ona We”’CW;CR-—S. 
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point by € W,” tel que b-€t, pour au moins n+1 valeurs différentes de 
indice v(1 << v< A). Pour m’+1<r<~™m, choisissons arbitrairement 
un point b-€ Wy". 

Pour 1<r<~m’, il existe des indices i (1 <7 < a) tels que a,€7;; 
soient %, %, +++, %q tous ces indices. D’aprés 8, on a O<q<n. D’aprés 
la remarque que nous venons de faire, on peut donc indiquer g+-1 valeurs 
différentes de v(1< »< Ay) telles que b,€t,; soient , 1, ---, %, ces 
valeurs. Posons pour 0<h<q: 1) = o; C’est possible et c’est aussi 
d’accord avec les conditions déja posées pour 7. En effet: 1° Une valeur 
donnée de v(1 < »< Ay) ne peut appartenir a la suite , »,,---, », que 
pour wne valeur de r(1 <r < m’) au plus; ceci résulte de la propriété 1° 
du réseau %,, car l’inclusion b,€¢, entraine que WwW" +0, dot 7° CW,’ 
d’aprés la propriété 3° de B,. 2° Pour 1<r<m’, O<h<q, ona 
€ CRs comme nous venons de voir; d’autre part on a a,€ T¥, d’ott 
W,'CH;, @aprés la propriété 2° des ensembles W,’; donc 1, CH, de 
maniére qu'il est permis de poser ut) = O} 

45.3. A l’aide de 3, t et 7, construisons le réseau fermé FT correspondant 
& 3 suivant la maniére expliquée au n° 24 et faisons usage des notations 
de ce n°. En particulier, on a pour l <i< a: T;= D> t,, oi v parcourt 
toutes les valeurs (1 < »< jy) telles que 77° —o?. Il en résulte que 
por 1 <r<m', 0<h <q, on a (dans les notations du n° 45.2) t,CTi,, 
dou b, € T;, pour 0 < h <q. Inversement, supposons que, pour de certaines 
valeurs de 7 et de r(1 <i <a, 1 <r <™m) on ait Vinclusion b,€7;. Il 
existe alors une valeur de v (1 < v < 79) telle que b,€t,, wv) = 0). D’aprés 
nos conventions relatives 4 la projection 7, on a donc l’inclusion 7? CH,. 
Or b,€t, Cr, b.€ WCW, ; done H, W, +0 et par suite 7* W,’ +0 d’aprés 
la propriété 2° de H;. Or W/CW,, d’ou 7; W,+0 ce qui entraine 
ar€T; CRS. Done 1<r<m ei= ir pour une certaine valeur de 
hO<h<q@). ial 

Nous avons done prouvé que pour 1 <r<m,1<i< @ les deux 
inclusions a,€ 7; et b,€ T; sont équivalentes. On en déduit le Lemme: Le 
réseau YW’ (aux sommets Wi, ---, Wm) posséde la propriété suivante: pour 
lloicgm, 1<r<wm: 1° b,€T; entraine W;Co?; 2° b-ER— T; 
entraine W, T; = 0. 

Démonstration. 1° Soit b,€ 7;; alors ar€T;', done W;C W,Ca;. 2° Soit 
b€R—T;; alors a-€R—T;, donc W, T; = 0. Supposons, par im- 
possible, qu’il existe un point c€ W;7;. D’aprés la définition de Z, il 
existe une valeur de v (1 <<» < a) telle que c€t, C7? CH;. On a done 
W; H; + 0, dou W; T* + 0, ce qui donne la contradiction W, 7; + 0. 
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45.31. Nous avons remarqué (vy. °”) que le réseau YW’ peut étre supposé 
arbitrairement fin. Nous voulons profiter de cette remarque. Soit B, un 
ensemble ouvert tel que 
(1) ACB, GB. 


Nous supposerons que le réseau YW’ soit choisi de maniére qu'il jouisse de 
la propriété suivante (v. 1.2): Si W;A +0, Wr Ws +0, on a WSCB,. 

45.4. De la démonstration faite au n° 25.2 du théoréme du n° 25 on 
déduit sans peine qu’il existe un affinement ¥, de B, jouissant de la pro- 
priété suivante: Supposons que le réseau 3€= soit un affinement de &%,. 
On peut choisir la projection 7 = Pr.(j, 3) (satisfaisant aux conditions 
du n° 45.2) de maniére que K"-” (oP, U) + 0 pour 1 <i < ay dans chaque 
réseau commode suffisamment fin. 

Dorénavant on suppose 3 et ~ choisis de maniére que cette propriété 
soit vérifiée, ainsi que le lemme du n° 45.3. 

46. Lemme. Soit 1 un réseau commode (relativement 4 3+). Soit 
C"-? (Ul) une (n — p, U)-chaine élémentaire (v. 19.1) telle que C” ?(U)>0 
mod R— Ry). On peut attacher & chaque combinaison 19, 71, ---, nr 
(1 <h < p—1), d’indices 1, 2, ---, m une (n— p+1, U)-chaine élémentaire 
Dy Pt! (UW) de maniére que: 1° chaque simplexe + 0 mod R — R de la 
chaine FD? ?"(W—c”?() (1 <r <m) est situé dans R—W;; 
2° pour 1 <h<p—1, Dy,?*"** (W) est une fonction alternée des indices 
Yo) 71) ***, 7h; 3° pour chaque combinaison 79, 71,---,7rn 1 <h<p—}), 
chaque simplexe + 0 mod R — R de la chaine 

h 


FD re) W) — 2 (KP Dire rageetg W) 


r, T: Y, ° 
0 u—1*u+l 
u=0 . 








h 
est situé dans Rk —[] W,,. 
u=0 
ap 
Démonstration. Soit C™-? (UW) = > ¢; K"? (oP, U). ~D’aprés 19.1, . 
i=1 
et 3° 


&p 
(1) 24 =0 pur 1<jca,,™ 


Pour 1 <r <™m, soit N, l'ensemble de toutes les valeurs de 7 (1 <7 < @) 
telles que b,€ 7; (b, étant les points du lemme du n° 45.3); les of, €N(r) 
sont les sommets d’un 3-simplexe intérieur que nous désignerons par 9(7). 
Plus généralement, pour chaque combinaison 7, 1, ---, 7n (0<hSp—D 
soit o(7,71,---, 7») la face commune de dimension maxima des h+1 
3-simplexes o(79), o(r:), ---, o(rn). 





°° Ces équations ne disent rien dans le cas p = n. 





THEORIE DES VARIETES. 697 


Ceci étant, posons pour chaque combinaison 7, 7, ---, rn (0 < h < p—1) 


—p+h nts —p+h+1 = 
Mot. +1 (u) = = 2" rT, P tag pt+h+ (a? a 4 Ui), 
ou la sommation se rapporte & toutes les valeurs de 7 (1 <7 < @py p-4) 
telles que Merete soit une face du simplexe o(7,7,.---, 7) et ol les 
nombres 2{°"""””*€R sont des fonctions alternées des indices supérieurs. 

Or on déduit sans peine du lemme du n° 45.3 que, si le simplexe o* 
O0<k<sn, 1<i< ay) nest m. une face de o(7, 71, --+-, 7), la chaine 
K"*(oF, UW) est située dans k— l W,.. Il en résulte aisément (v. 19.1, 1° 


u=0 
et 3°) qu’il suffit de déterminer les nombres z°"'’’"* de maniére que I’on ait 


Qp—-1 


° 
ef af =, 
1 = Wi Gj 


pour 1<r<m et pour toutes les valeurs de 7 (1 << 7 <@,) telles que 
ap soit une face de o(r); 


Qp—h—-1 h 


Y 24 Oe 2a 
P ji i 
i=1 


u= 
pour chaque combinaison 79,71, ---,7n (1 
et pour toutes les valeurs de j (1 <j 
face de o(79, 71, °-+, Th). 

Pour voir que ces conditions sont réalisables, choisissons une combinaison 
10,71,°**,% (O< h<p—l|1) et supposons que les indices 7,7, k parcourent 
resp. toutes les valeurs (1 << i < appa, 1S j << e@p-n, 1 Sk S &p-ny1) 
telles que ae . o7—*, op-h+1 soient des faces de o(r,, 7, +++, 7). Con- 
sidérons le systéme d’équations linéaires pour les inconnues ul R 


< p—1) Mindices 1, 2, ---, m 


0 
Sh 
j S,_,) telles que op soit une 


(*) a1 ee, = U,. 


Pour que ce systéme posséde une solution, il faut et il suffit que les 
nombres uj€ R satisfassent & dp—n—ep—n—1 conditions lin. indtpentantan, 
ol dp» désigne le nombre des (py—A)-faces du simplexe o(7o, 71, -+-, Tn) 
et ¢, , , est le rang de la matrice (72). Or le (p—h)™° mins de 
Betti du simplexe o(79, 71, ---, 7n) étant égal & zéro, on a dp-n—@p—h—-1 
= 0,» = rang de la matrice (np-"). D’autre part, on voit sans peine 
que (*) entraine > tk; u, = 0, car oe the Ni n?-1 =. Le rang de la matrice 


(nf-") étant égal a ae on voit que le systéme 


(* *) 2% = 0 











fn 
OP ee 
} bets 
fs 8 
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donne la condition nécéssaire et suffisante pour la résolubilité du systéme (*). 
En faisant usage de ce critére et en s’appuyant sur les équations (1) on 
voit sans peine qu’il est possible de construire successivement les nombres 
glo" Th 60, 

"46.1. Remarque. On voit sans peine que l’on peut s’arranger de facon 
qu’on ait i. (11) + O seulement si un des indices 7, 71, ---, rh, soit 7, 
jouit de la propriété que 6,€ 7'(o?) pour une valeur dez (1<7<a,) telle 
que le coefficient c, de K”~?(a?, U) dans la chaine C”?(U) soit +0. 

47.1. Nous allons démontrer le théoréme du n° 44 dans le cas p= 1. 


L’espace FR étant normal, il existe deux ensembles ouverts 2, et 2, tels que 


§,E€2,€2,€ 2. 


Soit % un réseau gén. tel que 1° chaque sommet de % est un sous-ensemble 
d’un sommet W; du réseau YW’ (v. 45.1); 2° pour chaque sommet P de ¥ 
on a P2, = 0 ou bien PC2,. On voit sans peine que § existe. 
Déterminons un affinement OQ de % ainsi qu’une projection a’ = Pr.(Q, ¥) 
jouissant de la propriété du n° 14.2. Soit B un affinement du réseau &B, 
(v. 45.4) et done aussi de %, (v. 45.1) tel que 1° VE%, VS, +0 entraine 
VC Q,; 2° chaque sommet V de B tel que VS, — 0 est un sous-ensemble 
d’un sommet de Q. 

Supposons que 4 soit un affinement de 8. La suite 1, 2,---, &) des 
indices v se divise en deux classes V’, N” d’aprés la convention suivante : 
vEN’ (vEN") signifie que 7° C 2, (xe? — 2,40). Soit v€N”. Alors il existe 
un sommet Q(x?) de Q tel que 7? CQ(c®). Posons P(e?) = a’ Q(x). Il 
existe un indice r(v) (1<r(v)<m) tel que P(°?)CWY,.. On a Pec 2, 
ou bien P(xo) 2, = 0. 

Pour chaque réseau 1 commode relativement & 4-+t considérons |’en- 
semble M(U) de toutes les (n—1, U)-chaines C”—1(U) dans A élémentaires 
par rapport & 3+ et telles que H”(N) > CU) mod R— A pour une 
(n, U)-chaine H"(U)C A. L’ensemble M(U) est un module fini; désignons 
par s(U) son rang. On a 0O<s(U)<n. Par suite l’ensemble de toutes les 
valeurs de s(U) admet un minimum s. Lorsque U, est un affinement de U, 
on voit sans peine (v. 19.1, 3° et 19.2) que s(U,) < s(U); par suite l’égalité 
s(U) = so entraine s(Ul,) = s. 

Désignons par ® la famille de tous les réseaux commodes (relativement 
& 3-+t) U jouissant des propriétés suivantes: 1° VEU, U2, +0 entraine 
Uc; 2° VEU, U— 2, + 0 entraine U R— R, = 0%; 3° VEU, UP $0 
(l<ov< 8) entrain UCr®?; 4° G*(W+0 mod [R— Q(x®)] pour veEN" 








vy? 


Tl faut tenir compte de ce que o(ro, 11,+++, 7») est une face de o(r, +++, 7a). 
6! D’aprés 8, on a R—R,CS,, de sorte que 2, est un entourage de R— Ro. 
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(vy. 17.5); 5° s(U) = 89. On voit sans peine que UE€@ entraine que U,€@ 
pour chaque affinement commode U, de U. 

47.2. Pour démontrer le théoréme du n° 44 dans le cas actuel p= 1, 
supposons que C”—(U)EM(U), U étant un réseau de la famille @. Soit 
H"() une (n, W-chaine dans A telle que A”(Ul)>C"—(U) mod R— R). 
On doit démontrer qu’il existe une (n, U)-chaine #” (U1) dans B élémentaire 
relativement & 3+t et telle que E”(U)>C"—(U) mod &. II suffit done 
de prouver qu’il existe une (n, U)-chaine E”(U) élémentaire relativement 
i 3+t et telle que H"(U) = E£"(U) mod Q. 

D’aprés 8.33, chaque simplexe gy” de H™”(U) est (relativement & 3 -+t) 
d’espece c—* ou d’espéce 729, oh 1S v<&8,. Si gy” est d’espece c', on 
a (v. 8.32) »* = 0 mod R—RHCR—ARHC 2. Si gy” est d’espéce 2, ott 
v€N’, on at? C2; or chaque sommet U de y” rencontre 1°, de maniére 
que VC 2 d’aprés la propriété 1° de la famille ®; donc, ici encore, on 
a g™ =0 mod &. 

Considérons le cas oti le simplexe gy” de H” (Ul) est d’espéce «?, ot VEN". 
On a YP CQAM)CP()CW),. Lorsque P(r?)C 2, on a de nouveau 
gy" = 0 mod 2; supposons done que P(x?)— 2,40 ce qui entraine que 
P(e?) 2, = 0. 

fl suffit donc de démontrer l’énoncé suivant: Soit vE.N”, P(r?) 2, = 0. 
Soit L” (Ul) cette partie de la chaine H”(U) dont les simplexes sont d’espéce 7°. 
fl existe un nombre c€R tel que H(U) = ck"(x?, UW). 

Soit U, € ® un affinement de U normal par rapport aux cycles mod R— P(r®), 
pour chaque v€N”. Comme s(ll) = s, on voit sans peine qu’il existe une 
(n—1, U,)-chaine C”—1(U,) € M(U,) telle que C”—1(U) = wC"—(U,) mod R— Ro, 
a = Pr. (U,, UW). Il existe une (n, U,)-chaine H”(U,) dans A telle que 
H*(U,)>C"—1(U,) mod R — Ry. On peut done supposer que H"(U) = 7H™U;). 

Ceci étant, d’aprés le lemme du n° 46, il existe une (m, li,)-chaine D"(U,) 
élémentaire [relativement & 3+ et par suite aussi relativement & 3-+t, 


v. 24 (3)] telle que C"-1(U,) — FD*(U,) C R—Ry +[R — Wro). Comme 
PUC)CW) ona Pe?)[R—W,,,.]=0. Comme P(r?) 2,=0, 2,55, 5R—R,, 


rv 
on a R—R,CR—P(e.). Par suite C”(U,)— FD"(l,) c R— P(r). 
D’autre part H"(U,) > C”-1(U) mod R—R, C R— P(e). Par suite H”(U,) 
— D*(l,) est un (n, U,)-cycle mod R— P(e). Or soit (v. 19.2) D"(U) une 
(n, U)-chaine élémentaire telle que D”(U) = 7 D*"(U,) mod R—R. Evi- 
demment H”(Ul) — D(l) est un (n, W-cycle essentiel mod [& — P(r°)]. 
D’aprés 14.2, il existe deux nombres ¢,, ce€9 dont un au moins + 0, tels 
que ¢, [H” (UW) — D(W)] + c G"(W~0 mod [R—Q(r®)]. On ac, $+ 0 d’aprés 
la propriété 4° de la famille ®. Donc il existe un nombre q€R tel que 























700 E. CECH. 


H"(U) — D*() — ¢, G" (UW) ~ 0 mod [R — Q(z?)]. Il existe done une (n, U)- 
chaine X"(1) C R— Q(r®) et une (n+1, U)-chaine Y"*1(U) telles que 


(*) HY = DW+toG@W+x"W+ FY"). 


Or soit gy” un (n, U)-simplexe d’espéce 7? et soit U un sommet de 9”. 
On a Ut, +0, d’oi UC? d’aprés la propriété 3° de la famille ®. Puisque 
7? CQ(c°), la chaine X”(U) ne contient aucun simplexe d’espéce 72. Puisque 
Uc CQ) Cc P(r?) CR—2,, U ne peut rencontrer aucun sommet U' 
de Ul tel que U’S +0 (v. 8.1, 2°). D’aprés 8.1, 3° il en résulte qu’aucun 
simplexe de la chaine FY"*'(U) n’est d’espéce 72. L’inclusion UC R—&, 
montre encore que 9g” +0 mod R—R,. De (*) il résulte maintenant que 


E;(U) est cette partie de la chaine D”(U)+G@"(U) dont les simplexes 
sont d’espéce »v. Done [v. 19.1, 2°, 3° et 4° ainsi que 24, (3)] il existe un 
nombre c€R tel que H”(U) = ck*(r°, UW). 

48. Le théoréme du n° 44 étant démontré pour p = 1, supposons 
dorénavant que 2<p<n. 

49.1. L’espace R étant normal, il existe un ensemble ouvert 2, tel que 
S,E 2,E 2. Soit $B? * un réseau gén. jouissant des propriétés suivantes : 
1° PEP? ", PB, +0 entraine PCB [v. 45.31 (1)]; 2° a étant un point 
quelconque de R—S, il existe un sommet du réseau YW’ du n° 45.1 conte- 
nant la fermeture de tous les sommets de 8? qui passent par a (v. 4.3 
et 4.4); 3° la fermeture d’aucun sommet de $? ~~ ne rencontre simultané- 
ment S, et R—2,. 

49.2. En partant du réseau gén. $8? ", construisons les réseaux gén. O°, 
PB", Pr, P2, Ps, Bi <h < p—2) ainsi que $? 7, B?*, $B? *, PB? ~ selon 
la maniére expliquée dans le n° 29, en y remplacant p par p—1. 

50.1. Supposons que 3 soit un affinement du réseau @ = ¥B, du n° 45.4 
(et done aussi du réseau B, du n° 45.1) et que g soit un affinement modS 
de M — PP’. 

Pour 0<h<p—2, 1<v<4&, attachons & c* des sommets Pi(c?), 
PH(eh), Ph), Ph(chy, Ph(v2), Q'(c®) resp. de P", Ph, Pr, Pr, PB", OQ"; pour 
1<v<8,_, attachons 4c? des sommets P?-1(c?-1), Pp-1 (cP), PP (2?) 
resp. de $2", P?", PB? +. Ceci soit fait selon la maniére expliquée au 
n° 30, en y remplacant p, 8, of resp. par p—1, 3, t”. 

50.2. Les réseaux gén. Pt (0 <h< p—1) étant des affinements de $1 “7 


il résulte de 49.1, 2° qu’on peut attacher & chaque vy (1<»< Ap) un 
sommet W,,, du réseau YW’ de maniére que PROC Wr) pour 0<A<p—l 


rv) 


et pour chaque valeur de 4 (1<4<4,) telle que c® soit un sommet de wh 
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50.3. Les réseaux gén. xg! (0 <h< p—1) étant des affinements de ¥?"’, 
on ne peut pas (v.49, 3°) avoir simultanément P!(c*)— 2, +0, Phir’). R—R, 
+0 O<h<ep—1,1<7< fh). 

51. Désignons par ® la famille de tous les réseaux U commodes (rela- 
tivement & 3+t) tels que: 1° pur O< AS p—2,1<yv<f, VEN, la 
relation UPI (ch) +0 entraine UCP} (ch); 2° pour 0< hk <p—2,1<v<Z,, 
Veu, la relation U Ph(c®) + 0 entraine UC P*(x®); 3° pour 1<y SB, 
UVeu, la relation UP?—(c?") +0 entraine UC Pp(c?); 4° pour 
1<v<,, VEU, les relations UA +0, U Po (c°) + 0 entrainent A P9(r°) +0; 
5° purl<ov<B,,, on a G(U)fO mod[R—PP(e?-)]; 6° pour 
0<hep—2, OSk<p—?2, lov<ch, 1 <<, les indices v et w 
étant tels que les noyaux de zc” et de v/; aient un point commun, la relation 
Uti) +0 (ot VEU) entraine UC Ph(c*); 7° pour 1<A<B, lSv< A. 
les indices 2 et » étant tels que c? est un sommet de t?—', la relation 
Ut,+0 (ou VEU) entraine UE Pr (cP); 8° pour VEU, la relation 
US+0 entraine UP(c?) = 0 powr1 <v<8,; 9° pour U’, U" EU, les 
relations U'S +0, U" R, +0 entrainent U'U"=0; 10° ona s(Ul)= minimum, 
s(U) désignant le rang du module /(U) de toutes les (n — p, U)-chaines C"~?(U) 
dans A élémentaires (v.19.1) par rapport 4 3+ et telles qu’il existe 
une (n—p-+1, U)-chaine H”—**1(l1) dans A telle que H®—?*?(U)> C”-*(U) 
mod R—#k,; 11° pur O< ho p—li, 1<v< 8B, VEU la relation 
U Ph(ch) +0 entraine UC W;,, pour chaque sommet tf de c?; 12° VEU, 
U 2, +0 entraine UC &, 

On voit sans peine (v. 32 et 47.1) que la famille ® est parfaitement complete. 

Nous démontrerons que l’énoncé du n° 44 est vrai pour chaque UE ®. 

52.1. Choisissons un réseau 11 —11, € ® et déterminons les affinements suc- 
cessifs U,€® (1< h< 2p—1) selon la maniére expliquée au n° 33, en y 
remplagant p, 3, o” resp. par p —1, 3, t2. Soit mm = Pr. Un, UO Sh 
<2 p—2). 

52.2, Supposons donnée une chaine C”-?(Uy)€M(U,) (v. 51, 10°). On 
doit démontrer (v.44) qu’il existe une (n — p+ 1)-chaine £”~?+4 (Uy) dans B 
élémentaire par rapport & 3-+¢t et telle que H”-?+1 (Uy) > C” ? (Uy) mod Q. 
Comme s (Uy) = minimum, il existe pour 1<A<2p—1 une chaine 
C"-? (Un)EM (Uj) telle que 2, C”-? Unis) = C”” (Uy) mod KR — Ry pour 
0<SA<2p—2. Puisque C”—? (Usp—1)€ M Uey-a), il existe une (n — p+1, 
Usps)-chaine chaine H”—?+1 (U,,1) dans A telle que H”~?** (Usps) > C”-? ( Usp ) 
mod R— R,. Convenons généralement, si on a déterminé (pour 0 < h 
< 2p—2) une certaine U,41-chaine-D(Uy41), de désigner par D(U,) la 
chaine a, D(Un4:). Alors, pour O< h<2p—1, H” ?*1(U,) est une 
(n—p +1, U))-chaine dans A telle que H"—?+ (Ul;,) > C”-? (U;,) mod Rk — Ry. 
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53.1. Rangeons les sommets intérieurs de 3 dans la suite z{, 7}, --., vs 
de telle facon qu’il existe un entier 8) (0 < 4) < Ap) tel que : 
P(e?) — 2,40 por 1<¥< Hh; PL@)CA& pow A+1<r7<f, 
Pour 1<h<vn, rangeons les h-simplexes intérieurs de 3 dans la suite 
oP, ER, oe i de telle fagon qu’il existe un entier 4, (0 < 4, < 8,) tel que 
1° pour 1 ‘< y<f,, on a4< 8, pour chaque sommet 7 de c%; 2° pour 
B,+1<v<A,, le simplexe c* posstde un sommet 7} tel que Bec A. Si 
0<h<p—l, 1<v<fh, on a Ph (c*)— 2,40; en effet, d’aprés 51 
(v. 30) on a PP (“)C PP (c”) pour chaque sommet zt? de st. 

53.2. Lemme. On peut attacher & chaque couple d’indices h, y, ot 
0<h<p—2, 1<7<B, une (n—p+h-+2)-chaine Lr? (ch, Ul) 
dans B de maniére que: 1° pour 1 <»< & il existe une (n —p-+1, U,)- 
chaine élémentaire (rel. 4 3-+t) H” ?t+(U,) telle que la chaine 


FL"?* (, Uy) — HH”? Wy) + By? hy) 





ne contient pas des simplexes situés dans P; (x?) ; 2° pour O< h<p—3, 
1<v< Br4, il existe une (xn —p+h+2, U,)-chaine élémentaire (rel. a 
3+t) EP?" (W,) telle que la chaine 


Bn 
PL ote +38 (ty git 1 »u)y— > > me | ale dled 2 (ci, ,) + He (11,) 
u=1 


ne contient pas des simplexes situés dans pi | ght). 3° pour 1 <yv< fp-4 
il existe une (n, ll,)-chaine élémentaire (rel. , 3+-t) Ey (U,) telle que la 


chaine 
By 


het ra L” (ch, *, U,) + Ey (,) 
= 





soit un (n, R)-cycle mod R—P?}* (x?~*) 
La démonstration sera donnée dans les n° 53.21—53.25. 
53.21. D’aprés le lemme du n° 46 [y. aussi 24 (3)], on peut attacher a 


chaque combinaison 79, 71, ---, 7n(0 << h < p—1) indices 1, 2,---, m une 
chaine 477? 7"t" (Usps), fonction alternée de 7, 71,+++, Tn, de manidre 
que: 1° 

(1) FAS? (Usp—1) — C” ? Uap) C R— B+ R—W; 

pour 1<r<m; 2° 

(2) Pare Usy-) — Pe —1)" re r, (Usp—1) 


CR—R+R— ll Wi, 
u=0 


pour chaque combinaison 79, 71, ---, m(1<hk<p—1) de 1, 2,---,m. 
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Ceci étant, soitO< hop—l1,l<srv< Bret soient r? , 7°, .-., r? tous 
Y 1 n 
les sommets de c” écrits dans un tel ordre que 


De es 0 Pies. all 
t +, wo yt). 


Distinguons deux cas. En premier lieu, supposons que les indices 7(A,), 
r(4,), +++, (An) ne soient pas tous distincts; on pose dans ce cas me eros 
(Uy,-1) = 0. En second lieu, les indices 7(49), r(A,), ---, (An) soient distincts 
’ hi 1 cam’ } 

l'un de l’autre ; on pose dans ce cas Ey?" (Woy) = m0.) -+-,r7,) Usps). 


Or je dis que: 1° pour 1 <v< Bj 
(3) re (Usp—1) — C” ? Uy) C R— P(r?) . 


2° pur l<hecp—1,1<rv<h 

Br—1 
(4) FES? ey 4) — 25 Cra En?" Wsp—1) C R— Pi'(ch). 
Supposons, par impossible, qu’il existe un couple h,v (0 <h < p—1, 
1<yv< hp) tel que la relation (3) ou (4) correspondante ne soit pas vraie. 
La chaine considérée contient alors un simplexe g”~?*"+! qui n’est pas 
contenu dans R— Ph(c*), de maniére que JC P(e’), F étant le noyau 
de gy” ?th+1, Le simplexe c* tombe nécessairement sous le second des 
deux cas distingués plus haut, car on voit sans peine qu’autrement la chaine 
considérée serait égale & zéro. D’aprés (1) et (2), on a donc 


h 
3 RK + [3 Il Was] +0. 
u=0 


Mais la supposition 1 < » < f, donne (vy. 53.1) Phich) — 2. +0, doi 
(v. 50.3) Ph (ch). R—R, = 0 et done J R—K, = 0; d’autre part, puisque 
JC Phe), on a SCI] Wra, @aprés 51, 11°. Incidemment, nous avons 
remarqué que ae 

(5) Ph). R—Ry = 0 pour 0<hAS<p—1,1<v7<&8,. 
e-ethtiy.) 








D’aprés 19.1, 3° il existe des chaines élémentair es rel. &3-+t: EL, 
O<h <p—l, 0<k<2p—2,1<v< f;) telles que ap, By?" Uns) 
= ER? Ha) pour 0 < k < 2p—2. Les relations (3) et (4) restent 
naturellement vraies si on y remplace Usy—1 par Uy OS k < 2p —2). 

53.211. Il résulte de la were du n° 46.1 qu’on peut s’arranger de 
facon qu’on ait een (U,,_ ,) = 0 seulement s’il existe un sommet v? de zc” 


tel que Dray Et(e?), l’indice 4 (dl <w<8,) étant tel que le coctiiatets de 
47* 





bout Bi by 
ey d 
ie Bah 
ae RP te i 
Tied 

oe 
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hen PC, U,,_,) dans la chaine C”-?(U,,_,) soit + 0 [v. 40 (3)]. Ona alors 
la propriété suivante: EP? t*tt(U, ) + 00<hSp—1,1<r<Z) 
entraine que P?(c*)C B,. 

Démonstration. Soit t3 le sommet de ct tel que bay €t(c?) et soit c2 un 
sommet arbitraire de 7? de maniére que b,,,.€ P?(e). Soit U un sommet 
d’un simplexe de la chaine k”~? (7, U,,_,). La chaine C"-?(U) étant située 
dans A, on a UA+0; d’autre part U Py (re) + 0 d’aprés 19.3. Comme 
U,,_ ,€@, il en résulte (v. hp: 4°) que A Poe) + 0. Le réseau gén. $° 
étant un affinement de $f, on déduit de 49. 1. 2° qu'il existe un indice s 
tel que PHO) C W;. Comme Day €P? (tg), A P}() +0, ona W,,-W; +0, 
AW, +0, doi Wy) CB, d’aprés 45.31. Or on a Pr) CW}, d’apres 50.2. 

53.22. (Cf. 34.1). Soit 1<» <4). Comme 

HH"? (Usp—1) > Cr? (U2p)—1) mod R—R), 
on déduit de (3) et (5) que 


(6) F[H” ?** (Uyp1) — Ey? Uep—s)] C R — Pi (e). 





Désignons par H”?**(r), U,,_,) cette partie de la chaine H apts (U,,_,) 


— EY ?*1(U,,_,) dont les simplexes sont situés dans P?(r}) et soit 


(7) mu, _,) = FH He, 


2p—-1 op—) , 


Soit y”-? un simplexe de la chaine /”~? (Us »-1). Evidemment y”~” est 
situé dans P?(z°). Plus précisément on peut prouver que gy”? est situé 
dans P? (c)) — P}(x’). A cet effet, il suffit de démontrer qu’aucun sommet U 


de »”~? ne peut rencontrer P)(c?). Supposons le contraire. D’aprés 51, 
2° on a alors UC P?}(c°). Il résulte done de (6) que U est un sommet de 





(*) H-?+1 (i, Er? (i, _,) — He (22, 


2p— _,) ay Dyy—1)s 
ce qui est une contradiction, car UC P°(r°), tandis qu’aucun simplexe de 
la chaine (*) n’est situé dans P?(c?), Il est ainsi démontré que 7”? (U,,_,) 


est un (n—p,U,, _,)-cycle dans P?(c?)— P)(c%), Done r-?(U,,_,) est 


un (n— p, U,,-s )-eycle essentiel dans P? (x®) (vo) — P2(v°). Par suite, il existe 
une (n—p+1,U op—2)-Chaine 

(8) Dy-?*+1 (U,,_.) C P? (x9) — Po (x?) 

telle que 

(9) ort i, u,_)— Dp (U,,,_») 


est un (n—p-+1, U,,_,)-cycle, situé nécessairement dans P®(z?). Donec 


H+ (02, U4) — DPPH (a 


op—2) 
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est un (n—p+1, U,, cycle essentiel dans P°(x)), de maniére qu'il 
existe une (n —p+2, U,, _,)-chaine L"~?*? (x), U,, .) dans Q(z?) telle que 


[P42 (00, U,,_ 4) > H+ (02, U,,_.) — DP (U,,,_,). 


2p—8 
D’aprés (9) on a pour 0 < k < 2p—3 (vy. la fin du n° 53.21) 


FL’? @, u,) — A"? (un) + E+ (uy) 


(10 = E- n— . n—p+- 
- = [A"?? ec, u)+ Ee?" (U,) — A”? a] — DI? (Uy. 


Chaque simplexe g”—?*! de la chaine [---] & droite de (10) est (v. 19.1, 1°) 
la projection d’un U,, ,-simplexe y”~?** et, en vertu de la définition de 
la chaine H”?+*(z), U,, _,), le simplexe y”~?*? n’est pas situé dans 
P°(c°). Par suite le noyau de y*~?** est un sous-ensemble de R—P? (r°); 
donc le noyau de g”-?+! rencontre R— P)(e); il en résulte qu’aucun 
sommet U de y”?t! n’est un sous-ensemble de P?(x°), d’oi (v. 51, 2°) 
U Po (7°) = 0 pour chaque sommet U de g”-?+!, Donc g”-?+' n’est pas 
situé dans P)(t))> P?)(c?). D’aprés (8), chaque sommet U de D?-?**(1L,) 
rencontre KR — P}(x)), dou UP? (x?) = 0 d’aprés 51, 1°. Il est ainsi 
démontré qu’aucun simplexe de la chaine (10) n’est situé dans P%(z°), ce 
qui est d’accord avec 53.2, 1°. 





53.23. (Cf. 34.2.) Supposons généralement que, pour une certaine valeur 


deh (0 < h < p—8B) on ait déja attaché a “oi ch (1<v <8) une 
(n— p+h+2, U,,,on—s)-Chaine Lr -Pth+2 (cP, Uy _on- ) dans Q*(c%) de 
maniére que pour 1 < » < aucun simplexe de la chaine® 


Bir 


(11) FL*tt2@h, W) — 2, mg 1 [p—pthti on, U,) + Ente (U,) 
O<k< 2p—2h—3) 
ne soit situé dans P*(c), Tl s’agit d’attacher & chaque c#*1 (1 <v <8, ,) 


une (n—p+h+83, U,,, »,_,)-chaine L*-?+*+4(ch+4, U,,_»,_,) dans Q"**(r)") 
de maniére qu’aucun same de la chaine 


FL—?ptht+s (sh, u,) eo Py ‘ Lethe (ch, u J+ En-pth+2 (Ul, ) 

O<k< 2p—2h—5) 

ne soit situé dans P+! (c+), On arrive 4 ce but par un procédé presque 

identique & celui du n 34.2 de maniére qu’il ne semble pas nécessaire de 

répéter ici cette construction. Au lieu de M"™-?+"+1(o}*1, U,,_ 4, 1), De CX, 
on doit maintenant poser 





* Pour h = 0 on doit remplacer (11) par le premier membre de (10). 
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Mr-vrht? (tt, syns) 
Bi, 
— 2, fl a? bahia (cr U,,-on—s) + EY apeeer (Uns) : 


Pour démontrer qu’aucun simplexe de la chaine FM"? +"? (ch +1, U,_»n-s) 

n'est situé dans P’*1(c?*), on doit s’appuyer sur le fait que la chaine 
Bi, 

(12) FE Seite (U, ons) — 2, Oa —_er (U1, 24-9) 


possede la méme propriété; la validité de ce fait résulte de (4) en vertu 
de 51, 2°. 

53.24. (Cf. 34.3.) En procédant de la maniére indiquée on finit par con- 
struire les chaines L*(c?~°, U,) (1 < » < #&_,) et on démontre comme 
dans 34.3, en s’appuyant de nouveau sur (4), que la chaine 

Bhs 
M* (cP, UW) = 2, cp? Eh (ee, UE, UW) (LS rv <8_,) 
est un (, U,)-cycle mod Pp (cP-1)— Pp (cP) dans PP (v?-), 

53.25. (Cf. 34.4.) Si Vindice v (1 <<» < A) est tel que P? (x) n’est pas 
un sous-ensemble de B,, on a En-?P11 (U1) = 0 d’aprés 53.211. En 
outre on a A P?(x?) = 0; en effet, puisque (v. 50.2) P(e)CW,,,, dans 
le cas contraire on aurait A W,.yj~+0, d’ot (v. 45.31) W+~CB,, ce qui 
donnerait la contradiction P?(c?)C B,. Il en résulte que (v. 53.22) 
H”?*1 (r!, U,, ») = 0; en effet, U étant un sommet d’un simplexe ¢ de 
cette chaine supposée non vide, g est (puisque E7-?*1 (i,_) = 0) un 
simplexe de la chaine H”~?*1(U»,_1) située dans A, d’oti UA+0; d’autre 
part, UP? (c°)+0 d’aprés la définition méme de H"-?+1 (7°, U1); comme 
Un, 1€%, on arrive (vy. 51.4) a la contradiction A P?(c) +0. Puisque 
H" ?*1 (09, U,,_,) = 0, on voit sans peine qu’il est permis de poser 
[Lp ee, a...) =—(Q, 

On démontre de la méme maniére qu’on peut supposer que L*-?**? 
(vY, U,, ons) #9 seulement dans le cas ot le simplexe c* posséde un 
sommet vr? tel que P?(c%)CB,. Or la chaine L*-?+'+2 (ch, U,,-on—s) est 
située dans Q"(c"); comme P? (9) - Q" (e)D 7340, Vinclusion P2(0%)CB, 
entraine B, Q*(c})+0, ce qui donne Q"(c)\CB (vy. 49.1, 1°), car Q” est 
un affinement de "—', Done les chaines [”—P+*+2 (*, U,,, et par 











—2n-s) 


suite aussi les chaines L”~?+'+2 (ch, 11) sont situées dans B, 

54.1. On peut (cf. 35) modifier un nombre fini de fois la chaine H"~?*1(U;) 
ainsi que les chaines [”-?+*+2 (ch, 1) (0 < h < p—2, 1<v< fp) de 
maniére que *H et *Z étant les éléments modifiés, on ait les propriétés 
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suivantes: 1° chaque simplexe de chaque différence *H”—?*1(U,)—H"-?"(U1,) 
ou *Lr-Pth+2 (ch, Y,)— LP"? (ch, U1) est une face d’un simplexe de 
H*-?+1(U,) ou de *L7—P+#t+2 (ly U,) de maniére que les chaines modifiées 
restent situées dans B; 2° les relations 1°, 2°, 3° du n° 53.2 restent 
vraies [sans qu’on y change les chaines élémentaires Ey ?*"*? (U1,)] pour 
les chaines modifiées *H, *Z; 3° *H”™-?1(1,)—HA”*+ (Ul) est un 
(n—p+1, U,)-cyele homologue & zéro dans B. 

Le résultat de toutes ces modifications est que pour 0<h<p—2, 
0<uch,0O<q<h les chaines modifiées possédent la propriété suivante : 
Si les simplexes t/, 79 (1S¢< B,,1<e@<A') sont des faces du sim- 
plexe v*, alors les simplexes d’espéce v4 (rel. & +t) de la chaine 
[nut (@k) (modifiée) constituent une chaine qui est 1° —0O pour 
ote 2° = ak*t (rg) pour gq = p—u—2 (aER). 

Pour voir que ces modifications sont réalisables on procéde exactement 
comme dans les n°* 36-41 °*, Il faut seulement remplacer p, C, 3, 0, «; resp. 
par p—1, H, 3, t, 8; et dire qu’une U,-chaine ne contient presqu’aucun 
simplexe d’espéce 7f (1 <@ <A’) si elle a la forme ak"~4(vf, U,) (@ER). 

54.2. Ces modifications étant effectuées, pour la démonstration du théoréme 
du n° 44 il suffit évidemment de démontrer que la chaine H”~”*1(U)) modifiée 
est égale mod 2 a une chaine élémentaire (rel. a 4+t). 

On commence par le lemme 4, (0<k <p—2): Supposons que vi, "e 
soient des faces du we (lcp oe ) e<B', 1<i <8). Soit e- 5set 
(7, tg, U,) cette partie de la chaine L*?*“+*(c7, U,) (modifiée) dont les 
simplexes sont d’espéce vd. Alors la chaine ilabe vw, U,) est 1° =0 
pour q+ p——u—2; 2° =ak*4(r4, Uy) (@ER) pour g = p—u—2?. 

La démonstration par récurrence du lemme 4; étant parfaitement analogue 
a celle du lemme du n° 42.2, nous pouvons la laisser au soin du lecteur. 

54.3. Le lemme 4 étant vrai, il est facile de compléter la démonstration 
du théoréme du n° 44 en démontrant que la chaine H”~?*1(U,) est égale 
& une chaine élémentaire: 

Soit g"-?+1 un simplexe +0 mod @ de la chaine H"-?+1(U,). D’aprés 
8.32 et 8.33, g”-?+1 est d’espéce r, 1 OSgSp—l. D’aprés 51, 6° 
on a UC P?(c3)C Po(e}) pour chaque sommet 7} de v3 or g”™Pt1 + 0 
Si Ue®, si le U-simplexe p d’espéce 6 (1S ¢ = 87) est une face du U-simplexe y, 
w ne peut pas étre d’espéce r+. Il suffit (v. 8.32) de démontrer que le noyau ¥ de w 
rencontre R, (Rj. Dans le cas contraire, chaque sommet U de » rencontrerait R—R,CS, 





(v. 8 et 44). Or, puisque ox Bis on a (v. 53.1) hg (r}) —2, +0 et par suite (v. 49.1, 3°) 


P99) (e%) S, = 0 pour chaque sommet tf de t 74; d’autre part, UC Pf (er) C PP (2) 
apres 61, 6°, 
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mod2, de maniére que U—2+40, dou Po(c}y—2,4+0. On a done 
(v. 53.1) 1<e<h. 

Il suffit donc de démontrer que, e”?*7(r2, U,) OS gS p—l, 0<e<8’) 
étant cette partie de H”-”**(U,) dont les simplexes sont d’espéce +f, la 
chaine fortes, U,.) est: 1° =O pour g$p—1; 2° = a,k*-4(c4, U,) 
(a9€R) pour g = p—1. Cette démonstration, analogue & celle du n° 42.5, 
sera aussi laissée au soin du lecteur. 


VI. 

55. Dans tout ce Chapitre, supposons donnée une valeur fixe de p 
(0<p<n). On suppose la validité de tous les axiomes des Chap. I et II 
ainsi que celle des axiomes G* (vy. 21) pour n—p <k<n—1 et des 
axiomes H* (v.27) pour max (0, n—p—1)< k<n—2. 

56. Soient A, et A, deux sous-ensembles bicompacts donnés de R, 
assujettis & la condition A; A,S —0. Soit 1,(72) la famille de tous les 
p-cycles [(n—p)-cycles] mod A, S dans A, (mod A,S dans A,). Le but de 
ce Chapitre est d’attacher & chaque couple C?€I,, C”-?€T7, un nombre 
C?C"-PER jouissant des propriétés suivantes: 1° (rC?) C”-? = CP (rC"?) 
= r(C?C"*) pour ren, C?ET,, C” EN; 2° (C?+Cf/)c0" ? =cPc"? 
+cCfPc"” pour CPEr,, CPET,, C” EN; 8 CPC 7+" 2=C’ cr” 
+0? Cc?” pour C?€T,, Cr ?€Ls, Co 7ETe; 4° C? C” ?=0 pour C7 EN, 
C™-P€T, si lon a soit C?~0O mod A,S dans A,, soit C™”~0O mod A,8 
dans A,. Remarquons qu'il résulte de 1°, 2°, 3° et 4° que C? Ci’ ?=C? Cy ” 
pour C?, CPEr,, Cr”, Co’ 7ETy, si Yon a CP? ~ CP mod A,S dans A, et 
YP? ws C3? mod AsS dans Ag. 

57. Commengons par le cas p = 0. Soit 5, la famille de tous les 
réseaux 3€ (v. 23) jouissant de la propriété suivante: Z,, 22, Z, étant 
trois sommets de 3 tels que 7,240, 72,40, ZAs+0, ZA: +0 on 
a Z,S = 0. Puisque A, 44S = 0, on voit sans peine (v. 1.3) que la 
famille =, est parfaitement compléte. Pour 3€5, désignons par 4(%) la 
famille de tous les réseaux fermés & correspondant (v. 8) 4 3 et vérifiant 
la condition du n° 25, c’est-i-dire tels que (dans les notations habituelles) 
K" (o}, U) $0 (1 <i<a) et K™1(o1, 40 (1 <ic<e,) pour chaque 
réseau commode WU suffisamment fin. 8¢€5, et TEA(B) étant choisi, dé- 
signons par (3, &) la famille de tous les réseaux commodes 1 tels que, 
outre les conditions K” (0°, u)+0, KK" (ot, N)+0 on ait encore UE 
(v. 20.2) et que U soit un affinement de 3; la famille @(3, E) est évidemment 
parfaitement compléte. 

Ceci étant, soient donnés les cycles CET, et C"€IT,. Choisissons 3€ =, 
TEA(Z), UE G(Z, T). Il existe des nombres aj;€ER tels que 








THEORIE DES VARIETES. 709 


0 71a 0 
C°(3) = zu mod S; 
d’aprés 20.3, il existe des nombres ):€R tels que 
c7() = 2b, K"(o}, W mod R— Ry. 
(= 


Posons C°C*® = > a; b;. Il s’agit de prouver que ce nombre est déterminé 
sans ambiguité wer tes deux cycles C° et C” et que les propriétés 1°—4° 
du n° 56 sont vérifiées. 

L’égalité > b; K" (o?, U) = 0 mod R—R, est évidemment (v. 19.1, 1°, 2°) 
possible seulement si b: = 0 pour chaque :(1 <i < a@). L’égalité 
> a,o6? = O0modS est évidemment possible seulement si a; = 0 pour 


a, 
chaque 7(1<7< a). Donec le nombre > a; }; est bien déterminé, si on 


t=1 
a choisi les réseaux 3€5,, TEA(Z), UE O(Y, F). 

Nous venons de remarquer que les nombres }j(1 <7< a@) sont bien 
déterminés (3, T et U étant choisis). Or il résulte de la démonstration 
du n° 20.3 que C*"—}; G*~0 mod(R— P;) pour 1 <7 < a@& et cette con- 
dition détermine les nombres }; sans ambiguité, en vertu de 20.2, 1°. Il 

a 
en résulte que, 8 étant donné, le nombre >» a; b; est indépendant du choix 
i=1 
de Z et de U. De plus on voit que ce nombre reste inaltéré, si on rem- 
place C” par un cycle Ci'~C” mod A, 8 dans Ag. 
%o 
Remarque. Pour 1 <j <a,, ona D 7%), = 0. 
i=1 
Démonstration. Puisque C"->0mod 8S, on a 


> b, K" (0, W)>0mod R— Ro, 
t=1 
d’ot (v. 19.1, 3°) 


a 


R 


1 0 


7°,b, K"-1(a}, 0) = 0 mod R— Ky 


I 
~ 


fui é 
et par suite (v. 19.1, 1° et 2°) 
a 


ps 1; b, = 0. 
1 
Remplagons C° (3) par 0° (3) ~ C°(8) mod A, § dans A;. On a 


C9(3) = Daj o mod S. 
a=1 








if 
|e } 
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i 
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De plus, il existe des nombres cj€R tels que 


a, 


de > Sa — a,) 0} mod 8, 


j=1 
d’ou 


i— a = z mi, C; 


Done 
Qo ao ay Qo 
LY © 
D> abi— Dak = Dg Dvyihi = 0 
i=1 i=1 j=1 ° i=1 


&o 
d’aprés la remarque. Done le nombre > a; 0; reste inaltéré en remplacant 
i=1 


C°(3) par C?(3). La propriété 4° du n° 57 est done vraie; les propriétés 
1°, 2°, 3° du n° 57 sont banales. 
Go 
On doit encore prouver que le nombre 2% b; reste inaltéré en rem- 
Po 
plagant 8 par un autre réseau 4€5,. La famille 5, étant complete, il 
suffit de faire cette démonstration en supposant que 3 soit un affinement 
de 3%. Choisissons un réseau fermé t correspondant a 4 (et satisfaisant rel. 
& 3 a la condition du n° 25). Choisissons une projection 7 = Pr. (3, 3) et 
déterminons le réseau fermé © correspondant & 3 selon le n° 24; c’est 
permis, car Z vérifie évidemment la condition du n° 25 [y. 24, (3)]. Faisons 
usage des notations du n° 24, Posons 


Bo 
0°) = = av mod S, 


on = Sy k(, U) mod R— R,, 
U étant un réseau commode (rel. & 3-+t et par suite aussi rel. 4 3+) 


Oo Bo 
suffisamment fin. Il s’agit de prouver que > a; b; = > a, by. Pour1 <i< a% 
‘=1 yv=1 


posons ai = >a}, la sommation étant étendue & toutes les valeurs de 
Vv 


of ~ 0%3) 


&o 
(1 Sv <A) telles que wz? = o?, On a alors 7C°(3) = Da 
i=1 
mod A,S dans A; de maniétre que, comme nous avons vu plus haut, 


Oo Oo 
2, ai by = = a; b:. Powrl<v< Bi, av? = 6°, posons b;’ = b, de maniére 


que Sal b; = $03 by, ou by =0 pour 4+1<y»< 4. II suffit donc 
de ba que Yon a ay(b, — by’) = 0 pour 1<»< fy. D’aprés 24 (3) 
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Go Bo es 
ow = = b K"(o;, UW) = > bk"), UW) mod R—R, 
= y=} 
de sorte que 


Bo 
(*) 2, (by — by )k" (x2, W = 0 mod R—R. 


Supposons, par impossible, que a,(b;— by’) + 0 pour une valeur donnée de ». 
Soit U un sommet d’un simplexe de la chaine k"(r°, U); on a Ur? +0 
d’aprés 19.3; d’autre part, UA, +0, car b,—b; +0 et la chaine («) est 
évidemment située dans A,; enfin, U R—R, +0 d’aprés (*). U étant un 
affinement de 3, il existe un sommet Z, de 3 tel que Z7,CU et done 
Z,As +0, A%r8 +0, 7% R—R, +0. De la derniére de ces relations on 
déduit sans peine (v. 8) qu’il existe un sommet Z de 3 tel que Z, Z, + 0, 
Z,8+0. La chaine C°(g) étant située dans A,, l’inégalité a; + 0 entraine 
A, +0. Le réseau 3 étant un affinement de 3, il existe un sommet Z, 
de 8 tel quev?C Z,. On a done 7,.%4+0,7,2%,+0, 7,4, +0, 2S +0, 
Z,A, +0, ce qui est une contradiction, car 3€2,. 

58. Reste & considérer le cas l1<p<n. Puisque A, SA, = 0, il existe 
un entourage B de A, tel que 4; BS = 0. Ensuite, il existe un entourage 2 
de S tel que 4, B2 = 0. Soit encore B’ un entourage de A, tel que 
ACB’SB. 

Soit =, la famille de tous les réseaux 3€= (v. 23) pour lesquels vaut 
l’énoncé du n° 31 en y remplagant A, B resp. par As, B’. La famille =, 
est évidemment parfaitement compléte. Soit =, la famille de tous les réseaux 
3€, jouissant de la propriété suivante: 1° Si 7, 2€3, ZA, +0, 
Z,B+0,2%,2+0, ona(Z,+Z,)2 = 0; 2° pour chaque sommet extérieur 
de 8 on a Z@Q. On déduit sans peine de 1.3 et de 5.4 que la famille =, 
est parfaitement complete, car 4; B 2 —0. 

Pour chaque 3€5;, soit A(8) la famille de tous les réseaux fermés 
correspondant 4 3 (v. 8) et choisis selon l’énoncé du n° 44 ot on choisit 
3€=, et ou on remplace A par B’, tandis que 2 a la valeur que nous 
venons de déterminer. 

Pour 8€5,, TEA(Z) soit O(3, T) la famille de tous les réseaux com- 
modes U si fins que: 1° on puisse appliquer le théoréme du n° 44 avec B’ 
au lieu de A; 2° l’énoncé du n° 26 soit vrai pour chaque U,€@(3, 2); 
3° U soit un affinement de 3; 4° on puisse appliquer l’énoncé du n° 25 
non seulement rel. & 3 et Z, mais aussi rel. & 3 et t dont on construit 
(cf. 44) le réseau fermé €A(3) correspondant a 3. 

Ceci étant, supposons qu’on ait des cycles C?€I, et C” VET, (v. 56). 
Choisissons 3€5,, T€A(B), UE @O(Z, T). D’aprés la propriété 2° de la 
famille =,, il existe des nombres aj€ KR tels que 
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(1) C?(3) = Dia,oP mod 2. 
i=1 
D’aprés 31, il existe des nombres };€R tels que 
(2) om W~ 2 b, K"-?(o?, U) mod B’ R—R, dans B’. 
Posons 
(3) cect? = > a bi. 
i=1 


Pour justifier cette définition, nous procéderons comme il suit: 1° dans 58.1 
nous démontrerons que le nombre (3) reste inaltéré en remplacant C?(3) 
par C?(3)~ C?(3) mod A, 8 dans A,; 2° dans 58.2 nous démontrerons que 
le nombre (3) reste inaltéré en remplacant C” ’(U) par Cy ?(W~Cc” 7? (UW) 
mod A,S dans Az; 3° dans 58.3 nous démontrerons que, 3, & et U étant 
choisis, le nombre (3) est bien déterminé; 4° dans 58.4 nous démon- 
trerons que, 8 et & étant choisis, le nombre (3) ne dépend pas du choix 
de UE @(3, B); 5° dans 58.5 nous donnons un lemme; 6° dans 58.6 nous 
démontrerons que, 3 étant choisi, le nombre (3) ne dépend pas du choix 
de T€A(3); 7° dans 58.7 nous démontrerons que le nombre (3) ne dépend 
non plus du choix 3€5,. Il en résulte que le nombre (3) est déterminé 
sans ambiguité par les deux cycles C?€I,, C"-7€T, et qu'il jouit de la 
propriété 4° du n° 56; les propriétés 1°, 2°, 3°, du n° 56 sont banales. 


58.1. Puisque C"-”(U)— 0 mod S, il résulte de (2) que > b, K"-?(o? ,U)>0 
ead i=1 
mod h— Ay. Or pour p< on a (v. 19.1, 3°) 


oy Oy41 


2b, K"0(op, W > DD 94d, K" 2 (or, UW) mod R— Be, 
i= i=1j=1 

de sorte que dans le cas p<m on a [y. 19.1, 1°, 2°, et la propriété 4° de 
la famille @(3, 3)] 


Gp 
(*) a nb, = 0 pour 1 SIS 4% 14. 


i= 
Ceci étant, soit C?(3)~C?(3) mod 4,8 dans 4,. Puisque 3€5), il existe 
des nombres aj€R tels que 
CP(3) = D aor mod® 
1 


et pour p< il existe des nombres c;ER tels que 


Op+1 ap 


p> C; opti = (a;— a,)oP mod 2 dans A,; 
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Qn 


tandis que pour p= on a > (a;—a,)o” = 0 mod 2, On a done dans 
1 
les deux cas 
Gp Opti ’ _ 
2S (a —a— Se “) oP = 0 mods, 


Gp+1 


en convenant que > =O pour p=. II en résulte que 
1 


@p+1 
‘ 
a,—a, = p> yf C; (= 0 pour p = n) 


pour chaque valeur de telle que o? +0 mod 2, Or on a, en vertu de (*), 


b. y2c, = 0 
t=1 p> wd 


Gy a 
de sorte que, pour arriver au but 2 ab; = p a; b; il suffit de montrer 
‘= ¢= 
p41 
que pour o? = 0 mod 2 on a soit a; =4,> b nhc; = 0, soit b; = 0. 
Supposons que ceci ne soit pas vrai pour as & certaine valeur de 7 telle 
que o? = 0 mod2. Les chaines D4, 5?, Da; oP, Dc, oP? stant situées 
dans A,, on aurait 6? = 0 mod4,; la chaine >’), K"~?(o?, U) étant située 
dans B'CB, on aurait K”~?(o?, U) = 0 mod B. Soit Z, un sommet de o? 
et soit U un sommet d’un simplexe de K”~?(a?, U) [v. la propriété 4° de 
la famille @(3, E)]; on aurait 7,240, 7,4,+0, UB $0 et aussi UZ, +0 
en vertu de 19.3. Or d’aprés la propriété 3° de la famille ®(3, 3), il 
existe un sommet Z de 3 tel que UCZ. On aurait donc 7,27, +0, 
Z,4,+0, %B+0, Z,2+0, ce qui est une contradiction, car 3€5. 
58.2. D’aprés la définition de la famille 3, il existe un affinement 3€ 4, 
de 3 et une projection «= Pr.(j, 3) dont on obtient T moyennant la 
construction du n° 24 (aprés avoir choisi le réseau fermé t correspondant a 4). 
Faisons usage des notations du n°24. On peut poser [v. 58 (1)] 


Bp = 
C? (4) = > a,c? mod2, 
v=1 


Bp — 
Or on a C?(3)>0 modS, d’ot > a) ct? >0 mod, donc 
v=1 


Bp Bp—1 - 
cpa c+ = 0 mod, 
v=1u=1 “i 
Il en résulte que 


(+) $ ia = 


y=1 
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pour chaque valeur de wm telle que cP + 0 mod 2. Pour 1<i S«, 
posons ai’ = > ay, la sommation étant étendue 4 toutes les valeurs de » 
Vv 


telles que m7? = o?. On a 
mu C?(3) = 2 al! oP mod 2 
Ceci étant, remplacons C” ?(U) par Ci ?(U)~C” ?(U) mod AS dans Ay. 
Il existe [v. 58 (2)] des nombres b;€R tels que 


(3’) Cn-P(U) ~ = bi K"-?(o?, WN) mod B’R—R, dans B’. 


Il s’agit de montrer que Sa = ¥ ai bj. Or d’aprés 58.1 on a 
+=1 
ah = ya i di, Sati = == dal bi, car aC? (3)~C?(2) mod 4,8 
A 


i=1 


gg 


‘= 
dans A,. Il suffit done de prouver que > aj’ (b; — bi) = 0. Posons by =0 
i=1 


pour 7» +1<»< 8, ainsi que pour toutes les valeurs de » telles que 
1<vS7p, m2? =0; pour 1 <v<y,, we? = oP posons b/ = b,—b,. 
D’aprés la définition de sal on a alors 


Ps a,’ (b; —b;) = Saw; 


Bp 
on doit done démontrer que > a, bi’ = 0. On a [v. (3), (3) ainsi que 40, (3)] 


y=1 
By a, 
pa by kn? (cP, UW = D(i—b) K"* (oP, UW) mod B R—R, dans B’, 
y= ¢=1 
et les deux membres de cette égalité sont ~0 mod B’ R— R dans eS. 
D’aprés 44, il existe donc des nombres d,€R tels que 


By_-1 B, me — 
PaaF kar (@P—1, Y) > »2 bk"? (cP, W) mod 2 dans B, 
a= ==} 


de maniére que (v. 19.1, 3°) 


By By—-1 
> ( — 2 Oy 1d .) io, tN) = 0 mod 2 dans B, 


yori 


d’ou il résulte (vy. we: 2° et la propriété 4° de la famille @) que 


B, 
(**) bY = p> eid, 


pour chaque valeur de v telle que k”-? (c?, 1)+0 mod Q, 
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— P 
Remarque 1. Si m+ = 0 mod 2 on a soit d, = 0 soit = 4% = 6 


—e By—1 
Remarque 2. Si k"-? (c? ,U)=0 mod 2 on a soit a) =0 soit » rtd, =0. 
f= 


En supposant la validité de ces dex remarques, on obtient de («) et 
de (**) que 


B, 8, By—1 
a a a a! 
2 “y b, ai = 2, Ca My dy, = 0, gid. 


Il ne reste done qu’&é démontrer les deux remarques. Supposons donc 
que les indices v et mw soient tels que pe 0 et que soit i = 0 mod 2 


soit k”-” (c?, U) = 0 mod Q, Puisque la chaine > a} 7 est située dans A, 
y=1 
B, Bos 
et puisque lés chaines > bk"? (ez, U) et SY dk”? (ch, UW) sont 
yv=1 B=1 
m” By 
situées dans B, dans le cas a,+0 ou > Wt a,-0 on a Z, A, $0 pour 
y=1 


By 
chaque sommet Z, de tZ-1 et dans le cas d,+0 ou 2. dO on 


a UB+0 pour chaque sommet U de chaque simplexe de kr? (oP, YW), 
Puisque soit 72-1 = 0 mod 2, soit k”—? (ce? ,U) = 0 mod 2, on a(Z,+U) 240. 
D’autre part on a UZ,+0 d’aprés 19.3. D’aprés la propriété 3° de la 
famille ®(3, Z) il existe un sommet Z, de 8 tel que UCZ. Done Z, Z, +0, 
(4,+Z,)2+0 et, si une de nos deux remarques n’était pas vraie, on 
aurait encore Z,A,+0, ZB+0 ce qui donnerait une contradiction, car 
3A. 

58.3. Il résulte de 58.1 que le nombre (3) est indépendant du choix des 
nombres a; pourvu que ces nombres satisfassent 4 (1). Il résulte de 58.2 
que le nombre (3) est indépendant du choix des nombres }; pourvu que 
ces nombres satisfassent 4 (2). Donec, 3, E et U étant choisis, le nombre (3) 
est bien déterminé. 

58.4, Il est presque évident que 3 et E étant choisis, le nombre (3) 
ne dépend pas du choix de N€ O(3, T). La famille O(3, T) étant complete, 
il suffit de prouver que le nombre (3) est le méme pour U = Ul, et pour 
U = U., U,€ O(8, T) étant un affinement de U,€ (3, T). A cet effet 
il suffit de remarquer que, si les nombres :€ R sont telles qu’on ait (2) 
pour U1 = Uy, on a aussi (2) pour 11 = U,; et cette remarque est évidente 
en vertu de 19.2 (vy. aussi 19.1, 1°). 





“Tl faut tenir compte de ce que chaque simplexe de k’~?~* oe, U) est (v. la dé- 
monstration de 19.1) une face d’un simplexe de k”~” (r?, Ul). 
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58.5. Lemme. Soit 3€ 5, un affinement de 8€ 43; soit ~ = Pr. (3, 3). 
Soit t€ A(z); construisons le réseau fermé Z correspondant & 3 selon la 
maniére du n° 24, en faisant usage de 3,t et w. On a TEA(B) et on 
obtient la méme valeur pour C? C”~?, en le calculant soit relativement 
4 3 et ZT, soit relativement 4 3 et t. 

Démonstration. On voit sans aucune difficulté que T, 3€ A(38). Faisons 
usage des notations du n° 24. Déterminons les nombres ay, b;€ KR de maniére 


que 


Bp . 
C? (3) = Z% tT? mod 2, 
y=1 
Gp as as = 
Cn-P ()~ Db, K"-* (oP, U) mod B’R—R, dans B, 
i=1 


ou le réseau 1 commode rel. & 3-++t (et donc aussi rel. 4 3+, v. 24) 
est choisi (v. 58.4) si fin qu’il appartienne 4 @(3, T) et & M(3,t). Pour 
1<i< ap, soit a = Da,, la sommation se rapportant 4 toutes les 
valeurs de y telles que mc? = oP. On a alors 


mC? (3) = 2a o? mod 2, 


a 
de sorte que C?C”-?, calculé rel. 8 3+S% a la valeur Yai b;. D’autre 
{==} 
part on a, d’aprés 24 (3) 


Bp ae soe sue - 
CO"? (1) “de bk"? (c?, UW) mod B’ R— Ry dans B,, 


ou l’on a posé: 1° b) = 0 pour yp +1<»< 4, ainsi que pour toutes les 
valeurs de » telles quel <<v»<yp, we? = 0; 2° by = b; pour l <y¥ <7Pp, 
mt? = oP. Done le nombre C?C"?, caleulé rel. & 3+, a Da valeur 


Bp 
& % by. On doit donc seulement démontrer que s abs = = ay by ce 


i=1 


y=1 
qui est évident d’aprés la définition méme des nombres aj et 5. 

58.6. Supposons donné 3€5,, T€ A(3), WE O(8, T). Soient UV, (1 <<» <m) 
tous les sommets de U tels que UR) +0 (v. 8). Pour chaque v (1 < »y < m) 
on peut (v. 8.1, 6°) indiquer un 3-simplexe intérieur o(v) = o} tel que 
1° U, T(o}) + 0; 2° U, T, = 0 pour chaque valeur de j (1 <j< < %) 
telle que of n ‘est pas un sommet de o(v). Choisissons un point a,€ UT(s}) 
aQ<ar< ‘2. On ne peut avoir a, = ay que si o(v) = o(u). Soit Vy 
(ail<» < m) un entourage de ay si petit que 1° VC U,; 2° WWVn = 9 
pour a, + az; soit V; un entourage de a, si petit que V,EV,. Soit NV 
l’ensemble de tous les couples (i, U) (1 <i < a, UEN) tels que UT; = 0 
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et par suite aussi (v. 8.1, 5°) UT;=0. Soit B un réseau si fin que pour 
(i, U)€N aucun sommet de B ne rencontre simultanément U et 7;. Soit 
3€5, un affinement de 3 si petit que 1° 4, 2€3, az $0, a0 
(1<y»<m)entraine zgC V,(v. 1.2); 2° 3 est un affinement de B; 3° la chaine @”"3) 
n'est située dans R—Vy pour aucune valeur de vy (1 <» <m; vy. 17.5). En 
vertu de la propriété 3° de 3, il existe pour chaque v (1 < » < m) un (n, 3)- 
simplexe intérieur @” dont le noyau rencontre V;; en vertu de la propriété 
1° de 3, chaque sommet de 9” fait partie de V,; il existe donc une h-face 
[2 étant déterminé par l’égalité of = o (v)] ge” de ge”. On peut supposer 
que of =e! pour a, =a,. Puisque V,V, =0 pour a, $a,, on peut 
évyidemment choisir la projection 7 = Pr. (3, 8) de maniére que 1° 29" = o(v) 
pour 1<v<m; 2°r°€3, wre? =09(1 <i< ap) entraine quer’ 7;+0. Choisissons 
t€A(3). Puisque chaque sommet de o” est un sous-ensemble de U,, on a 
t(e") CU, pour 1<v<m. A Iaide de 3, t et 7, construisons le réseau 
fermé [* correspondant 4 3 (vy. 8) suivant la maniére expliquée au n° 24. 
Supposons que 7'* (o”) ait la méme signification rel. 8 T* que 7'(o%) rel. 
iT. Puisque ¢(¢)c T*(o2) [ot = o(r)] [v. 24 (2)] et puisque ¢(¢")C U,, 
on a U,T*(ot) +0". Autrement dit: OS hin, 1Sicae,, VEN, 
UT (ot) +0 entraine UT* (o”) +0. Réciproquement supposons que, pour 
de certaines valeurs de i, h, UO<h<n, 1<i<a,, UE) on ait 
UT (o;) = 0 et par suite U T'(o") = 0. Nous prouverons que U 7* (o;) = 0. 
D’aprés 8.1, 5° et 6°, il existe un sommet a} de a} tel que U7T;=0. 
Il suffit de prouver que U7;* = 0. Dans le cas contraire, il existerait un 
sommet 2° de 3 tel que Ur°+0, a1° = oj. D’aprés la propriété 2° de 
la projection 7, on aurait c° 7;+0 d’ou la contradiction Ur° = 0 d’aprés 
la propriété 2° du réseau 3. Maintenant on voit sans peine que le réseau U 
est commode non seulement rel. & 3 + &, mais aussi rel. 8 3-+-T*. Puisque 
t€A(3), on a T*E€A(B) (v. 58.5). Choisissons un affinement U, de U de 
maniére que 11,€® (3, Z*). Déterminons les nombres a€R d’aprés 58 (1). 
Déterminons les nombres b;€R de maniére que 


Oo" (Wy) ~ Db: *K" ” (o?, U,) mod B’ R—K dans B, 
Fes 


*K désignant les chaines fondamentales (v. 19.1) relatives 4 3+ 2*. On 
voit sans peine (v. 58.4) que la relation (*) reste vraie en y remplagant 
U, par U. Or on déduit facilement de 19.1 que *K"~"(o", U) = K”“"(o, U1). 
Par suite, la relation 58 (2) est vraie. Done on obtient la méme valeur 


™ t (ot) +0 car 3€5 et par suite (v. 23) le noyau de lt contient un point b n’appartenant 
& la fermeture d’aucun sommet de 3 qui ne soit pas un sommet de gh d’ou il résulte sans 


peine que bet (o%). 


48 
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pour le nombre C? C”-? en le calculant soit rel. 4 3+, soit rel. 8 8+ E* 
et par suite, d’aprés le lemme du n° 58.5, aussi en le calculant rel. 4 
g+t. 

Ceci étant, supposons qu’on ait donné 8€5, et U,, T,€4(3). On voit 
sans peine que l’on peut déterminer 3 et t de maniére que les conditions 
qui ont été énoncées plus haut soient vérifiées simultanément pour t = f, 
et pour = = T,. Il en résulte que le nombre C?C”? reste le méme en 
le calculant soit rel. & 3+%,, soit rel. & 3+ ,. 

58.7. Le nombre C? C”-? dépend done tout au plus du choix de 3€=, 
le choix de TE€A(B) et celui de NEM(Z, T) étant sans influence sur lui. 
Or supposons donné 3,, 32€5,. La famille =, étant compléte, il existe 
un affinement simultané 4 de 3, et de 32. D’aprés 58.5 le nombre C? C”?, 
calculé rel. & 3 est le méme que si on le calcule rel. & 3, ou rel. & Bp. 
Done C? C”-? peut étre calculé indifféremment soit rel. & 3; soit rel. & Bp. 

59.1. Si les deux ensembles A,, A, du n° 56 sont sans point commun, 
on a C? C"-P = 0 pour chaque C?€T,, C”-’€F,. La facile démonstration 
sera laissée au soin du lecteur. 

59.2. Soient A, et A, deux sous-ensembles bicompacts donnés de R, 
assujettis 4 la condition A, A4,S = 0. Définissons 7, et 7, comme dans 56. 
Soit F' un sous-ensemble bicompact de R tel que FDS, A; A,F = 0. Tous 
les axiomes supposés au n° 55 restent évidemment vérifiés en remplacant S 
par F. Désignons par Tj et Zy ce que deviennent les familles Z; et I> si 
on remplace S par F. Soit C?€IL,, C™ YET. Il existe évidemment des 
cycles CP ET{, Ci’ ? €T> tels que C” (3) = C?() mod F, C” ?(3) = Cr ? (8) 
mod F dans chaque réseau 3. On voit sans peine que C? C’ ? = Cf? Cy”. 


VO. 

60. Dans ce Chapitre, nous ferons de nouveau les hypothéses énoncées 
au n° 55, 

61. Supposons donné un sous-ensemble bicompact S, de S. Posons 
S, = S—&,. Soit F, ensemble de tous les (p, R)-cycles mod SA, dans Aj, 
ou A; parcourt tous les sous-ensembles bicompacts de FR tels que SA,CS, ; 
deux éléments C7’, C? de I, seront considérés comme égaux si l’on peut 
attacher & chaque entourage 2, de S,° un sous-ensemble bicompact A, 
de R tel que 1° S4,C 2,, 2° CP?~ CP mod 2, A, dans A,. L’ensemble 1; 
est évidemment un module. Soit 7, l’ensemble de tous les (n— p, R)-cycles 
modSA, dans Az ott Ay parcourt tous les sous-ensembles bicompacts de 2 
tels que SA, C S,; deux éléments Cj’ ”; C?” de Fy seront considérés comme 
égaux si l’on peut attacher & chaque entourage 2, de S, un sous-ensemble 





* On voit sans peine qu’on peut supposer que 2,S, = 0. 
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bicompact As de R tel que 1° SAyC 2; 2° Ci? ~ Cy” mod 2, Ay dans Ay. 
L’ensemble 7; est aussi un module. 

D’aprés le n°56, on peut attacher & chaque couple C?€/,, C”-"€T, 
un nombre C? C”-PER de maniére que: 


1° (C7) CP? = CP(rC**) = r(C?C"™?) pour reR; 
2° Ccfr+cyc"? = cic**+dc*?, 
3° CP (Cy ?+ CG”) — (? Cr? 4. cP or”, 


En vertu de 56, 4° (v. aussi 59) on voit sans peine que le nombre C?C"-? 
est toujours bien déterminé, malgré les conventions que nous venons de 
faire sur l’égalité de deux éléments de J, et de Ty. 

Le but de ce Chapitre est de montrer® que, relativement & la multiplica- 
tion C? C”-? considérée, les deux modules I, et I, sont duels (primitifs)®, 
c’est-i-dire, outre les propriétés 1°, 2°, 3° déja énoncées, on a encore les 
deux suivantes (les égalités C? = 0, C” ”? = 0 y ont le sens conventionnel 
adopté): 4° lorsque le cycle C?€I, est tel que C?C”-” =0 pour chaque 
choix de C” “€I3, on a C? = 0; 5° lorsque le cycle C”-”€T, est tel que 
C? C”-” = 0 pour chaque choix de C?€7,, ona C” ?= 0. La propriété 4° 
sera démontrée dans le n° 62, la propriété 5° dans le n° 63. 

62. Soit A; un sous-ensemble bicompact de FR tel que A4,SCS,. Soit 
C? un (p, R)-cycle mod A,S dans A,. Supposons que C?, considéré comme 
élément du module 7, soit +0. Il existe alors un entourage 2, Cc R—S, 
de S, tel que, Ai étant un sous-ensemble bicompact de F# assujetti a la 
condition 4;9C 8,, on n’ait jamais C?~0O mod 4; 2, dans Aj. On doit 
prouver qu’il existe un élément C"~? de J, tel que C?C"-? = 1. 

Soit 2; un entourage de S, si petit que 2;C2,, 2;—SC2,%. Posons 
A, = R—Q; de sorte que A, est un sous-ensemble bicompact de 2 tel que 
A,S = 8. Soit O la famille de tous les entourages 2, de S, si petits 
que A,2,—0. Pour chaque 2,€0, désignons par (2,) la famille de 
tous les (n—p, R)-cycles C”-” mod Ag 2, dans A, et tels que C?C”-” = 1 
(v. 59.2 ou on remplace F par A, 2). Lorsque 2s, QF EO; AF CM, on 
voit sans peine (v.59.2) qu’avec chaque C” ” € 17(25) il existe un “C” ? € (24) 
tel que C"-? = *0"-? mod A, 23. Si 1(2,)+0, c’est évidemment un systéme 
linéaire (v. Homologie, I, 14). D’aprés le théoréme du n° 6.1 (v. aussi 59.2), 
oi on remplace R par A, et S par Sy (ce qui est évidemment permis) il 
suffit done de montrer que 7(2,)+0 pour chaque 2,€0. 


°7 C’est essentiellement le premier théoréme de dualité de M. Lefschetz [v. S. Lefschetz, 
Topology, p.142, formule (7)]. 

* 'V. Pontrjagin, Math. Ann., t. 105, 1931, pp. 165-205. 

* 2; existe, car R—S, est un espace normal. 
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Soit done 2,€0 et choisissons un entourage 22 de S, si petit que 
2, €2,. Choisissons un réseau 3 de la famille =, (v.57 pour p = 
et 58 pour p > 1) suffisamment fin pour que les conditions suivantes aient 
lieu: 1° pour chaque sommet Z de 3 V’inégalité 72-0 entraine que 
Zc2, ou bien ZC 2,; 2° chaque sommet extérieur de 3 est un sous- 
ensemble de 2;-+ 23; 3° pour chaque sommet Z de 3 l’inégalité 72;+0 
entraine que ZC 2,; 4° il n’existe aucune chaine D?*1(3) dans R— Q, 
telle que F.D?+ (3) = C?(3) mod 2, (c’est possible, car C? 4-0 mod A; 2, 
dans A, pour A; = R—®,); 5° aucun sommet de 8 ne rencontre simul- 
tanément A, et 2,; 6° si lon a ZA,+—0 et Z2;-0O pour un sommet Z 
de 3, alors ZC 2,. Choisissons T€4(Z) et supposons que UW parcoure la 
famille (3, Z) (v.57 pour p = 0 et 58 pour p= 1). 

D’aprés la propriété 2° du réseau 8, on a (v. 8) R—RC2,-+ 2. I 
existe donc (v. la propriété 5° de 3) des nombres a; tels que 


a, 
C?(3) = a. a,o? mod A, 2, dans A,. 
Posons 


Cn? (Ul) = D> b, K"-? (oP, Uy) 
$=1 


les nombres };€R étant assujettis aux conditions suivantes: 1° b; = 0 
a 
. . ° P 
si oP posséde un sommet of tel que oF 2,0; 2 = 7. b, = 0 pour chaque 
valeur de j (1 <j < a, ,,) telle qu’aucun sommet de optt ne rencontre 23; 


a 
Pp 

3° > abi = 1. Supposons pour un moment qu’on puisse vérifier ces 
i=1 


conditions. D’aprés 1°, la chaine C"-?(U) est située dans R— 2; = Ag. 

D’aprés 2°, 19.1, 3° et 19.3 la chaine FC"-? (Ul) est située dans 

A, R—R,+ > T(oP**), j parcourant seulement de telles valeurs que of" 
J 


posséde un sommet rencontrant 25 et par suite (v. la propriété 3° de 3) 
contenu dans 2,; done FC”? (U)CQ, (v. la propriété 6° de 3). Done 
c’-?() est un (n—p, W)-cycle mod A, 2, dans 2. En faisant varier 
les U, on voit (v. 19.2) que les chaines C”—? (Ul) définissent un (n —p, 2)- 
cycle mod A, 2, dans Ag. D’aprés la propriété 3° des nombres Jj, on a 
Cec? = 1. 

Reste & prouver que les conditions posées pour les nombres };€R sont 
réalisables. I] résulte de la théorie élémentaire des équations linéaires que, 
dans le cas contraire, il existerait des nombres GER U1 <7 < apts) tels 
que 1° ¢; =O pour chaque valeur de j telle que opt? possede un sommet 
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rencontrant 22; 2° pour chaque valeur de 7 telle qu’aucun sommet de oP ne 


rencontre 2; on a 
O41 


ay. = p> qh Cj 
Or des conditions imposées pour 3 on déduit sans peine que l’on aurait 
dans ce cas C?(3)~Omod 2, dans R—-2, ce qui est une contradiction. 

63. Soit A, un sous-ensemble bicompact de R tel que A, SCS,. Soit C"-? 
un (n—p, R)-cycle mod A,S dans A;. Supposons que C”~?, considéré 
comme élément du module /3, soit +0. Il existe done un entourage 2, 
de S, tel que, A. étant un sous-ensemble bicompact de R assujetti a la 
condition 45 SC 2,, on n’ait jamais C"-?~0 mod 43 2, dans Aj. On doit 
prouver qu’il existe un élément C? de 7, tel que C?C”-? = 1, 

Soit 2: un entourage de S, tel que 2;€@2,. Posons Ay = R— 25 de 
sorte que A, est un sous-ensemble bicompact de R tel que A4,SCS,. Il 
suffit donc de prouver qu’il existe un (p, R)-cycle C? mod A, S dans 4A, 
tel que C?C™-? = 1. Or soit O la famille de tous les entourages 2 de S 
si petits que A, 2C 2. Pour chaque 2€0, désignons par /7(2) la famille 
de tous les (p, R)-cycles C? mod A, 2 dans A, et tels que C? C”-? = 1 (v.59.2, 
ott l'on remplace F par A; 2). Lorsque 2, 2*€O; 2*C Q, on voit sans peine 
(v. 59.2) qu’a chaque C?€17(2*) il existe un *C?€ 17(2) tel que C? = *C? 
mod A, 2. Si 7(2) + 0, c’est évidemment un systéme linéaire. D’aprés le 
théoréme du n° 6.1 (v. aussi 59.2), oi l’on remplace # par A, et S par A, S (ce 
qui est permis), il suffit donc de montrer que 7(2) + 0 pour chaque 2€0. 

Soit donc 2€0 et choisissons un entourage 2’ de S si petit que 2’E 2. 
Soit B un entourage de A, si petit que BSC 23. Choisissons un réseau 3 
de la famille =, (v.57 pour p = 0 et 58 pour p > 1). Soit 3€=, un 
affinement de 3 si fin que les conditions suivantes aient lieu: 1° pour 
chaque sommet extérieur z de 3 on a BzC 2; 2° 2€3, 2 2’ 0 entraine que 
eC 2; 3° 2€3, 22; +0 entraine que zC 2; 4° 3 est un affinement de 3 
normal rel. aux cycles mod A; 2 dans A,. 

Choisissons t€ A(z) et supposons que U parcoure la famille (5, t) (v. 57 
pour p = 0 et 58 pour p> 1). Choisissons une projection 7 = Pr. (3, 3). 
Construisons le réseau fermé & correspondant & 3 d’aprés n° 24, en y faisant 
usage de 3, t et w. Employons les notations du n° 24. Evidemment (v. 58.5) 
on a TEA(Z), O(38, BT) D OG, t). 

D’aprés 31 et 24 (3), il existe des nombres b;€R" tels que 


Cp Bp ji = 
CP (N) ~ Db, K* (o?, Wr D bik (c?, W mod 2 dans B. 
t=1 yv=1 


On voit sans peine (v. 26) qu’on peut supposer que les nombres 0; soient indépendants 
du choix de N€@(z, t). 
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nous y avons posé: 1° by) = 0 pour 7p+ 


1<yv< By ainsi que pour 
1<v<yp, we? = 0; 2° bs = 0: pour l<y 


< 7p, tt? = of, Posons 


Bp 
0°) =2 a7, 
y= 
les nombres a,y€R étant assujettis aux conditions suivantes: 1° a, = 0 


Bp 
si un sommet de 7? rencontre 2); 2° > Ss a, = 0 pour chaque valeur 
yv=1 


dep (i<p< B,_4) telle qu’aucun sommet de Se ne rencontre 2’; 


Bp , ’ 
3° > ayby = 1. Supposons pour un moment qu’on puisse vérifier ces 


y=1 
conditions. D’aprés 1°, la chaine C? (3) est située dans R— 2; = A,; 
d’aprés 2°, chaque simplexe de la chaine FC? (3) possede un sommet ren- 
contrant 2’ de sorte que la chaine F'C? (3) est située dans 2 en vertu de 


&p 

la propriété 2° du réseau 3. Done C?(3) = Dia,o? est un (p, 8)-cycle 
i=1 

essentiel (v. la propriété 4° de 4)mod A, 2 dans A,. On voit sans peine 


que > aj b; = 1. Il existe donc un (p, R)-cycle C? mod 4,2 dans A, 


i=1 
et tel que C?C” ” = 1, c.q.f.d. 

Reste & prouver que les conditions posées pour les nombres a, sont 
réalisables. On voit sans peine que, dans le cas contraire, on pourrait 
déterminer des nombres cu€R (1 < w < Ay-+) tels que: 1° ce = 0 si le 

Bp—1 
simplexe — posséde un sommet rencontrant 2’; 2° by = <a Cy 
u=1 
chaque valeur de vy (1 <<» < B,,) telle qu’aucun sommet de rt? ne ren- 
contre 2,7, Or d’aprés 1°, la chaine 
Bp—1 
DoH = E> Cy jn—ptt (ee, 1) 


u=1 


pour 


serait située dans R — 2’ et d’aprés 2° on aurait, en tenant compte de la 
propriété 3° du réseau 4, 


By = 
FD HU = Sb? eP, WU) mod 2". 


y=1 





™ Cette condition n’exige rien si p = 0. 
Pour p = 0: On aurait b) = 0 pour chaque valeur de vy (1 < v < A) telle que 
9.05 = 0, 
Bo 
73 Pour p= 0: On aurait > bk” (<9, U) = 0 mod R.. 
y=1 
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Done on aurait C”-?(U)~0 mod 2 dans R — 2’ et par suite, la famille 
@ (3, t) étant complete, C”-?~0 mod A; 2, dans As pour 4s = R— 2’, ce 
qui est une contradiction. 

64. Pour S = S2, Fy est (v.6.2) le (n—p)*™* groupe de Betti de l’espace R 
mod S. En désignant par « la famille de tous les sous-ensembles bicompacts 
de R—S, on voit sans peine que, dans le cas actuel S= &., J, est le 
p'™? groupe de Betti bicompact (= d’espéce x au sens de 1’ Homologie, V, 9) 
de l’espace # —S. Pareillement, pour S, = 0, Ty est le (n — p)*™® groupe 
de Betti bicompact de R — S et I, est le p*™® groupe de Betti de R mod S. 

Done, pour g=p ou gq=—n—yp, le g™ groupe de Betti de Vespace R 
mod S est duel au (n — g™ groupe de Betti bicompact de Vespace R—S. 


Vill. 
65. Sot OS p< ak, Supposons la validité de tous les axiomes du 


Chap. I et IT ainsi que celle des axiomes G* (v.21) pour n—p <k <n —1 et 
des axiomes H* (v. 27) pour n—p—1 <k<n—2. Alors les axiomes 
G* (0 <k< p) sont aussi vérifiés. 

Démonstration. Il suffit de montrer la validité de G? (pour G* on rem- 
place p par k). Soit donc a€ R—S. On doit prouver qu’é chaque entourage 
UCR—S de A on peut attacher un entourage V tel que chaque (p, R)- 


cycle dans V est ~O dans U. Or il suffit de prouver que entourage V 


de a peut étre choisi de telle sorte que chaque (p, #&)-cycle dans V soit 
~0 dans un sous-ensemble bicompact de R—S. En effet, le cas général 
sen déduit en remplacant S par R—U, ce qui est sans influence sur la 
validité de nos axiomes. 

Soit done aC R—S; soit UG R—S un entourage de a; soit 2 un 
entourage de S si petit que V2 —0. C? étant un (p, R)-cycle dans U et 
Cc”? étant un (n—p, R)-cycle mod S, pour caleuler le nombre C? C”~? on 
peut (v.59.2) remplacerC” ” par un (n—p, R)-cycle Ci’ ” mod 2 homologue 
i C”-? mod 2. Il existe évidemment un réseau 3 et un réseau fermé 
correspondant qui soient tels que: 1° l’énoncé du n° 31 est vrai pour 
A= B=R; 2°R—BRC ®; 3° le point a appartient 4 un sommet unique 
(nécessairement intérieur) de 3 de maniére que a€ Ro— RF, (dans les notations 
de 8). Ceci étant, on peut (d’aprés 31) attacher & chaque C”” un 
PwC”? mod 2 de maniére que (v. 19.3) Ci" ” soit un (n — p, R)-cycle 
mod 2 dans Ry. Or soit V un entourage de a si petit que VCR —2— Ri, ; 
si C? est un (p, R)-cycle dans V, on a, en excluant d’abord le cas p = 0, 
C? C*-» = 0 d’aprés 59.1 et par suite aussi C?C”? =0 pour chaque 
choix du (n—p, R)-cycle C”-? mod S. D’aprés 62 (oi on pose S, = S; 
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v. 64) il en résulte que C?~0 dans un sous-ensemble bicompact de Rk — §, 
pour chaque choix du (p, &)-cycle C? dans V, c. q. f. d. 

Dans le cas p = 0 le raisonnement précédant ne s’applique plus. Or on 
peut alors (v. 14.1 et 17.5) déterminer un entourage VG A—S de a de 
maniére qu’on puisse attacher & chaque (n, &)-cycle C” mod S un nombre 
r€R de maniére que C"—rG"~0 mod k— U. Soit V un entourage de a tel 
que VEU. Pour chaque 0-cycle C° dans V on a alors C°(C®—rG") = 0 
d’aprés 59.1 (v. aussi 59.2). Il en résulte que si C’° est tel que C°G”= 0 ona 
C°C” = 0 pour chaque (n, R)-cycle C” mod. Il suffit donc de montrer que 
1(C°) = 0 (v.88) entraine que C°G”= 0. Or soit C2 le (0, R)-cycle (dans V) 
correspondant (v. Homologie, III, 17) au point a. Posons CL@"=s. Ona 
s 0; en effet, dans le cas contraire, on aurait Cz C” = 0 pour chaque C” 


et par suite, d’aprés 62 avec S, = S (vy. aussi 64) Ce~0 dans un sous- 
ensemble bicompact de R, ce qui entrainerait, comme on sait, que J (C2) = 0, 
tandis que, évidemment, Z(C:) = 1. Puisque s-£0, on peut attacher & chaque 
0-cycle C° dans V un nombre ¢€R tel que (C°—tC2)G" = 0, ce qui 
entraine que C°’—#C;~0 dans un sous-ensemble bicompact de R, d’oi 
10° —tc}) = 0. Or 1(C°—#tC%) = 1(c°)—t1(C) = 1(C*)\—#t, done 
t= I(C°). Par suite J(C°) = 0 entraine que ¢ = 0, d’ot C° G” = 0, c.q.f.d. 

65.1 Les axiomes des Chap. I et II entrainent que lVespace R—S est 
localement connexe. 

Cela résulte de 65 (avec p= 0), car l’axiome G° équivaut évidemment 
(v. Homologie, III, 14—18) & la connexité locale de R—S. 


66. Sot OS ps ook Supposons la validité de tous les axiomes des 


Chap. I et II ainsi que celle des axiomes G* (v. 21) pour n—p<k << n—1 
et des axiomes H* (v. 27) pour n—p—1<k<n—2. Alors les axiomes 
H* (0 <k<p) sont aussi vérifiés. 

La démonstration sera donnée au n° 66.2. 

66.1. LEMME. Soit 0 < p< n—2. Supposons que RF soit un espace 
normal et que S = SCR. Supposons la validité de l’axiome G’—?—" (v. 21). 
Soit a€R—S. Soit VG R—S wun entourage de a. II existe un entourage 
VGU de a jouissant de la propriété suivante: Soit C"-” un (n—p, R)- 
cycle mod (S+-V); il existe un (n—p, R)-cycle Ci’ ” mod S et un (n—p, R)- 
cycle Cs"? modV dans U tels que C”? ~C?-? +03? mod S+V. 

Démonstration. D’aprés Vaxiome G"-?—1, déterminons l’entourage V GU 
de maniére que l’on ait ”-?-1~0 dans U pour chaque (n—p—1, R)- 
cycle r’-? dans V. Soit ® la famille (compléte) de tous les réseaux dont 
aucun sommet ne rencontre simultanément V et S. Pour chaque 1€@, ona 


Fo"? = rr? (w+r? w, 
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ot 7? [TP * AD] est un (n—p—1, W-cyele dans S [dans 1). 
Lorsque VE€@ est un affinement de UE@, ona, en posant m= Pr.(B, ld), 
a OP (B) ~~ C"-P (UW) mod (S+ V). Il existe done une (n— p+ 1, l)-chaine 

BE"? () et deux (n—p, U)-chaines Ey? (WU), Ez” (UW) telles que 


7” ?)c 8, EB? (W)C et 


aC" (8)—C"? (W = FE’? OW+ EA? wt+e? (wy, 
d’ou 
uIyt? (8)—Ty ?* W— FET? (u) 
= aly? (%)— rh ? (Ww) -- FEY? (w). 


Or la chaine 4 gauche (a droite) est située dans S (dans V); d’aprés la 
définition de la famille ®, on en déduit que chacune de ces deux chaines 
est égale & zéro, d’ou aM? y PB) wy” + (W) dans V. Il en résulte que 
ry? * = {I P *()} est un (n—p—1, R)-cycle dans V. D’aprés la 
définition de V, il existe done pour chaque UE€® une (n—p, U)-chaine 
dans U dont la frontiére est égale a 7°” (Ul). Pour chaque UE, soit 
L; (UW) la famille de tous les (x —p, U)-cycles C:° ” (M1) mod V dans U tels 
que FC?” (W)~ Ty? * (UW) dans V. Nous venons de voir que L? ” (W)-£0 
pour chaque 1€@, On voit sans peine que LZ: ” (U1) est un systéme linéaire 
et que mlz ?(¥)C Le ?(U). D’apreés Homologie, Il, 21, - peut donc 
choisir C2 ”(U)€ L? (UW) pour chaque UE @ de maniére que C2” = {cy *()} 
soit un (n—p, R)-cycle mod V dans U. Puisque C2" ” (WE Lr ” (ul), il existe 
pour chaque UE€@ une (n—>p, W)-chaine Dr ” (1) dans V telle que 


Fo’? W = rm? *(W4+ FD? (Ww. 


Le cycle Cy” étant déterminé, il s’agit encore de démontrer l’existence 
de Ci”. Or désignons pour U€@ par Li ”(U) Ja famille de tous les 
(n—p, U)-cycles Ci ” (UW) mod S tels que: 


CF Mach? (w+cr?(W mod(S+ VY). 


En supposant pour un moment que Li ’(U)+0, on voit sans peine que 
c’est un systéme linéaire. Or on a évidemment Ty “Bch. i 
résulte done de l’Homologie, II, 21 que le cycle C;" ” existe. On doit encore 
démontrer que Li ?(U) +0; c’est évident, car on voit sans peine que 


Cc”? (yy) —cy 2+ Dr PME Lr 7). 


66.2. Passons & la démonstration du théoréme du n° 66. II suffit de 
démontrer la validité de l’axiome H”. II suffit méme de prouver l’énoncé FL 
suivant : Soit a€ R—S; soit P,€ R—S un entourage donné de a. A chaque 
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entourage P,;C P, de a on peut attacher un entourage P;C P; de a de 
maniére que: Si C? est un (p, &)-cycle dans P,—P, tel que C?~0 dans 
un sous-ensemble bicompact de R—S, on ait aussi C?~0O dans un sous- 
ensemble bicompact de R—(S-+P;). En effet, d’une part, l’axiome H?, 
sous la forme énoncée au n° 27, est une conséquence de # si P= R—S; 
d’autre part, en remplagant S par R—P (et done R—S par P) on ne 
détruit pas la validité des axiomes supposés vrais au n° 66. 

Soit done a€R—S et soient P,, P, deux entourages de a tels que 
P,CcCP,€R—S. Choisissons un entourage UG P; de a et déterminons 
entourage V = P, de a d’aprés 66.1. Soit C? un (p, R)-cycle dans P, — P, 
tel que C?~0 dans un sous-ensemble bicompact de R—S. D’aprés 64, 
on a C?C”™-? =0 pour chaque (n—p, &)-cycle C”” modS. On doit 
prouver que C?~0O dans un sous-ensemble bicompact de R—(S+P,). 
Or le théoréme du n° 64 reste évidemment vrai en y remplacant S par 
S+P, (car les axiomes dont on a déduit ce théoréme restent vrais). Or 
on a évidemment P, —P, Cc R—(S+P,) de sorte qu’il suffit de prouver 
que C?C”—? = 0 pour chaque (n — p, R)-cycleC”-” mod(S+P;). D’aprés 66.1 
il existe un (n—p, R)-cycle Ci” et un (n—p, R)-cycle C2” modP,; 
dans U tel que 

Cc’ ?~ or ?+cr? mod(S+P). 
On a done (v. 56, 3° et 4°) 


Cc? "all o— Cc? at + Cc? =, 


Or nous savons que C’C;" ”=0; d’autre part, C” C2" ” = 0 d’apres 59.1, 
car C?C P,—P,, GC * CU, U(R,—Ps) = 0. 

67. Faisons les hypothéses du n°55. Il se peut qu’il existe un nombre 
infini de (n—p, R)-cycles modS lin. indépendants mod (c’est-a-dire tels 
qu’aucune combinaison linéaire de ces cycles ne soit ~0 modS); or il 
résulte du théoréme du n°31 que, 2 étant un entourage donné de S, il 
n’existe qu’un nombre fini de (n—p, R)-cycles mod S lin. indépendants mod 2 ; 
autrement dit, 2 étant donné, on peut indiquer un nombre fini de (n —p, R)- 
cycles modS tels que chaque (n—vp, R)-cycle modS soit homologue modS 
& une combinaison linéaire de ces cycles donnés, augmentée d’un (n—p, R)- 
cycle modS dans 2. 

Pareillement il peut exister un nombre infini de (n — p, R)-cycles absolus, 
dont chacun est situé dans un sous-ensemble bicompact de R—S, et tels 
qu’aucune combinaison linéaire de ces cycles ne soit homologue 4 zéro 
dans un sous-ensemble bicompact de R—S. Mais, A étant un sous-ensemble 
bicompact de R—S donné, il existe un nombre fini de (n—p, R)-cycles 
dans A tels que chaque (n—p, R)-cycle situé dans A soit homologue 
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4 une combinaison linéaire de ces cycles dans un sous-ensemble bicompact 
de R—S. 

Du théoréme du n° 64 on déduit (v. 59.1) que ces remarques restent 
vraies en remplagant p par n—p. 

Supposons en particulier que S=0. Alors l'ensemble R—S = R lui 
méme est bicompact, et par suite le p*™*, ainsi que le (n—>p)*™® nombre 
de Betti de & est fini. Ces deux nombres sont égaux l'un a l'autre d’aprés 64 
(théoreme de dualité de Poincaré). 

68. Soit O<p<n—1. Supposons la validité des axiomes énumérés 
au n° 55, en y remplacant S par 0. 

Soit 8 un sous-ensemble bicompact de R. Soit 4; l’ensemble de tous les 
(p, R)-cycles C? dans A homologues a zéro dans #, ot A parcourt la classe K 
de tous les sous-ensembles bicompacts de R—S; considérons deux éléments 
CP, C? de A, comme égaux si l’on peut déterminer A€ K de maniére que 
C? ~ CP? dans A. Soit A, l'ensemble de tous les (n—p—1, R)-cycles r™ ?* 
dans S homologues & zéro dans R; deux éléments Tj? ", 1°? de A, 
seront considérés comme égaux si I" ?-*~ ry? dans S. 

Nous allons définir une multiplication C? x /~?—' rel. & laquelle les deux 
modules I, et Zy sont duels (théoréme de dualité de M. Pontrjagin™*). 

Soit ’™-”-1€ A,. Pour chaque réseau UU, il existe un systéme linéaire 
I”-?(U) de (n—p, U)-cycles C”-? (U1) dans R tels que FC”? (U)~ "1 () 
dans S. De l’Homologie II, 21 on déduit sans peine qu’on peut choisir 
OC"? (Ul) € L”-? (UW) de maniére que C”-? = {C”-? (U1)} soit un (n—p, R)- 
cycle dans S. Posons C”—? = g (I'”-?-1); la fonction g n’est pas du reste 
univoque. Ceci étant, posons 


CPx [-?-1 = (Pg (I?-1), 


Les propriétés 1°, 2°, 3° dans la définition de dualité de deux modules 

(n° 61) sons évidentes. Reste & montrer: A,: le produit C? x ’"-?~ est 

univoquement déterminé; Ag: siC? € A, jouit dela propriété que C? x I’?! =0 

pour chaque I’-?-1€ A,, on a C? =O; As: si F"-?-1€ A, jouit de la 

propriété que C? x r™-P—1 — 0 pour chaque C?€ 4, on a FP”? -1*=—0, 
Démonstration de A,. Soit 


cg=a, meta, 
art =gi?), a?=g(r””). 


On doit prouver que 
Ta? = cdc’. 


™ Géttinger Nachrichten, 1928, p. 448 (Satz I). 
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entourage P,;C P, de a on peut attacher un entourage P;C P, de a de 
maniére que: Si C” est un (p, R&)-cycle dans P,—P, tel que C?~0 dans 
un sous-ensemble bicompact de R—S, on ait aussi C?~0 dans un sous- 
ensemble bicompact de R—(S-+P;). En effet, d’une part, l’axiome H?, 
sous la forme énoncée au n° 27, est une conséquence de # si P= R—S; 
d’autre part, en remplacant S par R—P (et donc R—S par P) on ne 
détruit pas la validité des axiomes supposés vrais au n° 66, 

Soit done a€R—S et soient P,, Pz deux entourages de a tels que 
P,CcC P,€R—S. Choisissons un entourage UG P, de a et déterminons 
l’entourage V = P; de a d’aprés 66.1. Soit C? un (p, B)-cycle dans P,—P, 
tel que C?~0O dans un sous-ensemble bicompact de R—WS. D’aprés 64, 
on a C?C”-? = 0 pour chaque (n—p, &)-cycle C”? modS. On doit 
prouver que C?~0O dans un sous-ensemble bicompact de R—(S+P,). 
Or le théoréme du n° 64 reste évidemment vrai en y remplacant S par 
S+P; (car les axiomes dont on a déduit ce théoréme restent vrais). Or 
on a évidemment P,—P;C R—(S+P,;) de sorte qu'il suffit de prouver 
que C?C”-? = 0 pour chaque (n — p, &)-cycleC” ? mod(S + P,). D’aprés 66.1 
il existe un (n—p, R)-cycle Ci” et un (n—p, R)-cycle Cz’? modP, 
dans U tel que 

Ce? wor? +cy? mod(S+P). 
On a donc (v. 56, 3° et 4°) 


oP ye _— Cc? C ‘i 4. CP i ?. 


Or nous savons que C’C;" ? 0; d’autre part, C? C2’ ” = 0 d’aprés 59.1, 
car C?C P,—P,, C ? CU, U(P,—P,) = 0. 

67. Faisons les hypothéses du n° 55. Il se peut qu’il existe un nombre 
infini de (n—p, R)-cycles modS lin. indépendants modS (c’est-a-dire tels 
qu’aucune combinaison linéaire de ces cycles ne soit ~0 modS); or il 
résulte du théoréme du n°31 que, 2 étant un entourage donné de S, il 
n’existe qu’un nombre fini de (n—p, R)-cycles mod S lin. indépendants mod 2 ; 
autrement dit, 2 étant donné, on peut indiquer un nombre fini de (n — p, 2)- 
cycles mod tels que chaque (n—p, R)-cycle modS soit homologue modS 
& une combinaison linéaire de ces cycles donnés, augmentée d’un (n—p, R)- 
cycle modS dans 2. 

Pareillement il peut exister un nombre infini de (n — p, R)-cycles absolus, 
dont chacun est situé dans un sous-ensemble bicompact de R—S, et tels 
qu’aucune combinaison linéaire de ces cycles ne soit homologue 4 zéro 
dans un sous-ensemble bicompact de R—JS. Mais, A étant un sous-ensemble 
bicompact de R—S donné, il existe un nombre fini de (n—p, &)-cycles 
dans A tels que chaque (n—yp, R)-cycle situé dans A soit homologue 
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i une combinaison linéaire de ces cycles dans un sous-ensemble bicompact 
de R—S. 

Du théoréme du n° 64 on déduit (v. 59.1) que ces remarques restent 
yraies en remplagant p par n—p. 

Supposons en particulier que S=0. Alors l’ensemble R—S = R lui 
méme est bicompact, et par suite le p*™*, ainsi que le (n—p)*™® nombre 
de Betti de R est fini. Ces deux nombres sont égaux l'un a l'autre d’aprés 64 
(théoreme de dualité de Poincaré). 

68. Soit O<p<n—1. Supposons la validité des axiomes énumérés 
au n° 55, en y remplacant S par 0. 

Soit 8 un sous-ensemble bicompact de R. Soit 4, l’ensemble de tous les 
(p, R)-cycles C? dans A homologues & zéro dans &, ot A parcourt la classe K 
de tous les sous-ensembles bicompacts de R—S; considérons deux éléments 
CP, C? de A, comme égaux si l’on peut déterminer A€ K de maniére que 
C? ~ CP dans A. Soit 4, l'ensemble de tous les (n—p—1, R)-cycles r™ ? 
dans S homologues & zéro dans R; deux éléments 7? *, 1°? de A, 
seront considérés comme égaux si [’"?-*~ rj? dans S. 

Nous allons définir une multiplication C? x /—?—! rel. & laquelle les deux 
modules I, et TF, sont duels (théoréme de dualité de M. Pontrjagin™). 

Soit 7”-?-1€ A,. Pour chaque réseau U, il existe un systéme linéaire 
[*-?(U) de (n—p, U1)-cycles C”-? (U1) dans R tels que FC”? (U)~ "P(N 
dans S. De l’Homologie II, 21 on déduit sans peine qu’on peut choisir 
C™—-? (Ul) € L”-? (U1) de maniére que C”-? = {C”-? (U)} soit un (n—p, R)- 
cycle dans S. Posons C”-? = g (”—”—); la fonction g n’est pas du reste 
univoque. Ceci étant, posons 


CP x ["-7-1 — CP y (r*-?-1), 


Les propriétés 1°, 2°, 3° dans la définition de dualité de deux modules 

(n° 61) sons évidentes. Reste & montrer: A,: le produit C? x l’”~?~ est 

univoquement déterminé; A,: siC? € A, jouit dela propriété que C? x Fr’?! = 0 

pour chaque I’-?—-1€ A,, on a C? = 0; As: si F”-?-1€ A, jouit de la 

propriété que C? x r™-»—1 — 0 pour chaque C?€ 4,, on a F”?-*=0. 
Démonstration de A,. Soit 


n—p—1 n—p—1 
c=, mr =n , 


a? =gi?), or? =o”). 


On doit prouver que 
Gr? =- dic”. 


 Goéttinger Nachrichten, 1928, p. 448 (Satz I). 
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L’égalité C? = C? signifie qu’il existe un sous-ensemble bicompact A de R—S 
tel que C?—C? ~0 dans A. Done d’aprés 64, on a (Cf? —C?) Cz"? =0, car 03°? 
est un (n—p, R)-cycle mod S. Reste & prouver que Cf (Cj) ?—C;'”) = 0, 
Or légalité 7” * = Ty? signifie que Ty —? —T?" dans S. D’autre 
part, dans chaque réseau WU on a FC? ?(UW)~Ty?" (MW) dans S, 
FO? (WM ~rs”* (W) dans § dou il résulte qu’on peut déterminer une 
(n—p, W-chaine D” (1) dans S telle que C7”? (W)— C3’ ? (W— DD" *(W)0. 
Pour chaque réseau U désignons par L”~?(U) la famille de tous les (n— p, U)- 
cycles absolus de la forme 


cr? (w—ar? (w— Dp"? (w+ 2"? (W+FH"?" (w, 


ou L”-? (1) parcourt tous les (n—- p, U)-cycles dans S tandis que H"—-?+1(11) 
parcourt toutes les (v—p-+1, U)-chaines. D’aprés Homologie, I, 21 on 
voit sans peine qu’il est possible de choisir C”~? (U)€ LZ”? (UW) de maniére 
que C’-? = {C-?(U)} soit un (n—p, &)-cycle (absolu). Evidemment 
Cr? ~ Cl ?— Cy ? mod 8, dou CP(C ?—Cy ?)=CcPc” ?”, de sorte 
qu’on doit seulement prouver que C/ C” ” = 0, ce qui résulte de 64 (en 
y remplacant S par 0), car C? ~Omod R. 

Démonstration de Ag. Supposons que le cycle C?€ A, ne soit homologue 
& zéro dans aucun sous-ensemble bicompact de R—S. On doit prouver 
quil existe un F”-?-1€A, tel que C?xI”-?-1 = 1. Or d’aprés 64 il 
existe un (1—p, R)-cycle C”-? mod S tel que C? C”” = 1. Pour chaque 
réseau ll soit F”’-?-1(U) = FC”? (U). On voit sans peine que F”-?-! 
= {r"-?-1(1)} est un élément de A, tel que C”-? = g(I"?-), doi 
CPx [7-1 — # 

Démonstration de Ag. Supposons que le cycle ’”—?—'€A, ne soit pas 
homologue a zéro dans S. Soit Qj ? = g(r" ”*). On doit prouver qu'il 
existe un Cj €A, tel que C” Cy’ ” = 1. On voit sans peine que le (n—yp, R)- 
cycle C” ? mod S n’est homologue mod S & aucun (n — p, &)-cycle absolu. 
Supposons par impossible que, pour chaque réseau Ul, le (n — p, U)-cycle 
mod S: C”-?(U) soit homologue mod S a un (n —p, U)-cycle absolu B”-” (0); 
désignons par Z”-?(U) la famille de tous ces B"-” (U1); de l’Homologie, 
II, 21 on déduit sans peine qu’on peut choisir B”’—? (11) € L”—? (M1) de maniére 
que B”? = {BP (U)} soit un (n— p, R)-cycle absolu, d’ou il résulte 
la contradiction Cy ? ~ B”” mod S. 

Soit done Up un réseau tel que Cy (U1) ne soit homologue modS a 
aucun (n —p, Ub )-cycle absolu; on voit sans peine (v. la démonstration 
de 6.1) qu’il existe un entourage 2 de S tel que, dans le réseau Up, les 
frontiéres, cycles, homologies mod S soient les mémes comme mod 2. Donec 
Co” (Ul) n’est homologue mod 2 & aucun (x —p, Wy)-cycle absolu; par 
suite Ci” n’est homologue mod 2 & aucun (n—p, R)-cycle absolu. 
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D’aprés 67, il existe un ensemble fini ct de (n — p, R)-cycles mod S tel que 
chaque (n— p, R)-cycle mod S soit homologue mod S & une combinaison linéaire 
de ces cycles, augmentée d’un (n—~p, R)-cycle mod S dans 2&, tandis 
qu’aucune combinaison linéaire de ces cycles ne soit ~O0mod 2. On voit 
sans peine qu’on peut supposer que le cycle Cy’ ” appartienne a la famille r; 
en outre, on peut supposer que la famille ¢ contienne des cycles Cy ”, 
Cy ?, +++, Ch” (h = 0,1, 2,---) tels qu’un (n — p, R)-cycle mod S est 


h sai . — 
~ Yai Ci mod 2 si et seulement s’il est homologue mod 2 & un (n—p, R)- 


t=1 
cycle absolu. Soit 
n—p pn—p n—p pyn—p n—p 
Co C1 °° Ch ’ hit, *°*, Ce * 


0<h<k) la famille +. Ky étant la famille de tous les sous-ensembles 
bicompacts de A— 2, il résulte facilement de 64 (ot l’on remplace S 
par 2) qu'il existe des (p, R)-cycles absolus 


Ch, CP, it Ch; Ch, tad Ck, 


C? (0 <i<k) étant situé dans A;€ Ko, tels que pour 0 <i#<k,O<j <hk: 
Ci CG? = 1 pour i = j, = O pour i + 3. 

Je dis que C? est l’élément cherché du module 4,. Puisque C} Ci” = 1, 
il faut seulement démontrer que C/ ~0 dans R. D’aprés 64, il suffit de prouver 
que C) C” ” = 0 pour chaque (n — p, R)-cycle absolu C” ”. Or d’aprés 
ce que nous venons de dire, il existe des nombres a;€R et un (n—p, L)- 
cycle *C”-? mod S dans 2 tels que 


h 
Gr* ~> a: C?+*c"” modS, 
d’ot ie : 
Gor? = 2 a CF C7? +08 *c*?. 
& 
Or nous savons que €)C”” = 0 pour 1<i<h; dautre part, 
Cf *C"” —0, car CP C Ay, *C*? CQ, A 2 = 0. 

Remarque. Soit 6; = 1 pour i = 0, 6; = O pour 7 => 1. Supposons 
que le p*™e et le (n—p—1)™* nombre de Betti de l’espace # soient 
resp, égaux & dy et 4 6,—-p-1. Alors 7, est le module de tous les (p, 2)- 
cycles C? bicompacts dans R—S (tels que J(C?) = 0 si p = 0) tandis 
que I, est le module de tous les (n —p—1, R&)-cycles C”-?~ dans S 
(tels que IJ(C"-?-1) = 0 si n—p—1 = 0). Le fait que les deux 
modules 7, et TZ, sont duels constitue le théoréme de dualité de M. Alexander. 

69. Faisons l’hypothése du n° 55. Soit 7, l'ensemble de tous les (p, &)- 
cycles absolu dans A, ot A parcourt tous les sous-ensembles bicompacts 
de R—§S; deux éléments C?, C? seront considérés comme égaux si Cf ~ C? 
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modS. Soit 7; l'ensemble qui s’obtient de 7, en remplagant p par n—p. 
On voit sans peine (v. 56, 4°) que le produit C? C”-? ot C?ET,, C” VET,, 
est bien déterminé malgré les conventions faites ‘sur l’égalité de deux 
éléments de I, ou de 7,. En procédant comme dans les n° 62 et 63, on 
démontre sans peine que les deux modules 7; et 7; sont duels relativement 
i la multiplication C?C”—-?. C’est le second théoréme de dualité de M. Lefschetz". 

70. Soient A; et A, deux sous-ensembles de H—S, fermés dans R—S 
et tels que A; A,C R—S. Soit C? un (p, R)-cycle mod A, S dans A, ; soit 
O"-? un (n—p, R)-cycle mod A,S dans Ay. On voit sans: peine qu’on peut 
étendre la définition du produit Cp» C”-? du Chap. VII (qui a été exposée 
seulement sous l’hypothése 4,4, = 0) au cas plus général ici envisagé, 
et que les propriétés 1°, 2°, 3°, 4° du n° 61 restent vraies. 

Sous la forme ainsi généralisée, le produit C? C”~? ne dépend évidem- 
ment (cf. 6.3) que de l’espace R—S (et de son orientation). 

On pourrait aussi généraliser le théoréme général de dualité du n° 61 
en lui donnant une forme qui ne dépend plus que de l’espace R—S™. 
Nous omettons de le faire, car on n’arrive qu’é un énoncé fort compliqué 
et peu susceptible d’applications; d’ailleurs, il est évident que l’important 
théoréme de dualité du n°64 exprime une propriété topologique de l’espace 
R—S (v. 6.3). 








% §. Lefschetz, Topology, p. 149, formule (20). 
76 Cf. Lefschetz, Topology, p.314, formule (18). 








UNTERSUCHUNGEN UBER LUCKEN UND 
SINGULARITATEN VON POTENZREIHEN'. 


ZwEITE MITTEILUNG?. 


Von G. P6iya. 


VIERTES KAPITEL. 
Eine Erganzung zu dem Hadamardschen Multiplikationssatz 
und einige damit zusammenhdangende Liickensatze. 


EINLEITUNG. 


67. Der Hadamardsche Multiplikationssatz stellt einen Zusammenhang 
zwischen den Singularititen der drei Potenzreihen 


(1) S(@) = a + ae + age? +---, 
(2) 9 (2) = Io + be + dee? +---, 
(3) h(Z) = agho +a, bi 2+ aghyz?+--- 


fest. Dieser Zusammenhang besteht im wesentlichen*® darin, da8 jeder 
singulare Punkt von h(z) die Form «f hat, wobei @ ein singulirer Punkt 
von f(z) und # ein singulirer Punkt von g(z) ist. Dieser Satz gibt somit 
eine aus den Singularititen von f(z) und g(z) konstruierte Menge an, 
worin die Menge der Singularitaten von h(z) als Untermenge enthalten ist; 
er sagt uns nicht, wo die singuliren Punkte von /(z) liegen miissen, nur 
wo sie liegen kénnen; er lift die Frage, ob ein Punkt von der Form «8 
wirklich singular fiir h(z) ist oder nicht, vollstaindig offen. Gelingt es uns 
festzustellen, daB ein Punkt von der Form e@f fiir h(z) tatsichlich singulair 
ist, so sind wir iiber die Aussage des Hadamardschen Multiplikationssatzes 
wesentlich hinausgegangen. 

Ks ist zuerst E. Borel gelungen‘, iiber den Hadamardschen Multipli- 
kationssatz in der besagten Richtung hinauszugehen. Der ausschlaggebende 
Spezialfall seines Resultates kann so formuliert werden: 





‘Received May 26, 1933. 

*Die erste Mitteilung (in Abkiirzung: 1. Mtlg.) erschien in Math. Zeitschrift 29 (1929), 
S. 549—640. Die Numerierung der Paragraphen wird fortgesetzt, so daf Verweisungen 
auf Nr. 1—66 sich auf die 1. Mtlg. bezichen. 

*Vgl. J. Hadamard, Acta mathematica 22 (1898), S.55—63, ferner G. Faber, Jahres- 
bericht der deutschen Math. Vereinigung 16 (1907), S. 285—298. Eine spezielle, aber 
dafiir besonders durchsichtige Aussage findet sich bei L. Bieberbach, Lehrbuch der Funk- 
tionentheorie, Bd. II (1927). Vgl. 8. 292—294. 

*E. Borel, Bulletin de la Société Math. de France 26 (1898), S. 238—248. 
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Beide Reihen (1) und (2) sollen die Eigenschaft haben, daB auf dem 
Konvergenzkreis nur ein einziger singulirer Punkt, und zwar ein Pol liegt. 
Heift der auf dem Konvergenzkreis von (1) gelegene Pol a, der auf dem 
Konvergenzkreis von (2) gelegene 8, so ist a8 tatsiichlich singulir fiir h(z), 
niimlich der einziye auf dem Konvergenzkreis von (3) gelegene singuliire 
Punkt und ein Pol fiir h(z). 

Ausschlaggebend nenne ich diesen Spezialfall, weil aus ihm das volle 
Resultat von Borel durch einfache Schliisse herzuleiten ist; es ist dabei 
hauptsichlich zu beachten, daB die Funktionaloperation, die aus f(z) 
und g(z) die ,Hadamardsche Komponierte“ h(z) erzeugt, sowohl in bezug 
auf f(z) wie in bezug auf g(z) linear (oder ,,distributiv“) ist; vgl. Nr. 93—94. 
Eine kurze, und wohl auch geniigend klare Fassung des ausgesprochenen 
Satzes ist die folgende: 

Das Produkt von zwei Polen ist notwendigerweise ein singuliirer Punkt, 
u. zw. wieder ein Pol. 

Die Aufgabe, diesen Satz auf andere Arten von isolierten singularen 
Punkten auszudehnen, wurde durch die Untersuchung von Borel nahegelegt, 
aber erst nach einiger Zeit gelang es Faber®, auf dem von Borel ein- 
geschlagenen Weg weiterzuschreiten, und einen allgemeineren Satz zu 
beweisen, der in analoger Abkiirzung so zu formulieren ist: 

Das Produkt von zwei isolierten singuliiren Punkten, falls keiner von den 
beiden Verzweigungspunkt, ist notwendigerweise ein singuliirer Punkt. 

Kin isolierter singularer Punkt, der kein Verzweigungspunkt ist, d. h. in 
dessen Umgebung die Funktion eindeutig bleibt, ist entweder ein Pol oder 
ein sogenannter ,,wesentlicher singularer“ Punkt. Die Einbeziehung der 
wesentlichen singuliren Punkte ist das Neue an dem Faberschen Satz. 
Ferner gab Faber einen Beweisansatz fiir den folgenden, noch weiter 
gehenden Satz: 

Das Produkt von zwei isolierten singuliiren Punkten, falls mindestens einer 
von den beiden kein Verzweigungspunkt, ist notwendigerweise ein singulirer 
Punkt. 

Aber der Fabersche Beweisansatz ist insofern unvollstandig, als er einen 
wesentlichen und gar nicht selbstverstandlichen Hilfssatz iiber ganze Funk- 
tionen nur ausspricht und nicht beweist®. Diese Liicke ist allerdings aus- 
zufiillen (vgl. unter Nr. 77—79); aber selbst dann bleibt noch der folgende 
Satz unbewiesen: 

Das Produkt von zwei beliebigen isolierten singuliiren Punkten ist not- 
wendigerweise ein singuliirer Punkt. 





°G. Faber, a.a.0. 3; vgl. 8. 294—296. 
®Vgl. Faber, a.a.0. *; S. 297—298, insbesondere die Fufnote auf S. 297. 
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Einen schon vor einiger Zeit fiir diesen Satz angekiindigten’ Beweis 
auszufiihren ist der Hauptgegenstand der gegenwirtigen Mitteilung. 

68. Der darzustellende Beweis ist lang und nicht leicht. Ich hoffe, da6 
ich dem Leser die Bewahrung der Ubersicht erleichtere, wenn ich hier 
einen Weg skizziere, auf welchem man in natiirlicher Weise zu der zentralen 
Bemerkung des Beweises gelangt. 

Die Voraussetzung des zu beweisenden Satzes lautet: Auf dem Konvergenz- 
kreis von (1) liegt nur ein einziger singulirer Punkt; er heiBe @. Auf 
dem Konvergenzkreis von (2) liegt auch nur ein einziger singulirer Punkt; 
er heife 8. Es ist @ ein isolierter singularer Punkt fiir f(z), 8 fiir g(z). 

Zu beweisen ist: «f ist fiir h(z) singular. 

Auf alle Falle wissen wir aus dem Hadamardschen Multiplikationssatz, 
daB h(z) in jedem Punkt der abgeschlossenen Kreisfliche |z| <|@f! regular 
ist, den einzigen Punkt z= «8 méglicherweise ausgenommen. Daher ist 
die urspriingliche Behauptung aquivalent mit der folgenden: h(z) ist in der 
abgeschlossenen Kreisfliiche |z|<|a@8\ nicht ausnahmslos reguliir. Wollen 
wir stirker betonen, da& h(z) fiir |z|<|@A| sicher regular ist, so kiénnen 
wir die Behauptung auch so aussprechen: Der Konvergenzradius der Reihe (3) 
ist |a Bl. 

Es ist leicht zu sehen, daB der Konvergenzradius von (3) nicht kleiner 
als |@8| ist; jedoch warum nicht gréfer? Wir suchen vorerst, auf den 
ersten Anlauf, mindestens einen Teil, einen aufersten Fall der vorgelegten 
Frage zu beantworten: Warum ist der Konvergenzradius nicht unendlich 
groB? Oder noch extremer: Warum verschwindet f(z) nicht identisch? 
So kommen wir dazu, zundchst eine schwichere Behauptung als Ziel auf- 
zustellen, anstatt der urspriinglich vorgelegten: Es kinnen nicht alle Pro- 
dukte ag bo, a: b1, +++, dnbn, +++ verschwinden. 

Die ausgesprochene Behauptung ist offenbar richtig, wenn die urspriingliche 
richtig war. (h(z) kann sicherlich nicht identisch verschwinden, wenn es 
einen singularen Punkt hat!) Durch ihre Aufstellung ist es uns gelungen, 
die Frage auf ein gelaufigeres Gebiet zu verschieben: Es handelt sich um 
das Verschwinden gewisser Koeffizienten a, und b,, um die ,,Liicken“ der 
Reihen (1) und (2). Hieriiber ist uns einiges bekannt, insbesondere dies: 
Da nur ein singularer Punkt auf der Konvergenzgrenze der Reihe (1) liegt, 
haben die nichtverschwindenden a, die Maximaldichte 1 (vgl. Satz [Va in 
Nr. 58). Was sollten wir jetzt eigentlich iiber die Koeffizienten wissen, 
um schlieSen zu kénnen, da einige (womdglich unendlich viele) a,b, nicht 
verschwinden ? 

7G, Pélya, Comptes Rendus, Paris 184 (1927), 8. 579—581; vgl. auch die nachfolgende 


Bemerkung von Herrn Hadamard auf 8.581. Der Satz selbst wird auch im Referat von 
8. Mandelbrojt, Mémorial des Sciences Mathématiques, fasc. 54 (1932) auf 8S. 20 erwihnt. 
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Es handelt sich eigentlich um die Durchschnittsmenge, um die griéfte 
gemeinsame Untermenge von zwei Mengen von Indizes n: 

A sei die Menge der Indizes, fiir welche an + 0; 

B sei die Menge der Indizes, fiir welche }, + 0. 
Unser Ziel ist zu beweisen, daB& das logische Produkt AB nicht leer ist. 
Wir wissen, nach Fabry, da® die Maximaldichte von A Eins ist — und 
was noch? Wir wissen, trivialerweise, daB die Vereinigungsmenge A+ B 
enthalten ist in der Menge aller Indizes 0, 1, 2,3, ---, deren Dichte Eins ist. 

An dieser Stelle ist es natiirlich, auf die Analogie zu Punktmengen 
hiniiberzugreifen. A und B seien Punktmengen, z. B. in der Ebene; sie 
seien beide enthalten in einer Menge vom Mafe 1, sagen wir in einem 
Quadrat von der Seitenlinge 1. Das duBere Ma8 von A ist 1. Was sollten 
wir jetzt eigentlich iiber die Menge B wissen, um schlieBen zu kénnen, 
dai AB nicht leer ist? 

Wir sollten wissen, daB das innere Maf von B nicht 0 ist. Gut! Also 
wir sollen versuchen zu beweisen, daB die Minimaldichte der nichtver- 
schwindenden by positiv ist. 

Indem wir diesen Beweisansatz nach MafSgabe der zur Verfiigung stehenden 
Beweismittel und an Hand geeigneter Beispiele korrigieren, kommen wir 
schlieBlich dazu, die folgenden beiden Behauptungen als Beweisziel auf- 
zustellen: 

a) Die obere Dichte der ay ist Eins. 

b) Die untere Dichte der by ist positiv. 

Beide Behauptungen haben dieselbe Voraussetzung: Auf der Konvergenz- 
grenze der betreffenden Potenzreihe befindet sich nur ein einziger singulairer 
Punkt, u. zw. ein isolierter. Aus beiden Behauptungen zusammen wiirde 
sich, wie man leicht sieht (vgl. Nr. 89), die urspriinglich vorgelegte ergeben: 
Wir diirfen an den Behauptungen a) und b) als Beweisziel festhalten. 

Es wiirde zu weit fiihren, nun auseinanderzusetzen, welche heuristischen 
Grimde den Beweis der Behauptungen a) und b) nahelegen, und wie die 
Diskussion des gefundenen Beweises weitere Verscharfungen der gewonnenen 
Satze veranla{t. Wenn dem Leser die Motive, welche von der urspring- 
lichen Behauptung zu a) und b) hiniiberleiten, klar geworden sind, so hat 
er den wesentlichsten Zusammenhang begriffen. Wir kénnen jetzt zur 
Besprechung einiger Definitionen iibergehen, die fiir die Formulierung der 
nachher aufzustellenden endgiiltigen Beweisziele wesentlich sind. 

69. Die Beschaftigung mit den Behauptungen a) und b) drangt uns dazu, 
gewisse Typen von singuliren Punkten, die sich durch ihre besondere 
Lagebeziehung zu den iibrigen singularen Punkten der Funktion aus- 
zeichnen, hervorzuheben und zu benennen. Es soll jetzt erklart werden, 
was im folgenden unter fastisolierten, isolierten und nicht-kritischen isolierten, 
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unter zsolierbaren und unter zuginglichen singuliren Punkten zu_ver- 
stehen ist. 

Die Definition dieser Singularititstypen wird an die Angabe einer Potenz- 
reihenentwicklung gebunden, an deren Konvergenzgrenze sie liegen. Wenn 
das Zentrum der Entwicklung z ist, so hat die Potenzreihe die Form 


(4) Ay + ay (2 — 20) + ae (2 — 20)? + +++ tan (e— eo)" + -->. 


Der auf dem Konvergenzkreis der Potenzreihe (4) gelegene singuliire 
Punkt @ heift fiir diese Reihe fastisolert, wenn die durch die Reihe (4) 
definierte Funktion in jeden Punkt einer geniigend kleinen Umgebung von « 
hinein geradlinig von 2 aus fortsetzbar ist, abgesehen natiirlich von solchen 
Punkten der Umgebung, deren geradlinige Verbindungsstrecke mit z den 
singuliren Punkt @ passiert. 

Ks wird also in dieser Definition die Existenz einer besonders beschaffenen 
(kleinen) offenen Kreisfliche ® vom Mittelpunkt @ gefordert. Die Ver- 
bindungsgerade von 2 und « schneidet die Peripherie von & in zwei 
Punkten, von welchen derjenige, der nicht im Konvergenzkreis von (4) 
liegt, «’ genannt werde. Alle Punkte der Kreisfliche ® mit Ausnahme 
derjenigen, die auf der abgeschlossenen Verbindungsstrecke von « und e@’ 
liegen, bilden die aufgeschnittene Kreisfliiche R*, ein einfach zusammen- 
hangendes, eigentliches Teilgebiet von &. Die gegebene Definition nennt 
eine am Konvergenzrand der Reihe (4) gelegene singulire Stelle @ dann 
und nur dann fastisolierte singulire Stelle der Entwicklung (4), wenn, bei 
passender Wahl der (kleinen) Kreisflache 8, die durch die Potenzreihe (4) 
in einem Teile der aufgeschnittenen Kreisfliche ®* dargestellte Funktion 
im ganzen Gebiet ®* regular ist. Der Punkt @ ist singulair fir die 
Reihe; tiber andere Punkte der Verbindungsstrecke von « und e@’ wird in 
der Definition nichts ausgesagt, sie mégen sich beliebig verhalten: Sie sind 
als Randpunkte von ®* doppelt zu zaihlen, sie sind namlich vom Innern 
von &* aus von zwei Seiten her, auf zwei wesentlich verschiedenen Wegen 
anzunahern, und die Fortsetzung der durch (4) definierten Funktion kann 
auf beiden Wegen beliebig ausfallen, so daB der betreffende Punkt von 
beiden Seiten her singular, von beiden regular oder von der einen Seite 
her regular, von der andern her singular ausfallen kann. 

Kine fastisolierte singulire Stelle « der Entwicklung (4) heift <solvert, 
wenn, bei passender Wahl der (geniigend kleinen) Kreisflache 8, alle 
Punkte der Strecke @, «’, abgesehen natiirlich von «, fiir beide Fort- 
setzungsrichtungen regular sind. 

Kine isolierte singulare Stelle « heift eine nichtkritische isolierte Stelle, 
wenn die durch (4) definierte Funktion in der passend (geniigend klein) 
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gewihlten Kreisscheibe ®, in deren Mittelpunkt sie singulér wird, ein- 
deutig bleibt. Eine isolierte singulare Stelle ist entweder kritisch oder 
nichtkritisch; kritische isolierte Stelle heiBen (in deutscher Terminologie) 
iiblicherweise Verzweigungsstellen; eine nichtkritische isolierte Stelle ist, 
wie wohl bekannt, entweder ein Pol oder ein sogenannter wesentlicher 
singularer Punkt. 

Die eben definierten Begriffe des fastisolierten und des isolierten singu- 
laren Punktes sind wesentlich an die Angabe einer Potenzreihe, eines 
Funktionselementes gebunden, an dessen Konvergenzgrenze sie liegen; ein 
fastisolierter singularer Punkt @ des Funktionselementes (4) ist nicht mehr 
fastisolierter Punkt fiir gewisse, passend gewahlte unmittelbare Fortsetzungen 
davon. Ein nichtkritischer isolierter Punkt des Funktionselementes (4) 
hingegen behalt diese Eigenschaft fiir alle Funktionselemente, an deren 
Konvergenzgrenze er liegt und die aus (4) durch Fortsetzung innerhalb & 
entstehen. 

Wir kommen zu einer weiteren Definition. Ein auf dem Konvergenzkreis 
der Reihenentwicklung (4) gelegener singulirer Punkt @ heift fiir diese 
Entwicklung isolierbar, wenn es in jedem (noch so kleinen) Kreis mit dem 
Mittelpunkt « eine doppelpunktlose geschlossene, den Punkt « umschlieBende 
Kurve gibt, entlang welcher die durch die Potenzreihe definierte Funktion 
fortsetzbar ist. Gemeint ist analytische Fortsetzung der Funktion entlang 
eines vollen Umlaufs der fraglichen Kurve, von einem bestimmten Ausgangs- 
punkte aus, in einer bestimmten Richtung zum Ausgangspunkt zuriick, 
wobei die in Betracht kommenden Funktionswerte entlang eines gewissen, 
in den Konvergenzkreis von (4) fallenden Bogens der Kurve durch (4) 
dargestellt sind. 

Eine isolierte Stelle ist also, ob kritisch oder nicht kritisch, sicherlich 
auch isolierbar zu nennen. Eine fastisolierte Stelle ist dann und nur dann 
nicht-isolierbar, wenn die oben erwaihnte Umgebung & so klein gewallt 
werden kann, daB die Strecke @, «’ von beiden Seiten her eine singulire 
Linie wird. © 

Wir kommen zu einer letzten Definition, zu der eines zuginglichen 
singularen Punktes, die folgendermaf8en lautet: 

Ks sei f(z) eine analytische Funktion und @ ein singularer Punkt von /(z). 
Man betrachte eine offene Kreisfliche mit dem Mittelpunkt «. Sie sei durch 
einen Durchmesser in zwei offene Halbkreise. geteilt, der Durchmesser 
selbst sei durch @ in zwei Radien ohne Endpunkte geteilt. Wenn es 
méglich ist, die Kreisfliche und den Durchmesser so zu wahlen, daB der- 
jenige Zweig von f(z), der in « singular wird, in einem der beiden Halb- 
kreise und zugleich auf einem der beiden Radien regular bleibt, so heife « 
ein zugiinglicher singulirer Punkt (des betreffenden Zweiges) von f(z). 
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Wenn z. B. e@ fastisolierter singulirer Punkt eines Elementes der 
Funktion f(z) ist, so ist @ sicherlich ein zuginglicher singulirer Punkt 
von f(z). Ist hingegen @ ein von den beiden Endpunkten verschiedener 
Punkt einer geraden Strecke, die eine singulire Linie fiir f(z) bildet, so 
ist « nicht zuginglich. 

Diese Definitionen sind nicht miifig: Sie beschreiben einfache geome- 
trische Kigenschaften der Singularititen, die in verhaltnismafig einfachen 
Kigenschaften der Koeffizientenfolge des angrenzenden Funktionselementes 
sich wiederspiegeln oder beim Verhalten gegeniiber gewissen Funktional- 
operationen mafgebend sind, wie es sich spiter zeigen wird (vgl. Hilfs- 
satz III in Nr. 83). Sie spielen bei dem bevorstehenden Beweis, ja schon 
bei der scharfen, zweckmafigen Formulierung der ins Auge gefaften Er- 
ginzung zum Hadamardschen Multiplikationssatz eine wesentliche Rolle. 

70. Nach geeigneter Verschirfung und Verallgemeinerung gehen die in 
Nr. 68 erwaihnten Behauptungen a) und b) in die folgenden beiden Siatze 
iiber: 

Satz A. Wenn auf dem Konvergenzkreise einer Potenzrethe nur ein 
einziger singuliirer Punkt liegt, und dieser singuliire Punkt fiir die Potenz- 
reihe fastisoliert ist, so ist die obere Dichte der Koeffizienten 1. 

Satz B. Wenn die untere Dichte der Koeffizienten einer Potenzreche 
Null ist, so ist die dargestellte Funktion eindeutig, und thr Existenzgebiet 
ist einfach zusammenhiingend®. 

Aus diesen beiden Satzen wird mehr folgen, als in Nr. 67 behauptet 
wurde: Nicht bloB das Produkt von zwei beliebigen isolierten singularen 
Punkten ist notwendigerweise singulair, sondern auch das Produkt eines 
fastisolierten und eines isolierbaren singuliaren Punktes. Die ausfiihrliche 
Fassung lautet so: 

Satz C. Wenn auf dem Konvergenzkreis der Potenzrethe 


Ay + 4 eta e+ tee + ane"+ sale 
nur ein einziger singuliirer Punkt « liegt, und « fastisoliert ist, wenn JSerner 
auf dem Konvergenzekreis der Potenzreihe 

bo +b, etbyet?t+ ++ +hna+-:: 


ebenfalls nur ein einziger singuliirer Punkt 8 liegt, und 8B isolierbar ist, so 
ist der Punkt «8 fiir die Potenzreihe 





§ Unter Existenzgebiet ist die Gesamtheit der Regularititspunkte zu verstehen. (Pole 
und algebraische Verzweigungspunkte gehéren also nicht zum Existenzgebiet.) ,,Einfach 
zusammenhingend“ heift ausfihrlicher: Einfach zusammenhingendes Teilgebiet der z-Ebene. 
(Nicht der z-Kugel!) Insofern nicht ausdriicklich das Gegenteil erwihnt wird, gilt auch 
im folgenden, insbesondere in den Nrn. 83—87, daf der Punkt z = oo nicht als Punkt der 
Gebiete gerechnet wird, deren Zusammenhangsverhiltnisse untersucht werden. 
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Ay bo + ay bi 2+ dg bs 2? + +++ tan bane "+ --- 


notwendigerweise ein singuliirer Punkt, und zwar der einzige auf deren 
Konvergenzkreis gelegene singuliire Punkt. 

Die Genauigkeit dieses Satzes ist daran zu ermessen, dafi das Produkt 
von zwei fastisolierten singuliren Punkten nicht singular zu sein braucht, 
wie es spiter (in Nr. 91) durch ein Beispiel belegt werden soll. 

Der Satz C beantwortet nur eine Einzelfrage, allerdings eine besonders 
einschneidende Einzelfrage aus einer allgemeineren Fragestellung, die den 
Hadamardschen Multiplikationssatz betrifft: Unter welchen Bedingungen 
kann behauptet werden, da{ das Produkt #8 aus einem singularen Punkt « 
der Funktion (1) und aus einem singuliren Punkt 8 der Funktion (2) 
tatsichlich singulir fiir die Funktion (3) ist? Einige Andeutungen iiber 
diese allgemeine Fragestellung sind in den Nr. 92—93 enthalten. 

71. Das Material fiir den Beweis der Siatze A, B, C ist aus vielen, weit 
auseinanderliegenden Gebieten zusammenzutragen. Um die Darstellung 
nicht iiber Gebiihr auszudehnen, habe ich darauf verzichtet, sie in ahn- 
lichem Mafe ,,voraussetzungslos“ zu gestalten, wie die Darstellung der 
ersten Mitteilung iiber diese Untersuchungen gestaltet werden konnte. 
Mehrere wesentliche Hilfsmittel sind in dieser ersten Mitteilung zu finden 
(in den Kapiteln I und IJ; Kapitel II] kommt weniger in Frage); eine 
ganz wesentliche Stiitze des Satzes B ist einer meiner vorangehenden 
Publikationen zu entnehmen’, usw. Das Benutzte wird unter Angabe der 
Herkunftstelle in geeigneter Form ausfiihrlich formuliert, meistens in Form 
von Hilfssitzen’. 

ZERLEGUNG DER SINGULARITATEN. 


72. Kine Stiitze des Beweises fiir Satz A ist die folgende Tatsache: 
Satz I. Wenn die Potenzreihe 


S(2) = atae+aet--- 


auf threm Konvergenzkreise nur einen einzigen singuliiren Punkt hat, niimlich 
den Punkt z2 = 1, und dieser Punkt ein fastisolierter singuliirer Punkt 
fiir f (2) ist, so lipt f(z) die Zerlegung 


°G. Pélya, Nachrichten der Gesellschaft der Wissenschaften zu Géttingen 1927, S.187—195. 

“An dieser Stelle erwihne ich zwei eigene Arbeiten zur Erganzung der in der Fub- 
note * der 1. Mtlg. gegebenen Liste: k) Atti del Congresso Internazionale dei Matematici, 
Bologna 1928, Bd. III, S. 2483—247; 1) Giéttinger Nachrichten (1930), Fachgruppe I, 
8. 19—27. Auch zwei der Eidg. Technischen Hochschule in Ziirich eingereichte Disser- 
tationen seien hier erwihnt: R. Jungen, Sur les séries de Taylor n’ayant que des singu- 
larités algébrico-logarithmiques sur leur cercle de convergence (Commentarii Mathematici 
Helvetici 3 (1931), S. 266—306) und E. Boller, Uber ganze Funktionen vom Exponential- 
typus und ihre Indikatordiagramme, 1932. 
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(5) JS (2) = O(2)+/* (2) 


zu, mit folgenden Eigenschaften: 
S* (2) ast reguliir im Innern eines Kreises, dessen Radius grifer als 1 ist; 
(z) ist regulir und eindeutig auferhalb einer endlichen, auf der reellen 
Achse gelegenen Strecke. Der linke Endpunkt dieser Strecke ist z= 1; 
D(z) bleibt auch fiir z= reguliir, und es ist O(~) = 0. 

Das auferhalb der besagten Strecke gelegene Gebiet ist einfach zusammen- 
hangend zu nennen, wenn der Punkt z= oo dazu gerechnet wird; man 
stelle sich das Gebiet auf der Kugel vor. Die Einfachheit des Zusammen- 
hangs macht die behauptete Eindeutigkeit selbstverstiandlich. 

Dieser Satz ist im wesentlichen bekannt"'; er soll aber der Vollstandigkeit 
halber bewiesen werden, u. zw. soll er, um den spiter wieder zu gebrauchenden 
Gedankengang klar herauszuarbeiten, in zwei Schritten bewiesen werden. 

Nach Voraussetzung gibt es eine Zahl e,@>1, so beschaffen, dab f(z) 
im Kreise |z| << @ regular ist, abgesehen von denjenigen Punkten der reellen 
Achse, die auf der Strecke zwischen z = 1 und z = ¢ liegen; z = 1 muh, 
die iibrigen Punkte der Strecke kénnen singulair sein. Versetzen wir uns 
zunichst in den Spezialfall, in welchem der Punkt z = e regulir bleibt, 
sowohl bei Annaherung von der oberen, wie bei Annaéherung von der unteren 
Seite der reellen Achse her. Wir kénnen dann f(z), fiir geniigend kleines |2|, 
folgendermafen durch das Cauchysche Integral darstellen: Es ist 


1 S(w) dw 
221 Jo w—zZz 





(6) f@ = 


wobei die geschlossene, im positiven Sinne durchlaufene Kurve C in zwei 
Teile zerfallt: 


] 


C=r+cr. 


C* ist die Kreislinie |z| =, im positiven Sinne durchlaufen. 

I ist eine geschlossene Kurve ohne Doppelpunkt, die durch den Punkt 
¢ =e hindurchgeht, das Geradenstiick zwischen z = 1 und z = @, ab- 
gesehen vom rechten Endpunkt, im Innern enthalt, den Punkt z = 0 aufer- 
halb 1a6t, und selbst im Innern von C* enthalten ist, wieder abgesehen 
vom Punkte z = 0; I ist im negativen Sinne durchlaufen. 

C=TI-+C* ist also eine geschlossene Kurve mit einem Doppelpunkt 
an der Stelle z = e, die im positiven Sinne durchlaufene Umrandung eines 


'!'Vgl. A. Haar, Nachrichten der Gesellschaft der Wiss. Géttingen (1914), 8S. 114—123. 
Vgl. ferner die auf eine verwandte aber etwas verschiedene Aufgabe gerichtete Arbeit von 
G. Faber, Math. Annalen 60 (1905), 8. 379—397, insbesondere die Ausfiihrungen S. 391—-395, 
die auch fiir den Beweis des Satzes I verwendet werden konnten. Fiir ein allgemeineres 
Resultat vgl. die Ankiindigung von N. Aronszajn, Comptes Rendus, Paris 194 (1932), 
S. 155—156. 
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den Punkt z = 0 enthaltenden Gebietes. Gemaf8 (6) ist in einer Umgebung 


des Punktes z = 0 
ae I (w) dw 1 S(w) dw 
IO = Oni Jr w—z2 T ini ce w—Z 


= @ (2) + I* (2) 





wir haben @(z) mit dem Integral iiber 7, f*(z) mit dem itiber C* iden- 
tifiziert. Aus dieser Integraldarstellung sind die in Satz I ausgesagten 
Regularitatseigenschaften von @(z) und f*(z) ohne weiteres ersichtlich 
(durch geeignete Deformation der Kurve F). Insbesondere gilt fiir |z|> 0 


O(z) = : "_£(w) dw = — : S ax J fou aw, 


2ni Jpw—e2 272 n=0 











Diese Reihenentwicklung zeigt, daB ®(z) im Punkt 2 = oo regular ist und 
den Wert 0 annimmt. 

73. Die Einschrankung, unter welcher der Beweis von Satz I erbracht 
wurde, lift sich abmildern: Der Punkt z = o muB nicht regular sein, es 
geniigt, wenn von beiden Seiten der reellen Achse Wege von endlicher 
Lange in z = ¢ hineinfiihren, entlang welcher /(z) beschrankt bleibt. Unter 
dieser erweiterten Annahme bleibt der gegebene Beweis im wesentlichen 
bestehen, nur die Integrationslinien / und C* sind insofern zu modifizieren, 
daB wir sie in der Nahe des Punktes z = @ mit den erwahnten Wegen 
zusammenfallen lassen miissen. 

Diese Bemerkung fiihrt uns auf die folgende, von Poincaré herrihrende 
Beweismethode’*. Man kann” eine solche ganze Funktion G (z) angeben, die 
keine Nullstellen hat und entlang der positiven reellen Achse eine vor- 
gegebene (beliebig stark anwachsende!) Funktion dem Betrage nach iiber- 
trifft. Man kann also die nie verschwindende ganze Funktion G (z) bei 
vorgegebenem f(z) so wahlen, dab 


 — 

| Sapa See 

| (2—)? 
gegen 0 strebt, wenn z entlang einer Parallelen zur imaginaéren Achse in 
den Punkt z = ¢ hineinriickt, u. zw. fiir beide Annaherungen, sowohl von 








12H. Poincaré, American Journal of Math. 14 (1892), S. 201—221; vgl. S. 2183—221. Die- 
selbe Methode wendet auch Haar an, vgl. a. a. O. ', S. 117—122. 

'S Poincaré, a.a. 0. , 8. 213—215. Vgl.z. B. auch G. Pélya und G. Szegé, Aufgaben 
und Lehrsitze aus der Analysis (1925), Bd. II, Nr. IL 180, 8. 32 und S. 211. Man kénnte 
hier auch etwas anders vorgehen, indem man einen (allerdings tiefer liegenden) Satz von 
T. Carleman, Arkiv fér Matematik, Astronomi och Fysik, 20B (1927), Nr. 4, benutzt. 
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der unteren wie von der oberen Halbebene her. (Wir haben hier still- 
schweigend Regularitat in einem etwas griéferen Gebiet vorausgesetzt als 
urspriinglich. Dies schadet aber nicht, da wir ja e durch o’ ersetzen kénnten, 
wo 1<e’<o.) Die Methode der vorangehenden Nr. 72 ist also, mit der 
am Anfang der vorliegenden Nummer angegebenen Modifikation, auf g (2) 


anwendbar: Es ist 
g(z) = ¥ (ze) +9* (2), 


wobei g* (z) im Kreise |z|<@, und #(z) au®erhalb der Strecke zwischen 
zg=1 und z—oe regular ist; ferner bleibt #(z) auch fir z= © regular, 
und es ist #(oo) = 0. Wird nun 


w()6(— =) = O(2), g* (eG (— 


(z 


gesetzt, so besitzen @ (z) und /*(z) alle von ihnen in Satz I ausgesagten 
Kigenschaften. 


a. a 
z—e)* 


=f 


INTERPOLATION DER KOEFFIZIENTEN. 
74. Man sagt, da® eine ganze Funktion F(z) die Koeffizienten einer vor- 
gelegten Potenzreihe 


(7) O(z) = Cotazgtaeat---teoet+-:-- 
interpoliert, wenn fir n = 0,1, 2,3,--- die Gleichung 
(8) F(n) = i 


besteht. Die Koeffizientenfolge einer beliebigen Potenzreihe kann durch 
eine ganze Funktion interpoliert werden, sogar — dieser Punkt geht uns 
besonders an — durch eine ganze Funktion vom Exponentialtypus, falls 
die Potenzreihe nicht stets divergiert. In der Tat’, es kann der Koeffizient c, 
der als nicht stets divergent vorausgesetzten Reihe (7) in der Form 


tite sa eaten’ 
(9) Cy = sar FO (w) w dw 


dargestellt werden, wobei das Integral im positiven Sinne entlang eines 
geniigend kleinen Kreises vom Mittelpunkt w = 0 erstreckt ist. Man 
betrachte das Integral 


ia ee palin Bae 
(10) F(Z) = oni f 0 (w) w dw, 


erstreckt iiber denselben Kreis, der in (9) auftritt; die in w mehrdeutige 
Funktion w-7 ist als e~7'°¢” zu interpretieren, wobei der Imaginarteil von 








‘4 Die darzustellende Methode riihrt wohl von C. W. Oseen her; vgl. Arkiv for Matematik, 
Astronomi och Fysik, 2 (1906), Nr. 21. 
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log w zwischen —7z und 7 enthalten sei (wir zerschneiden den Integrations- 
kreis durch die reelle negative Halbachse). Daf F(z) eine ganze Funktion 
ist und der Gleichung (8) fiir » = 0,1, 2,--- geniigt, ist klar; ich behaupte, 
daB F(z) eine ganze Funktion vom Exponentialtypus ist. In der Tat, es 
geht das Integral (10) durch die Variablentransformation w = e~ in 


(11) F(Z) = Tar | OI eae 


iiber, wobei das Integral in bezug auf z entlang einer geradlinigen Strecke 
von der Linge 27 zu erstrecken ist, die durch die reelle Achse der z-Ebene 
halbiert wird und darauf senkrecht steht. Das Integral (11) ist mit dem 
in Kapitel II behandelten Integral (27) zu vergleichen; die Uberlegung 
von Nr. 24a), angewandt auf (11) (anstelle des dort betrachteten (27)) 
zeigt, daB F(z) eine ganze Funktion vom Exponentialtypus ist, deren kon- 
jugiertes Diagramm in der beschriebenen Integrationsstrecke von der Linge 
2a enthalten ist. (Es ist mit dieser Strecke identisch, wie aus Nr. 43 
hervorgeht, aber dies wird in der Folge nicht benutzt.) 

75. Die Integrationslinie in (9) kann auf mannigfache Art abgeandert 
werden, ohne den Wert des Integrals zu andern; dieselbe Anderung der 
Integrationslinie wird aber das durch (10) definierte F(z) durch eine 
Funktion ersetzen, die zwar auch die Koeffizientenfolge cp, interpoliert und 
ebenfalls vom Exponentialtypus ist, aber sonst von F(z) ganz verschieden 
sein kann. Wird z. B. der urspriinglich gewahlte Kreis durch einen andern, 
konzentrischen ersetzt, so geht das urspriingliche F(z) in ein verschiedenes 
iiber, sogar das konjugierte Diagramm erfahrt eine Horizontalverschiebung. 
(Bei Beibehaltung des Integrationskreises wiirde eine abgeanderte Wahl 
des Zweiges von log w, vermittels einer andern Zerschneidung des Inte- 
grationskreises, eine Vertikalverschiebung des konjugierten Diagramms 
bewirken.) Eine unter besonderen Umstinden zulassige spezielle Ver- 
lagerung des Integrationsweges ergibt, unter Hinzuziehung von friher 
Bewiesenem, den 

Satz II. Damit die durch die Potenzreihe (7) definierte Funktion ®(z) 
entlang eines vom Punkt z= 0 auslaufenden Halbstrahls bis in den Punkt 
2 = © hinein fortsetzbar sei und bei dieser Fortsetzung den Funktionswert 
O(2) = 0 erhalte, ist notwendig und hinreichend die Existenz einer ganzen 
Funktion F(z) vom Exponentialtypus, die die Koeffizienten von O(z) im 
Sinne von (8) interpoliert, und von dessen Indikatordiagramm die Breite 
senkrecht zur reellen Achse kleiner als 27 ist. 





‘5 Vol. F. Carlson, Sur une classe de séries de Taylor, Thése, Upsala 1914. Vel. die 
weiteren Zitate der 1. Mtlg. S. 553, FuBnote 8, 
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Dab @(z) ,,bis in den Punkt z = © hinein“ fortsetzbar ist, ist natiirlich 
so zu verstehen, da der durch die besagte Fortsetzung zustandegekommene 
Zweig sich fir groBe Werte von z in eine Reihe von der Form 


(12) O0) = mt 24+S4... 


entwickeln lat; ferner ist O(c) = d) = 0 gefordert. Somit verschwindet 
O(w)w! fir w = © wie w~*, und wir kénnen, indem wir die Voraus- 
setzung betreffend die Fortsetzbarkeit von ®(z) benutzen, die urspriingliche 
kreisférmige Integrationslinie in (9) fiir n — 0,1, 2,--- durch eine neue, 
sagen wir &, ersetzen, welche aus folgenden vier Stiicken besteht: Aus 
einem Kreisbogen mit Zentrum w = 0, der im Konvergenzgebiet von (7) 
verlauft; aus einem zum erstgenannten konzentrischen und in bezug auf das 
gemeinsame Zentrum ahnlich gelegenen Kreisbogen, der im Konvergenz- 
gebiet von (12) verlauft; schlieflich aus zwei, die entsprechenden End- 
punkte der genannten Bégen verbindenden Geradenstiicken, deren Ver- 
langerung durch das gemeinsame Zentrum w= 0O geht. Es sei jetzt das 
Integral (10) auch entlang dieser Linie & erstreckt. Bei der Abbildung 
w = e* geht die Linie & in ein in der z-Ebene gelegenes Rechteck ® 
iiber, dessen vertikale Seiten die Liinge 2 nicht erreichen; entlang dieses 
Rechteckes R ist nun das Integral (11) zu erstrecken. Die Anwendung 
der Uberlegungen von Nr. 24 a) auf (11) ergibt, daB F(z) eine ganze 
Funktion vom Exponentialtypus ist, dessen konjugiertes Diagramm in der 
durch St begrenzten Rechtecksfliche liegt. Damit ist bewiesen, daB die 
in Satz II genannte Bedingung notwendig ist; daB sie auch hinreicht, haben 
wir schon in Nr. 44 besprochen. 

76. Zwischen dem Indikatordiagramm < der ganzen Funktion F(z) 
und den Singularitéten der Potenzreihe ®(z) besteht eine sehr enge, in 
Nrn. 43—44 ausfiihrlich besprochene Beziehung. Wir brauchen im folgenden 
diese Beziehung nur in einem sehr speziellen Falle: Wenn ®(z) auSerhalb 
einer auf der positiven reellen Achse gelegenen geradlinigen Strecke regular 
ist, dann ist das Indikatordiagramm von F(z) entweder eine auf der reellen 
Achse gelegene geradlinige Strecke oder eine dazu parallele Strecke im 
Abstand 27m von der reellen Achse, wobei m ganz ist; dies geht aus 
Nrn. 43—44 hervor. Nun ist aber F(z) durch ®(z) nicht eindeutig be- 
stimmt: Genau dieselben in Satz II beschriebenen Beziehungen, welche 
zwischen @(z) und F(z) bestehen, bestehen auch zwischen @(z) und 
F(z) &imz 16, Die Multiplikation von F(z) mit e°*”” bedeutet aber er- 
sichtlicherweise eine Vertikalverschiebung des Indikatordiagrammes um den 


‘6 Aber abgesehen von diesem Faktor ist F(z) vollstindig bestimmt. Vgl. Carlson, 
a.a.Q.'>, ferner Nr. 43b (1. Mtlg.). 
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Vektor —27mi (vgl. Nrn. 31, 32). Indem wir diese Vertikalverschiebung 
passend wahlen und uns auf die Satze I, I, ferner auf Nrn. 43—44 
stiitzen, erhalten wir schlieBlich das folgende Resultat, das wir von den 
bisher getroffenen Vorbereitungen zum Beweise des Satzes A allein weiter 
brauchen werden: 

Satz III. Die notwendige und hinreichende Bedingung dafiir, daf die 
Potenzrethe 


vA) = do taetaet---tae+-:-- 


auf ihrem Konvergenzkreis nur einen singuliiren Punkt habe, niimlich den 
Punkt z= 1, und da dieser Punkt ein fastisolierter singulirer Punkt fiir 
SF (2) sei, ist die Méglichkeit einer Zerlegung 


a, = F(n)+ax, 
wobei 

ee n a 

lim V{a*|<1 

uo 
und F(z) eine ganze Funktion vom Exponentialtypus ist, deren Indikator- 
diagramm ein auf der reellen Achse gelegenes Geradenstiick ist, dessen rechter 
Endpunkt im Nullpunkt liegt. 

GemaiB der Definition des Indikatordiagrammes und des Indikators gilt 

fiir die im Satz erwahnte Funktion F(z) 


= <9 
Vom Satz III wird im folgenden eigentlich nur ein Teil gebraucht: Nur 
die Notwendigkeit der besprochenen Bedingung, und von den Eigenschaften 
von F(z) bloB soviel, dab F(z) fir Rz>O0 regular ist und (13) geniigt. 

Auf dem zum Beweis von Satz III fiihrenden Wege erhalt man auch 
den wohlbekannten und noch auf vielen anderen Wegen erreichbaren Satz 
von Wigert*’, den man auch so aussprechen kann: 

Zusatz zu Satz Ill. Soll der Punkt z=1 fiir f(z) nicht blof fastisolert, 
sondern isoliert, und zwar kein Verzweigungspunkt (also ein Pol oder eine 
wesentliche singuliire Stelle) sein, so besteht das Indikatordiagramm von F(z) 
aus dem Nullpunkt. 

Man kann die hier behauptete Eigenschaft von F(z) in der itblichen 
Terminologie auch so aussprechen, daf F(z) entweder einer Ordnung unter- 
halb 1 oder (héchstens) dem Minimaltypus der Ordnung 1 angehért. Die 
durch Formel (13) ausgedriickte (weniger besagende) Eigenschaft von F(z) 


(13) h(y) = lim rlog| F(re®)| = 0 fir — 
rms 


IIA 


4 
=" 
a 





'’ Ofversigt af K. Vet. Ak. Férhandlingar 57 (1900), S. 1001—1011. Vgl. ferner 1. Mtlg. 
S. 553, FuBnote ® und etwa L. Bieberbach, a. a. 0.°, S. 288—292. 
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kann so ausgesprochen werden, daB F(z) in der rechten Halbebene hichstens 
yom Minimaltypus der Ordnung 1 ist. 


BEWEIS DES SATzes A. 


77. Der zu beweisende Satz A ist nahe verwandt mit dem folgenden, 
yon Faber aufgestellten Satz’®: 

Satz IV. Wenn auf dem Konvergenzkreise einer Potenzreihe nur ein 
einziger singuliirer Punkt liegt, und dieser singuliire Punkt isoliert und 
nicht-kritisch, also ein Pol oder eine wesentliche singuliire Stelle ist, so ist 
die Dichte der Koeffizienten 1. 

Der neue Satz A geht aus dem Faberschen Satz IV durch eine doppelte 
Anderung hervor: Einerseits wird die Voraussetzung erweitert; man geht 
von speziellen, nicht-kritischen isolierten Singularititen zu allgemeineren 
fastisolierten Singularitéten iiber. Andererseits wird die Behauptung ab- 
geschwacht, anstatt von Dichte nur von der oberen Dichte gesprochen. 
Zur Erlauterung der Methode soll dem Beweis des Satzes A der Beweis 
des analogen leichteren Satzes IV voraufgeschickt werden. 

Sowohl in Satz A, wie in Satz IV kénnen wir ohne wirklichen Verlust 
an Allgemeinheit annehmen, dafB der Konvergenzradius 1 und dafi der 
einzige auf dem Konvergenzkreis liegende singulire Punkt z = 1 ist. 
Dem Beweise von Satz A wurde durch Satz III wesentlich vorgearbeitet, 
dem Beweise von Satz IV durch den Zusatz zu Satz II. In Kenntnis 
dieses Zusatzes kénnen wir Satz IV auf den folgenden’ reduzieren: 

Satz V. Es sei F(z) eine ganze Funktion, deren Anwachsen den Minimal- 
typus der Ordnung 1 nicht iibertrifft, und @ eine gegebene (kleine) positive 
Zahl. Dann haben diejenigen positiven ganzen Zahlen n, fiir welche die 
Ungleichung 

| F (n)| >e-™ 
erfiillt ist, die Dichte 1. 

In Kenntnis des Satzes III kiénnen wir Satz A auf den folgenden 

reduzieren: 


'SG. Faber, a. a. 0. 3 8.297. In wesentlich schwicherer Form wurde der Satz von 
N. Obreschkoff wiedergefunden; vgl. Comptes Rendus, Paris, 182 (1926), 8. 307—309, ins- 
besondere S. 309. Vgl. ferner die Bemerkungen von G. Valiron und G. Pélya, Comptes 
Rendus, Paris, 185 (1927), S. 831—833 bzw. S. 1107—1108. 

9G. Faber a.a.0. 3 §,297; auch die Fufnote ist zu beachten. Ich gebe hier den in 
meiner Note von 1927 a.a.0.7 angekiindigten Beweis. Vgl. fiir verwandte aber ver- 
schiedene Sitze das Kapitel IX des in Druck befindlichen Buches von V. Bernstein, Legons 
sur les progrés récents de la théorie des séries de Dirichlet (Paris, 1933). [Vgl. noch die 
Nrn. 95—99, insbesondere die FuBbnote **.] 
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Satz VI. Die Funktion F(z) soll in der Halbebene Re = 0 reguliir 
sein, ihr Anwachsen daselbst soll den Minimaltypus der Ordnung 1 nicht 
iibertreffen, und es sei fiir reell wachsendes z 
(14) lim z~ log|F(z)| = 0. 

z>+o0 
Es sei « eine gegebene (kleine) positive Zahl. Dann haben diejenigen positiven 
ganzen Zahlen n, fiir welche die Ungleichung 


| F (n)| >e™ 
erfiillt ist, die obere Dichte 1. 

Satz VI ist also das eigentliche Beweisziel; er wird mit Hiilfe der La- 
grangeschen Interpolationsformel bewiesen*®. Zur methodischen Vorbe- 
reitung, und auch zur Ergéinzung einer 6fters erwahnten Faberschen 
Untersuchung, wird der Beweis von Satz V voraufgeschickt. 

78. Der Beweis des Satzes V kann auf folgende Bemerkung gestiitzt 
werden: 

Hinrssatz I. Hs sei P(z)=2"+--- ein Polynom n-ten Grades vom 
hichsten Koeffizienten 1. Dann gibt es unter den n-+1 Werten 


P (x); P(x), P (a), rns P (an), 





die das Polynom an n+-1 verschiedenen ganzzahligen Stellen xo, 1, X2,++*5 Xn 
n 
annimmt, mindestens einen, dessen Betrag ( z -) iibertrifft. 
Zum Beweis*' interpoliere man das Polynom P(z) an den n+ 1 besagten 
ganzzahligen Stellen. Es ist 





— (¢ —ap) +++ (@ —ay—1) (@ —ay41) +++ (@ —an) 
eae = tees (Xv —2X) +++ (%y— ays) (@y — ay41) +++ (@y— an) * 


Indem man den Koeffizienten von 2” links und rechts vergleicht, und hierbei 
eine wesentliche Voraussetzung benutzt, erhalt man 


(1s) 1=> Poe 


v=0 (ay — 2%) sia fo (ay — Xy—1) (ay — 2y41) 4 (xy — Zn) ‘ 





Man kann annehmen, daf die betrachteten ganzzahligen Stellen aufsteigend 
numeriert sind, das heift, daB 


Lo Ly KL Xe<+++ <a. 





**Ich teile hier den in meiner Note von 1927 a.a.0.7 erwihnten Beweis mit. Herr 
Rolf Nevanlinna fand im Wintersemester 1928/29 einen zweiten, ginzlich verschiedenen, 
sehr interessanten Beweis, worauf bei anderer Gelegenheit eingegangen werden soll. 

"1 Vol. G. Pélya, Jahresbericht der deutschen Math. Vereinigung 28 (1919), S. 31—40, 
insbesondere S. 32. 
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Die Beachtung der Abstiande zwischen den sukzessiven Punkten ergibt 
offenbar 


V 


Ly —Ly-1 =— 1, Ly — Ly—2 = 2, eee, Ly—D = Vv, 
Lyti— Ly 2 1, Lypa—Ay |] 2, -++, In—By ]> n—», 


und somit folgt aus (15), wenn wir das Maximum der n+ 1 Betriige | P(2y)', 
|P(a,)|,-++,|P(an)| mit M bezeichnen 











n 
1 
1<M — 
= p> (ay -— Xo) + + + (Xy — 2y—1) (%y41 — Ay) +++ (Xn — zy) 
. 1 
(16) Ek ee ye ee eee 
=. ! gn n 
= M an... Se =— Mon E- M ¢ ' 
n! <=> v! (n—v)! n! n” 
also 
n n 
M> (ss) . 
w. % D. W. 


79. Jetzt kommen wir zum Beweise des Satzes V. 

Ich bezeichne mit n(r) die Anzahl derjenigen Nullstellen der ganzen 
Funktion F(z), deren Betrag < 7 ist. Die Voraussetzung des Satzes V hat 
bekanntlich® zur Folge, daf 


(17) lim 7 n(r) = 0 
r—> 2 
ist, ferner, daB F(z) héchstens vom Geschlecht 1, also von der Form 
(18) F(z) = & I] (1 —<| ov 
y=1 v 


ist. Die beim Hinschreiben der Formel (18) gemachten Beschrankungen 
(F(0) = 1 und n(r) > © fiir » >) sind unwesentlich. 

Ich bezeichne mit N(r) die Anzahl derjenigen positiven ganzen Zahlen ~, 
fir welche die beiden Ungleichungen 


|F(z)| ce, 
zor 
gelten. Die Behauptung des Satzes betrifft N(r), die Anzahl der ,,kleinen“ 
ganzzahligen Stellen bis zur Grenze r, und besagt, dah 


(19) lim > N(r) = 0 


ron 


ist. Es ist also (19) zu beweisen. 





“Vegi. z. B. Bieberbach, a. a. 0. *, S. 235—243. 
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Es sei 8 gegeben, O0<8<1. Ich betrachte die ganzzahligen Werte x 
im Intervall 





























(20) BR<a< R. 
Ich setze abkiirzungsweise 
(21) n(2R) = n, 
lay| = t (y = 0, 1, 2, 3, ---) 
(so daB ¢y41 > 2), und betrachte 
io) e 
Fa r—a)| = TT 1—G| 21] 
_ ar ote |x—ol 1 
y=1 - ial y=nt+l ae x" 
(22) a eas 
1 = 1 
= 2R)" I@—«) I] 7 





|¥v=n+1 1+ 


> gtpwlPootT (+ az)" 


Unter P(z) = 2"+.--- ist hierbei das Polynom mit dem _ héchsten 
Koeffizienten 1 verstanden, dessen Nullstellen ¢,, cs,---,¢, sind. Nach 
Hilfssatz I gilt, mt eventueller Ausnahme von hichstens n Stellen, daB an 
einer ganzzahligen Stelle 


P@)|> (se)" 


ist, und hieraus folgt weiter, gemaf (22), wenn die betreffende ganzzahlige 
Stelle « im Intervall (20) liegt, daB 


Fo) > aps (2) {le oT] (1+5 — -1 


rms “ura II (1+ = 


ist; zum Schlu8 wurde die erste Ungleichung von (20) beriicksichtigt. 
Da F(— 2), ebenso wie F(x) den Minimaltypus der Ordnung 1 nicht 
iibersteigt, und dasselbe von der ganzen Funktion von 2 gilt, die rechts 
in (23) als zweiter Faktor in der geschweiften Klammer steht, folgt auf 
Grund von (21) und (17), daB fiir geniigend groBes R fir alle in (20) 


(23) xn 


> (4e) Ls 2 
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liegenden ganzzahligen x, mit eventueller Ausnahme von hiéchstens » 


Werten z, 
| F(ax)| > e-* 


gilt. Fir die fraglichen & ist also 
N(R) <= BR4+n(2R). 


Es folgt, wieder mit Riicksicht auf (17), 
lin R N(R) < 8B. 


R->o 
Da hierin 8 beliebig klein genommen werden kann, ist (19) bewiesen. 

80. Der wesentlichste Inhalt von Satz VI wird ausfiihrlicher, aber auch 
schwerfalliger formuliert in dem folgenden Satz VII, der vor VI bewiesen 
und nachher zur Ableitung von VI benutzt werden soll. 

Satz VII. Es sei F(z) regulir in der Halbebene Rz=0. Das Maximum 
von F(z) in dem Halbkreis Rz => 0, |z| <r sei mit M(r) bezeichnet, und 
es set 
(24) lim + log M(r) = 0. 

ro 
Es seien gegeben drei positive Zahlen a, y, A, alle < }. 
Es gibt dann drei positive Zahlen 2 (grop), 4 (klein) und B, 


(25) 0<8<A< 5, 
Solgendermafien beschaffen: Wenn z> 2% und 
(26) Asde¢ = 

ist, und im Intervall 

(27) £09) <2<4 


die Dichte derjenigen ganzzahligen Werte x, fiir welche 
(28) F(x)| < e™ 

besteht, grifer als y ist, so gilt notwendigerweise 

(29) | F(e)|\<e%. 


Es liegt z links vom Intervall (27), wegen (25) und (26). 

Ungenauer, aber anschaulicher gefaBt, besagt der Satz VII dies: Das 
Vorhandensein von ganzzahligen Stellen x in geniigender y-Dichte, mit 
einem niedrigen @-Niveau gestattet den Riickschlu8, daf auch die voran- 
gehende Stelle z ein ziemlich niedriges y-Niveau hatte. Noch kiirzer: 


50 
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Wenn viele Nachfolger auf einem niedrigen Niveau stehen, so stand 
sicherlich auch kein Vorginger auf einem hohen Niveau. 

Der interessante Fall des Satzes VII ist, wenn alle drei fest vorgegebene 
Gréfen «, y, A klein sind: Ein kleines @ entspricht einem verhaltnismasig 
weniger tiefen Niveau, ein kleines y einer kleinen Dichte, ein kleines A 
einer groBen Entfernung der Nachfolger vom Vorganger z. Die aus «,y, A 
zu bestimmende, der Lange des Intervalles (27) proportionale Zahl 8 wird 
sich zum Schlu8 auch als klein herausstellen. 

Der Beweisansatz erinnert an den des Hilfssatzes I; er beruht auf der 
Lagrangeschen Interpolationsformel mit Restglied**: 


(z an + (@ — ay—1) (2 — ay41) «++ (— an) 





7 BPO Ge 





-— pq) - rts — %y—1) (Xy — pti) ++ (x, — Ln) 
(30) 
+5 (u) — 2X9) (@ — 2) «++ (¢— an) du 
apr = Xo) (U— 44) +++ (u—an) u—e' 
Die Interpolation erfolgt an den ganzzahligen Stellen x9, x, 22, +--+, 2p 


mit dem niedrigen a-Niveau, wodurch der Wert von F(z) heruntergedriickt 
wird, wahrend das Restglied, bei passender Wahl der Integrationslinie, 
wegen (24) nicht zu gro® werden kann. 

81. Ich gehe zu genauen Einzelheiten iiber. Es seien 8, 0 den Un- 
gleichungen (25), (26) unterworfen und fest gewahlt; die nihere Bestimmung 
des Wertes von & behalte ich mir vor. Ganzzahlige x-Stellen, die der 
Bedingung (28) geniigen, seien im Intervalle (27) insgesamt »-+-1 vorhanden, 


namlich die Stellen 29, 21, %2, +++, 2n, 
1 a 
(31) “ a 8 << << 1 <tn<z. 
Die Stellen x, 7, x2, ---, 2% sind also so beschaffen, daB 
os az (1—B) 

(32) IF@)|<e%<ce ¢% 
Ferner ist offenbar 
(33) Ly —Lp 2v—p, Wenn y>p, 
(34) as tin — 2p < £8, 
(35) Oye ong wig ee 

. é é 


Nach Voraussetzung ist das Verhiltnis der Anzahl n-+1 zu der Lange 
des Intervalles (27) nicht kleiner als y, d.h. 





*° Vgl. z. B. Pélya und Szegé, a.a. 0.3 Bd. I, Nr. III 163, 8. 116 und S. 289. 
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(36) nt1> 728. 


Das Integral rechts in (30) sei entlang des im positiven Sinne durch- 
zulaufenden Randes von dem Halbkreis gefiihrt, der durch die Ungleichungen 


Ru >0, |u| < 22 


abgegrenzt ist. 
Auf der ganzen Integrationslinie ist ersichtlicherweise 


(37) jas] oe 8: 
auf dem geradlinigen Teil gilt 


lu—a,| 2a > 20 
auf dem krummilinigen Teil 
22 22 Zz 
|ju—2,| > |ul|—a2, = er cer oe 
und somit auf der ganzen Integrationslinie 
z(1— 8) 


(38) |u—a2,| = al’ thc 


Auf der ganzen Integrationslinie gilt ferner fiir jedes feste « >0, sobald 
nur z und damit zd—! > 2¢ geniigend grof ist, 


€2z 


(39) | F(u)|< .. 


Unter sukzessiver Beachtung von (32), (35), (33), (39), (35), (38), (37) 
ergibt (30) fiir beliebig kleines positives ¢ bei geniigend grofem z 


_ 2@(1—f) . 
z(1—0) . 1 
P@)| Se : é ) Me seat 


€2z 
1-3 (2i—s)__ yr 2 2e 22) 
as | ‘ae i ae 
Zieht man eine auch beim Beweise von Hilfssatz I benutzte Rechnung 
(vgl. (16)) heran, so ergibt sich weiter 


_ 2@0—f) ez oat 
Qe(1—d)ze\"_, 2 gy i 
( = 3 a 











IF@|<e ¢ 1—2 





no é 
(40) = exp (5 |—«a—a)+ ne log 2e(1— 9) ~,l 
1 en fae ED ag =A) 


50* 
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Man beachte, daB die Funktion der positiven Variablen ¢ 
(41) t log 2e(1 — 0d) ¢ 


monoton wichst, solang ¢ < 2(1—9), also (vgl. (26)) sicherlich, wenn ¢ <1, 
Somit ergibt sich aus (40) wegen (34), (25), (26) und unter Beachtung der 
wesentlichen Voraussetzung (36) weiter 


|F@)| < exp (Z[— «(1 —A) + 8 log 2e(1 — 8) 6-4) 





2 1— 
a exp (5 E —yB log Fare 1). 
und schlieflich mit Berufung auf (26) 
|F()| < exp ($-[— «(1 — &) +8 log 2e(1 — 4) 2-1) 


+ 4 exp G EZ — 7B log s—=4) . 

Die Funktion (41) strebt fiir t>0O gegen 0. Daher ist es méglich, zuerst 
8 so klein zu wahlen, daf die erste ExponentialgréBe rechts unter (42) 
einen negativen Exponenten erhalt. Dann kann man « so klein (und dem- 
entsprechend z oberhalb einer so grofben Grenze z)) wahlen, dai auch die 
zweite ExponentialgréBe einen negativen Exponenten erhalt. Nach dieser 
Wahl erhalt man, unter Beachtung von (26), 


| F(2)| < exp (2z[ --«(1— £) +B log 2e(1— A) BJ) 
on 
+ 24— exp (2-[2¢ —yBlog +=4]| 


—7),2 nt ae 
=e W4LQA1¢ 1, 


(42) 


WO %1, 4%, nach der vorgenommenen Wahl von f und e, durch «@, y und 4 
véllig bestimmte positive Gréfen sind, w. z. b. w. 

82. Satz VI entsteht ganz leicht aus Satz VII, unter Heranziehung der 
maBgebenden Bedingung (14). Aus der in Nr. 80 besprochenen vagen 
Formulierung des Satzes VII schlieSt man unmittelbar: Wenn also ein 
Vorganger von Niveau da war, so wird auch das durchschnittliche Niveau 
seiner Nachfolger eine gewisse Zeit lang gehoben. Genau wird der Schluf 
so durchgefiihrt: Die Anzahl derjenigen im Intervall 0< a <r liegenden 
positiven ganzzahligen Stellen x, fiir welche (28) gilt, sei mit N(r) be- 
zeichnet. Wir haben nachzuweisen — die Fassung ist mit der urspriing- 
lichen aquivalent — daf die untere Dichte der (28) geniigenden Stellen, 
also dab 
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lim r~ V(r) 
r—>o 
verschwindet. 

Es seien die positiven Zahlen «, 7, 4, wie in Satz VII, beliebig klein, 
aber fest gegeben, und es sei, gemaB der ausschlaggebenden Bedingung (14) 
des Satzes VI, eine positive Zahl z (ein ,grofer Vorganger“) vorhanden, 
fiir welche 
(43) F?¢)>er, ¢>% 


gilt. Es sei 8 dem Satz VII gema6 und die positive ganze Zahl m durch 
die Ungleichung 


A 1 A 
44 SNS <— — << 
(44) (1— A)n—1 = 9 = (1— s)™ 
bestimmt. Wir wenden Satz VII m Mal, mit 
A A 


r) A 


== 9r 





an; da die Behauptung (29) fiir z = 2 gema6 (43) nicht zutrifft, kann auch 
die Voraussetzung, betreffend die Dichte der ganzzahligen x-Stellen, die 
(28) geniigen, nicht zutreffen: Diese Dichte wird in keinem der Intervalle 


¢(l—spP | 3 (ae ru 8) (et # A 
A ? A ’ ] A ? A ’ A 7A 
den Wert y iibertreffen, woraus folgt, daB die Anzahl der fraglichen, (28) 
geniigenden x-Stellen im Gesamtintervall 


(1—)™ mf 
a oe 








héchstens yz’ A~! [1 —(1 — )"] ist. Im Intervall 


POE Sane. 08 
0<2< — A 


befinden sich, wegen (44), weniger als 22’ ganzzahlige Stellen, also ist 
sicher 


/ 


w(§] < 2/474 [1 —(1—A)”], 


3-N(q)<24+4r. 
z 

Somit ist, da gemaf (14) beliebig groBe, (43) erfiillende z’-Stellen vorhanden 
sind, 


lim x N(r) < 2447. 


r>o 
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Hier muB aber, da y und A beliebig klein gewahlt werden kénnen, die 
linke Seite Null sein, w. z. b. w. 


BEWEIS DES SATZEs B. 

83. Den Beweis des Satzes B werde ich weniger vollstandig darstellen 
als den des Satzes A**. Ich werde mich darauf beschrainken, anzugeben, 
wieso Satz B aus der Kombination von zwei anderen Satzen zu gewinnen 
ist, ohne diese selbst ab ovo zu analysieren. 

Die eine Quelle des Satzes B ist ein Resultat von Ostrowski*®, das ich 
folgendermaBen formuliere : 

Hivrssatz II. Wenn die Potenzreihe 


OA Cpt ob On dtp oe 
der Bedingung 
(45) lim nt 


n—>oo | fn 


ss @ 


geniigt, so ist die dargestellte Funktion eindeutig und thr Existenzgebiet ist 
einfach zusammenhiingend*®®, 

Dieser bemerkenswerte Ostrowskische Satz war der Ausgangspunkt und 
ist ein wesentlicher Spezialfall des zu beweisenden Satzes B, in ahnlichem 
Sinne, wie der Hadamardsche Liickensatz der Ausgangspunkt des Fabry- 
schen Liickensatzes war und ein wesentlicher Spezialfall davon ist. Satz B 
entsteht aus Hilfssatz II durch eine Erweiterung der Voraussetzung: Der 
Satz B stellt dieselbe Behauptung auf, stiitzt sich aber, anstatt auf (45), 
nur auf die weniger einschrankende Bedingung 

n 


lm — = 0. 
nao Mn 


(Man beachte, daB, wegen fn > n — 2, 


n Mn-1 n 


ln ~~ Un n—2 


/\ 





ist.) Der Ubergang von dem in Hilfssatz II formulierten Ostrowskischen 
Resultat zum Satz B ist analog dem bekannten Faberschen Ubergang vom 





4 Satz B habe ich zuerst in den Comptes Rendus, Paris 185 (1927), S.1107—1108 aus- 
gesprochen. Der Beweis ist in meiner Arbeit a. a.0.% zum Teil ausgefiihrt, zum Teil 
angedeutet. Eine Darstellung findet sich im Buche von V. Bernstein, a. a. 0. '%, vgl. 
Kapitel VII. 

» A. Ostrowski, Journal of the London Math. Society 1 (1926), S. 251—263; vgl. ins- 
besondere S. 256—258, auch die FuBnote auf S. 257 und die dort zitierten Arbeiten von 
J. F. Ritt und E. Hille. 

76 Vgl. FuBnote °. 
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Hadamardschen zum Fabryschen Liickensatz; man kann aber, scheint mir, 
im jetzigen Fall nicht durchkommen, ohne aus einer wesentlich neuen 
Quelle zu schépfen. 

Die andere Quelle des Satzes B ist ein Resultat, das ich in einer friiheren 
Untersuchung ausfiihrlich bewiesen habe*’ und hier folgendermafen 


formuliere: 
Hirssatz III. Es sez U(z) eine analytische Funktion, und die Potenzreihe 


Lz lez? ln sg” 
Fi n! 


b+ ae Set fe fo. = FO) 





soll eine nicht identisch verschwindende ganze Funktion vom Exponential- 

typus darstellen, deren Indikatordiagramm der Nullpunkt ist. Dann ist 
w* (2) = F(—D)¥@) = h¥)—A We) + UN) — 

eine analytische Funktion, die im ganzen Existenzgebiet von W(z) reguliir 

ist, fiir welche jedoch jeder zugangliche singuliire Punkt von 4 (z) sicherlich 

singulir ist. 

Die Voraussetzung betreffend F(z) la8t sich auch so fassen, daB das 
Anwachsen dieser nicht identisch verschwindenden ganzen Funktion den 
Minimaltypus der Ordnung 1 nicht iibersteigt. Die von #(z) zu %#*(z) 
fiihrende regularitatserhaltende lineare Funktionaloperation haben wir 
schon friiher, in Nr. 36—40 betrachtet, vgl. insbesondere Nr. 40; zu dem 
dort Gesagten tritt jetzt als wesentlich neu hinzu, daf diese Funktional- 
operation die zugdnglichen singularen Punkte nicht zerstért. 

84. Um den Satz B zu beweisen, schreibe man die darin erwahnte Potenz- 


reihe in der Form 


(46) By z+ Bye + +--+ Brdh+--- = ge). 


Durch diese Schreibweise werden die von Null verschiedenen Koeffizienten 
hervorgehoben. 

Die Voraussetzung des Satzes B besagt, daB die untere Dichte der ganz- 
zahligen wachsenden Folge 4,, 42, 4s, --- verschwindet. Daher kann man, 
gema8 dem im I. Kapitel unter Nr. 12 bewiesenen Satz X, die Folge in 
zwei elementfremde, zueinander komplementare Teilfolgen 41, 42, 43, - - - 
und Aj’, As’, 45. --- zerlegen, so daf 

Ai, 4, 45, +--+ die Dichte Null hat, und 
Ay’, Ag’, Ag’, --- der Bedingung 


7 A.a.0. °; vgl. Satz 3, S.191. Vgl. auch die Darstellung von V. Bernstein, a. a. 0. a 
Kapitel III. Vgl. auch Boller, a.a.0. ', S. 16—23. 
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a 
(47) lim “> = @ 


n—>co An 
geniigt. 
Man konstruiere nun mit den Elementen der Teilfolge 41, 42, 43, --- 
deren Dichte verschwindet, die Funktion 


ioe) 
Lz 
F@ =T (3) = b+ te 4+ 
ual 
Diese Funktion F(z) ist ganz, vom Exponentialtypus und hat den Null- 
punkt zum Indikatordiagramm, wie man es entweder direkt oder durch 


Anwendung von Nr. 14 leicht einsieht. 
Man wende nun die in Hilfssatz II] erwahnte Funktionaloperation auf 


die Funktion #(z) = g(e~*) an: 


ee 





peer 


F(— D) #(z) = F(—D)g(e*) = F(—D) z Bye" 


a=] 
> B, FA,)eh 
e=1 


(48) ea 
Bu Faye + 2 By Fd )e*v? 
v=1 


“a ® 
p=1 
-2 By F(dy)e-4? = U*(2), 


Kin Schritt dieser Rechnung ist schon in Nr. 41 unter c) betrachtet worden. 
Mit «’ bezeichne ich denjenigen Index, zu welchem 2, in der urspriinglichen. 
Folge 4,, 42, 43,--+ gehérte, so daB 24, = 4, ist; ahnlicherweise ist v” 
definiert, so daB 4) = A, ist 

Hilfssatz III besagt, daB auf allen Wegen, auf welchen %(z) = g(e~*) 
fortsetzbar ist, auch 4#*(z) fortgesetzt werden kann, und da jeder zugédngliche 
singulare Punkt von %(z) auch fiir %*(z) singular ist. 

Hilfssatz II besagt, vgl. (47), daB 


w* (—logz) = 2, By Fy) 2* = g* (2) 


eine eindeutige Funktion ist, deren Existenzgebiet ein einfach zusammen- 
hiingender Teil der z-Ebene ist. 

Aus dieser Sachlage sollen wir schlieBSen, daB auch g(z) eindeutig und 
daf auch sein Existenzgebiet ein einfach zusammenhangender Teil der 
z-Ebene ist. 

85. Wir haben also die Kette der folgenden vier Funktionen: 


(49) g°(2), P*(2), Be), gle) 
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~I 
or 
~] 


zu betrachten. Sie sind miteinander durch die Beziehungen 
pg (e*) = FE), Pte) = F—D)¥(@), Pe) = gle) 


verbunden. Von g*(z) wissen wir und von g(z) sollen wir beweisen, dab 
das Existenzgebiet ein einfach zusammenhiangender Teil der z-Ebene ist; 
wir wollen nun dasselbe auch von #*(z) und 4%(z) zeigen. 

Der Ubergang von g* (z) zu 4*(z) und auch der von #(z) zu q(z) ist eigent- 
lich trivial; wir verschieben beide auf Nr. 87. Der Ubergang von ¥* (z) 
zu H(z) ist die Hauptsache. Diesen Ubergang griinden wir auf den folgenden 

Hitrssatz IV. Es sez die analytische Funktion W(z) regulir im Punkte 
2=%, und es set £ eine in der z-Ebene verlaufende doppelpunktlose Kurve, 
die durch den Punkt 2 hindurchgeht. Es sei 4(z) von z ausgehend, entlang 
eines vollen Umlaufs der Kurve € in einer bestimmten Richtung bis zum 
Punkte 2 zuriick analytisch fortsetzbar, jedoch sei die Kurve € nicht auf 
einen Punkt stetig zusammenziehbar ohne Singularititen von W(z) zu iiber- 
schreiten. Dann liegt innerhalb € ein zugiinglicher singuliérer Punkt von W(z). 

Der Beweis von Hilfssatz IV folgt in Nr. 86. Nehmen wir ihn vorder- 
hand als bewiesen und das Existenzgebiet von %*(z) als einfach zusammen- 
hangend an. Dann kann, behaupte ich, weder #(z) mehrdeutig, noch das 
Existenzgebiet von #(z) mehrfach zusammenhiangend sein. Im gegenteiligen 
Falle existierte nimlich eine Kurve f, die zu #(¢) in der im Hilfssatz IV 
beschriebenen Beziehung steht. Nach Hilfssatz ITI wire ¥*(z) = F(—D) ¥(2), 
wie #(z) selbst, in z regular und in der besagten Richtung, entlang eines 
vollen Umlaufs der Kurve f bis zum Punkte z zuriick fortsetzbar. Die 
Kurve £ wiirde, nach Hilfssatz IV, einen zugénglichen singularen Punkt 
von 4(z) umschlieBen. SchlieBlich ware, nach der wichtigsten Aussage 
des Hilfssatzes IV, der durch f umschlossene zugingliche singulire Punkt 
von #(z) auch fir #*(¢) singulair. Jedoch kann die ganz im einfach 
zusammenhangenden Existenzgebiete von 4¥*(z) verlaufende Kurve f keinen 
singuliren Punkt von #*(z) umschliefen. Der Widerspruch lést sich nur, 
wenn man zugibt, daB #(z) eine eindeutige Funktion und ihr Existenz- 
gebiet einfach zusammenhangend ist. 

Hiermit ist Satz B im wesentlichen bewiesen. Es bleiben nur einige 
Schliisse von geometrischer Natur nachzutragen: der Beweis des Hilfs- 
satzes IV, die Uberginge von g*(z) zu #*(z) und von #(z) zu g(z). Diese 
Schliisse sind nahezu selbstverstandlich, immerhin sollen sie mit Vorsicht 
durchgefiihrt werden. 

86. Zunachst ist der Beweis des Hilfssatzes IV nachzutragen. 

Wir diirfen annehmen, daB die doppelpunktlose geschlossene Kurve f 
ein Polygon und da& z eine Fcke dieses Polygons ist. Wir wollen zunachst 
den Fall betrachten, in dem f ein Dreieck ist. 
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Es sei also f ein Dreieck mit den Ecken a, b, c. Es sei ¥(z) in a regular 
und entlang der drei Seiten des Dreiecks f von a nach 6, von b nach c 
und von ¢ nach a zuriick analytisch fortsetzbar. Man setze 


‘ b* = db+(c— Dd) t, 


man lasse die reelle Variable ¢ von 0 bis 1 wachsen und betrachte das 
variable Dreieck f* mit den Ecken a, 6*,c. Fir ¢=0 und fir geniigend 
kleines positives ¢ laft sich %(z) entlang der Seiten von £* von a aus iiber 
b* und ¢ nach a zuriick analytisch fortsetzen. Diese Fortsetzbarkeit kann 
jedoch nicht fiir jedes ¢ im Intervalle 0<¢<1 stattfinden, sonst wire 
eben das Dreieck f auf die Strecke von a bis c, und nachher auf den Punkt a 
ohne Uberschreitung von Singularitaten der Funktion ¥(z) stetig zusammen- 
ziehbar. Es gibt daher einen kleinsten Wert von ¢, sagen wir t, so dab 
die geradlinige Strecke von a bis bo = b+ (c—b) ty nicht von Singularitaten 
von: %#(z) frei ist, und auf dieser Strecke a, bo gibt es einen zu a nichst- 
gelegenen singularen Punkt: dieser ist ersichtlicherweise zuganglich im 
Sinne der in Nr. 69 auseinandergesetzten Definition. (Es ist in diesem 
Schlu8 zweimal benutzt worden, da® die reguliren Punkte eine offene 
Menge bilden.) 

Nun sei f ein Polygon mit » Ecken, n>3, und es sei angenommen, dab 
Hilfssatz IV fiir Polygone mit weniger als n Ecken schon bewiesen ist. 
Da die Summe der n Innenwinkel (n — 2) 7 ist, gibt es mindestens drei 
ausspringende Ecken, d. h. Ecken mit einem Innenwinkel <7. Ks sei b 
eine von z verschiedene ausspringende Ecke, a die vorangehende und c 
die nachfolgende Ecke. Man betrachte, wie vorher einen beweglichen 
Punkt b*, der stetig von b nach c wandert, und das variable Polygon f*, 
das aus f dadurch hervorgeht, daB die Seite a, b von f sich in a, b* neigt 
und die Seite 6, c sich zu b*, c verkiirzt, wahrend die » — 2 iibrigen Seiten 
unverandert bleiben. Die Deformation soll aufhéren, wenn ¥%(z) aufhért, 
entlang £* fortsetzbar, oder wenn f* aufhért ein Polygon mit m Seiten zu 
sein. Beim Aufhéren seiner Bewegung sei der Punkt b* in bs angelangt. 
Es sind nur drei Falle denkbar: 

1. Auf der geradlinigen Strecke a, b* liegt ein singularer Punkt von ¥(2). 

2. Es ist b* = c. 

3. Es liegt auf der geradlinigen Strecke a, b* eine von c verschiedene 
Keke von f. 

Im ersten Falle finden wir (wie vorher, bei Betrachtung des Dreiecks) 
einen in f liegenden zuganglichen singularen Punkt von ¥(z), im zweiten 
und im dritten Falle wird die Frage auf ein Polygon mit héchstens n—1 
KEceken zuriickgefiihrt. 











LUCKEN UND SINGULARITATEN VON POTENZREIHEN. II. 759 


87. Es bleibt noch iibrig, in der Kette der vier Funktionen (49) den 
Ubergang von g*(z) zu #*(z) und den von ¥(z) zu g(z) durchzufiihren. 
Der erste Ubergang ist aber dem Riickweg von g(z) zu “#(z) analog, so 
daB wir uns auf die Betrachtung dieser beiden Funktionen beschrinken 
diirfen. Somit verbleibt uns die Aufgabe, die folgende Behauptung iiber 
die Existenzbereiche der Funktionen g(z) und ¥(s) = g(e—*) zu beweisen: 
Entweder sind sie beide einfach zusammenhiingend, oder es ist keiner von den 
beiden einfach zusammenhiingend. 

Den Existenzbereich von g(z) bezeichne ich mit 8, den von ¥(s) mit S; 
es ist 8 in der z-Ebene, © in der s-Ebene gelegen. Die Ebenen sind 
hierbei ohne den Punkt © (also wie punktierte Kugeln) zu nehmen. Es 
wird 3 auf © mittels 
(50) —logz = 8 
abgebildet, abgesehen jedoch vom Punkte z = 0, der zu 3 gehdrt, dem aber 
kein Bildpunkt in © entspricht. 

a) Es sei 3 einfach zusammenhangend. Wir entfernen aus 3 diejenige 
geradlinige Strecke [, die in z — 0 beginnt und entlang der negativen 
reellen Achse bis zum ersten Randpunkt von 3 (eventuell bis — 0) lauft; 
das iibrigbleibende offene Gebiet sei mit 3* bezeichnet. 3* ist einfach 
zusammenhangend, der Punkt z= 0 ist ein Randpunkt, aber kein Punkt 
von 8*, daher ist jeder Zweig der Funktion (50) eindeutig in 3*, und es 
wird 8* mittels eines bestimmten Zweiges dieser Funktion auf ein einfach 
zusammenhangendes offenes Gebiet Go der s-Ebene abgebildet. Durch die 
Gesamtheit aller Zweige von (50) wird 3* in eine Reihe von kongruenten 
und gleichgelegenen Gebieten --- G*2, S*1, So, Sr, Sf, --- abgebildet, 
die aus > mittels der Translationen --- —42i, —27i, 0, 27i, 47i,--- 
hervorgehen und zu je zweien punktfremd sind. Wenn man diese Gebiete S,, 
durch die in der s-Ebene gelegenen (aquidistanten, geradlinigen) Bilder der 
Strecke I (gleichsam ,wie mit Mértel“) verbindet, so entsteht schlieBlich ©. 
Werden dieselben Operationen (Verschiebungen um 277, Verbindung ,,mit 
Mortel“) mit einem Rechteck von der horizontalen Basis } und der Hihe 27 
vorgenommen, so entsteht ein Vertikalstreifen von der Breite }, worauf S 
ersichtlicherweise eindeutig und stetig abgebildet werden kann. Daher 
ist ©, wie der Vertikalstreifen, von einfachem Zusammenhang. 

b) Es sei © einfach zusammenhangend. Man zeichne einen Punkt 2% 
von 3 aus, der im Innern einer zu 3 gehdrigen Umgebung des Nullpunktes, 
der Bestimmtheit halber im Innern des Konvergenzgebietes der Reihe (46), 
gelegen ist; jedoch sei +0. Es sei 3 eine von % ausgehende, ganz im 
Gebiet 3 verlaufende, den Punkt z= 0 vermeidende, nach 2 zuriick- 
kehrende, geschlossene Kurve; ich habe zu zeigen, daB 4 durch stetige 
Deformation innerhalb 3 auf einen Punkt zusammenziehbar ist. 
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Es entspricht dem Punkt z mittels eines bestimmten Zweiges von (50) 
ein Punkt s der s-Ebene, und der Kurve 3, durch stetige Fortsetzung des 
besagten Zweiges von (50), eine Kurve jf, die aber nicht geschlossen zu 
sein braucht, sondern einen Endpunkt sp hat, welcher, von so im allgemeinen 
verschieden, aber, ebenso wie so, ein durch (50) entworfenes Bild von 2 
ist. Die geradlinige, vertikale Verbindungsstrecke von s und so liegt in S, 
sie liegt namlich im Bild des Konvergenzkreises von (46). Da ©, nach 
Voraussetzung, einfach zusammenhangend ist, kann man j durch stetige 
Deformation innerhalb © in die geradlinige Verbindungsstrecke von s 
und so iiberfiihren. Simultan wird, durch Umkehrung der Abbildung (50), 
3 durch stetige Deformation in einen, im allgemeinen mehrfach durch- 
laufenen Kreis mit dem Mittelpunkt z = 0, der innerhalb des Konvergenz- 
gebietes von (46) liegt, iibergefiihrt. Diesen Kreis kann man aber offenbar 
auf seinen Mittelpunkt innerhalb 3 zusammenziehen. Hierdurch ist gezeigt, 
daB 3 einfach zusammenhangt. 

BEWEIS DES SATZES C. 

88. Der Satz C, das Hauptziel der vorliegenden Mitteilung, ergibt sich 
durch eine einfache Kombination der im Vorangehenden bewiesenen Satze 
A und B. Wir miissen den Gedankengang, dessen heuristisches Auffinden 
in Nr. 68 skizziert wurde, nun genau ausfiihren. 

Wir wollen also die Betrachtung der drei Potenzreihen 


(1) ao + me + age? +---+ ane” +.--- = fe), 
(2) bo + biz + dye? +---+ dne® +--- = g(2), 
(3) Ay Dy + ay Dy 2 + az bg 2? + +++ +anbn2e”+ +++ = he) 


wieder aufnehmen. Wir wollen die Voraussetzung des Satzes C zuerst 
nicht vollstandig heranziehen, sondern blof den Umstand benutzen, dab « 
der einzige singulare Punkt auf dem Konvergenzkreise von (1) und # der 
einzige auf dem von (2) ist. Schon aus diesem Umstande allein folgt, 
auf Grund des Hadamardschen Multiplikationssatzes**, daB die Potenz- 
reihe (3) in der abgeschlossenen Kreisflache |z| < |a| keinen andern 
singularen Punkt haben kann, als den Punkt z=«f. Je nach dem der 
Punkt z =e fir sie singular oder regular ist, wird die Potenzreihe (3) 
den Konvergenzradius |#8| oder einen gréferen Konvergenzradius haben. 
Wir sehen, da die Behauptung von C aquivalent ist mit der Behauptung, 
da8 (3) fiir |z|> |e) divergiert. Wenn wir noch, was wir ohne wirk- 
lichen Verlust an Allgemeinheit tun kénnen, « = 1, 6 =1 annehmen, 
kénnen wir den Satz C in der folgenden Form aussprechen: 





*8 Es geniigt hier die von Bieberbach a. a. 0. 3 gegebene Fassung. 
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Sarz C’. Voraussetzung: 

(a) Es ist 1 der einzige singuliire Punkt auf dem Konvergenzkreis der Reihe (1), 
und zwar ist 1 fiir die Rethe (1) ein fastisolierter singuliirer Punkt. 
(8) Es ist 1 der einzige singulire Punkt auf dem Konvergenzkreis der Reihe (2). 
und zwar ist 1 fiir die Rethe (2) ein isolierbarer singuliirer Punkt. 

(y) Es ist o> 1. 
Behauptung: Die Rethe 
(51) Ay Dy + ab, @ + dz be Q? + --- + andre" + --- 
divergiert. 
Um die Aquivalenz der Saitze C und C’ villig einzusehen, beachte man 
noch, da& @ beliebig nahe an 1 gewihlt werden kann. 
89. Wir setzen 


1 
(52) yy 
es ist, Ve positiv genommen, 
1 
e=1l1— a —— > 0, 
Ve 


womit wir die Voraussetzung (vy) wesentlich benutzt haben. Setzen wir 
weiter 


(53) a wenn |an| > (1—«)", 
“n 10 wenn |an| << (1—e)"; 
Ss bn wenn |bp| >(1—e)”, 
“ i 
we i 0 wenn |b,| < (1—e)"; 
(1*) ax + a*e+axe*+--- +ate*+--- = f* (2), 
(2*) be + b¥ 2+ be 22+... + Oe" +--+ = g* (z). 


Ferner bedeute: 
Na(r) die Anzahl der von 0 verschiedenen unter den [r]-+1 Zahlen 
a* a* a* 7 a* ° 
ee Smee B > “Ty? : 
Ni(r) die Anzahl der von O verschiedenen unter den [r]+1 Zahlen 
b*, b*. O*. «.-. OF: 
O72.“ Be? 2 “[r]? 
Na(r) die Anzahl der von 0 verschiedenen unter den [7]-+-1 Produkten 
a8 U5, af DE, ak UE, «++, a, Ue. | | | 
Die Reihe (1*) hat, gemaB (53), in der offenen Kreisflaiche |z|< (1 ~~ 
dieselben Singularititen wie die Reihe (1). Daher ist, nach Voraussetzung («), 
2=1 der einzige singulire Punkt auf dem Konvergenzkreis von (1*), und 
zwar ein fastisolierter singularer Punkt fiir diese Reihe. Die Anwendung 


des Satzes A auf die Reihe (1*) ergibt 


(55) lim 7! Na(r) = 1. 


roo 
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Die Reihe (2*) hat, gemaB (54), in der offenen Kreisscheibe |z|< (1—.«)— 
dieselben Singularitaéten wie die Reihe (2). Daher ist, nach Voraussetzung (8), 
z==1 ein isolierbarer singularer Punkt der Reihe (2*). Es folgt jedoch 
aus der Definition eines isolierbaren singuliren Punktes (vgl. Nr. 69), daB 
eine Funktion, die einen solchen singularen Punkt hat, entweder nicht ein- 
deutig ist oder mindestens keinen einfach zusammenhangenden Existenz- 
bereich besitzt. Die Anwendung des Satzes B auf die Reihe (2*) ergibt 
(da die Behauptung nicht zutrifft, kann die Voraussetzung nicht erfiillt sein) 
(56) lim +—! Np (r) > 0. 

r—>oo 

Nun ist folgendes zu beachten: Wenn fir ein bestimmtes sowohl a* 
in der Anzahl Na(r) wie b* in der Anzahl No(r) mitgezihlt wurde, so 
wurde a* b* in Na(r) mitgezahlt. Folglich ist 


Na(r) + No(r) S (r] + 1+ Nao(r). 


Hieraus folgt (die in Betracht kommende elementare Rechenregel wurde 
in Nr. 5 unter (9) explizite aufgestellt), dab 


(57) lim x Na(r) + lim x M(r) < 14+ lim Na(r). 
r—>0o roo r—>oo 

Die Kombination von (55), (56) und (57) ergibt 

(58) lim 7! Na(r) > 0. 


r—>00 
Es gibt also (dies driickt nur einen Teil von (58) aus) unendlich viele 7’, 
so daB 





ax, bo, +0 
ist. Dann gilt aber, gemifS den Definitionen (53) und (54), sofort 
jax b* | = |a,,b,.| 2 (l1—e)” (l1—e)™. 
Es gibt also — jetzt greife man auf (52) zuriick — unendlich viele 7’, 
so daB 
| Ant Dn’ |” = | an’ by | ta z4 


ist. Dies setzt die Divergenz der Reihe (51), also die Behauptung des 
Satzes C’, und somit den Satz C in Evidenz. 


BEMERKUNGEN UND ZUSATZE. 


90. Zunachst sei ein Beispiel angegeben, da® zur Erlauterung aller drei 
Satze A, B und C geeignet ist*’. 





*? Das hier zu besprechende Beispiel habe ich schon in meiner unter 7 zitierten Arbeit 


angegeben; ein analoges, aber anders konstruiertes Beispiel behandelt Boller a. a. 0."°, 
S. 36 — 38. 
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Ich behaupte zunachst, daB die aus der analytischen Fortsetzung der 
beiden Potenzreihen 


(59) zg et (—1+ cos loglogn)loglogn — f (z), 


Ms 


2 


n 


(60) mo gm en (—1+ sinloglogn)loglogn — g (z) 


n=2 

entspringenden Funktionen f(z) und g(z) in der von 1 bis + entlang 
der positiven reellen Achse aufgeschliteten Ebene reguliir sind. D.h., dab 
sie in allen Punkten der Ebene regular sind, mit eventueller Ausnahme 
der Punkte z der reellen Achse, fiir welche z>1 gilt; es sind alle 
Logarithmen mit der reellen Bestimmung zu nehmen. 

Es geniigt wohl, die ausgesprochene Behauptung nur fiir die Reihe (59) 
darzutun, und hierzu geniigt es sicher, auf Grund eines bekannten Satzes 
von EK. Lindeléf®, darzutun, daf die Funktion 


(61) F (z) — ¢[—1+ cos (loglogz)] log log z 


in der rechten Halbebene vom Minimaltypus der Ordnung 1 ist. Wir 
dirfen und werden uns darauf beschranken, die Funktion (61) nur in dem 
durch die beiden Ungleichungen 
(62) Rz>0, |z|>1 
abgegrenzten Teilgebiete der rechten Halbebene zu untersuchen. Wir 
betrachten dabei einen innerhalb (62) reguliren Zweig von log logz; er 
ist eindeutigerweise dadurch definiert, da fiir positives, 1 iibersteigendes z 
der Wert von logz positiv und der von log logz reell zu nehmen ist. 

Die zu beweisende Behauptung wird ausfiihrlicher durch die Formel (13) 
ausgedriickt. Zum Beweise setze man mit reellen x, y, y, U, V 





2 = atiy = |ele%, 
log log z = log (log |z| +79) 

eee 2 2 * am ba 
= -g log [Gog |z))* + 9'] +7 arete To 
— U + iV ; 

es ist innerhalb (62) 
7 mw Ww ia cL 
on este es" *3 


und fiir |z|—> oo 
1 


U ~ log log |z|, V = Opa) 
Man schreibe 

F(z) = e, 

w(z) = z[—1-+ cos (log log z)] log log z. 





*” E. Lindeléf, Le calcul des résidus (Paris, 1905); vgl. 8. 109. 
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Es ist 
Rw(z) = (xU— yV)(—1+ cos Uch V)+(a@V+yV) sin Ush V 


ae a | Lig toe lel) 
on wth 1 +e08 U) +0 “aes 





Hieraus folgt, da das erste Glied fiir geniigend grofes |z| nie positiy ist, 
die durch die Formel (13) dargestellte Behauptung, und somit die Fort- 
setzbarkeit von (59) in dem behaupteten Umfang. 

Es ist hinzuzufiigen, daB z= 1 ein singulirer Punkt von (59) ist. Denn 
der Konvergenzradius von (59) ist 1, wie man leicht durch die Betrachtung 
einer grofen ganzen Zahl k und desjenigen entsprechenden ganzen n findet, 


fiir welches 
log logn < 2ka< log log (n+1) 


gilt: Die n-te Wurzel des Koeffizienten von 2” in der Reihe (59) ist naimlich 


nahezu 1 fiir ein derartiges n. 
SchlieBlich bemerke man, daf diejenigen Koeffizienten, fiir welche 


(63) cos (log log n)< 0 


ist, kleiner sind, als die entsprechenden Koeffizienten der Reihe 


> Z n 
n=2 be “1 ; 


welche ersichtlicherweise eine ganze Funktion darstellt. Wenn die der 
Bedingung (63) geniigenden Glieder der Reihe (59) herausgeworfen (durch 
Nullen ersetzt) werden, so entsteht aus (59) eine neue Reihe, welche wir 
die ,,gereinigte‘ Reihe (59) nennen wollen. Durch diese ,,Reinigung“ 
wird insofern nichts geindert, als die im Endlichen gelegenen Singularitaten 
dieselben bleiben. 

91. Von dem Verlauf der Funktionen, die durch die Reihen (59), (60) 
und durch die ,,gereinigte“ Reihe (59) definiert sind, wissen wir bisher 
dies: Fiir alle ist der Punkt z = 1 singulair, die Punkte auf der reellen 
Achse rechts von z = 1 sind vielleicht singular, vielleicht regulir, in allen 
iibrigen Punkten der z-Ebene bleiben die Funktionen bei geradliniger Fort- 
setzung vom Anfangspunkt z = 0 aus sicher regular. Alle drei betrachteten 
Reihen haben nur einen singuliren Punkt auf dem Konvergenzkreis, den 
Punkt zg = 1, und dieser Punkt ist fastisoliert. 

Gema8 Satz A muB die obere Dichte der Koeffizienten der ,,gereinigten“ 
Reihe (59) Eins sein. Dies ist leicht direkt einzusehen, namlich folgender- 
mafen: Es sei n so beschaffen, dafB n der Bedingung (63) geniigt, » +1 
hingegen nicht mehr geniigt, und es sei n’ die kleinste auf n folgende 
ganze Zahl, welche (63) wieder geniigt. Dann ist ersichtlicherweise 














LUCKEN UND SINGULARITATEN VON POTENZREIHEN. II. 165 


log log n’—loglogn>a, = n'>n*, 


wenn abkiirzungsweise e* — a gesetzt wird; ferner ist die Anzahl der 
von Null verschiedenen Koeffizienten bis und mit demjenigen von 2” nicht 
kleiner als n’—n—1; und schlieBlich ist 
n—1 
n* 


/ 
—n—1 
Sf 
n 





’ 


welche Zahl, in Ubereinstimmung mit Satz A, fiir n> gegen 1 strebt. 
Dieselbe Rechnung zeigt weiter, da®B man unter der Voraussetzung des 
Satzes A nicht behaupten kann, daf die Dichte der Koeffizienten 1 ist: 
Sie zeigt namlich, daB die untere Dichte der nicht verschwindenden Koef- 
fizienten der ,,gereinigten“ Reihe (59) Nudi ist. 

GemaB Satz B folgt aus dem letzterwihnten Umstande, daf die durch 
die ,gereinigte* Reihe (59) definierte Funktion eindeutig und ihr Existenz- 
bereich einfach zusammenhangend ist. Wir schliefen hieraus, daf fiir diese 
Funktion die von zg = 1 aus entlang der reellen Achse ins + © laufende 
Halbgerade von beiden Seiten her eine singuliire Linie sein muB. (Das 
gleiche Verhalten von beiden Seiten her ist auch aus der Realitit der 
Koeffizienten ersichtlich.) Das Gleiche gilt offenbar fiir die urspriingliche, 
nicht-gereinigte Reihe (59) und fiir (60). So hat Satz B zur Feststellung 
der analytischen Natur der durch diese Reihen definierten Funktionen 
wesentlich beigetragen. Ubrigens leistet im gegenwirtigen Falle der 
speziellere Ostrowskische Satz (Hilfssatz II) ebensoviel wie Satz B. 

Zum Satz C ist dies zu bemerken: Die Hadamardsche Komposition, die 
aus den Reihen (1) und (2) die Reihe (3) erzeugt, 1aBt aus (59) und (60) 
die Reihe 

x 2” en (—2+c0s log log n+sin log log n) log log n 
n=2 


entstehen, die ersichtlicherweise stets konvergiert, eine ganze Funktion 
darstellt, iiberhaupt keine Singularititen hat, auch das Produkt 1-1 = 1 
aus den beiden fastisolierten Punkten der Reihen (59) und (60) nicht zum 
singularen Punkte hat. Dieses Beispiel erweist die schon in Nr. 70 auf- 
gestellte Behauptung, die die Genauigkeit des Satzes C in das richtige 
Licht setzt: Das Produkt von zwei fastisolierten singuléren Punkten braucht 
nicht singuliir zu sein*', 





“1TIn der Neuauflage des klassischen Werkes von J. Hadamard, La série de Taylor 
(2. 6d. unter Mitarbeit yon S. Mandelbrojt, Paris, 1926), wird S. 101, Zeilen 11—13, eine 
Frage aufgeworfen (sie wird in dem unter 7 zitierten Werk von Mandelbrojt, 8. 39, Zeilen 
17—19 wiederholt), die auf die Frage hinausliuft, ob der folgende Satz wahr sei: Wenn 
eine Reihe nur einen singuléren Punkt auf ihrem Konvergenzkreise besitzt, so ist fiir 


jede Reihe mit der komplementiiren Exponentenfolge der Konvergenzkreis natiirliche 
51 
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92. Der Satz C steht nicht vereinzelt da, man kann ihm mehrere analoge 
Satze zur Seite stellen. Um den Satz C in seiner richtigen Umgebung 
zu zeigen, werde ich ihn (in etwas verallgemeinerter Form) als die letzte 
in eine Reihe von vier parallelen Aussagen einordnen, die zu dem folgenden 


Satz zusammengefafht werden: 
Satz VIII. Es sei a der einzige auf dem Konvergenzkreis der Rethe 


(1) do t+ aye+age*7+ --- tane"+--- = f(z) 


gelegene singuliire Punkt, und es sei B einer derjenigen singuliiren Punkte, 
die auf dem Konvergenzkreis der Rethe 


(2) by tbet+ beet ---tdnet+ ++. = 9) 


liegen. Man darf behaupten, daf der Punkt «8 ein singuliirer Punkt, 
u.zw. ein auf dem Konvergenzkreise gelegener singuliirer Punkt der Reihe 


(3) lo Dy + ay Dy 2 + Az be 2® + +++ fan bre” +--+ = hfe) 


ist, falls eine der folgenden vier Bedingungen zutrifft: 

(I) «@ ist ein Pol. (8 kann ein singularer Punkt von beliebiger Natur sein.) 
(II) @ ist eine nichtkritische isolierte singuliire Stelle von f(z) und B ist auf 

dem Konvergenzkreis von (2) halbisoliert. 

(III) « ist eine algebraisch-logarithmische Stelle von f(z) und B ist auf dem 
Konvergenzkreis von (2) isoliert. 

(IV) @ ist ein fastisolierter singuliirer Punkt der Reithenentwicklung (1) und 
B ist ein isolierbarer, auf dem Konvergenzkreis isolierter singulirer 
Punkt von (2). 

Erganzend sei hinzugefiigt: Ein auf dem Konvergenzkreis gelegener 
singulirer Punkt & der Reihe (2) heiBt auf dem Konvergenzkreis isoliert, 
wenn es auf diesem Kreise einen Bogen mit dem Mittelpunkte B gibt, dessen 
simtliche Punkte, mit Ausnahme von 8, fiir (2) regular sind; 8 heift auf 
dem Konvergenzkreise halbisoliert, wenn es auf diesem Kreise einen Bogen 
mit dem Endpunkt 8 gibt, dessen simtliche Punkte, mit Ausnahme von 8, 
fiir (2) regular sind. Es heifit « eine algebraisch-logarithmische Stelle von 
J(2), wenn f(z) in einer Umgebung von e@ sich als eine Summe von 
endlich vielen Gliedern von der Form 


(2 — «)* [log (¢ — @)]” 9 (2) 
Grenze. Die Frage ist zu verneinen. Gegenbeispiel: Man ,,reinige“ beide Reihen (59), (60), 
indem man aus (59) die Glieder mit cos log log n< 0.8 und aus (60) die mit sin log logn <0.8 
hinauswirft. Beide ,,gereinigte“ Reihen haben nur einen singuliren Punkt auf der Kon- 
vergenzgrenze, nimlich den Punkt 1 (sie sind in der Tat regular auferhalb der singularen 
Halbgeraden von 1 bis +00), und sie sind exponentenfremd, d. h. ihre Hadamardsche 
Komponierte verschwindet identisch. 
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darstellen laBt, wobei a eine beliebige komplexe, p eine nichtnegative ganze 
Zahl ist, und die Funktion ¢(z) in der besagten Umgebung von « regulir 
bleibt. 

In allen sukzessiven Ubergingen von (1) zu (II), (11) und (IV) andern 
sich die Bedingungen in systematischer Weise ab: die Bedingung fiir « 
wird weiter, die fir # enger (mit einer Ausnahme in bezug auf a@: der 
Ubergang von (II) zu (111). Die Zusammenstellung eréffnet einen Ausblick 
auf eine allgemeinere Aufgabe: Zu einem gegebenen Singularitatstyp von « 
den ,komplementiren“ Singularitatstyp fiir # zu finden, womit ein méglichst 
weiter Typ fiir & gemeint ist, welcher die Behauptung ,,e¢ singular fiir 
h(z)* zulaBt. Ein Riickblick auf den Beweis von C lehrt, daf die Unter- 
suchung der den betreffenden Singularitatstypen zukommenden_,,Liicken- 
bedingungen“ fiir die gestellte Aufgabe niitzlich sein kann. Schon die 
bisher bekannten Methoden gestatten tibrigens, die Aufgabe etwas iiber das 
in Satz VIII Formulierte hinaus zu férdern. 

Die Beweise fiir (I) und (III) darf ich hier iibergehen**, die fiir (11) und 
(IV) werde ich skizzieren. 

Betrachten wir die Bedingung (IJ) und nehmen wir @ = 1 an. Dann lift 
sich ad» auf die in Satz III angegebene Weise in zwei Summanden zerlegen, 
u. zw. hat die dabei auftretende ganze Funktion F(z), gemaB dem Zusatz 
zu Satz III, den Nullpunkt zum Indikatordiagramm. Nehmen wir, ohne 
wirklichen Verlust an Allgemeinheit, a* = 0 an. Dann ist 


h (e-*) = Zz, F(n) bae-” = F(— D) p> bn eo”? 
0 


(64) 
= F(—D)g(e*). 


Aus dem singularen Punkt 8, der auf dem Konvergenzkreis von (2) halb- 
isoliert ist, entsteht ein zuginglicher singulirer Punkt von g(e~*), und 
dieser wird, gema8 Hilfssatz II], durch die Funktionaloperation /'(— D) 
nicht zerstért. 

Der in Bedingung (IV) erwahnte Fall ist zwar etwas allgemeiner als der 
in Satz C behandelte, er ]a8t sich aber darauf leicht zuriickfihren. Man 
zerlegt, mit der Methode der Nr. 72 (die von Nr. 73 kommt nicht in Frage) 


g(z) in zwei Summanden 
g(z) = ¥@)+g9*), 


*2 (1) ist in meiner Note, Comptes Rendus, Paris 184 (1927), 8. 502—504 bewiesen (vgl. 
das Lemma); es handelt sich dabei um denjenigen Spezialfall der bald aufzustellenden 
Formel (64), in welchem F(z) ein Polynom ist. Fiir (IID vgl. R. Jungen, a. a. 0. 8. 293, 
Théoréme 5. Der Zusammenhang mit dem vorangehenden Théoreme 4 auf S. 292 erlautert 
ebenfalls die eben gemachte Bemerkung iiber Liickenbedingungen. Vgl. hierzu noch Faber, 


a.a.Q. 3, S297, und meine in Fufnote ' unter k) angegebene Arbeit, S. 246—247. 
51* 
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so da® g*(z) im Punkt z= & regular ist und ¥ (z) den Punkt z= 8 als 
einzigen singuléren Punkt auf ihrem Konvergenzkreise hat**. Die Anwendung 
des Hadamardschen Multiplikationssatzes auf f(z) und g*(z) und die des 
Satzes C auf f(z) und #(z) ergibt das Gewiinschte. 

93. Wir haben bisher den Fall betrachtet, in welchem e auf dem 
Konvergenzkreis von (1) und # auf dem von (2) gelegen ist. Der all- 
gemeinere Fall, in welchem die singularen Punkte @ und £ erst im weiteren 
Verlaufe der analytischen Fortsetzung angetroffen werden, lat sich, im 
wesentlichen, auf den bisher untersuchten speziellen zuriickfihren. Da 
das Prinzip dieser Zuriickfiihrung wohl bekannt ist**, will ich mich bei 
seiner Erliuterung auf einen besonders durchsichtigen, einfach formulier- 
baren Spezialfall beschranken. 

Die Formulierung macht Gebrauch von dem gelaufigen Begriff des Mittag 
Lefflerschen Hauptsternes*®. Als Hauptstern der Reihe (1) wird, wie 
iiblich, die Gesamtheit derjenigen Punkte der z-Ebene bezeichnet, in welche 
die durch (1) definierte Funktion von dem Punkte z= 0 aus geradlinig 
fortgesetzt werden kann. Der Hauptstern ist ein offenes Gebiet. Als 
Ecke des Hauptsternes wird ein solcher Randpunkt « bezeichnet, der mit 
dem Punkt z—O durch eine gerade Strecke verbunden werden kann, 
welche, abgesehen natiirlich vom Endpunkte @, ganz im Hauptstern ver- 
liuft. Eckpunkte miissen, andere Randpunkte des Hauptsterns kénnen 
singulare Punkte des im Hauptstern definierten Zweiges von /(z) sein. 

Satz IX. Es sei von den beiden Potenzrethen (1) und (2) vorausgesetzt, 
dab auf dem Rande des Hauptsternes nur abzihibar viele singuliire Punkte 
liegen, die keinen Hiiufungspunkt im Endlichen besitzen, und zwar sollen 
alle singuliiren Punkte in den Ecken des Hauptsternes liegen, in den iibrigen 
Randpunkten soll sich die im Hauptstern definierte Fortsetzung reguliir 
verhalten. Die Ecken des Hauptsternes von (1) seien mit a, Gy, @3,--- 
bezeichnet, die von (2) mit B,, Bo, Bs, +>. 

Dann haben alle am Rande des Hauptsternes der Hadamardschen Kom- 
ponierten (3) gelegenen singuliiren Punkte die Form y = oy, Bi, und zwar 
ist y sicherlich ein singuliirer Punkt, wenn nur @in Paar von Indizes k, | 
existiert, so dap y = ay, B ist. 

Zur Erlauterung dieser Aussage sei bemerkt: Der Fall, da nur endlich 
viele @, oder 4; vorhanden sind, wird zugelassen. In den von den Ecken 
verschiedenen Randpunkten des Hauptsterns ist bei beiderseitiger Annahe- 





*° Dieselbe Zerlegung fiir denselben Zweck wird ausfiihrlicher dargestellt durch Jungen, 
a. a. 0. %, S, 298. : 

*4 Vgl. E. Borel, a.a.0.‘, ferner, insbesondere fiir die Behandlung der Verzweigungs- 
punkte, G. Faber, a.a.0.° und '. 

3 Vgl. z. B. L. Bieberbach, a. a. 0. 3, S. 292. 
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rung Regularitat vorausgesetzt. Der Punkt zoo wurde weder fiir die 
Reihen (1) und (2) noch fiir (3) als singulirer Punkt oder als Randpunkt 
des Hauptsternes’ mitgerechnet. 

Beim Beweis des Satzes IX diirfen wir annehmen, daf 


(65) |a|S los] Silas} <---, [A] <|&el] <|As| <-->. 


Wir wollen unter ,,Funktion f(z)“ stets nur den im Hauptstern der Reihe (1) 
definierten Zweig verstehen, und dhnlich fiir g(z). Wir zeichnen ein be- 
_ stimmtes Paar «;, 8; aus, und wir wollen nach der Methode der Nr. 72 (die 
verfeinerte Methode in Nr. 73 kommt nicht in Frage) die Singularititen 
von f(z) und g(z) passend zerlegen. 

Man wahle zu diesem Zwecke zwei positive Zahlen a und b, so dab 


(66) a|Ai|>l|enB|, |e|b>|axB, 


ferner so, da®B auf dem Kreis |z| — a keine Singularitét von f(z) und auf 
'z|= 5 keine von g(z) liegt. Es seien K, Z durch 


(67) leaxr|\<a<|legiu|, |81)<b< | brs! 


bestimmt, wenn es unendlich viele «, und 4; gibt. (Wenn es nur endlich 
viele a, gibt, sei ex das letzte a,, die von 2 =O entfernteste Ecke des 
Hauptsterns, und es sei a von vornherein so gewahlt, daB |ex|<a; abnlich 
fiir die £).) 

Man schneide den Halbstrahl, der vom Punkte z= 0 aus durch ey, ge-, 
zogen ist, mit dem Kreis |z| = a und bezeichne den Schnittpunkt mit «;; 
anders gesagt, es ist 


(68) Jaf] = leh] = --- = |ax| =a, 
und die Quotienten 
S 8 


a,’ ty’ ’ “aK 
sind positive Zahlen gréBer als 1. Man entferne aus der offenen Kreis- 
fliche |z| <a zuerst diejenigen Punkte, die auf den K geradlinigen Strecken 
von @, bis aj, von ay bis @,---, von ex bis ex liegen, ferner diejenigen, 
die in den K abgeschlossenen Kreisflichen vom Radius ¢ liegen, deren 
Mittelpunkte @,, a,,---, «x sind. Bei passender Wahl von einem geniigend 
kleinen ¢ bleibt von der Kreisflache |z| < a ein zusammenhangendes Gebiet © 
tibrig. Wenn-z in © liegt, so ist 

1 (w) dw 
f@ = £ 


? 





271 w—z 
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das Integral ist entlang der Umrandung von & im positiven Sinne erstreckt. 
Die Integrationslinie wird durch die Punkte «1, «2,---, ax in 2K Teile 
zerlegt. Es soll die Gesamtheit der K auf dem Kreise |z| = a liegenden 
Bogen mit @* bezeichnet werden; es bleiben noch K_ ,,Schlingen“ 
S,, GS, ---, Sx tibrig: es geht Sy von @, aus geradlinig auf «, zu, um- 
fihrt «, im negativen Sinne entlang eines Kreises vom Radius « und kehrt 
geradlinig nach e@, zuriick. Diese Zerlegung der Integrationslinie ergibt 


F(2) 1) ( fw)dw <1 S(w) dw 
_ 211 Jow w—Z *x=1271 Je, W—z2 


K 
= £0) +2 £0 ; 


es wurde f*(z) mit dem Integral iiber S*, f(z) mit dem iiber ©, identifiziert, 
x—=1,2,---,K. Ersichtlicherweise ist f*(z) im Kreise |z|<a regular, 
und f; (2) ist, wie die Deformation der Schlinge ©, zeigt, regular (iibrigens 
auch eindeutig) auferhalb der geradlinigen Strecke az, az; es bleibt f(z) 
sogar in allen inwendigen Punkten dieser Strecke regular, u. zw. beim 
Heranriicken von beiden Seiten her, aber der Endpunkt «, mu8 und der 
Endpunkt @, kann fiir f,(z) singular sein. 
Ahnlich wie f(z) in (69), sei auch g(z) zerlegt: 


(69) 


L 
(70) ge) = ge) + Ral). 
g*(z) ist innerhalb des Kreises |z| = b, g,(z) auBerhalb einer geraden 


Strecke regular, die in z = A) beginnt, radial von z — O weglauft, die 
Lange b —|4,| hat und in einem Punkte endet, den wir mit £j bezeichnen 
wollen; es ist |8,| = D. 

94. Man bezeichne die Hadamardsche Komponierte (3) der beiden Reihen 
F(z) und g(z) mit [f-g]. Mit dieser Abkiirzung erhalten wir aus (69) 
und (70) 


x fb L K 
(11) [f-gl = 2 2 fe gilt DUS gilt 2 fe GIFU" 9'1 


Der Hadamardsche Multiplikationssatz (man denke den Beweis in dem 
vorliegenden Falle nochmals durch) zeigt, daB [f, - ga] regular bleibt auBer- 
halb des Halbstrahles, der von «, 4, ausgeht und iiber ay 8) nach © lauft; 
ferner bleibt [f,-gi] sogar in allen Punkten dieses Halbstrahls regular, 
u. zw. bei beiderseitiger Anniherung, abgesehen (vielleicht) von den folgenden 
4 Punkten: a, Bj, a, Bi, a, Bi, a; By**, 





°° Es ist, nebenbei bemerkt, [f,-g,] auBerhalb der geraden Strecke a, 8), %, Bj eil- 
deutig, wie es am bequemsten aus Satz II folgt. 
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Der Satz C zeigt, daB a, 8) fiir [f;- gi] singulir ist. In der Tat, e, liegt 
als einziger singularer Punkt auf dem Konvergenzkreis der Maclaurinschen 
Reihe von fx (z) und fj liegt ahnlicherweise auf dem von gi(z). Es ist 
a, fir J, (z) und &, fiir ga (z) ein isolierter Punkt, im Sinne der in Nr. 69 
gegebenen Definition, also sowohl fastisoliert wie isolierbar, soda6 die 
Voraussetzungen des Satzes C reichlich erfiillt sind. 

Man bezeichne die kleinere (nicht gréfere) der beiden positiven Zahlen 
a\8,, und |e@,|b mit c. Gemaf dieser Definition folgt aus (68) und (65) 


jo By] = alfa] [> alB,| > c, |axBi| = lax|b > |a,|b >. 


Wir kénnen zusammenfassend dies sagen: Der Hauptstern von [fx - gi] 
hat eine einzige Ecke a, £;, und diese Ecke ist der einzige auf dem Rande 
des Hauptsternes von [/-g,] gelegene singulire Punkt, der im Kreise 


(72) lel<e 
enthalten sein kann. 
Nun ist wegen (65) und (66) 
a\Bi| = a|B,| Zc, |ax|b > |a(b >c, ab>|a,|b = c, 


so daB kraft (eines trivialen Falls) des Hadamardschen Multiplikations- 
satzes alle Funktionen 
(f*- gal, (fe-g*), (f*-97) 
innerhalb des Kreises (72) regular sind. 
Gema8B Formel (71) kann also im Kreise (72) der Hauptstern von [/- g] 
keine anderen Ecken und [f-g] selbst keine anderen singularen Stellen 


haben als die Punkte 
(73) ash, ( = 1,2,---, KE; 4 = 1,2,---, D). 


Nicht alle Punkte (73) miissen im Kreis (72) liegen, wohl aber der Punkt 
ce; 8i, wegen (66). Jeder Punkt (73) ist fiir einen Summanden der Doppel- 
summe rechts unter (71) wirklich singular, wie wir auf Grund des Satzes C 
eingesehen haben; liegt er in (72) und ist er nur fiir einen der besagten 
Summanden singular, so ist er singular fiir [/-g], w. z. b. w. 


NACHTRAG ZUM BEWEIS DES SaTzes A*’. 

95. Eine Mitteilung von Herrn Vladimir Bernstein® fiihrte mich zu einer 
wesentlich kiirzeren und zugleich weiter fiihrenden Beweisanordnung des 
Satzes A, die ich im folgenden mitteilen méchte. 

57 Hinzugefiigt wihrend der Korrektur, den 10. August 1933. 

38 Herr Bernstein machte mich darauf aufmerksam, da die im vorangehenden bewiesenen, 

von mir in 1927 gefundenen und in meiner unter ’ zitierten Note implizite mitangekiindigten 


Satze V und VI zu den Theoremen II und I einer neuerdings erschienenen Note von Miss 
Mary L. Cartwright in Beziehung stehen. Meine Sitze kénnen zwar in diesen Theoremen 
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Ich beginne mit einer neuen Definition, die sich den in Nr. 69 gegebenen 
Definitionen anschlieBt. Ich betrachte wieder die dort erwahnte Potenz- 
reihe (4) und einen singularen Punkt @ auf dem Konvergenzkreis von (4). 
Die Verbindungsgerade von e@ und Z wird durch den Punkt @ in zwei 
Halbstrahlen zerschnitten; denjenigen Halbstrahl, der nicht durch z _hin- 
durchgeht, nenne ich 5. Mit diesen Bezeichnungen lautet nun meine 
Definition so: Der singulire Punkt @ heift fiir die Reihe (4) gut zugéinglich, 
wenn es einen abgeschlossenen Winkelraum %& gibt, dessen Spitze a, dessen 
Winkelhalbierende § und dessen Offnung <7 ist, so beschaffen, daf die 
durch die Reihe definierte Funktion sich von Z aus geradlinig fortsetzen 
laBt in alle soleche Punkte einer geniigend kleinen Umgebung von «@, die 
nicht in W liegen. 

Vergleicht man diese Definition mit den in Nr. 69 gegebenen, so sieht 
man, daf der Begriff ,gut zuginglich“ enger ist, als ,,zuginglich“, jedoch 
umfassender als ,,fastisoliert*. Im Besitze des neuen Begriffes kann man 
den Satz A folgendermafen erweitern: 

Satz A*. Wenn auf dem Konvergenzkreise einer Potenzreihe nur ein 
einziger singuliirer Punkt liegt, und dieser singuliire Punkt fiir die Potenz- 
reihe gut zugiinglich ist, so ist die obere Dichte der Koeffizienten 1. 

Dieser Satz ist sehr genau; ersetzt man darin ,gut zuginglich“ durch 
,zuganglich“ (im Sinne der Nr. 69), so entsteht eine falsche Aussage**. Ich 
will Satz A* in den folgenden Nrn. 96—98 beweisen. Aus Satz A* und 
dem unverinderten Satz B folgt durch die Schliisse der vorangehenden 
Nrn. 88—89 eine Erweiterung des Satzes C (und auch des Satzes VIII), 
die ich nicht ausfiihrlich formulieren, nur in abgekiirzter Form aussprechen 
will: Das Produkt eines gut zugiinglichen Punktes und eines isolierbaren 
Punktes ist notwendigerweise singuliir. 

96. Der Beweis des allgemeineren Satzes A* ist zunachst darin ein- 
facher als der Beweis von A, daB die in Nr. 72—73 vorgenommene Zer- 
legung der Singularititen dazu nicht nétig ist. Die in Nr. 74—76 besprochene 
Interpolation der Koeffizienten wird hingegen mit einer gewissen Abanderung 


dem Wortlaut nach nicht enthalten sein, denn die in den letzteren erwahnte Ausnahme- 
menge der 7-Werte braucht nur ein kleines Maf zu haben, konnte also wohl alle ganz- 
zahligen Werte von r enthalten. Meine Satze kénnen aber tatsichlich leicht aus derjenigen 
Modifikation der Theoreme von Miss Cartwright hergeleitet werden, die Herr Bernstein 
in einer demniachst in den Annali di Matematica erscheinenden Note beweisen wird. 

*° Die Koeffizienten der Entwicklung der Funktion 


(aes 
n=1 9 





oo 





im Einheitskreis haben die obere Dichte 5/6, und der einzige auf dem Einheitskreis gelegene 
singulare Punkt, z= 1, ist zuginglich. 
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wieder gebraucht. Man setze voraus, daf die Reihe (7) auf ihrem Kon- 
vergenzkreise nur einen singularen Punkt besitzt, nimlich den Punkt z= 1, 
und da® dieser singulare Punkt fiir (7) gut zuganglich ist. Man wahle 
als Integrationsweg in (9) und auch in (10) eine einfache geschlossene 
Kurve, die den Punkt w—0O im Innern enthalt, durch den Punkt —e? 
hindurchgeht (6 >0, 6 geniigend klein, die Wahl von 6 wird noch prazisiert) 
und nur soleche Punkte im Innern enthalt und nur durch solche hindurch- 
geht, in denen die durch (7) definierte Funktion ®(w) regular bleibt. Durch 
die Variablenvertauschung w = e~* geht (10) in (11) iiber; das Integral (11) 
ist entlang eines Kurvenbogens erstreckt, dessen beide Endpunkte — 6 —ia 
und —d-+<7~ sind. Bei der Abbildung w = e~* gehen die beiden Schenkel 
des Winkelraumes % in zwei Kurven iiber, die im Punkte z = 0 mitein- 
ander einen durch die negative reelle Achse halbierten Winkel bilden, 
dessen Offnung kleiner als 7 ist. Man kann also — hier wird benutzt, 
daB z= 1 fiir (7) gut zuganglich und der einzige singulire Punkt auf 
dem Konvergenzkreise ist — das positive 0 so klein wahlen, daB sowohl 
auf den beiden abgeschlossenen geradlinigen Strecken von 0 zu —d—iza 
und von 0 zu —d-+ia, wie auch auf dem von diesen beiden Strecken 
rechts gelegenen Teil des Streifens —a < Y¥z< a die Funktion M(e~“) 
regular bleibt, abgesehen natiirlich von dem einzigen, offenbar singularen 
Punkt zg = 0. Bei dieser Wahl von 6 kann man die Integrationslinie 
von (11) den beiden gleichen Seiten des gleichschenkligen Dreiecks 
(—d—in, 0, —d+iz) so nahe bringen, wie man will, und die Uber- 
legung der Nr. 24a), angewandt auf (11), ergibt, da6B F(Z) eine ganze 
Funktion vom Exponentialtypus ist, deren konjugiertes Diagramm in dem 
Dreieck (—d —iza, 0, —d-+iz2) enthalten ist. Andererseits ist, auf Grund 
der Nr. 43—44, die in z= 0 liegende Spitze dieses Dreiecks, die in der 
Abbildung w= e-* dem singularen Punkt w= 1 von @(w) entspricht, 
sicherlich ein Punkt (u. zw. ein extremer Punkt) des konjugieften Dia- 
gramms von F(Z). 

Das Gesagte beweist die eine Halfte des folgenden Satzes III, namlich die 
Notwendigkeit der darin auszusprechenden Bedingung; es empfiehlt sich die 
Bezeichnungen etwas zu Andern, cn durch a» und d /w durch tg @ zu ersetzen. 

Satz III*. Die notwendige wnd hinreichende Bedingung dafiir, dafi die 


Potenzrethe 


S (2) = atametage?+-->+ane"+--- 


auf ihrem Konvergenzkreise nur einen singuliiren Punkt habe, niimlich den 
Punkt 2=1, und daf dieser Punkt ein gut zugiinglicher Punkt fiir f(z) 
sei, ist die Méglichkeit eine ganze Funktion F(z) vom Exponentialtypus 


und eine positive Zahl « (o< a< +) zu finden, so dap 


2 
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ey = F(n) Jiir n = 0, i, 2, ahs 
und we 
(74) = h(y) = lim 1 log |F(re?)| = 0 fir —e< g <a 
rao 


sei. 

DaB die ausgesprochene Bedingung hinreicht, ergibt sich ohne weiteres 
aus Nr. 43—44, wird aber im folgenden gar nicht gebraucht. Man ver- 
gleiche den Satz II1* mit dem komplizierteren I1I und insbesondere (74) 
mit (13). 

97. Zum Beweis des Satzes A* haben wir die durch Satz II* einge- 
fiihrte Funktion F'(z) zu untersuchen. Um diese Untersuchung iibersichtlich 
zu gestalten, empfiehlt sich eine gelaufige funktionentheoretische Schlub- 
weise*® auf die folgende allgemeine Fassung zu bringen: 

HitrssaTz V. Es sei Wt ein in der z-Ebene gelegenes zusammenhiingendes 
offenes Gebiet, N und O abgeschlossene Teile von M. 

Es sei die analytische Funktion F(z) regulir und eindeutig in MN und 
erfiille daselbst die Ungleichung 


(75) |F(@| < M. 


Ferner sei N die Anzahl der mit Multiplizitait gerechneten Nullstellen von 
F(z) in N. 
Dann gilt in 9 die obere Abschiiteung 


|\F@)| < Me™ 


wobei die positive Zahl x von F(z), Mund N unabhiingig, nur von M, N, O 
abhiingig ist, x = 4(M, N, O). Es hiingt x sogar nur von der Form und 
der Konfiguration der Punktmengen N,N, 0 ab, ist aber von deren Lage 
und Gripe in folgendem Sinne unabhiingig: Wenn eine Ahnlichkeitstrans- 
formation der komplexen Zahlenebene M,N, O bzw. in M*, N*, O* siber- 
Siihrt, so ist x(M, N, O) = x(M*, M*, O*). 

Ich gebe hier der Vollstandigkeit halber einen Beweis; er wird in 
mehreren Schritten erbracht. 

Erster Spezialfall. Es seien 


Me, N, D 


konzentrische Kreisflichen, namlich 


jeé|<1, lz] Se, lz) <0 





” Sie wird z.B. auch von Miss Cartwright a.a.0. °° gebraucht; sie kommt in dem 
bekannten Ansatz von F. und R. Nevanlinna zum genauesten Ausdruck, vgl. Acta Societatis 
Scientiarum Fennicae 50 (1922) Nr. 5. 
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baw., wobei OC @<1, O<¢<1. Es seien a, a,,---, ay die Nullstellen 
von F(z) in %, mehrfache mit der richtigen Multiplizitat gesetzt. Dann 


ist die Funktion 
— Anz 
F(z) [ta aging 


n=1 
in $M (im Einheitskreise) regular und ihr Betrag hat daselbst wieder die 
obere Schranke M. Daher ist 

















(76) \F@| <M Ee —* 
n=1 — An 2 
Man beachte, daB (wie gelaufig und leicht ersichtlich) 
z—a la| +2! , as 
—|/< . lel< 
ical tAlellal wenn ja\<1, |e\<1, 





man beriicksichtige ferner, daB a, in M liegt, und nehme schlieflich an, 
daB z in © liegt; dann ergibt (76), dab 


\F@| < u(2te)'— Me 
in OD, wobei 
” 1+oo 
17 = ] 
(77) x Sie 





gesetzt wurde. In diesem Spezialfall ist also Hilfssatz V bewiesen. 

Der Beweis ist im Falle 90 = o = 0 iiberfliissig, er bleibt in den beiden 
Fallen 0<o<1, o = 0 und oe = 0, 0<o<1 bestehen und liefert im 
ersteren Falle eine wichtige Folgerung der Jensenschen Ungleichung und 
im letzteren Falle, fiir N — 1, das Schwarzsche Lemma. Hilfssatz V ist 
also als eine Verallgemeinerung des Schwarzschen Lemma anzusehen. 

Zweiter Spezialfall. Es sei Mt (wie vorher) der offene EKinheitskreis, 
¥ und O beliebige abgeschlossene Teilmengen davon. Der gréfite Abstand 
vom Nullpunkt heife e fiir % und o fiir O; es ist e<1, <1. Die ab- 
geschlossenen Kreisflachen |z|<e, |2|<o sollen bzw. 2’ und ©” heifen, 
und die Anzahl der Nullstellen von F(z) in Mt’ heifBe N’; offenbar ist Xt 
in N’, O in O’ enthalten und es ist N< N’. Durch Anwendung des im 
vorangehenden Spezialfalle gewonnenen Resultates findet man, mit dem 


Wert (77) fiir x, daB 
[F@| < Me < Me™ 


in ©’ und um so mehr in ©. 
Ein allgemeiner Fall. Es sei M einfach zusammenhangend, Yt, O beliebige 


abgeschlossene Teilmengen von Mt. Man bilde das in der z-Ebene gelegene 











t 

; 

; 

; 

H 

{, 

t ‘als 
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M eineindeutig und konform auf den offenen Einheitskreis der w-Ebene, 
der im folgenden {* genannt wird, ab. Diese Abbildung sei durch die 
Funktion z = z(w) vermittelt und fiihre Jt in N*, O in O* iiber. Setzt man 


F(z(w)) = F*(w), 


so ist ersichtlicherweise M eine obere Schranke von |/*(w)| in M*, 
N die Anzahl der Nullstellen von F*(w) in MN*, und die in O* nach dem 
vorangehenden Spezialfall bestehende Abschatzung 


Me*® > |F*(w)| = | F(w))| 


ergibt, wenn z in © liegt, das gewiinschte Resultat. 

Der allgemeinste Fall, in welchem 3% einen beliebigen Zusammenhang 
hat, ist auf den Fall des einfachen Zusammenhanges leicht zuriickzufiihren 
(Bedeckung von Xt und © durch endlich viele Kreise, Zerschneidung von MM); 
ich behandle ihn hier nicht, da er im folgenden nicht benétigt wird. 
Man sieht aus dem Vorangehenden, da x nicht nur bei Abbildungen der 
Form az+b = w invariant bleibt, wie im Hilfssatz V behauptet wurde, 
sondern bei beliebigen eineindeutigen konformen Abbildungen. 

98. Ich wende den Hilfssatz V auf die im Satz III* erwahnte ganze 
Funktion F(z) an. Es sei # eine feste positive Zahl und 

M — M, der Kreissektor, der durch die Ungleichungen — @ < arcez <a, 
0<|z|<r(1+4) begrenzt wird; 

N = MN, die geradlinige Strecke auf der reellen Achse zwischen z = 18 
und z—7; 

© = ©, der Punkt z—7; 

M(r(1+8)) das Maximum von | F(z)| in M,; 

n(r) die Anzahl der Nullstellen von F(z) in %,. 

Zwar hangen M,, 3t-, O, von x ab, erfahren aber bei wachsendem r nur 
eine Dehnung, die ihre Konfiguration unverandert la£t; daher bleibt auch 
das in Hilfssatz erwihnte x unverandert, und es ist 


(78) \F(r)| < Mr(1 + A) e*™, 


x unabhangig von 7. Man bezeichne mit N(r) die Anzahl der ver- 
schwindenden unter den [7] Funktionswerten 


F(1), F(2), ---, F((r)); 


es handelt sich um N(r) in Satz A*. Es ist offenbar 
(79) N(r) S &r+n(r). 
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Die Kombination von (78) und (79) ergibt (auf Grund der Regel (9) in 
Nr. 5), agi 

lim r log | F(r)| + x lim 7 N(r) 

re r>a 


S (1 +8) lim (r(1 + 8) log M(r(1 +8) +28. 


Beachtet man (74) und die Bedeutung von M(r) (und auch das in Nr. 26 
Gesagte), so erhalt man 
(80) z lim v1 N(r) < x2. 

r—>o 
Da x positiv ist und 8 beliebig klein gewaihlt werden kann, mué der links 
in (80) stehende Grenzwert verschwinden. Die obere Dichte der Ko- 
effizienten a, = F'(n) ist aber 

1 — lim x N(r). 

To 

Damit ist Satz A* bewiesen. 

99. Die im Beweise des Satzes A* nicht benutzten Teile des Beweises 
vom Satz A sind insofern nicht ganz iiberfliissig gemacht, daf sie bei 
analogen Untersuchungen verwendet werden kinnen, z. B. bei der Be- 
grimdung vom folgenden ‘** 

Satz X. Wenn auf der Konvergenzgrenze einer Potenzreihe nur ein 
einziger singulirer Punkt liegt, und dieser singuliire Punkt ein fastisolierter 
Punkt endlicher Ordnung ist, so ist die Dichte der Koeffizienten 1. 

Ich nenne eine fastisolierte Stelle « von endlicher Ordnung, wenn, die 
Bezeichnangen der Nr. 69 beibehalten, die aufgeschnittene Kreisfliche §* 
so klein gewahlt werden kann, daf darin 


fle (a) 


beschrankt bleibt; hierin ist f(z) die durch (4) definierte Funktion, ¢ der 
Abstand des Punktes z von der Strecke «, «’, und a eine positive Kon- 
stante, deren Existenz die Hauptsache an der Definition ist. Auf den 
Beweis von Satz X gehe ich hier nicht ein. Aus Satz X folgt leicht eine 
weitgehende Verallgemeinerung des Falles (III) von Satz VIII, namlich 
daB das Produkt eines fastisolierten Punktes endlicher Ordnung und eines 
auf dem Konvergenzkreise isolierten Punktes sicher singulir ist. 


‘1Tch habe diesen Satz in 1929 im Anschlu8 an die in *’ erwahnte Mitteilung von 
Herrn Rolf Nevanlinna gefunden; der Beweis wird durch die in ** erwahnte Untersuchung 
von Herrn VY. Bernstein etwas vereinfacht. 


PRINCETON UNIVERSITY. 

















ON A METHOD OF SUMMATION OF FOURIER SERIES.* 
(SECOND PAPER.) 


By A. F. Moursunp. 


1. Introduction. This paper is a continuation of an earlier paper in 
which we give theorems concerning the effectiveness of the N, method 
for the summation of Fourier series, conjugate Fourier series, and the first 
derived series of Fourier and conjugate Fourier series.‘ We are concerned 
here primarily with the question of summation of the pth derived series 
of Fourier series. 

In a paper published in 1926 M. Jacob shows that the pth derived series 
of the Fourier series of a Lebesgue integrable function is summable by 
the Cesaro method, (C, p+), d>0, to the value of the pth generalized 
derivative (in the sense of de la Vallée-Poussin®) of the function wherever 
that derivative exists.® He shows by an example that the restriction 
d>0 is necessary. 

We set up here based upon the N, method a summation method, the 
Ng, method, which contains as a special case the Riesz equivalent of the 
Cesaro method, (C’, p+ 6), 0<d <1; and obtain for the N,, method a result 
analogous to the result of M. Jacob, given above, for the Cesaro method. 
We obtain an analogous result by superimposing upon the Riesz method, 
(Rk, p), the Ng, method. 

We give, also, theorems concerning the N,, summability of the Fourier 
series and the N,, summability of the conjugate Fourier series. 

2. The N, and the N,—(R, p) methods. Let F'(n) be defined for all 
values of n>0O, and let it be desired to consider a “generalized limit” 
of F(n) as n>, 

The N,, method consists in forming the Nz, transform or mean 


1 
Ny, f'(n) = J q,(t) F(nt) dt 





* Received December 24, 1932. — This paper is a part of a dissertation presented for 
the degree of Doctor of Philosophy at Brown University. 

' Annals of Mathematics (2), vol. 33 (1932), pp. 773-784. 

* Ch. J. de la Vallée-Poussin, Sur l’approximation des fonctions d’une variable réelle, 
Acad. Bruxelles, Bulletin 1908. 

3M. Jacob, Uber die Cesdro’sche Summierbarkeit des Fourier’schen Integrales, Bulletin 
International, Classe des Sciences Mathématiques et Naturelles, Cracow Academy of 
Seience (A), 1926, pp. 41-74. 


778 








THE SUMMATION OF FOURIER SERIES. II. 779 


and then considering the limit 
lim Ny, F(n), 


no 
where 
(i)¢,0 20 for0<t<1; 


@) [-a,0at = 1; 


Ss q,() exists and is absolutely continuous for 0 < ¢ <1, 
(8 = 1, 2, -++, p—1); 


(4) = 0 for ¢= 1, (@ = 0, 1, 2, ---, p—1); 


(3) 


df 

(4) ap % 
a? 

(5) TP UP (t) exists for O<t<1; 


4 
(6) (— 1) 
at” 





q,(t) = 0 and monotone increasing; 





' { Sig 1 
(7) lim (¢) lo Tai @ exists. 
0 dt® p 4p ) Si—t 


Jd—>0 


Similarly, the Nz,—(R, p) method consists in forming the N,,—(R, p) 
transform 


1 1 
Ny, —(R, p) F(n) anf g(r) dv f pi—t? F(ntv) dt 


and then considering the limit 

lim N,,—(R, p) F(n), 

no 
where the function qgo(v) is an Na, kernel of order zero, i. e. satisfies con- 
ditions (6), (2), and (7), for p = 0. 

It is essential for the application of the N;, and N,,—(#, p) methods 
that F(m) be defined for almost all values of n> 0; hence if this function 
is defined only for integral values of , for example the mth partial sum 
of a series, it must be defined for the intermediary values by some method 
such as linear interpolation. 

In the following lemmas we state, without proof, some general properties 
of the Ng, method. 

Lemma 2.1. The Ng, method is regular.* 

LEMMA 2.2. The kernel Gp (t) is monotone decreasing, its derivatives of odd 
order less than p are negative and monotone increasing, its derivatives of 


‘F. Nevanlinna, Uber die Summation der Fourier’schen Reihen und Integrale, Oversikt 
av Finska Vetenskaps-Societetens Férhandlingar, 64, A, No. 3, 14 pp. (1921-22). 














780 A. F. MOURSUND. 


even order less than p are positive and monotone decreasing, and there exists 


a constant Ay such that 
|_4 





(1) | Fan | <p Pee aeeD, 
: 7 d? | 
en sp 990) dt < Ap. 


LEMMA 2.3, For p= 0 the N,, method is identical with the Nq method.° 
LemMA 2.4. If the kernel 


dy (t) = (p+a—s?rr (<6 <1), 


then the Ny, method reduces to the Riesz method, (Rh, p+ 0), and is con- 
sequently equivalent to the Cesaro method, (C, p+ 9). 

In the two remaining lemmas we give properties of the N,,—(R, p) 
method. 

LEMMA 2.5. The N,,—(R, p) method is regular. 

LEMMA 2.6. If F'(n) is such that the double integral 


1 1 
f qo wav [ r(i—t) | F(ntv)| dt 
exists, and also 
N,—(k, )Fin)> LD as n>; 
then for p>r 
Ny, —(h, pFrn-L a n>o, 


3. Notation and general preliminary lemmas. The following 
notation will be used throughout the paper. We consider only functions /() 
which are periodic of period 2~ and Lebesgue integrable [f(x)C JL]. 
We set 


1 7 
h = if J (s) cosnsds, 
a Vm 
1 7U 
b, = if JS (s)sinnsds. 
—1 
Then f(x) generates the Fourier series 
i.) 
(3.1) + > (an cos nx + by sin nz) 
n=1 
whose conjugate series is 
i.) 
(3.2) 2 (— db, cos nx+ ay sin n2). 
n= 





> Loc.cit. ', p. 773. 
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We designate by S, (a) and o, (x) the nth partial sums of the Fourier and 
conjugate Fourier series, respectively, and by S‘”) (x) the nth partial sum 
of the pth derived series of the Fourier series. 


We set 
y(s) = f(a@+s)+fi(ex—s)—2 f(a), 
_ vi) = [gars 
(3.4) w*(s) = f(x+s)—fl(a—s). 


In connection with the conjugate Fourier series we use the function 
(3.5) f(z) = +> _ tie fow (s) cot —ds 
\ J 2 1 e—0 A 2 b 


which, for f(xz)C LZ, exists almost everywhere;’ and in connection with the 
pth derived series of the Fourier series the notion of a generalized derivative 
given by the definitions below. 


DEFINITION 3.1. If at a point x the function f(x) satisfies an equation of 








the form 
S(a+s)+f/(e— s) . 2) st ed 
5 — =, JS (x) Qa! + w(x, 8) Qh!’ 


where w(x, s)>0 as s>0, then f°(x) is the 2kth generalized derivative 


of f(x). 


DEFINITION 3.2. If at a point x the function f(x) satisfies an equation of 


the form 
Sat)—fe—s) _ e+n(,) — ai 
= SOO Bian T°) @ 


gtk+1 


kp I 





2 


where (x, s)>0 as s>0, then f+ (x) is the (2k+- 1th generalized derivative 


of f(x). 
It follows from the existence of the pth generalized derivative that the 
: a W? 
(p—2)th, (p—4)th, ---, also exist. If the ordinary derivative = f@) 
exists it is identical with the generalized derivative /(z).° 
We say that: 
DEFINITION 3.3. A point at which the generalized derivative f(x) exists 


is Gp regular with respect to f(x). 





®In our earlier paper, loc. cit. ', we set ®*(s) = f g(t)dt. Our present notation 
is in general use. = 

7A. Plessner, Zur Theorie der konjugierten trigonometrischen Reihen, Mitteilungen des 
Mathematischen Seminars der Universitat Giefen, Heft 10 (1923). 

Sde la Vallée-Poussin, loc. cit. ”. 
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DEFINITION 3.4. A summation method is Gy effective if it sums the pth 
derivedseries of the Fourier series of f(x)CL to f(x) at the Gpregular points. 

In order to simplify the expressions for Sv” (x) and SC**? (2), which 
we give in the next section, we set 


u(k, a, n) 











ad =(= Gk—2e)l # « awe 
(3.6) Bl Qk—2a—A! dP °° 9 Ggemep Sins 
2k—2Qe 
‘i + ae cot na] 
an en 
qp2i—2a 
a Uo (2k, n) 7" ne (2i—2a+1)! u(k, a, n), 
" U 2i—20 
Ooi (2k+1, n) = — — u(k, a, n); 


a=0 (2i—2a-+1)! 
and state the following lemmas. 
LemMA 3.1. For n a positive integer 


sin (n+ 5] 8 





= 1+2[cos s+ cos 2s+---+ cos ns]; 














sin > 
pk sin (n ot 5} Ss 
Tr 0 (s = 0, 7); 
sin-5 
. 1 
1 (sin (n+ 5) s 
1/ - P ds ae F, 
e/0 sin > 
LEMMA 3.2. . 
pk sin (n+ 3) 
1 (2 = d s?* 8 * 
sin 9 
a te (2k, n) (6 <2, 
1+ Ux (2k, ) 4= hk). 





LEMMA 3.3. 


, 1 
1 (7 sith pent sin (n + 5) od i 
a Jo (2i +1)! dskti oa r 
sin > 
__ J Dai (2k +1, n) (<h), 
~ |= 1 — Oxy (2k +1, n) = bh). 
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4, The N,, and N, —(R, p) transforms. From our earlier paper we 
have for f(x)C L and periodic of period 22:° 


Sp (x) = Tt Za cos na + by sin nz) 


sin (n+ 3) 9) 
(4.1) = ws. J (s) ds 


sin ~—* 


sin (n+ ve 
= = S@) +s -{ y (s aes aneememen (OS. 








and 


6, (x2) = Pe aa bn COS NX + ay Sin nZx) 


1 ” 8 1 ‘)/ 3 
$6: On P j “J > 
27 J id 2 on J, (s)sinnsds. 


At a point where 9, (s) = o(s), as s>0, we obtain from (4.1) by inte- 
grating by parts the equation, 


(4.2) 





Sa (a) = fa) +2 —_ 











(4.3) sin sin (n+ t. 8 
2 
- 2 {" 9, (9) en 
sin > 
and then 
1 
No, Sn (x) = sat 2O | nm (cos antdt 
0 
' t+ -— 
(4.4) 1 1 if: d sin (n & )e 
—sf qi (t) dt ; #1 (8) 7 re ds 
sin 
= f(~)+a+c. 
From (4.2) we have 
1 “7 
Ng, Gn (x) = —f wtoat { y* (s) cot ; (1—cosnts)ds 
2a 0 0 = 
1 4 
(4.5 a) — if aotat | y*(s) sin nts ds 
27 0 0 


* Loe. cit. 1, pp. 776-777. 


52* 
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a: nt ee 
= —* fe 7 (s) cot 9 ds 


n 
d 


a i yan 
—sf qoidat | w* (s) cot 9 (1— cos nts) ds 


. t at { *(9 (cot-5 ——} eos tsd 
+ A Jo P w § 2 3 nts as 


A 


” 

(4.5b) i a a 
= ff +f qo(t) dt FE wens ds 

mu 004 0 d x 

n n 
1 ' ™ S 
= * bs 
+ on f goo at J w* (s) cot 5 cos nts ds 


a iy i 
— sf gwtoat { w*(s) sin nts ds 


1 4 
—_ ry i, y* (s) cot = ds +D,+D.+D,+D+D;+D,. 


It follows from (4.1) that 








sin (n a 5] (a —s) 











7U 
(p) ae 2:2 OP d 
Sn" (a) = tJ fo Ox? me , 
sin 
2 
: 1 
4 , . qe sin nt> (a — s) ° 
On _ 78 d (a —s)? . x“£—s , 
——S 





(4.6a) 
1 
2—n sin (n+ +1 8 
— f fe—-)= ay. 
27 Jain ds? s 


sin — 
2 





' 1 

=tf sre-0£ ls a 

20 J_, ds? a a ‘ 
sin > 


~ 
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, 1 
, sin (nt5)s 
= fe —95 = : ds 
os 


~1 
fo 2 
St 





8 
sin — 


























2 
a sin (n+) s 
(4.6 b) -b ayes f° Slat 7 : ds 
ek Y 
sin (n+ s $ 
*(—1)P? f(e@+s)4f(e@—s) a 2) as 
9 — 3; — 
sin ~5 
At the Go, Gox41 regular points we have then, respectively, 
sok 
8 (4 = + (2i) 
@) L (|e waar toe, 8) fal 
(4.7) pk sin (n+—)s 
—— 
sin > 
and 
SOY (op = —— Lf*| Spon (2) ——_—— + o (xz, s) ———~ vette 
(22 a (2k+1)! 
(4.8) pets sin (n+ s)s 
1 gkT —@ — ds; \ 
a 
which become, respectively, by means of Lemmas 3.1, 3.2, and 3.3: 
k 
1) Cn) =f ™ (2) + > f (x) Uni (2k, n) 
i=1 
' ] 
(4.9) - . , sin (n+ ss 
an w(x, 8) . . ds, 
1 Jo (2k)! ds? ~ & 
sin —- 
2 
and 
k . 
MED (yy = f*M QV 4 Df CH (a) Uoi41 (2k +1, n) 
i=0 
} 1 
(4.10) 1 (7 okt qee+i = (nt5 , 
—1f w (x, 8) @k+1)! qektt “—" ds. 
sin > 
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Hence ‘ : 
Ny, Sn? (x) = FP) + SPW) f Qp (t) Uri (2 k, nt) dt 
iw 0 
1 
a ft... 7m gpk gpk sin (nt-+>) 8 
(4.11) i f f , 
+ J, wat J 0 (e, 9) opr Ga — = 
k mo 
= f™ + DS” (e)Ver+ Woe, 
and _ 
M, gore ( x) : 
c 1 
= f ath @+2f ore @ f Up (t) Vois1 (2k+ 1, nt) dt 
(4.12) 1 { na f’ gekt+1 qekti sin (nt+ 3] 8 
FJ 20 At), °@ 9) Et! ae — ds 
eek 


k 
== SOrrn (x)-+ D) fOH+9 (x) Vora — Warts - 
Also seas 
Ny, —(R, 2h) Sy” (x) 


k 1 1 
= feh(z) +2 fe | go (v) av 2k(1— t?*-! Uy (2k, ntv) dt 
i= 0 


1 *1 7t 
+2] ao(o) dv f 2k(1— f*— aif w (x, 8) 
Jo 0 0 








(4.13) : 
ite - ial sin (n tu+ 5 8 
“2m! ds sin © = 
2 2 
= feh(y)+ 2 S™ (a) Xu + Vox, 
and i 


Ny, —(R, 2k +1) 8"*? (a) 
k 1 
= FED (x) + 2D FAHD (e) | qo(v) dv 
t= 0 


1 
«f (2k-+-1) (1— #)* Doin1(2k +1, ntv) dt 


oe i be 7 
(4.14) sr 1f qo(v) av| (2k-+ 1) (1 — t)* auf (x, 8) 
| 1 , ; 


. 1 
gtk quzeti SM (n ty +5) 8 


“QkED! ager ” 





sin 
2 


k 
== fekty @)+ 2 fern (a) Xost1— Youss. 
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5, Preliminary lemmas for the N,, method theorems. Throughout 
the proofs of our Ny, method Theorems 9.1, 9.2, and 9.3 we use the 
following lemmas. For convenience we set 


Qp(h) = f 
1—h 


We have then: 


dt, i= de -_ s. 
| a 








dP 
a ae Fp (b) 


a 
sin | dP 
f cos{ ” ts dp p(t) dt | < Qy(h). 
LEMMA 5.2. Qp(h) is a continuous monotone increasing function of 
h, Qp (0) = 0, and Qp(h) << Ap. 


1 
LEMMA 5.3. f Se!) ds = lim im f % QO 35 exists. 
0 


Proofs of Lemmas 5.1, 5.2, as 5.3. As a consequence of condition (6) 
on gp(t) [Sec. 2] we “ 
dt Pp 


1 
Qp(h) =| |e dP van dt =f ore ap dp(t) dt. 


To complete the proofs we have only to replace in the proofs of Lemmas 5.1, 
5.2, and 5.3 of our earlier paper:’° 
q(t) by (—1)? tg (1), 


Q(h) by Qh), 


condition (3) by condition (7). 

6. Preliminary lemmas for Theorems 9.1 and 9.3. In this section I 

we give lemmas which we use, in addition to the lemmas of Sec. 5, in 

proving our Theorem 9.1 on the N;, summability of the Fourier series 

and our Theorem 9.3 on the N,, summability of the pth derived series of 

the Fourier series. Throughout the proofs of the lemmas we use the 
facts that: 


LEMMA 5.1. 








and 














df s 1 ee 
— is ): 
(6.1) sh a cot Sloe o(— O<s< an); 
and 
: a {sin | 
S5) ds® \cos ts} = as ate {ones 


In the proofs of Lemmas 6.2 and 6.3 sin may be replaced by cos. 
LEMMA 6.1. The functions 


ab 
ae | q,(O)]; B<p, 


0 Loe. cit. 1, pp. 778-779. 
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and 
dé dP- 
die In) oh 





te? <p, 


are of bounded variation on (0,1). 
LemMA 6.2. For &<p, 


1 
B {sin \ ee 
al %yOasB a \cos” nto} at " o(ze): 


Proof. We have, using (6.2), integrating & times by parts, and then 
using condition (4) on q,(¢) [Sec. 2]: 





1 | 
of a,() Sy sin nts dt 
0 
1 
-|{ 4 ae [#? ¢, 0] sin ntedt| mies o(=} 


as a result of Lemma 6.1. 


LEMMA 6.3. — <s<a, then 


| ; d? {sin | 1 7 
vf, I) as \eos™*8 (at) = OL ae + %(a0) |. 


Proof. Proceeding as in the proof of Lemma 6.2, we have, by 
Lemmas 6.1 and 5.1, 


o {4 a=. sin nts a 
9 PB” dsP 
* @ a 
{ qe agi sin ols 
Ss . - qe 
< f so BI (p—A)! - — 8)! ae ate I a etnias 


+ if al sin nts at 


= Obs Seal 


LEMMA 6.4, For s =a and B<p, 




















| 


g ad? {sin 
f a (0 -Far | eogntsl dt = o(l). 


Proof. The lemma follows from Lemmas 6.2, 6.3, and 5.2. 
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Lemma 6.5. If0cs<— and 0O<t<1, then 




















1 
: q sin (nt-+ 3) aro 
$ ds? wr = O(n). 
sin 5 
Proof. We have, using (6.1), 
, 1 
pp Sin (ne+ 3)e 
wae sin 
2 
p! es s || de-é | 
‘i Bn” | aar 88 || agen mes 
+ 3? cos ong 


aa 


< 2 Fe O(s?—8-1) . nP-P +(ns)? = O(n). 
=0 


LEMMA 6.6. For ~ S95 and O<t<l, 


1 
1 sin nt+ — s 1 1 n 
ed Op (b) re eta éti = Ola +5 %(7)]. 
2 


Proof. Proceeding as in the proof of Lemma 6.5, we have by (6.1) and 
Lemmas 6.2 and 6.3 


. 4) 
” [og (t) a oak : at 
0 , ds? 


— 
| sin Oo | 




















p! 
p=1 BY (p— Li 


~f- 


lA 


1 
f te s? rf Ir ) 7 a= sin nts dt| 


en Ie d 
gP "od sin nts dt 
1 
+\s > woe cos nts di 


= £,[(3): Ag A he 


bee? tee = of -7 +> %(=)]. 
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Lemma 6.6 enables us to write 








| ( 7 
1 sin |nt-+ —}]s 
dP 2 1 1 1 
D Pp ) y <— —_-_- — 
(6.3) 8 f Q (#) ds? pee") ‘ == Ky| 53 + 8 Q»(=)]. 
2 
(Kp = const.). 


Lemma 6.7. If = <s 


IA 


m,O<t<1, and B<p; then 
| sin |{né+ =) 8 
, ze 
2 1 
B — 
6 f Ir 0-5 ae dt 0(~s): 
| 2 | 
LEMMA 6.8. Jf F(s) = o(1), as s>0, and B<p, then 
nt 1 a sin (ne+—)s 
f Fistas | Yn (b) dt = o(I). 
0 0 ds? e 
si 
Proof. For the case 8 = p, we have 


- 1 qP sin (ne+ =) | 
f F(s)s asf Up (b) qe? dt 


eee, 









































sin = 
| 2 
| 1 | 
rt “1 qo Sin (net 5 8 
< ; 
= J, | F'(s)| of O75 “nm dt\ds 
nok I 





: 1 d pi at fl 
={ f+f. fay f = E+R+ Bs; 
0 0 ma Jo d Jo 


then, by Lemma 6.5 





|\A.| = oa f O(n)ds = o(1); 
0 
by (6.3) and Lemma 5.3 


|#,| < [o(1) as sox, {| - ++ Q (=| ds 





ns 


d 
< [o(1) as 0-0] K,{|— 2] + [2 ash 


= o(1), as 0-0; 
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and by (6.3) and Lemma 5.2 


|i < f |F()| Kp it +te (*)]as 


ns 
< K,|5+4 Qp ()| = o(1) as n>, for a fixed J. 


In proving the lemma for the case 8<p we proceed as in the proof for 
the case 8 = p, but use Lemma 6.7 instead of (6.3). 

7, Preliminary lemmas for Theorem 9.2. In proving our Theorem 9.2 
concerning the N,, summability of the conjugate Fourier series we will use, 
in addition to the lemmas of Section 5, the lemmas given in this section. 


LEMMA 7.1. The limit 
A */ 
e § 


e—>0o 7 


exists wherever f (x) exists. 


¢ 


‘ . 2 ‘ 
Proof. Since the function, ——cot->, is summable on (0, 7) we have 
wherever f (x) exists, 


7t * (0. 
iim +f Yo ae 


e—>o0 
ma 2! ee, *) {ve <as| 
= tim Lf w (s) (= cot 5) ds+ b w* (s) cot 5) ds 


i tae 4) ; 
-_ wf w (9) (——eot 5 ds+ f(x) 
exists. 

Lemma 7.2. If B>a>0, then 


B 
J. vo as = o(1), as a, 8>0. 


Proof. The lemma follows from Lemma 7.1. 
LEMMA 7.3. If F(t)C LZ on (0, 1), then 


1 1 
af F(t)cosst dt = = | tF'(#) sin st dt. 
ds 0 0 
Lemma 7.4, If F(t)C LZ on (0,1), then the function 


1 
G(s) = f F(t)cosst dt = P,(s)— Pa(s), 
0 


where P,(s) and P:(s) are monotone non-increasing bounded Junctions for 
O<s<s8. 
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Proof. The total variation of G(s) on (0, 8) is, by Lemma 7.3, 


S| 4 1 Ss 
J if F(t) cos st dt a=] 
0 ls Jo 0 


sl 1 
<{ [ irwlatass sf (relat, 
0 0 0 
hence is finite. 
LEMMA 7.5. For B>a>0, the integral 
B 
f as = o(1), as a, B>0. 


Proof. The lemma is an immediate consequence of Lemma 5.3. 

8, Preliminary lemmas for Theorem 9.4. In proving our Theo- 
rem 9.4 on the N,,— (2, p) summability of the pth derived series of the 
Fourier series we will use, in addition to lemmas previously given, the 
lemmas of this section. We set, for convenience, 





“1 
{ tF(t)sinstdtids 
0 











., 8 
(8.1) pit © cot | < Rp O<s< 7), 
and 
; d - 
(8.2) a [p(l— #2 #]| < Fy, 





and use in the proofs of our lemmas, without further reference to it, the 
fact that w(x, s) > 0, as s> 0. 
LEMMA 8.1. For s=a2 and B<p, 


1 1 ° 
: d® {sin i 
— f)p-1 ee 
f acorn pat? dé Jan nt sv dt o(1). 
Proof. For B<yp, we have, using (6.2) and integrating 4 times by parts, 
71 1 
f awcoav [ p(l— t)? £ sin ntsv dt 


— 
= £<F f war [2 ae [pi — #21 #] sinntsvdt 


= “a as NS>, 
by the Riemann-Lebesgue theorem and Lemma 2.1. Similarly, we have 


1 1 dP 
f soto) dv f pai— (Pp Sin ntsvdt 


! 1 
— P age 


gP 











= te as nS >, 
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LemMA 8.2. 
8 , , 
foe, eotS asf go(v)snnsvdv = o(1) as now, 


Proof. We set 


I So= RELL H, + He + Hy. 


Then 





4 
= er | 
|\Ai| < hy { | w(x, ads gov) waa dv = o(1); 
0 0 


s 
by Lemmas 5.1 and 5.3 
7 
0 (Fr) 
8s 





J 
|H,! < Ry { | w (ar, s)| ds 


z/3 


1 . 
< R[o(1) as so f 09) ag = o0(1), as d>0; 
0 


and, interchanging the order of integration, by the Riemann-Lebesgue 
theorem and Lemma 2.1 


1 ; a 
|| = f qv) dv [" o, s) cot sin nsv ds | 
= o(1) as n>, for a fixed 0. , 
Lemma 8.3. For 8 < p, 


7 
dv-b 8 1{ 
—p ————— ——— 4 
f w(x, 8) s? 1B cot 9 ds 
1 1 8 
xf qo(v) do | —. [p(1 —t)? #] sin ntsvdt = o(1). 
0 0 dt? 


Proof. Changing the order of integration, we have using (8.1) and (8.2): 


Le * 1 1 1 
Pes ds (dof v9 ad = fe asf) dt[(-) dv 
10 0 0 0 0 0 


1 1 
< ["loe, )| Bp-p + as { Fst) [aoo) sin nisvdv| 


= AL LL LLL SSL LLL LLL 


n ns 











= Ry_pF3(L,+ [2+ 135+ 1,415]. 


ve 
7 
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We have immediately 








7 
mn 1 a1 ; 
| LZ, | < o() f asf aef Jolv anu dv = o(1); 
Fas 
| Ze| < oan 3-01 ae ee 


< pias [1] = o(1), asd>0; 
yf 


and by Lemma 5.1 
| Zs| < [o(1) as safes _ ieee 


= wnwa-ay inmaees " ‘ _nioael 


= [o(1) as 8-0] { I +06} = o(1) ented, 


provided M, and M, are bounded. We have at once 


d 1 

ae sf + @(Z)aes [2 as 
a 8 ns . # 
n 


and hence, by Lemma 5.3, M2 is bounded; also, 


1 
a a) tes} 
M, -{ — asf ao(o) av f dt 
=” 0 cs 
n ie ns ss 
cfitufl tame [nome 
< ee ds ! gov) dv ah qo(v) log —_ dv 
n 


and hence, by condition (7) on qgp(v) [Sec. 2], M@, is bounded. Finally we 
have 








aL 
ys af | w(x, s)| ds = o(1) as 70, for a fixed 0; 


and by Lemmas 5.1 and 5.2 


‘ ode! | (a, s)| ds J, Qo (aaa) @ 





1— 
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The lemma follows. In an analogous, and even simpler, fashion we can 


prove 
LEMMA 8.4, 


1 4 1 qd? 
f acoav f ote, das ftp —pe- t?] cosntsudt = o(I). 
0 0 dt? 


0 


In conformity with the notation of (4.13) and (4.14) we set 


‘ 1 1 1 
Y, = wl ao(orav f pui—sb?dt 


, 1 
n 3h gp sin(ntv-+ 5) 
x w (x,8) — ds; 
0 


p! ds? 


(8.3) 





oy a 
sin > 
and have as our final lemma: 
LemMA 8.5. Y, = o(1). 
Proof. By changing the order of integration, using Leibniz’s formula 


for the pth derivative of a product, (6.2), and repeated integration by parts 
we have, the computations being similar to those in the proof of Lemma 8.1, 


Y= f'e-ds [cae f'e-at 


p—1 —_ _ sal 
7 Ba p=0 i J (x, 8) s?-P al cot —ds 


0 ds?—B 2 
1 1 
B 
f qo (v) dv f “ [p(1— t)?-! t?] sin ntsv dt 
0 9 at 
Se ex P 1 
+f w(x, 8) cot ds f go (v) sin nsv dv 


(—1)? (” & 
+" | w(x, 8) cot 9 ds 








x | aoiwdav [ —— [p(1 — 0)?! t?] sin ntsv dt 
o at? 


0 


77 1 
++ x w(x, s) ds f go(v) cos nsv dv 
0 0 


al oer <P - 
+ on f. w(x, 8) asf qo(v) dv . ay lvl t)?1 t?] cos ntsvdt 
=P4tP.+Pst+PitPs. 





Then, by Lemma 8.3, P, and P; = o(1); by Lemma 8.2, P, = o(1); also, 
changing the order of integration, by the Riemann-Lebesgue theorem and 
Lemma 2.1, P, = o0(1); and finally, by Lemma 8.4, P; = o(1). Hence we 
get the desired result. 
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9, Theorems. In this section we state and prove our principal theorems. 

THEOREM 9.1. If the function f(x)C L and is periodic of period 2n, 
then the Ny, sum of its Fourier series is equal to f(x) at each point x for 
which 9,(s) = o(s), as s>0. 

Proof. At a point x for which ¢,(s)= o(s), as s>0, we have from 4.4, 
C, = o0(1) by the Riemann-Lebesgue theorem; and, interchanging the order 
of integration and using Lemma 6.8, 


1 
- 1 sin (nt + 5)s 
a=—tf 18 sas nd + - 2! at = oli). 


aad sin — 
2 

We may choose q,(é) = (1+ «)(1—2#* and thus obtain as a special case 
of our theorem a theorem equivalent to the usual theorem on summability 
C, 1+). 

THEOREM 9.2. If f(x) is bounded and measurable, and is periodic of 
period 27, then the Ny, sum of its conjugate Fourier series is fi (x) wherever 
f(x) exists. The Ny, sum is definitely infinite wherever f (a) is definitely 
infinite. 

Proof. Since f(x) is bounded, w*(s) is bounded; we set throughout 
this proof 





|w*(s)| < M. 


At a point x where f(x) exists we have, from (4.5): 


J 
1 n 
Lj = O Mn { aoioat | , = o(1) as 0-0; 
. Ww 0 0 
| ‘mM [{" "7 
| D.| = O| —— f wioat { ds| = o(1) as y> 0; 
“a 0 J 








n 





by an interchange of the order of integration, and Lemmas 5.1 and 7.5 


* 1 
1 ae we ha go(t) cos nts at| 
A 0 5 


|D;| = 
1 





s¥ faust ie 0 45 = 9 


as Ao, for a fixed 7; also, by an iia of the order of inte- 
gration, Lemma 7.4, the second mean value theorem, and Lemma 7.2 
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A 


hay 
D = re B ee ae my go(t) cos nts dt 


1 
= 1 penta af go (t) cos st dt 
8 0 
ave (2) a yt (— 
— tf ; — Pwds—t [ Cr) Py (s) ds 
7 Jd 8 


lee 





s 


s 
F g *( ad é * 
Ad d 8 mw J 8 : 


a Sy 
ST EG, BO [* #0, 
Ad d s 7 Jd 8s 


n n 
= o(1) as n>, for a fixed 0 and A; 


and finally by the Riemann-Lebesgue theorem and Lemma 2.1, D; = o(1) 
as noo, for a fixed 7, and Ds = o(1). 
Hence 


7U 
No, %n (x) = +f w* (s) cot — ds + o(1) > f(a) as n> 2X, 
. 2 Jd 2 
n 
From the above proof of the first part of the theorem it follows that, 


for a bounded f(x), |D,|, |Dz|, |Ds|, |Ds|, and |Ds| are bounded for 
fixed 0, 4, and A; we have vt for a fixed 0, 


a (0) — 


g 
|Ds| < . Mlog gt A * 


-M lo og = O(1). 





Hence, wherever f(x) is definitely infinite, Nq, n(x) becomes definitely 
infinite as n> 00, 

By choosing g)(#) = «(1—#*", «>0, we obtain, on account of the 
equivalence of (R, a) and (C,«), the theorem of B. N. Prasad on sum- 
mability (C, @) as a special case of our theorem.” 

THEOREM 9.3. The Ny, method is Gr effective, (ry = 0, 1, 2, ---, p). 

Proof. We consider two cases, r = 2k, and r = 2k <s. At the Gox 
regular points we have for p> 2k, from (4.11), 





“2, N. Prasad, A Theorem on the Cesdro Summability of the Allied Series of a Fourier 
Series, Journal London Mathematical Society, 6 (1931), pp. 274-278. 
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k 


> f® (x) Vor = o(1) 


i=1 
by Lemma 6.4, since Va, (0<7<)h), is a finite sum of terms of the type 
treated in that lemma multiplied by constants; and by Lemma 6.8 


Wa = o(1). 
Hence 
H,. s2) (2) > fe (x) as n>, 


The result for r= 2k-+1 is obtained, from (4.12), in a similar fashion. 
We obtain the Riesz equivalent of the theorem of M. Jacob on sumn- 
mability (C, p+ 6), mentioned in the introduction, by choosing 


Qn (t) = (pt d(1—H?re", 


THEOREM 9.4. The Ny,—(R, p) method is Gy effective, (r =0,1,---,p). 

Proof. The proof is analogous to that of Theorem 9.3. We have only 
to start from (4.13), (4.14) respectively, and to use Lemmas 8.1, 8.5, and 2.6. 

By choosing g(t) = é(1—p** we obtain as a special case of our 
theorem M. Jacob’s theorem on summability (C, p+). 


12 Loe. cit. %. 
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ORTHOGONAL TRIGONOMETRIC SUMS.' 


By DunHAM JACKSON. 


1. Introduction. The purpose of this paper is to develop the beginnings 
of a theory analogous to that of systems of polynomials orthogonal with 
respect to a given weight function, for the corresponding case of trigono- 
metric sums.” 

It is well known that if a set of functions Y¥,(z), W.(x), --- is given 
in an interval (a,b), each of the w’s being summable over the interval 
together with its square, and any finite number of them being properly 
independent, in the sense that every linear combination with coefficients 
that do not all vanish is different from zero over a set of positive measure, 
then it is possible to construct a normalized orthogonal system 9, (x), ys (x), ---, 
in which the general function ¢, (x) is a linear combination of Y, (x), ---, Walx), 
so that 


b 
J 9m (a) Yn(x) dx = 0 (m+n), 
a 
b 
J tor dx = 1. 
a 


Let e(x) be a non-negative summable function of period 27, different 
from zero over a set of positive measure in any interval of length 27, 
and let (x), We(x), --- be the set of functions ’ 


[o(a)]}*", [o(a)]*2 cosx, [o(x)]'? sinx, [e(x)]}'? cos2x, [e(x)]'? sin 22, 
The corresponding »’s for a period interval will be a sequence® 


lo(a)]*? uo (x), [e(x)P?m (a), [e@)}P?r (a), [ea]? wa), [e@)PPrl), --- 





in which u,(x) and vp(x) are trigonometric sums of the mth order, the 
former containing no term in sinmz, and the characteristic properties of 


' Received February 21, 1933.—Presented to the American Mathematical Society, August 30, 
1932, and April 15, 1933. i sas as - 

2 The treatment is to a considerable extent parallel to that in the writer's expository — 
entitled Series of orthogonal polynomials, Aunals of Mathematics, vol. 34 (1 933), pp. 527-545. 
* See e. g. the writer's Theory of Approximation, American Mathematical Society Colloquium 


Publications, vol. XI, New York, 1930, pp. 89-91. 
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J ea) um(2) rina) dae = 0, J e(2) -m(2) lade = 0, (mn, 
(1) I 0(x) Um(x) n(x) dx = O for all m and n, 


f (x) [un(a)P? dx = 1, fe [un(@)? dx = 1. 


The content of the equations with right-hand member zero can be expressed 
by saying that any two functions of the sequence of w’s and v’s are 
orthogonal to each other with respect to e(x) as weight function. The 
following discussion is concerned with further properties of the w’s and 
v’s belonging to a given weight function e(x), and in particular with the 
convergence of series expansions in terms of them. 

It is apparent from the manner of construction of the orthogonal system 
that, in the general formulation, g»(x) as written in terms of the w’s 
actually contains a term in W,(x), with non-vanishing coefficient, for each 
value of », and hence that each w,(x) is linearly expressible in terms of 
91 (x), --+, Pn(x). Consequently any linear combination of 4, ---, Wr-1 is 
a linear combination of 91, ---, gn—1, and n(x) is orthogonal to any such 
combination. In the special case under consideration, w»(x) actually has 
a term in cosnz, and vn(x) actually has a term in sinnz. Any trigono- 
metric sum of the nth order containing no term in sin mz is linearly ex- 
pressible in terms of w(x), u(x), u(x), ---, Un—1(%), Un—i(x), Un(x), and 
any trigonometric sum of the mth order is expressible in terms of u(x), 
++; Un(x), Un(x). With respect to the weight function e(x~), un(x) and vn(x) 
are orthogonal to any trigonometric sum of order lower than the nth, 
and vn(x) is orthogonal also to any sum of the mth order lacking the term 
in sinna. 

2. Recursion formulas. The w’s and v’s are connected by recursion 
formulas analogous to that of Darboux‘ for orthogonal polynomials, though 
somewhat less simple in form. Let w be any constant. (The essence of 
the method would be sufficiently illustrated by taking » — 0, but it is 
desirable for the applications to have the degree of generality conferred 
by the presence of the arbitrary constant.) The product cos (2—¥) Un (2) 
is a trigonometric sum of order n-++1, and as such can be expressed in 
terms of wo (x), +--+, Un4i(x), Unt (x): 


(2) cos (x—p) Un (x) = ay Un+1 (x)-+ An Un (x) +A), Un—1 (x) + Ay Un—2 (a)+ vee 
+ Bn Un+1 (~)+ Bn Un (x)+ x. Un—1 (x) + Bn Un—2 (a)+ tee, 





*G. Darboux, Sur l’approximation des fonctions de trés-grands nombres ..., Journal 
de mathématiques pures et appliquées (3), vol. 4 (1878), pp. 377-416, see pp. 411-416. 
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The coefficients of course depend on p, but it is not necessary to indicate 
that in the notation. For any value of k from 0 to m, multiplication by 
o(x) Un—x (a) and integration from — 7 to 7, with attention to the relations (1), 
gives 

(k) 


(3) f : oe (x) cos(a@—p) Un (x) Un—x (x) dx = An’. 





If the trigonometric factors under the integral sign are regarded as forming 
the product of wp (x) and cos (a—y) Un—x (x), the latter is a trigonometric 
sum of order lower than m if k has any value greater than 1, and the 
integral consequently vanishes: A® = 0 for k =>2. Similarly 


: 
. 
§ 
: 


‘ 


(4) f o (2) cos (2 —) un (x) Un—-z (a) da = BY? 


for k = 0,1,---,m—1 (there is no v(x)), and the integral vanishes 
for k 22. Replacement of n by n—1 in (2) gives an identity of the form 


(5) cos (2 — pm) Un—1 (x) = en—1 Un (x) + Bn—1 Un (x) + ++. 


If this expression for cos (a—) un—i (x) is substituted in (3), for k = 1, 
the value of the integral defining A; is seen to be @»-1. So (2) may be 
rewritten in the form 
6) COS (2 — fm) Un (2) = On Unt (x) + An Un (x) + Gn—1 Un—1 (2) 

+ Bn Unt (x) + Bn vn (x) + Bh vn—-1 (x). 


Further specifications with regard to the coefficients will be brought out 


later. 
After the manner of (2) there may be written down a corresponding 


identity 
71 (x—) Un (x) = Yn Unts (Z)+Cn Un (@)+Cn Un—a (@)+ Cr! Un—2(x)+ «+: 
ss + Sn Un+1 (x) +Dnvn (x) +Dh Un—-1 (x) + Dy Un—2(x)+-+:. 


The coefficients are given by the integrals 





f @ (a) cos (2 — pf) Un (2) Un—n (x) daz = ce 
(8) / Sgn , 


f 0 (a) cos (2 — (4) Un (X) Un—n (a) dx = i, 


® 0 fork >2. Substitution from the identity 


and it is seen that 0” = pe 


(9) cos (2— ft) Vn—1 (2) = Yn-1 Un (L) + Gn—1 Un (@) + > 


5o* ; 


vo 
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gives Di), = dn-1. Also, (9) may be used in (4) and (5) in (8) to show 
that Bi, = yn—-1 and Cy, = B,-1. And it appears from comparison of (4) 
and (8) for k = 0 that B, = Cy. So the identities (6) and (7) take the form 


a cos (x— 4) Un (2) = On Unti (x) + An Un (@) + O@n—1 Un—1 (x) 

- + Bn Un+i (x) + Bn vn (x) + Yn—1 Un—-1 (x), 
cos (a— pf) vn (x) = Yn Un+i (x) + Bn Un (&) + Bn—-1 Uni (x) 

(11) + Sn vats (x) + Dn vn (a) + Spa Un (a). 


These hold for »=>1, provided that when nm = 1 it is understood that 
vo(az) is to be replaced by 0. For n =O no calculation is required to 
justify the formula 

COs (x— 1) Up (X) == Gy Uy (ZH) + Bo v (%) + Ap Uo (x). 


3. Christoffel-Darboux formula. From the recursion formulas it is 
possible to obtain an analogue of the Christoffel-Darboux formula’ in the 
theory of orthogonal polynomials. It is a question of an identity for the sum 


Kn (ax, 8) = Uo (a) Uo (t) + ty (&) 1 (+ - + + + Un (a) Un(t) 


(12) + v4 (x) v1 (++ +++ on) on(t). 


Let (10) and (11) be multiplied by wu,(é) and vp(t) respectively, and let the 
corresponding formulas for cos ({(—,) un(x) un(t) and cos (¢—p) vn(x) va(b) 
be written down by interchange of ¢ and x. Combination of the resulting 
identities by the indicated additions and subtractions yields 


[cos (¢— w)— cos (x —p)] [un (x) nO) + vn (x) va] 
= tty [Un (2) Uns (t) — Uni (&) Un (O)] — ena [Un—1 (x) Un (8) — Un () tna (0)] 
(13) + Bn [un (x) vn41(t) — vn (x) Un (t)] — Bn—1 [tn—1 (2) vn (t) — Un (2) Un-1 (8)] 
+ yn [vn (a) Unta(t) — tints) vn (E)] — ¥n—1 [vn—1 (2) Un (t) — Un (2) Un (0) 
+ On [vn (a) vnta (O) — vn (x) vn (O)] — Sn—a [vn—1 (@) Un () — Un (@) Vn (O)- 


These relations hold for » >1, with the previous understanding as to w. 
For n= 0, 
(14) [cos (t —w)— cos (a — w)] uo (x) Uo (8) 

=e [to (x) Uy (t)— Uy (2) Uo ()] + Bo [eto (x) v1 () — v4 (a) Uo (O)]. 


The desired identity for Ky, (x, ¢) is derived by writing (13) with n replaced 
by & for the values k = 1, 2, ---, m successively, summation over these 
values of the index, and addition of the terms obtained from (14): 





> Darboux, loc. cit. 
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[cos (¢—) — cos (x —p)] Kn(a, t) 
= ey [Un (x) tna (t) — Un+1 (x) Un(O)] + Bn [un (x) Unt (t) — Ung r(x) uy (f)] 
+ yn [Un @) Until) — Unga) vn ] + bn [vn (@) Una t) — trata) vp (f)], 


or, if the long right-hand member is denoted by Ny (x, ¢), 


Nnr(a, t) 

(15) Kn (x, ) = [cos @—»)—cos@—m] 

The constants en, Bn, yn, On can be evaluated in terms of the leading 
coefficients in the expressions of up»(x) and vp(x) as combinations of sines 
and cosines. More important for the subsequent applications, however, is 
the fact that thecr absolute values are less than unity. Multiplication of 
(10) by e(%) u41(x) and integration from —z to m gives 


_% = fl Q(x) cos (vx — ft) Un() Unsi(x) dex. 
—71 
Hence 
' 7 , ‘ 
—1 


Let Schwarz’s inequality be applied to this integral, the integrand being 
regarded as the product of the factors [e(z)]'* cos (a—p)u,(x)| and 
[o(a)]* | un-41(a) |: 


‘ 7t ; : 
a, < i o(x) cos® (x — #) [un(x)]? dx f o(x) [tn4si(x)]® dx 
— —%7 


< ft 0 (x) [up (x)]* dx { 0(X) [trsil(a)fidx = 1; 
—1 —1 


the replacement of cos?(x—y) by unity actually increases the value of 
the integrand over a set of positive measure and increases the value of 
the integral, the alternative of equality being ruled out. A corresponding 
calculation gives a similar result for 4,, 7n, and 0, (and incidentally for 
each of the coefficients denoted by Ay, Bn, Dn in the preceding section; 
in the case of A, and D, the fact can also be recognized directly from 
the form of the integrals defining them, without the use of Schwarz’s 
inequality). 

If the terms of the nth order in a» (x) and v» (x) are denoted by a, cos nx, 
Cn COS na, and dy sin nx respectively, the explicit formulas for @n, Bn, 
Yn, On are found to be as follows: 


oe Cn+1 
—— (cos pe — rt 


Ly = 





sin 1) 
2 Anti 


—_1”® , 
4, = 9 rn sin /, 
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° C , 
en rer [Cen cos “ — dy sin ¢) — nt (cn sin 4 + dp cos »)|, 
a Un 

1 , 
41-32 (cn sin + dn COs #4), 

n 

for n> 1, while 
lo C1 = pa uy 4 
& = — (cos »——~ sm = — sin #. 
, UY | . d, a Bo d, lad 


These are set down merely as a matter of record, and will not be used 


further. 
4, Formal expansion of an arbitrary function. An arbitrary 


function f(a) of period 2 7, subject to the condition that @ (x) f(x) be sum- 
mable over a period, can be formally expanded in a series 


Ay Up (x) + ay Uy (2) + ag Ue (x) +--- 
+ Dy vy (x) + de ve (x) + --- 
by the procedure that is usual in connection with series of orthogonal 


functions; the meaning of a» here of course has no connection with the use 
of the same symbol in the preceding paragraph. The general coefficients are 


(16) 


a =l" e@fouma)dz,  te=|- e@) fa) x(a) da. 
The partial sum of the series through terms of the mth order is 
17) no) =|" eOS0 Kula, dt, 
where K,, (x, ¢) is defined as above. In particular, 
1=J" 0 Kul, Oat: 


multiplication of this identity by f(x), which is independent of the variable 
of integration, and subtraction from (17) gives 


(18) (a) — fee) =|" ot LAO — Fai] Kn (e, Oat. 


5. Analogue of the Riemann-Lebesgue theorem. If (x) [/(z)]* 
as well as @(x) f(x) is summable, further calculation which is well known 
as applied to orthogonal functions in general yields the relation 


few Lf (x) — sp (a)? dx =|" et) [fa] da—as— 2X (a+ bp. 


As the magnitude of the sum on the right can never exceed that of the 
integral on the right as » increases, by reason of the non-negative character 
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of the left-hand member, the corresponding infinite series is convergent, 
and the general term approaches zero: 

lim a, = 0, lim by = 0. 

k—>o k> 0 

If the sums ux (x), ve (x) are uniformly bounded, as will be true at least 

in particular cases, this conclusion can be made more general by omission 
of the requirement that ef/* be summable, the hypothesis of summability 
being imposed merely on eg and ef. Suppose | ux (2)| << H, |ve(x)| < H, 
for all k and all x. For arbitrary positive N, let fy(x) = f(x) when 
\f(a)| << N, f(x) =0 when |f(z)|>N. If « is any positive number, 


é 


7 
Lie@lro—fn@ an <5 
when JN is sufficiently large, and hence 
[ie (a) f (x) ux (x) dx —[" e@sulo) UK (x) dn < = é, 


and similarly with uz (x) replaced by vx (x), for all values of k. Let N 
be given a fixed value so large that these inequalities hold. Since ef? 
is summable, 


Lee sive) ua) dxl<te, |" etarsvee ma de|< Fe, 





for all values of & from a certain point on, and when this is true 
|an|<e, bk | <e, 


if a, and by, are the coefficients defined for the original function /(z). 

It will be desirable subsequently to have the conclusion formulated for 
a function other than the one whose series expansion is under investigation, 
in the form of a 

LemMa. Jf e(t) p(t) and e(t)[y(b]*? are summable, or of e(t) y(t) 1s summ- 
able and the functions ux (t), v(t) are uniformly bounded, the integrals 


l eg Oud dt, [i eos nat 


approach zero as k becomes infinite. —_ 
(It is understood throughout the paper that the weight function itself 


is summable.) 

6. Special uniformly bounded systems. As there has been occasion 
above to suppose the functions u(x), vx (2) uniformly bounded, and as 
this hypothesis will be fundamental in a large part of what follows, it 
is worth while, pending investigation of general conditions under which 








4. 
ey 


ey: 


t ee 


3 
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the property in question is realized, to point out that in a particular class 
of cases its validity can be recognized immediately. In other cases it can 
be seen that the w’s and v’s are bounded for specified values of x, or 
uniformly bounded over a part of a period, and this also is significant for 
the theory of convergence. 

Let e(x) be any weight function for which the w’s and v’s are bounded 
for a particular value of « as k becomes infinite, or uniformly bounded 
over a designated range of values of z: 


(19) lux (a)! < H, lux (x)| < H, 


for values of x belonging to a point set H. Certainly this condition ‘is 
fulfilled everywhere in the special case e(7)=1, the functions of the 
normalized system for k > 1 being (1/2?) coskax and (1/7) sinkx. Let 
Ux (x), Ve(x) be the sums of the kth order in the normalized orthogonal 
system corresponding to the weight function e(x) t(~), where r(x) is any 
non-negative trigonometric sum. It will appear that Ux (x), V(x) are 
bounded at any point of H where r(z)+0, and uniformly bounded over 
any part of H where t(x) has a positive lower bound. 

Let p be the order of the sum r(x). Since r(x) Up (x) is a trigonometric 
sum of order n+p it can be expressed in the form 


t(x) Un (x) = Ap to (x) + Ay my (%) + +++ + Antp Un+p (x) 
+ B, v; (a) + hi + Bnip Untp (x), 


the coefficients depending on n, to be sure, as well as on the index which 
appears explicitly. (The present A’s and B’s have no relation to those 
used previously). By the property of orthogonality of the sums wu, (x), vx (x), 


7 
Ay = 0 (x) t (x) Un (x) ux (x) dx. 
—n 
But Uy, (x) is orthogonal to any trigonometric sum of lower order with 


respect to the weight function o(x)t(x) for which the U’s and V’s are 
constructed, and hence A, —0 fork<n. Similarly, By = 0 fork<n. So 


1 
Un (x) = tla) [An tn (a)+ +++ + Antptntp (2) +Bnvn(x)+ +++ + Bntpintp(x)], 


the number of terms in the bracket being 2y+2, and remaining finite 
as m increases. In the same way V, (x) has the form 


7? 1 ' 
V n (x) a= T(x) [Cy Un (x) — coe 4+ Chr+p Un+p (a) -- Da Un (a) — oe% — Dn+p Un+p (x)] . 
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For x in EZ, if t(x)+0, 
--& 


(Hy | 
| Un (a) | < T(x) 


('An|+---+]Antp!+ Ba\+---+ Bnip ), 

whence, as any one of the absolute values in the parenthesis is certainly 
not greater than the square root of the sum of the squares of all of them, 
A 
t (x) 


Go U.N S (2p +2) (An+++++ Anip+ Bat-+-+ Bry)”, 


(By Schwarz’s inequality the last relation holds in fact with (2+ 2) re- 
placed by (2p-+2)'*). If Mf is the maximum of r(x), 


A+.--+ Anipt Bat:->+ Brtp =f o(x) [u(a) Un(a)]° dx 
—n 
70 
< M f o(x) t(x) [Un (@)]? dx = M, 
—1 


the last equality resulting from the normalization of the U’s with respect 
to e(x) t(x) as weight function. So the whole right-hand member of (20) 
has an upper bound independent of ». Similar reasoning applies to V,(z). 
So the assertion with regard to the boundedness of the U’s and V’s is 
justified. In particular, if (19) holds for all values of x and if r(x) has 
a positive minimum the U’s and V’s are uniformly bounded everywhere. 

7. First convergence theorem. Let e(x) be a non-negative summable 
weight function of period 27” for which the sums uxz(x), vx(x) are every- 
where uniformly bounded. Let /(x) be a function of period 27 such that 
o(x) f(z) is summable. Let s,(x), as above, be the partial sum of the 
series (16) through terms of the mth order. This section is concerned with 
the setting up of conditions for the convergence of s»(x) toward f(x) for 
an arbitrarily specified value of x, to be held fast throughout the discussion. 
The question of uniformity of convergence will be reserved for treatment 
by a different method in the next section. 

The value of x being given, let w,(t) and w,(t) be functions of period 27, 
defined in the interval e—(a/2) < x<x2+(37/2) as follows: 


a 

Wn) = flO—fl@) for |t—2| <<, wWH=0 for |t—2|>—, 
: sckiae 

W.(t) = 0 for |f{—2| < = W(t) = f(0—f (x) for |t—2xz\ >>. 


7 2 
Then yw, (d)+ w(t) = f(t)— f(x) everywhere, and by (18) 
Sn (x) — f(x) =f" ew W, () Kn(z, t) ai+f o(t) W2(t) Kni(ax, t) dt 
—1 —% 
oa I, +J,. 
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It will be recalled that in the expression (15) for Kn(x, t) the constant yw 
is arbitrary, the coefficients @,, Bn, Yn, 5n Which enter into the numerator 
depending on », but being always less than 1 in absolute value. For 
substitution of (15) in the integral Z,, let w = x+(a/2). Then 


2 


cos ({ — ww) — cos(x— vw) = sin ({—2). 


cos (a —p) = cos (— + = 0, cos(t—p) = cos (—«—+) = sin(t—z), 


So J, is the sum of 


(21) &n f o(t) = [etn (x) Utn41(t)—Un+1(x) Un(b)] at 


sin ((—ax 
and three other integrals of similar form. Let 


o() = S()—f a) 
i—z 

and let it be supposed that the function f(t) ts such that there is an interval 

of values of t about the point x over which o(t) O(t) is summable. Then 

o(t) M(t) is summable over any finite interval, being the product of the 

summable function o(¢) [/()—/f(x)] by the continuous function 1/(¢—z) 


over any interval which does not approach the point ¢ = a. If 


20) 


nm sin (t —x) 


’ 


o(t) y,(¢) is summable over the interval e—(a/2)<¢t<a+(a/2), being 
the product of o(t) @(t) by the continuous function (t—-2x)/sin (¢—2); it is 
summable from x+(2/2) to «+(37/2), being identically zero except at 
the point ¢ = 2-++-a where it is not defined; and therefore it is summable 
over the entire period from «—(a/2) to x+(37/2), or equally well over 
any other period interval, in particular that from —z to a. The 
expression (21) is equal to 


ay [una f (t) 91 (t) Until) dt — unix) J o(t) gi(d) un(t) at]. 
—1 —1 


Here each integral approaches zero as n becomes infinite, by the Lemma 
of Section 5; w(x) and wn+4i(~) are bounded by hypothesis; and | @,|<1. 
So the whole expression approaches 0. Similar reasoning, with a similar 
conclusion, is applicable to each of the other three parts of J,. Hence 
lim J, = 0. 


n—>0o 


For the application of (15) in J2, let p= 2, 


cos ({— “)— cos (x— w) = cos ((—z)—1, 
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and let gs (t) = Y2(8)/[cos (t—x)—1]. With new values of en, ---, dy, 
the integral J, is the sum of 


cn [ unto) J 08 9208) unsr(O dt rns) J e(0 g(t un(t at] 
- —1 


and three other expressions of like character. The product e(f) go(t) is 
summable from 2—(7/2) to x-+(/2), where it is identically zero except 
for t= a, and from «+(m/2) to +(37/2), where | cos (¢(—x)—1| > 1, 
and so is summable over any period interval. By use of the Lemma again 
it is seen that lim J; 0. The fact that J, and J, both approach zero 


noo 
means that 
lim sa(x) = f(a). 


- noo 

The proof of convergence goes equally well without the requirement 
that the w’s and v’s be uniformly bounded, if it is assumed that they are 
bounded at the point x and that o(t)[/()]? and e(f)[O(#]*® are summable. 

These results are expressed in 

THEOREM I. The series (16) will converge to the value f(x) for a specified 
value of x of the functions u,(t) and vz(t) are uniformly bounded, if e(t) f(t) 
is summable, and if there is an interval about the point x over which e(t) M(t) 
is summable, where ®(t) denotes the difference quotient [ f(t) —f (x) ]/(t—a); 
or if ux(x) and vx(x) are bounded for the particular value of x in question, 
if eo) [ SM]? ts summable, and if o(t)[@(d]* ts summable over an interval 
about the point x. 

The conditions on @(¢) can of course be interpreted in more specific 
terms® with reference to properties of f(i). They will be more than 
satisfied, for example, if f(t) satisfies a Lipschitz condition in the neigh- 
borhood of t= 2. 

More particularly still, the condition on @(¢) will be satisfied if /(¢) 
vanishes identically throughout an interval about the point z. If /,(¢) and 
J2:(t) are two functions which are equal throughout such an interval, the 
series for their difference, which is the difference of their respective series, 
will converge toward zero at the point x; if the series for f, converges, 
the series for f2 will converge likewise, regardless of any difference between 
the functions outside the interval designated, provided ef, and ef: are 
summable, and, in case of need, of? and ef? also. The convergence of the 
series for a function f(a) at a specified point depends only on the behavior 
of the function in the neighborhood of the point, if the w’s and v’s are 
uniformly bounded and @f is summable, or if the w’s and v’s are bounded 
at the point in question and of? is summable. 


° Cf. e. g. H. Lebesgue, Legons sur les séries trigonométriques, Paris, 1906, Chapter III. 
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It will be recalled that in the expression (15) for Kn(x, ¢) the constant « 
is arbitrary, the coefficients @,, Bn, Yn, On Which enter into the numerator 
depending on #, but being always less than 1 in absolute value. For 
substitution of (15) in the integral [,, let # = x+(a/2). Then 


cos (x—) = cos (— =) = 0, cos(¢{—) = cos (—2—) = sin(t—z), 


cos ({—)— cos(w— w) = sin (¢—2). 
So J, is the sum of 


- 
YW; (0) v 
(21) an i 0 (t) sin (t{— z) [etn (%) Un+1 ()— Un+1 (x) Un (é)] dt 








and three other integrals of similar form. Let 
tz 

and let it be supposed that the function f(t) is such that there is an interval 

of values of t about the point x over which e(t) M(t) 7s summable. Then 

o(t) M(t) is summable over any finite interval, being the product of the 

summable function o(¢) [f()—/f(x)] by the continuous function 1/(¢—z) 

over any interval which does not approach the point ¢ = 2. If 


YW; (t) 
sin (¢— 2) 
o(t) y(t) is summable over the interval e—(a/2)< ¢t<a2+(a/2), being 
the product of e(¢) O(t) by the continuous function (¢—-2x)/sin ((—<x); it is 
summable from x+(7/2) to x«+(37/2), being identically zero except at 
the point ¢ = 2-++7 where it is not defined; and therefore it is summable 
over the entire period from «—(a/2) to x+(37/2), or equally well over 
any other period interval, in particular that from —za to a. The 
expression (21) is equal to 


#1 (t) 


? 


7U 7U 
ay [unica J" et 91 (#) Unsi(t) dt — unts (a) n o(t) gi(2) unl ai]. 


Here each integral approaches zero as n becomes infinite, by the Lemma 
of Section 5; w,(x) and twén41(x) are bounded by hypothesis; and | e,|<1. 
So the whole expression approaches 0. Similar reasoning, with a similar 
conclusion, is applicable to each of the other three parts of J,. Hence 
lim J, = 0. 


n—->oo 


For the application of (15) in J,, let w = x, 


cos (t— )— cos (cx— w) = cos ((—2)—1, 
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and let s(t) = 2 (#)/[cos (¢—x)— 1]. With new values of en, ---, dy, 
the integral J, is the sum of 


cn | unto) J (8 9210) rn 118) dt—rnsr(a) J” 0(0 920 n't) at] 
_ —7 


and three other expressions of like character. The product e(f) g2(t) is 
summable from «—(#/2) to x+(/2), where it is identically zero except 
for ¢= a, and from «+(7/2) to x+(32/2), where | cos (¢(—x)—1| > 1, 
and so is summable over any period interval. By use of the Lemma again 
it is seen that lim J, —0O. The fact that J, and J, both approach zero 


n—>oo 
means that 


lim sn(x) = f(a). 
N—>o~n 

The proof of convergence goes equally well without the requirement 
that the w’s and v’s be uniformly bounded, if it is assumed that they are 
bounded at the point x and that o(¢)[/(A]* and e(t)[M(H]* are summable. 

These results are expressed in 

THEOREM I. The series (16) will converge to the value f(x) for a specified 
value of x uf the functions ux(t) and vx(t) are uniformly bounded, if o(t) f(t) 
is summable, and if there is an interval about the point x over which e(t) P(t) 
is summable, where ®(t) denotes the difference quotient | f (t)—f (x) ]/(t—~a); 
or if Uz(x) and vx(x) are bounded for the particular value of x in question, 
if o() [f(@]? ts summable, and if e(t)[@(t)]? is summable over an interval 
about the point x. 

The conditions on @(t) can of course be interpreted in more specific 
terms® with reference to properties of f(t). They will be more than 
satisfied, for example, if f(t) satisfies a Lipschitz condition in the neigh- 
borhood of t= 2. 

More particularly still, the condition on @(¢) will be satisfied if /(¢) 
vanishes identically throughout an interval about the point x. If f,(@ and 
Jz (f) are two functions which are equal throughout such an interval, the 
series for their difference, which is the difference of their respective series, 
will converge toward zero at the point x; if the series for f, converges, 
the series for f2 will converge likewise, regardless of any difference between 
the functions outside the interval designated, provided ef, and ef: are 
summable, and, in case of need, of? and ef? also. The convergence of the 
series for a function f(a) at a specified point depends only on the behavior 
of the function in the neighborhood of the point, if the w’s and v’s are 
uniformly bounded and gf is summable, or if the w’s and v’s are bounded 
at the point in question and of? is summable. 





° Of. e. g. H. Lebesgue, Lecons sur les séries trigonométriques, Paris, 1906, Chapter III. 
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8, Second convergence theorem. Let 7;,(x) be any trigonometric 
sum of the nth order. It can be expressed as a linear combination of uw, (zx), 
u(x), v(x), «++, Un(x), Un(x), and this linear expression is at the same 
time the series development of 7;,(x) in terms of the w’s and v’s. The 
partial sum of the series through terms of order m is identical with 7',(x 
itself. This means that 

7U 
T(x) = f o(t) T(t) Kyla, t) dt. 
—n 

Let f(x) — T(x) =rn(x). Then f(x) = Tr(a)+rn(x), and if s, (x) is 

the partial sum of the series for f(x), 


7U 
Sn (x) = J o(t) f(t) Kn (ax, tdt 
—1 
Tt 
— i o(t) T, (t) Kn (x, 8) at" o(t) rn (t) Kn (x, Hdt 
—7 —5 


— 7; (a) ~ f o(t) Yn (t) (x, t) ad t, 
— 


7t 
St (x) sree Bs (x) ar Pe (a) Se o(t) Yn (t) x, (a, t) dt. 
—r 
If |?" (a) | < En; 
| (7 ei ) 
Jew rn (t) Kn Zz, t) at <. En J ew | Kn we, t) | dt, 


and consequently 
| f (z)—Sn (x)| 4 En [1 + an (x)], 
if 
P 7% ‘ 1 1 
An (7) = f o(t) | Kn (x, t)| dt. 
—n 


So the convergence of s,(x) toward f(x) can be discussed in terms of the 
order of magnitude of ¢, and the order of magnitude of 4, (x). Information 
with regard to the former, when the sums 7’, (x) are appropriately chosen, 
is given by known theorems on degree of approximation. The latter will 
be examined here.‘ 

Let it be supposed that o(x) is such that ux (x), ve(x) are uniformly 
bounded, and furthermore, for simplicity at least, that e(x) itself is bounded. 
Let e(2) << G, |ux(x)| << H, |vx(x)| < H. In view of the periodicity of 
the functions involved, the integral defining 4, (x), instead of being taken 
from —z to 7, may be extended over any other interval of length 27, 





7 For a corresponding treatment of the problem of polynomial approximation see J. Shohat, 
On the development of continuous functions in series of Tchebycheff polynomials, Trans- 
actions of the American Mathematical Society, vol. 27 (1925), pp. 537-550. 
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say that from #—(a/2) to a+(37/2). Let the integrals from 2 —(7/2) 
to «-+(a/2) and from x-+ (7/2) to x+ (37/2) be represented by J, and J, 
respectively, and let J; be further subdivided into the integrals from 
a—(n/2) to x—(1/n), from x—(1/n) to e+(1/n), and from x+(1/n) 
to e-+(a/2), denoted respectively by Ji, Ji’, and J;", so that 


An(w) = Ata = At +H" + Jo, 










the integrand each time being o(t)| Ky, (x, #)|. 
In J{ and Ji” let Kn (x, t) be represented by (15) with « = x+(/2), 
whereby the denominator takes the form 







cos ({— «)— cos (x—p) = sin(t—z). 






Since |t—a|< 7/2 over the range in question, | sin (¢— a)! >(2/a) | t—<a|. 
In the first of the four parts of the numerator, the relations 









lun (x)! < H, 





letniil)| < H, |unu@| < H, |u| < H 





len|<1, 














give | an [tn (x) Una ()—Unqi (x) un ()] | < 2H*. As corresponding in- ‘ 
equalities hold for the other three parts, and as o(t)< G, 


82GH* 
e —ae Sf} 







By explicit integration, 
x—(1/n) x-+-(71; 2) 
J rae -j Teast = 8 (F) +108 
x- 1 —2| +-(1/n) |b—@| 


(71/2) Fn 





and J; and Jj” have each an upper bound of the order of log. In .J;’ it 
suffices to read off from the definition of Ky (x, ¢) in (12), together with 
the hypothesis on the w’s and v’s, that | Ky (x, t)| <(2n-+1)H”*; the length 
of the interval being 2/n, it is seen that Ji’ < 2[2 +(1/n)] GH? < <6GH?*. 
Consequently the whole of J; does not aia a constant multiple of log n. 

In J; the formula (15) is to be used with » =a. As ¢—w ranges from 
u/2 to 32/2, 


| cos (¢t— mu) — cos (x —w)| = |cos (¢—a2)—1| 2 1, 











and e(t)|Kn(a, )| < 8GH*, J, < 8"GH". 
By combination of these results it is recognized that 





An(x) < C log n 










for n> 1, where C is independent of » and z. 
The conclusions with regard to convergence and degree of convergence 


are expressed in 
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THEOREM II. Jf o(x) is bounded, if ux (x) and vx (x) are uniformly bounded, 
and if trigonometric sums T,(x) of the nth order exist® so that 


f(a) — Tn (x)| < En, 


then 
| f(x) —8n(a)| < CG En log n 


Sor n>1, where C, is independent of n and x; in particular,’ the series 
converges uniformly to the value f(x) for all values of x if f(x) has a modulus 
of continuity (6) such that limy_,, (0) log d = 0. 

9, General weight functions. Some information as to the order of 
magnitude of the w’s and v’s, when they are not known to remain bounded, 
is readily accessible in the case of weight functions of considerable generality. 

Suppose that o(x) is summable and has a positive lower bound for all 


values of x: 
(22) o(x) > v>0. 


Let 7;(x) be any trigonometric sum of the nth order (not necessarily one 
of those in the orthogonal sequence) satisfying the condition that 


70 
(23) J o(x) [Tr(~}P?dx = 1. 
In consequence of (22), 
7 
(24) f [Tr@)? dx <2. 
ae v 


Let cy be the constant term in the trigonometric sum [7;,(z)]*, and let 
Sn(x) = [Tn(x)]?—co, so that S,(x) is a trigonometric sum of order 2” 
without constant term. The integral (24) has the value 27, and hence 
\¢o| < 1/(2mv). For any value of x between —~z and 2, 





f [Tr(a]? dx < f [Tr(a]? da < -., 
and os ie 
f Sn(a) da| < f [T(x]? dx +f leo| da < =, 





*For the requisite theorems on degree of approximation see e. g. the writer’s Colloquium, 
cited above, Chapter I. 

®For the case of Fourier series, and for the special theorem on degree of approximation 
needed here, see also Lebesgue, Sur la représentation trigonométrique approchée des fonctions 
satisfaisant a une condition de Lipschitz, Bulletin de la Société Mathématique de France, 
vol. 38 (1910), pp. 184-210; pp. 201-202, 209. 
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The integral between bars in the left-hand member is itself a trigonometric 
sum of order 2n, having S,(x) for its derivative. Hence, by Bernstein’s 


theorem, 
; 4 
|Sn(a)| < —. 


It follows that [Tp (x)]* = co+Sn(x) has an upper bound of the order of », 
and | 7',(a)| has an upper bound of the order of n¥?. In particular, | 1» (x)| 
and |vn(x)| can not exceed a constant muliiple of n'?. 

Now let the requirement that e{x) have a positive lower bound be re- 
placed by a less restrictive one: let it be assumed merely that [e(x)]- 
as well as e(x) is summable over a period. Let 7,(x) again be a tri- 
gonometric sum of the mth order satisfying (23). Let Schwarz’s inequality 
be applied to the integral of the product of the factors [o(x)]—? and 


[o(a)]*? | Tn (@)|: 
2 70 
i (2) | da| <f* ew ax J” ee) [Tn (x)]*? da =J" le (x))—* dx. 


The square root of the value of the last integral being denoted by J, 


2 f | T(x) | da < I. 


Let c) this time be the constant term in 7, (x), and S, (a) the sum of the 
remaining terms. It is seen that 


I 
2nlo| =|" Tae de] <7, lol So5- 


Furthermore, 


Ji 1 8n@)| ae <f" | te@|art J" loolax < 21, 
SF se) a < Ji | 8.@| ax < J" | S| ax < 21. 


Since Ss, (x) dx is a trigonometric sum of the mth order, Bernstein’s theorem 
gives for | S,(a)|, and consequently for | 7,(x)|, an upper bound of the 
order of m. Specifically, | w#m(x)| and | v»(x)| can not exceed a constant 
multiple of n. | 

These bounds for the w’s and v’s, however, do not seem to lead im- 
mediately to any better theorems on convergence than can be obtained by 
direct use of the least-square property of the series.° Consider for example 





0 See e.g. the writer’s Colloquium, already cited, Chapter III; D. Jackson, A generalized 
problem in weighted approximation, Transactions of the American Mathematical Society, 
vol. 26 (1924), pp. 183-154; J. Shohat, On the polynomial and trigonometric approximation 
of measurable bounded functions on a finite interval, Mathematische Annalen, vol. 102 (1930), 
pp. 157-175. 
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the case of the last paragraph, under which @(x) and [@(a)]~ are sum- 
mable. It follows from well-known properties of orthogonal functions in 
general that the integral 
7U 
Yn = o (x) [ f(x) — sn (x)]? dx 
v—n 
has a smaller value than the corresponding integral with s, (a) replaced 
by any other trigonometric sum ¢, (x) of the nth order. Suppose sums ¢, (x) 


exist so that | 
iS (x) — th (x) | +. En 


for all values of x. Then it is certain that yn does not exceed a constant 
multiple of 2, say 7n< 7? «2. Let Schwarz’s inequality be applied with 
[o (x)}-? and [e (x)]}*? | f(a) — sn (x)| as factors under the integral sign: 


71 2 
| f fai — a, ax| < F%,., 
7 


I having the same meaning as before. It follows that 


7 
(25) J | F(x) — sn (x)| dx < Then. 


—T7 Pas 


If this integral is denoted by g, it is easily shown" that 


| F(x) — 8n (x) | < 4 NgYn+ 5 én, 


which means, in consequence of (25), that sp (a) converges uniformly toward 
SJ (x) if limp+oné, = 0. And it will be possible to construct sums fy (x) 
so that this condition is satisfied, if f(a) has a continuous derivative.” 
The proof of convergence thus obtained applies even at points where @ (x) 
vanishes. 


"See Colloquium, pp. 87-88. It is to be observed that the function denoted by ¢ (x) 
in the passage cited is not the o (x) of the present problem, but is to be taken as 1, while 
the sum 7, (x) there is to be taken as the present s, (x), and m= 1. 

See Colloquium, p. 12, Theorem IV, Corollary. 
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INTEGRALS OVER SURFACES IN PARAMETRIC FORM.! 


By E. J. McSuHanr.? 


Introduction. In a previous paper® I have investigated certain proper- 
ties of the class of all rectifiable surfaces; i.e., of surfaces having re- 
presentations « = x(u, v), y = yu, v), 2 = z(u, v) in which the functions 
x,y, @ Satisfy a Lipschitz condition. The principal aim of that study was 
to obtain conditions sufficient to insure the semi-continuity of integrals 
{fre y,2,X, Y, Z)dudv, where X, Y, Z are the three jacobians of 
x,y, 2 with respect to u, v. 

In the present paper a similar investigation is conducted for a wider 
class of surfaces, including for example surfaces for which the derivatives z., 
etc., are summable together with their squares, and also surfaces z = z(, y) 
which are absolutely continuous in the sense of Tonelli. Along with theo- 
rems concerning semi-continuity, we find that for our class of surfaces the 
Lebesgue area is given by the classical double integral. The consideration 
of this wider class of surfaces is desirable not merely for the sake of 
generalization, but also because of the fact that the important class of 
saddle surfaces bounded by a Jordan curve and of finite area is not in- 
cluded in the class of rectifiable surfaces, but is included (as will be shown 
in a later paper) in the class of surfaces for which 22, etc., are summable. 

Since this paper is intended as a sequel to the preceding one* on double 
integrals, we retain the notation and definitions of that paper, and request 
the reader to read the first portion of it as an introduction. The first 
part of the present paper is concerned with the definition of the class of 
surfaces considered and with the statement of the problem. In the second 
part we obtain some lemmas on approximation by polyhedra which enable 
us to reduce the problem to a simpler one. The third part contains the 
statement of the principal theorems of the paper. The fourth part is 
devoted in part to the presentation of certain sets of conditions on the 
functions x, y, 2 which are sufficient to assure us that the surface x = x(w,v), 
y = y(u, v), z= 2z(u, v) belongs to our class of surfaces, and in part to 
the indication of certain fragmentary extensions of our theorems. 





‘Received August 7, 1932. 

? National Research Fellow. ; 

> On the semi-continuity of double integrals of the calculus of variations, Annals of 
Mathematics, vol. 33 (1932), pp. 460-484. 


4 Loc. cit. 3, 
815 BA 
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Concerning notation, we sometimes find it convenient to utilize the notation 
x= axlu,v), y = yu, v), 2 = 2(u, v) for surfaces, with X, Y and Z denoting 
the jacobians; this avoids excessive use of subscripts. On the other hand, 
it is often desirable for compactness to replace the symbols zx, y, z, X, Y, 
Z,u,v by x’, x*, 2°, X', X*, X*, u', u® respectively, and use the single 
letter « to denote the triple (z’, x*, ~*), and similarly for X and u. These 
notations will be regarded as interchangeable; we will use whichever seems 
more convenient in each section. 


PartI. Surfaces of type C. 


1. Let x(u, v), y(u, v), zu, v) be a system of three functions defined 
and continuous on a point set B consisting of a Jordan curve and its 
interior. We say then that the equations 


(11) x =—a2tu,v, y= yu,v), 2=—e(u,v), (u,v) on B 


form a representation of a continuous surface. The letters X, Y, Z will 
designate the three jacobians 


Yu 2u 
Yo ey 


Zu Lu Lu Yu 


Ly YW 


Yan 4 o =x 




















; 2 Ly 

Suppose now that the six partial derivatives x, ---, 2 are all defined 
almost everywhere in B, and are summable® over B. We cannot conclude 
that X, Y, and Z are summable over B, since the product of two summable 
functions is not necessarily summable. 

However, let us consider a rectangle r: a < u < 6b, e < v < dd interior 
to B. If we choose « >0 small enough, the rectangle a—e« < u < b+, 
e—e Su <d-+e will also lie in B. It is then known® that the function 


(1.2) ZM u,v; h,k) = auluth, v+kh) wu, vy)—a(uth, oth) yuu, v) 


is summable over r for almost all numbers (h, k) such that |h|<e, |k|<e, 
and moreover the quadruple integral 


BES Pb Pd 
(1.3) SES SS 22 05 hy av du dk dh 





° That is, summable over B when assigned arbitrary values over the null-set at which 
they are undefined. We shall throughout this paper continue to say that a function /, 
defined almost everywhere in a set H, is summable over E, provided that it is summable 
over E when set equal to zero where undefined. 

° W. H. Young, A new set of conditions for a formula for an area, Proc. London Math. 
Soc., vol. 21 (1922), p. 91. The proof in Hobson, Theory of Functions of a Real Variable, 
vol. II, § 394, is for one variable, but can easily be extended to the general case. 
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exists, provided that —e < a<fB<e, —e<y<d<e. A like state- 
ment holds true for 


(1.4) ZY(u,v;h,k) = ru(u,v) wluth, v+h—alu, v) yuluth, v+h, 


and also for the functions X”, X® defined by replacing x,y by y,z 
respectively in the right members of (1.2), (1.4), and also for Y®, Y™, 
defined by replacing x,y by z,x respectively in the right members of 
(1.2), (1.4). 

It follows immediately that if the partial derivatives 2,, ---, z and 
the jacobians X, Y, Z are summable over B, then the integral 


B rt ( 
(1.5) JES, SL 2 05 2, Ze, | av dn dk dh 


and its five analogues for Z, X™, etc., all exist. This fact being 
established, we are able to proceed to the definition of the class of sur- 
faces with which most of the remainder of this paper will deal. 

2. The class of surfaces with which we shall be chiefly concerned are 
those possessing representations x = z(u,v), y = y(u,v), 2 = 2(u, v) 
satisfying the following conditions. 

(2.1a) For almost all fixed values uy of u the functions x(ug, v), y(uo, v), 
2(Uo, v) are absolutely continuous functions of v on each of the intervals 
of the line u = w& interior to B. 

(2.1b) For almost all fixed values v of v the functions x(u, vo), y(u, vo), 
z(u, Uo) are absolutely continuous functions of u on each of the intervals 
of the line v = vp interior to B. 

(2.1¢) The derivatives’ xu, Xv, Yuy Yrs 2uy @v and the jacobians X, Y, Z 
are summable over B. 

(2.1d) For every rectangle r: axu<b, cS v<d interior to B we have 


(2.2) lim arf f ff |Z (u,v; h,k)—Zlu, v)|dv dudk dh = 0, 
4h? JnJ—-n Jade - ; 


together with a like statement® for ZY, XY, X®, Y® and Y™. 

A surface S possessing a representation satisfying conditions (2.1) will 

be said to be of type C, and each representation of S which satisfies 
conditions (2.1) will be called a typical representation. 

Since all of our theorems will concern surfaces of type C, it behooves 

us to examine the generality of this class. However, we do not wish to 


 THt Qa) and (2.1b) are satisfied, these derivatives and jacobians are defined almost 


everywhere in B. 

8 It can be shown that if (2.2) holds for Z, it necessarily holds for Z™, and conversely; 
likewise for the other two pairs (X”, X®) and (Y®, Y®). But we shall not stop to 
prove this, 


54* 
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interrupt our progress at this point, and therefore the discussion of con- 
ditions (2.1) will be postponed to § 16. The reader may if he wishes turn 
immediately to that section, since it can be read independently of the 
rest of the paper. 

3. Suppose? now that f(x, X) is defined for all points (x) of a closed set A 
of (x'a*5)-space and for all numbers X’, X*, X*, and satisfies the usual 
conditions’® of continuity and homogeneity. Then if x = x(u), uw on B is 
a typical representation of a surface S of type C lying in the set A, we 
can show that the integral 


(3.1) J, f@w, X(u)) du 


exists. For let M be the maximum value of f(z, X) on the bounded 
closed set!! [x on S, X such that ||X || = 1]; then 


If (aw), X@)| S M-||X|| S MC X*|+|X*|+|X*)). 


By (2.1¢c) the right member of the inequality is summable over B, and 
therefore the integral (3.1) exists. 

We now turn our attentions to sequences of surfaces of type C approach- 
ing a surface of type C as limit. For definiteness of notation we consider 


surfaces Sy (n = 1, 2,---) and S), having representations 
(3.2) So: £2 = (wu), u on Bo, 
(3.3) Sn: x = Xn (w), u on Bn, 


in which the functions xo(u) and 2»(u) satisfy conditions (2.1), and in 
which each region B, can be mapped on By by a topological mapping 7’, 
of positive index such that for all points w, u (of Bo, Bn respectively) 
corresponding under 7’, we have 


(3.3b) || zo (u), &n (@)|| < nn, Where lim yn = 0. 


All of our theorems depend on our proving that if the function f(z, X) 
satisfies certain conditions, then 


(3.4) lim int J (an, Xn) du => J, S (ao, Xo) du. 
It is convenient for us to prove that if 
(3.5) S(x,X)>0 


* We here replace the symbols x, y, z, X, Y, Z, u, v used heretofore by «', x’, 2°, 
X1, X*, X*, u', uw? respectively. 

” Loe. cit. 3, conditions (2.1). This paper (loc. cit. 3) will henceforth be referred to as DI. 

"As in DI, || X || = [(X)* + (X9* + (XY. 
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for all x in a neighborhood of the points of Sy and all X, then in order 
to prove that inequality (3.4) holds for all systems (3.3) we have only to 
show that (3.4) holds for systems of a simpler type than (3.3). 

A first simplification is easily obtained, and can be thus stated: Given 
a surface So of type C on which (3.5) is satisfied; if there exists a sequence {Sj} 
satisfying (3.3) for which 


(3.6) lim int J SF (an, Xn) du< J SI (xo, Xo) du, 







then there exists a square Q contained in By and a sequence {S,} of 
surfaces « = %»(u), u on B, satisfying (3.3) and such that ‘ 





(3.7) lim inf f IS Ga; X,) du< | SF (20, Xo) du. 
B, Q 





The proof is identical with that of the first simplification in DI, p. 466, 
lines 3 to 12. 

Further simplifications depend on our being able to approximate surfaces 
of type C by polyhedra, and will be deferred to Part II. 







Part Il. Approximation by Polyhedra. 


4. The principal objects of this part of the paper are first to express 
the integral of the jacobian d(x, y)/@(u, v) over a square in terms of a 
line integral around the boundary of the square, and second to show that 
the sequence {S,} in inequality (3.6) can be considered to be a sequence 
of polyhedra. To attain these objects we establish a sequence of lemmas. 4 
The first lemma enables us to turn our attention to a simpler type of 4 
region B, i! 

Lemma l. Jf 2‘ =a‘*(u), u on B, is a typical representation of a sur- 
Jace S of type C, then for every ¢€>0 we can find a simply connected 
region B, contained in B and consisting of a finite number of rectangles, 










such that 
(4.1) J, glXllduav<e, 
(4.2) |S, Sil<e, 





where S is the surface xt = x‘(u), u on B. 

Let the functions w‘ = w‘(u), u on B, map the region B conformally on 
the unit circle K,: ||w|| <1. The functions z‘(w) = 2*(w(w)) are uniformly 
continuous on K;, hence there exists a d>0 such that if ||, u2||<4, 
then 


(4.3) |2@), F@)||<- 
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Also, since || X|| is summable over B, there exists a 8>O such that for 
every set EZ contained in B and of measure m(Z)< 8 we have 


é 
(4.4) filxXllan< >. 


Corresponding to the circle K;: ||w|| <7 there is a subregion B, of B, 
bounded by an analytic Jordan curve. Let r+ be a number such that 
1—d<r<1, and large enough so that m(B— B,)< 8. Then by (4.4) 


we have 
é 


(4.5) Jin |Xllau< $3 


and if we map each point (e, 6) of K, on the point (re, 6) of K,, we find 
by (4.3) that 


(4.6) IS, 8I<5, 


S, being the surface a? = a‘(w), w on B,. 

The functions z*(u) are uniformly continuous on B, hence there exists 
a y>0 such that if ||a, us||<y, then 
(4.7) || v(uy), x(ue)|| < 7 
Since the boundary curve of B, is analytic, we can construct a Jordan 
polygon each of whose sides is parallel to one or the other of the w’-axes, 
and with alternate vertices on the boundary of B,; and we may further- 
more require that the sides of this polygon be small enough so that the 
region B consisting of polygon and interior lies interior to B, and can be 
mapped on B, by a topological mapping under which corresponding points 
of By and B have distance <y. Moreover, if the sides are small enough 
we have m(B,— B)< 8. This construction is quite simple, and will not 
be discussed in detail. The region B satisfies the conditions required; for 
by (4.7) we have ||S,, S||<«/2, where § is defined as in the statement of 
the lemma; hence by (4.6) this implies ||S, S||<e. And (4.1) is satisfied, 
as follows from (4.5), (4.4) and the inequality m(B,—B)< 8. 

5. For the next few sections we shall revert to the (x, y, 2) notation, 
as mentioned in the last paragraph of the introduction. 

We shall several times have occasion to use integrals taken around the 
boundary of a square Q. In order to have a uniform notation for such 
integrals, we map the boundary C of the square Q upon the interval 
0<t<4, beginning at the origin and traversing C counter-clockwise, in 
such a way that the four sides are mapped linearly on the intervals (0, 1), 
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(1, 2), (2, 3), (3, 4) respectively. If we are given a pair of functions x(w, v), 
a v), defined on C, we define x(t) == x(u, v) and y(t) = y(u, v), where 
(u, v) is the point on C corresponding to ¢. 

With this notation, we proceed to prove 

Lema 2. If the functions x(t), y(t) are absolutely continuous on C, then 


4 4 
[ [ve y) dx dy ={ a(t)y'(t)dt = -{ y(a'(t)dt 
~ 1) . 0 , 0 : 
= +f (xy' — yx')dt, 
2 Jo 


where w(x, y) is the index of the point (x, y) with respect to the curve 
r=2x(), y= yd. 

We shall prove the first equality; the second follows from the first by 
an integration by parts, and the third is a consequence of the others. 
First’® we suppose that a(¢) and y(¢) satisfy a Lipschitz condition. Then 
it is easy to construct functions z(u,v), y(w,v) which satisfy a Lipschitz 
condition on Q and coincide with x(#), y(f) on C. On the one hand, 
Young’* has proved 


(5.2) ff ae suds = {a0 dy(t) = [ey ar; 
Q@ O(u, v) - 0 


on the other hand, Schauder’ has shown that 


(5.3) J J 322 ane dudv = fue, y) dx dy; 


whence equation (5.1) follows. 
In case x and y are not Lipschitzian, we introduce the new variable 


4 (e+ f “oly?! at) 
44 f ‘ty at 


The inverse function ¢ = ¢(r) is monotonic and Lipschitzian, and for each 
point (a, y) the index s(x, y) with respect to the curve « = x(¢(x)), 
y = y(t@) is equal to the index w(x, y) with respect to the curve 
x= x(t), y= y(t); hence by what we have just proved 
~ 2-DI, footnote 12, 

‘3A direct proof is fairly easy to construct, but in order to save space we adopt the 


proof here given. 
'“W.H. Young, On a formula for an area, Proc. London Math. Soc., 18 (1919), p. 339; 


in particular, Theorem 5. 
J, Schauder, Uber stetige Abbildwngen, Fund. Math. 12 (1928), p. 47; in particular, 


Satz VIII. 





8 
I 
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J fre. y) da dy ={° x (t(e)) —— y(t(o) dt 


=|" x (t(x)) — 4 yt) oe a =| x(t) y(t) at, 


where in the last integral we have merely changed variables’®. The lemma 
is thus established. 

6. Let us now suppose that the functions x(w, v), y(u,v), z(u,v) satisfy 
conditions (2.1) on a region B, and that B is a region interior to B and 
consisting of a finite number of rectangles 7,---,7m. Then for every 
point (u,v) of B the point (u+h, v+h) is in B, provided that |h| and |k| 
are less than a certain d>0. 

Now for every number & such that 0<&<0 we define 


(5.4) 


u+§ 
(6.1a) (se, v) = ie a c x(u, v) du dv; 
likewise we define 
. ¥ 1 vty UT” 
(6.1b) y (u,v) = as. J. y(u, v)dudv, 
1 v+f ute 
(6.1¢) z(u,v) = m= I f z(u, v)dudv, 
4¢ v—€ w—l 


where 0<4<0, 0<S<od, = 
Since z(u,v) is uniformly continuous on B, the integral 


+8 
(6.2) . i? a(u, v) du dv 
is a continuous function of wu and v; so by (2.1b) we have 


oa 1 v+§ ; ; 
_ — wl. [x(u+&, v)—a(u—§S, v)] dv 


ew 
= -l. [ + du dv, 


with analogous expressions for 2, yu, etc. Equations (6.3) make it evident 
that for fixed values of §, 4, ¢ the functions z, y, 2 have continuous 
partial derivatives. 

From the uniform continuity of x(w, v) we have immediately 


(6.3) 


(6.4a) Jim a (u, v) = x(u, v), 


© Carathéodory, Vorlesungen iiber Reelle Funktionen, § 499, Satz 4; § 495, Satz 12. 
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the convergence being uniform over B. Likewise 
(6.4b) lim y(u, vy) = yu, v), —_—ilim z(u,v) = atu, v), 
40 f—>0 
the convergence in each case being uniform over B. 
7. We shall now utilize the approximating functions of § 6 to prove 


Lemma 3. Let the functions x(u, v), y(u,v), 2(u, v) satisfy conditions (2.1) 
on a region B, and let S be the surface represented by the equations 


zx=—a2zu,v), y= ylu,v), z= elu,v), (u,v) on B, 


where B is a region interior to B and consisting of a finite number of 
rectangles 11,-++,1m-. Then for every ¢>0 we can find a surface 

(7.1) Si 2= x(u,v), y=ylu,rv), z= ztu,v), (u,v) on B 
satisfying the conditions: 

’ : : Aare 0x , 

(7.2) all six partial derivatives rae etc., are continuous on B; 


(7.3) [(@ (wu) —a2(w)? + YY (w— yw)? + (2 (w) —2z(w)?}!? <e for every wu in B; 
(7.4) J pIX-XIF/Y—¥|+|Z—4)) du du<e. 


We prove this by successive modifications of x, y and z. Defining x by 
equation (6.1a) we have by (6.3) and its analogue for 7, 


d(z,y) a(x, y) 
SJ. d(u, v) d(u, v) du dv 


m § § 
sai: ae = fff J | uluth,v+tk) yy (u, v)—ay (uth, v+k) yulu, v) 
fri 46 BV-§U—§ 


(7.5) — Xu (U, Vv) Wr (U, ‘iia (u,v) Yu(u,v)| dhdkdudv 


~ oan wJ J S 12 a h,k)—Zu, v)| dh dk du dv. 


Hence * (2.1d) 
(7.6) lim 


E—>0 
Therefore by (7.6) and (6.4) we see that we can choose — small enough 
so that 





0(z,y) A(x, y) 


dudv = 0. 
d(u, v) 0(u, v) , 














O(x,y) _ 0 (x, u) ee 
(7.7) SJ. > ye ae a) du dv 6? 





(7.8) |x (u, v)—x(u, vI<z for all (uw, v) on B. 
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Repeating the argument with z in place of y, we obtain 


d(z, x) d(z, x) 
O(u, 7 d(u, v) 





(7.9) lim dudv = 0, 


E—>0 








so that by (7.9) and (6.4) we can choose & small enough so that 


Oz, x) 0(z, x) 
O(u, v) 0(u, v) 





du i= 


(7.10) 6” 








inequalities (7.7) and ail remaining valid. 
Now, having fixed §, we can by the same argument as above show 














; d(y,z) __ aly, 2) a 
(7.11) be ff. 8 (tt, v) ia.e dudv = 0. 
To show that 

. d(x, y) z- d(x, y) ari 
(7.12) jor ff. a(t, v) Sg dudv = 0 


we need only observe that 2, and 2» are continuous, hence bounded; whence 
it follows’ that the system (x, y, 2) satisfies conditions (2.1), and (7.12) 
follows exactly as (7.10) did. Hence, by choosing 7 small enough, we can 
through (7.11), (7.12) and (6.4) obtain 











eee | 2@, 2) d(y, 2) | e 
(7.18) J f|tee- = ae du dv<—, 
0(x, y) _ 6@ y) é 
7.14 ZY =? ee 
iaanas Sf, a(u,v) (u,v) wietins sie 6’ 
(7.15) Ly (u, Y—ylu,o|<z for all (u,v) in B. 


Finally, by another repetition of the argument, the numbers & and 7 
being fixed, we obtain a ¢ such that 


(7.16) f{j<2- 
B! O(u, v) 8(u, v) 








du dv a 











‘lay,z) eaY,2) é 
(7.17) a 2 p< — 

B| O(u, v) 0 (w, v) iain 6’ 
(7.18) '2(, v)—e(u, o)| <-> for all (w,) in B. 


This proves our lemma; for (7.3) follows from (7.8), (7.15) and (7.18), while 
(7. 4) follows from (7. 7), (7.10), (7.13), (7.14), (7.16) and (7.17). 


" The anwet of this is contained in § 16. 
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8. The devices of the preceding section enable us also to prove 

Lemma 4. If the functions x(u, v) and y(u, v) satisfy conditions"® (2.1) 
on a region B, and q is a square interior to B, and x and y are absolutely 
continuous on the boundary of q, then 


26D oy, ay = f / 
(8.1) SS D(u, v) dudv = L zy dt, 


the latter integral being taken around the boundary of q as described in 


the second paragraph of § 5. 
We assume that (8.1) is known to be true whenever the partial derivatives 


Tu; Lv, Yuy Y» are all continuous;’® thus defining 2, y by equations (6.1), 
we have 


a(x, y) ik —[a 
(8,2) J [422 2 (uu, 0) dudv = zy dt = yx at. 


Using the square g as the region B of § 7, we have from (7.12) and (7.6) 
in Km lim Sf wh Yq wav} = jim f 5G, y) du dv 
| 0 0(u, v) Esod dq A(u,v) 
(8.3) 
oes f jee" OY) ay dy 
_ 8 (u, a* 
On the other hand, by (6.4) we have 


= say —_ Bhd. ' a 
tim | tim (—[rwz wat)| a lim [voz wat| 


0 (7-0 


4 
(8.4) =— sim f x (t) yin at 


5-0 





= [iow y(t) dt, 


which with (8.2) and (8.3) proves the lemma. 

9. Reverting again to the more compact (z’, x*, *) notation, we collect 
several preceding lemmas together with certain results of DI in 

Lemma 5. Let the function f(a, X) be defined and satisfy the usual 
conditions of continuity and homogeneity on a bounded closed point set A 
in (x', a, a) space. If the surface S of type C lies interior to A and is 
typically represented in the form x' = x'(u), u on B, then ie every €>0 
there exists a polyhedron II typically represented in the for m* af = z'(u), 
u on Q; such that 





a * nittlant (2.1) with all references to z omitted. 
“ey, H. Young, On a formula for an area, Proc. London Math. Soc., vol. 18 (1919), 


p. 339; or Schauder, loc. cit. ©. 
*» The letter Q is used here as elsewhere to connote a square. 
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(9.1) | 1, S\\<e, 
(9.2) fre, X)du— fe, X) du|<e. 

Let M be the upper bound of f(x, X) for all x in A and all X such that 
| X|| = 1. By Lemma 1 we can find a region B interior to B and con- 
sisting of a finite number of rectangles, such that 
f ,iziawe 
(9.3) »-gXllau<zop 
(9.4) IS, SI, 


where S, is the surface represented by the equations 2? = x‘(w), u on B. 
By (9.3) we have 


(9.5) re. Xydu—J fee, X)du 
Now let N be an upper bound for | f,:(x, X)| for all x in A and all X 





“ J _M||X\|\du<—. 
B-B 4 


such that || X|| = 1; since jf, is positively homogeneous of degree 0 in X, 
this implies 


for all « and all X¥+0. According to Lemma 4 there exists a surface 8: 
at = x*(u), u on B, for which all six partial derivatives 0z*/du/ are con- 
tinuous, and for which the inequalities 


(9.7) IS, HI<, 
é 
; BN 
are satisfied. In addition, f(a, X) is uniformly continuous for all x in A 


and all X such that || X||— 1; we can therefore find a y>O such that 
if ||, 2 ||<y, then for every unit vector X the inequality 


(9.8) JX! x"|4/¥*— x4] 4|¥#— x4) au< 


é 


8 (fl xX\|au+1) 


holds; and it follows that for all X we have 


If (a1, X) —f (az, X)|< ; 





f(a, X) —f (x2, X)| < 





|X]. 


(J. Xlau-+1) 


By Lemma 3 we can consider that the inequality ||Z(u), x(u)||<y holds for 
every value of uw; hence 
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f(a, X) — Siz, X)| < SG, X) —Sf@, X)| + f(a, X) —Siz, X)| , ’ 

< N-D | X'— Xi|+||X|). - 
. 8 


(f-|Xijdu+1) 












Integrating over B, we find 


[re Hau—J Fe, X)du 











é 


fixiau+) ' 





‘4 [ux 
(9.9) <N=>+t wa 


é 


= 
The surface S being rectifiable, we can apply the second simplification 


in DI (p. 466) to obtain®* a rectifiable surface S,, represented in the form 
a = ai (u), u on Q, such that 


(9.10) 18, & I<, 





IA 















(9.11) J Flas, X:du—f_ f(z, X)du <7. 
Q B 


Finally, the proof of the third simplification of DI yields a polyhedron //, 
typically represented in the form a‘ = ai (uw), wu on Q, such that 







(9.12) || 77, 8 |<<, Hs 

(9.13) ff J (xs, Xs) du—J, S (x2, Xe) du} < =. lle 
Q 

By inequalities (9.4) to (9.13), this polyhedron satisfies inequalities (9.1) 

and (9.2), 





Remark 1. From inequalities (9.3) and (9.8) and the portions | of DI 
referred to, we easily see that the polyhedron 7 may be required to 


satisfy the further inequality 
(9.10) fiziaa<fiixiaute, 


10. Lemma 5 yields the following simplification of our problem: 
Tf the surface S,: x* = xi (u), u on Q and the sequence {Sn} of sur faces 
S,: a! = at (uw), u on B,, satisfy conditions (3.2), (3.3) and (3.5), and 


n* 







21 We call the reader’s attention to Remark 2, p. 467, DI. 
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(10.1) lim int | ST (an, Xn) du< JS Xo) du, 
B,, 


then there exists a sequence {II,} of polyhedra, each H, being typically 
represented in the form x= xi (u), u on Q, satisfying conditions (3.3), 
and also satisfying inequality (10.1). For we need only choose a sequence {é,} 
of positive numbers tending to zero, and for each m choose a polyhedron 


IT: a = a (w), wu on Q (of whose existence Lemma 5 assures us) such that 


(10.2) || Zn, Sn|| << &n, 


(10.3) J SI (a; Xn) du— Jf Gn X,) du 
B, 


ail . 
<€Enj 





then lim IT, = lim Sn — So, and 
lim int [ /@s, a da = lim int [ S (xn; Xn) du «< f SI (xo; Xo) du. 
Q a Q 


The fourth simplification of DI can now be utilized without change; 
we thus obtain another representation of each Z/,, the integrals being 
unchanged and the new functions defining 7, tending uniformly to 24 (u) 
on Q. 

11. Combining § 10 with the first simplification (end of § 3) we arrive 
at the following result: 

Let the function f(x, X) be defined and satisfy the usual conditions of 
continuity and homogeneity on a closed point set A of (x*, x*, x*) space. 
Let So be a surface of type C interior to A and typically represented in 
the form x! = xi (u), u on Bo, and suppose further that 


(3.5) f(x, X) > 0 for all x in a neighborhood of the points of So and 
for all X. 


Then in order to prove that inequality (3.4) holds for all systems satisfying 
conditions (3.2) and (3.3), we need only show that for every square Q in Bo 
and every sequence xn(u) of functions defined and quasi-linear on Q and 
converging uniformly on Q to xo(u) we have 


lim int [. J (an, Xn) du > [of ta, Xo) du. 


Part III. The principal theorems. 


12. We have in the preceding parts developed the analytic machinery 
which we are to use in our generalizations of the lemmas and theorems 
in DI. We begin with a generalization of Lemma 1 of DI. 
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Lemmal7. If 

(a) the functions xi(u) are defined and continuous on a square q, and are 
absolutely continuous on the boundary of q; 

(b) the derivatives 0x*/du/ are well-defined almost everywhere in q, and satisfy 
the relations 






1 a er 8 8 2% . 
ms du = +f (a, x — ax, x'') at, | 
fa 2 5 ere 1 8 | 
(12.1) a du = +f (a, a — a, 2, ) dt, } 
3 1 , 1 2 2 i 
a du = > @, % — 2%, X,) at; , 
(c) the functions at (u) (n = 1, 2, 3,---) are quasi-linear on q; 





(@) lim a (u) = at(u) uniformly on q; 
then for every set of constants a1, dz, a3 we can find a sequence {V,} of 
measurable subsets of q such that 


lim [ da Xn du = fae Xe du. 
n q 







There is clearly no loss of generality in assuming d¢ d¢ = 1. Let bj, 
be six numbers such that the matrix 
a As ag 
b, de ds 


GQ Co & 















is orthogonal, and apply the transformation 
(12.2) Bagot, § = best, FF = can; i 
the inverse transformation is : 
(12.3) a = 48+h8+6 8 (¢ = 1, 2, 3). 


Applying this transformation to each of the sets of functions 2j(w) 
(j= 0,1,2,---), we find that at every point at which all six partial 
derivatives 02%/0u* exist (i.e., almost everywhere in g) we have 5/ =a, X/*; 
hence we need only find sets V, such that 


Ld men 1 oe 1 
lim, Sn du =| 5 du. 
V, q 


Now in (12.1) we multiply the three equations by a, a and ds respectively 
and add. The left member is, as we have seen, 


wt 
{= du; 
q 
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and if in the right member we make the substitution (12.3) and collect 
terms, we find 


(12.4) fx du — Le i er a )dt. 


In the rest of this proof we shall replace &, 5* by x*, X* respectively;?* 
then by Lemma 3 we find 


(12.5) jx: du =f fm, 2) dx* dz’, 


where po(x*, x*) is the order of the point (a, x*) of the (a, x*)-plane 
with respect to the curve 7): 2? = 22(), 2 = af(), O< t < 4, which 
is the image in the (z*, x*)-plane of the boundary of qg under the trans- 
formation 2’ = zi (u) (@ = 2,3). We likewise define w,(x*, x*) as the 
index of the point (x*, «*) with respect to the curve I): 2° = a2(d), 
= 8),0<t <4. 

Having established equation (12.5), we are now able to apply the proof 
of Lemma 1 of DI without change, beginning with the last paragraph on 
page 469, and thus conclude the proof of our Lemma 7. 

13. From this point on we are able to follow the development of DI 
from § 5 to the end, with only trivial changes. We shall content ourselves 
with stating the generalizations of our theorems and indicating such changes 
in the proofs as may be required. 

Lemma 8. Let the function f(x, X) be defined and satisfy the usual 
conditions of continuity and homogeneity (DI, 2.1) on a closed point set A of 
(x, x*, x*)-space. Let x = ai(u), u on B,, be a typical representation of 
a surface Sy of type C interior to A. Let f(x, X) satisfy the conditions 
(13.1a) f(x, X)=>0 for every x in some neighborhood of the points of So, 

and for every X; 
(13.1b) E(a(u), Xo(u), X) > 0 for almost all points u in By at which 
Xy(u) is defined and L || Xp (u)|| +0, and for all X. 
Then for every sequence {Sn} of surfaces of type C typically represented 
in the form S,: at = xi, (u), u on B., for which 


n? 


lim S = %, | Xalldu<N 
(N a constant independent of n) it is true that 


(13.2) lim int [ SI (an, Xn) du = I, J (xo, Xo) du. 





This is a mere change of notation; we do not mean a substitution of the expres- 
sions (12°2). 
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By § 11 it is sufficient to show that (13.2) holds for all systems 
(13.3) S,: 2 = at(u), wu on Q, 
(13.4) S,: 2 = at(w), wu on Q, 


n 
in which Q is an arbitrary square in B,, the functions x‘ (uw) are quasi- 


linear, and 
(13.5) lim z$ (uw) = ai(u) uniformly on Q. 


We can also assume m(Q) = 1, for Q can be mapped linearly on the 
unit square 0 < uw’ < 1, the hypotheses remaining valid. We now proceed 
with the proof as given, requiring however that the squares q;, ---, gm be 
so chosen that the x (u) are absolutely continuous on their boundaries. 
The reference to Lemma 1 is of course replaced by a reference to Lemma 7 
of this paper. To establish inequalities (5.11) and (5.12) of DI, we have 
only to observe that the functions of sets 


I. Xolu) du, f, ST (xo(u), Xo(w) du 


are absolutely continuous, hence for all points wu of a set £, of measure 1 
they possess derivatives equal respectively to No(wo), f(%o(tw), Xo(o)); 
from this the inequalities follow immediately. 

Now the proof of Theorems I—IV of DI can be used without change 
to establish the following theorems: 

THEOREM I. Let f(x, X) be defined and satisfy conditions (DI 2.1) on 
a closed point set A of (x', a, x*)-space. Let the surface S of type C be 
interior to A, and have the two typical representations 


(13.6) S: af = af, won B, 

(13.7) S: af = zt), won B. 

Then 

(13.8) fre, X) du =| fe, X)du. 
B B 


This theorem permits us to use the symbol F(S) to denote the integral 
Pm i (x, X)du, which is now seen to depend only on S and not on the 


Particular typical representation used. . 
TuHEorEM II. Jf the surface S be of type C and typically represented in 
the form S: a = x'(u), u on B, then 


(13.9) L(S) = J \xi\au, 


where L(S) denotes the area (in the sense of Lebesgue) of the surface 8. 


55 
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THEOREM III. Let the function f(x, X) be defined and satisfy conditions 
(DI 2.1) on a closed point set A of (x', x*, x*)-space. Let xt = zt (wu), 
u on By, be a typical representation of a surface Sy of type C interior 
to A. Let fix, X) satisfy the conditions (13.1). Then for every positive 
number N the functional F(S) = | f(a, X)du is lower semi-continuous 
at So with respect to the class of all surfaces of type C having area < N. 

14. In generalizing Theorems V and VI of DI we encounter no difficulty. 
Introducing as in DI the notation ,X for unit vectors, so that for every 
vector X for which || X||+0 we have .X = X/||X||, we obtain 

THEOREM V. If in the hypotheses of Theorem III we replace (13.1a) by 
the condition 
(14.1) (xo, uX) > 0 for every point x on So and every uX, 
then F'(S) is lower semi-continuous at So with respect to the class of all 
surfaces of type C interior to A. 

As a corollary we have 

THEOREM VI. If F(S) is positive definite and positive quasi-regular on A, then 
it is lower semi-continuous on the class of all surfaces of type C interior to A. 

We now proceed to the proof of 

THEOREM VII. Let the function f(x, X) be defined and satisfy conditions 
(DI 2.1) on a closed point set A of (x, x*, x*)-space. Let a! = xi (u), 
u on Bo, be a typical representation of a surface Sy of type C interior 
to A. Let f(x, X) satisfy the conditions: 

(14.2) f(a, X) => 0 for every x in a neighborhood of the points of So, and 
Sor every X; 

(14.3) E (ao(u), Xo(u), uX) > 0 for almost every point u of By at which Xq(w) 
is defined and || Xo(u)||+0, and for every uX +uXo(u). Then F(S) 
is lower semi-continuous at So with respect to the class of all surfaces 
of type C interior to A. 

As before, we need only prove that for every square Q in By and every 
sequence {xp (w)} of functions quasi-linear on Q and converging uniformly 
to xo(u) we have 


lim int {Pn Xn) du = J ree, Xo) du; 
Q 


and as before we can consider that Q is the unit square 0 < uw! <1. Let 
now « be an arbitrary positive number less than 1. We define Ey as the 
set of all points « of Q at which Xo(w) is defined, inequality (14.3) holds, 
and || Xo(w)|| <.N. Since || Xp (w)|| is summable, the measure of Q— Ey tends 
to zero with 1/N; hence if N be chosen sufficiently large we have 


| | 
(14.4) Fy — J (%, Xo) du} < eke 
Ey a 
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We now denote by E, the subset of Ey on which f(2(u), Xo(u)) > €/16: 
then by (14.2) and (14.4) we have 


Jf (a, Xo) du < F(S)) = kL Ey—E, + a Six, Xo) du 
(14.5) r 
Ss Jf (ee Xo) du+ 3° 


Denote by «(u) the angle between the vectors Xo(u) and fy:(%o(w), Xo(w); 
on E, we have 


= <S f(xo, Xo) = XS fya(xo, Xo) = || Xoll - || fx lwo, Xo)|| - cos e(w) 


~~ 
satis < Neos e(u)- || fx(a, Xo)!|, 


in which || fx(a%, Xo)|| denotes [fya(ao, Xo)-fyala, Xo)]’*. On the one 
hand || fx(a», Xo)|| is bounded,?* hence there exists a constant @>0 such 
that on F, 


(14.7) 0< ew < 326; 


on the other hand, || x(a, Xo)|| > LZ = ¢/16 N for all points u in 2. 

We now turn to DI, and follow the proof there given, beginning just 
below equation (7.7). We justify inequalities (7.10) and (7.11) as in § 13. 
But we define H, not as an upper bound for f(x, X) (which might not 
exist) but as 1+ F(S)). To inequality (DI 7.15) we adjoin the inequality 


h 
F(S) = p> T (ao(u), Xo(w)) du 
(14.8) se 4% 
a ! é 
2 P ST (xo (uj), Xo(uj)) du— =; 
J=1 q; 8 


which follows from (14.2) and (DI 7.10). 
Neglecting the last stage in inequality (DI 7.21), we have 


2 ém(qj) f R a) d ! 
(14.9) f. \| Xn |ldw < | 2 3 + a1 rela, Hole) u 


i,j,” 


Summing for 7 = 1,---, we have by (14.8) 
h ‘ h | 
Pa | Xn || du < : Hat = FT (xo(w), Xo(n)) du 
e qj 


(14,10) 2-24 7.5.0 Lsin 6 pe 
ae . ; . g 
< [F&)+ 1]: Lsino Lsin@’ 





*3 See inequality (9.6), or (DI 5.10). 
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Inequality (14.10) enables us to argue in identity (DI 7.23) that the sum 
for 7 =1,---,h of the integrals called 2, is not less than —é«/8. The 
remarks concerning 72, ---, 7% are unchanged, and the theorem is thus 
demonstrated. 

As an immediate corollary we have 

THEOREM VIII. Jf for every x in A, every unit vector y.X, and every 
unit vector yX* + uX we have 


f(t, uX) > 0, Elx, wX,uX*)>0. 


then F(S) is lower semi-continuous on the class of all surfaces of type C 
interior to A. 

15. Concerning §§ 8,9 of DI, we shall only remark that they remain 
valid if we replace everywhere the words “rectifiable surface” by “sur- 
face of type C”’. 

PartIV. Addenda. 


16. The surfaces considered in the preceding theorems have all been 
of type C, and the representations 2* = x‘(u), wu on B, have been assumed 
to satisfy conditions (2.1). It is therefore important to have some simple 
conditions on the functions 2*(«) which will enable us to state that con- 
ditions (2.1) are satisfied. We can derive such conditions from the fol- 
lowing lemma: 

If g(u) is a summable function defined in a rectangle r: a Sub < B, 
and f (u) is a suemmable function defined in the rectangle R: o!'— et <u' < B+ é 


(e' >0, €?>0), then the integral i S(ut+h)g(u) du exists for each h such 
that |h*|<« and the equation 


(16.1) lim fire+in—seo| -|g(u)|-du = 0 
h>ov" 


is valid, provided that f and g satisfy any one of the three following sets 

of conditions: 

(16.2)"* g is bounded in 1; 

(16.3)** | f(w)|? ts summable over R and |g(u)|2 is swummable over r for 
some positive numbers p,q such that 1/p+1/q =—1; 

(16.4)° the functions f(u) and g(u) have associated summabilities in the 
sense of Young. 





4 Hobson, Theory of functions of a real variable, vol. II, p.331. The introduction of 
absolute values in (16.1) causes no difficulty. 

> W.H. Young, A new set of conditions for a formula for an area, Proc. London 
Math. Soc., vol. 21 (1922), p.78. We here consider g(w) to be defined not merely on 7, 
but on all of R; the absolute values in (16.1) cause no trouble. 
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Let us therefore suppose that the functions x‘(w) are defined on a Jordan 
region B and satisfy conditions (2.1a) and (2.1b), and moreover that the 
partial derivatives 02*/@u/ are all summable over B. Suppose further 
that each*® of the six pairs of functions (02*/du', da//du’), i+, satisfies 
one of the three conditions 
(16.5) one function in the pair is bounded; or 
(16.6) one function of the pair belongs to the class*’ Z, and the other 

to the class Ly, where p>0O, g>0, 1/p+1/q¢ =1; or 
(16.7) the functions of the pair possess associated summabilities. 
Then the functions 2*(w) satisfy conditions (2.1). 

To prove this we observe that under the given hypotheses each product 
(dx*/0u')-(da//du*), i+ 7, is summable, so that the jacobians are summable. 
Hence (2.1c) is fulfilled. To establish (2.1d) we change notation, replacing 
a, x, 0, X', X*, X%, ui, uw? by x,y,z, X, Y, Z, u,v respectively. Then 
for every rectangle r interior to B we have 


fiz (u,v; h,k)— Zu, v)| dudv 


= [few +i, vu+kh)—aulu, v)] you, v) 
(16.8) —[miuth, v+h—ax(u, v)] yulu, v)| dude 
= J aww +h, vo+h)—au(u, v)|+| you, v)|- dude 


+f |aotu+h, vutk)—av(u, v)|+|yulu, v)|-dudv. 


But by the lemma of this section the right member of (16.8) tends to zero 
with h and k, so that 


h (rh 
(16.9) lim aol f ff |Z (u,v; h,k)— Zu, v)| dudvdhdk = 0. 
n>o 4h? J_nJ—n r 


The five other equations analogous to (16.9) can be established in exactly 

the same manner, and we therefore see that condition (2.14) is satisfied. 
17. As a special case of the surfaces considered in § 16, we may consider 

the class of surfaces satisfying the following conditions: 

(17.1) The functions x(u, v), y(u, v) satisfy a Lipschitz condition; 

(17.2) The function z(u,v) satisfies conditions (2.1a) and (2.1b), and the 

derivatives 2, and z are summable. bee 

For such surfaces, each pair of derivatives (vu, yr), etc., satisfies condition 

(16.5), and the surface is therefore of type C. In particular, if z(w, v) also 

satisties a Lipschitz condition, then the surface is of type C; hence all 





6 It is not necessary that all of the pairs satisfy the same condition. 
77 A function f is said to belong to the class Ly, if | f|? is summable. 
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rectifiable surfaces are of type C. Specializing in a different direction, let 
us suppose that «(u, v) =u, y(u, v) = v; the surface is then representable 
in the form z= z(x,y), and condition (17.2) is exactly equivalent to 
Tonelli’s®* “absolute continuity”. By Theorem II, we know that for all such 
surfaces the area is given by the classical double integral, 


(17.38) L(S) =f fixe Y?+ Z?| du dv =ffn + p?+q*] du dv. 


But it has already been shown by Tonelli®® that for surfaces z = z (a, y) 
the condition of absolute continuity (i. e., condition (17.2)) is not merely 
a sufficient but also a necessary condition for equation (17.3) to hold. We 
may therefore reasonably suspect that conditions (2.1a) and (2.1b) are 
indispensable for our purposes. 

18. It might be of some interest to point out that under much weaker 
conditions than (2.1) we can show that the classical double integral does 
not exceed the area of the surface. Let the continuous surface S have the 
representation 2 = a‘(u), uw on Q, where Q is the unit square. Then in 
order that the inequality 


(18.1) Jz du < L(S) 


shall hold (L(S) denoting the Lebesgue area of the surface 8) it is sufficient 

that 

(18.2a) the jacobians X* are defined almost everywhere in Q, and are summable; 

(18.2b) on an everywhere dense set U' of ordinates the functions x* (u', u®) are 
absolutely continuous functions of u®; and on an everywhere dense 
set U* of abscissas the functions 24 (u', u®) are absolutely continuous 
Functions of u'; 

(18.2¢) for every rectangle r bounded by ordinates and abscissas belonging 
respectively to U' and U*, the formula 


on [sy sm 
(18.3) | X'du = =| (a? x’ — a? x") dt 
vr 4 0 


is valid, together with its analogues for X*? and X*. 

The statement (18.2b) is obviously weaker than (2.1a, b). Moreover, 
the statement (18.2c) is in a sense “almost” a consequence of (2.1a, b). 
For it has been shown*® that if (2.1a, b) hold, then for every rectangle r 
in Q the formula 


*S L. Tonelli, Sulla quadratura delle superficie, Lincei Rendiconti, vol. II, ser. VI, p. 633. 
9 Loc. cit. 7% 


*” W. H. Young, loc. cit. *, p. 92. Young’s hypotheses are equivalent to (2.1a,b) with 
the word “almost” removed; but this difference is easily seen to be unimportant. 
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0 (a? (w+ @', w?+ a), x (u,u*)) 2 
wes dui du® 
Jr 0 (u*, uw”) 


_ —f ae. (+ a}, u?+- a) dt 


is valid for almost all values of (a’, a’), It cannot be immediately con- 
cluded, however, that (18.3) holds for the particular values «! = «? = () 
which concern us. 

In order to prove that the inequality (18.1) follows from hypotheses (18.2) 
we let {Sn} be a sequence of polyhedra tending to S for which lim Z(S;,) = L(S). 
For these polyhedra we choose (as is always possible) typical representations 
a = ai (u), w on Q, such that lima‘ (vu) = a‘(w), uniformly on Q. De- 
noting || X || by f(a, X), we can follow the proof of Lemma 8 with only 
the trivial change that the squares g; (with centers uj) occurring in the 
proof are replaced by rectangles r; (containing w;) whose sides belong 
to U* and U® and whose shorter side is at least half the longer side. 
We thus arrive, as in Lemma 8, at the inequality 


L(S) = lim int f || Xl) dw > jiix 
Q 


~)] 





(18.4) 


du. 





Moreover, let us suppose that f(z, X) is a function satisfying the usual 
conditions of continuity and homogeneity (DI 2.1). As we have seen,” 
for a sufficiently large number H both of the functions H- || X |+/ (x, Y) 
are positive quasi-regular and positive definite. Hence, by the proof of 
Lemma 8 as modified above, we know that for every surface S: a’ = 2‘(w), 
wu on Q, which satisfies (18.2) and every sequence {S,} of polyhedra 
v'=ai (u), wu on Q such that lim 2‘ («)=2*(w) uniformly and lim L(S,)= LS), 
the inequalities 


(18.5) H lim L(S,)-+limint | fn, X,) du > HJ \X\\du 4 J fee, Yau, 
Q 

(18.6) H lim L(S,)—lim int { f(en, X,) du > H J. |X || du— J fee Xu. 
Q 


If now we add to conditions (18.2) the further hypothesis 
(18.7) the area L(S) of the surface S is given by the double integral J) |X) du, 
then inequalities (18.5) and (18.6) imply 


tim | ftn, X,) du =| fe, X)du. 
Q 


Therefore it follows that if the representation 2‘ = a‘(w), wu on Q of the 
surface § satisfies conditions (18.2) and (18.7), then for every «> 0 there 


31 DI, p. 475. 
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exists a polyhedron S,, typically represented in the form 2? = a? (w), 
wu on Q, such that 


| 8, Sp || <M, Jre. X) du— J fen Xn) du | <8. 
Me 


The proof of Lemma 8 is therefore applicable to the class of all repre- 
sentations of continuous surfaces satisfying conditions (18.2) and (18.7); 
we thus find that if a surface S has two such representations 7? = a (w), 
u on Q and at = z*(u), u on Q, then 


J fiz, X)du = J re, X) du. 
Q Q 


allowing us to represent the integral by the symbol F'(S); and we also 
find that #(S) is lower semi-continuous on the class of all surfaces of 
this type of area < N (N a constant), provided that F'(S) is positive 
semi-definite and positive quasi-regular. 
It is easy to see that the rectangularity of the regions 7; is unimportant; 
we could have replaced conditions (18.2b, ¢) by the less stringent con- 
dition that 
(18.8a) to almost every point P of the square Q there corresponds a sequence rj(P) 
of regions bounded by rectifiable Jordan curves, with diameters tending 
to zero, and such that m(r;(P))/m(W;(P)) = «(P)>0, where W;(P) 
is the smallest square with center at P containing rj(P), and a«(P) 
depends on P alone; 

(18.8b) on the boundary of each region r;(P) the functions a*(u) are ab- 
solutely continuous, and the formulas (18.3) hold. 

Moreover, the range of definition of the functions z*(u) need not be the 

square Q, but may be any Jordan region. 


UNIVERSITY OF CHICAGO. 

















A SET OF POSTULATES FOR THE FOUNDATION 
OF LOGIC.! 


(SECOND PAPER.) 


By Atonzo CuurRcH. 


1. Revision of the list of formal postulates. In a recent paper® the 
author proposed a set of postulates which, it was believed, would lead 
to a system of mathematical logic free of some of the complications entailed 
by Bertrand Russell’s theory of types, and would at the same time avoid 
the well known paradoxes, in particular the Russell paradox, by weakening 
the classical principle of reductio ad absurdum. But, in the course of 
working with these postulates, it has since become clear that the set as 
originally given requires some modification in order to render it free 
from contradiction. 

Postulate 19 makes it possible to prove ~ X({F}(U)) if there can be 
found some consequence of >({F}(y)) which is false of U, subject only to 
the restriction that {F}(U, x) shall be known to be false for some x. This 
is not far from assuming the principle of reductio ad absurdum in its full 
strength as applied to propositions of the form (A). But, given a pro- 
position which is not of the form (A), it is ordinarily possible in various 
ways, to write another proposition of much the same import, which is 
of the form (A). And in this way we find that Postulate 19 contains 
enough of the principle of reductio ad absurdum to lead to a modified 
form of the Russell paradox, in outline as follows. 

We take 2) to be Audv E(u) E(v) and prove, in a straightforward 


manner, ~~ {9}(49.~9 ((D}), 9} (D9 - ~9((9}(y)))},, where 
A is defined as in § 5 below. Hence, by Rule III, ~ {Ag .~({J} (y))} 
({9)} (49 .~9({Q} (g)}. Hence, by Theorem 8 below, ~ {4y-~ 9 ({)} (9))} 


[{D} (19 .~g({¥} (9)}. And hence we prove Sy2x.~zx(y(x)).x 
= Ag.~g(y(y)). But, assuming 2x. ~x(y(x)).« = 49-~9(y9)), 
we can prove Sr.r(r).~r(y(r)), because ~ {49.~9(y(y))} (y(4 9-~9(yg)))) 
is convertible into {Ap .~¢(y(y))} (49 -~¥(y(y))), which, by Theorem 6 
below, yields in turn {49.~ 9(y(9))}(4¢9-~9(y(y))). Therefore, by 


Theorem I, > ({%} (y)) Oy {G} (y), where {%} (y) stands for 4z.~a(y(x)).« 
= Ag.~g(y(y)) and {G}y) stands for =r. r(r).~r(y(r)). Now we 


’ Received January 3, 1933. 


? These Annals, vol. 33 (1932), pp. 346-366. 
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exists a polyhedron S,, typically represented in the form « = z# (uw), 
w on Q, such that 


|S, Sal] <e, re X)du~J fees, Xn) du | <6, 


The proof of Lemma 8 is therefore applicable to the class of all repre- 
sentations of continuous surfaces satisfying conditions (18.2) and (18.7); 
we thus find that if a surface S has two such representations a? = a*(w), 
u on Q and a = za*(uw), wu on Q, then 


| fiz, X)du = [ fe, X)du. 
Q Q 


allowing us to represent the integral by the symbol F'(S); and we also 
find that #(S) is lower semi-continuous on the class of all surfaces of 
this type of area < N (N a constant), provided that F'(S) is positive 
semi-definite and positive quasi-regular. 
It is easy to see that the rectangularity of the regions 7; is unimportant; 
we could have replaced conditions (18.2b, c) by the less stringent con- 
dition that 
(18.8a) to almost every point P of the square Q there corresponds a sequence 7;(P) 
of regions bounded by rectifiable Jordan curves, with diameters tending 
to zero, and such that m(r;(P))/m(W;(P)) => @(P)>0, where W;(P) 
is the smallest square with center at P containing rj(P), and «(P) 
depends on P alone; 

(18.8b)0n the boundary of each region r;(P) the functions a*(u) are ab- 
solutely continuous, and the formulas (18.3) hold. 

Moreover, the range of definition of the functions z*(w) need not be the 

square Q, but may be any Jordan region. 
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A SET OF POSTULATES FOR THE FOUNDATION 
OF LOGIC.! 


(SECOND PAPER.) 









By Atonzo Cuurcn. 





1, Revision of the list of formal postulates. In a recent paper® the 
author proposed a set of postulates which, it was believed, would lead 
to a system of mathematical logic free of some of the complications entailed 
by Bertrand Russell’s theory of types, and would at the same time avoid 
the well known paradoxes, in particular the Russell paradox, by weakening 
the classical principle of reductio ad absurdum. But, in the course of 
working with these postulates, it has since become clear that the set as 
originally given requires some modification in order to render it free 
from contradiction. 

Postulate 19 makes it possible to prove ~ 2({F}(U)) if there can be 
found some consequence of >({F}(y)) which is false of U, subject only to 
the restriction that {F}(U, x) shall be known to be false for some 2. This 
is not far from assuming the principle of reductio ad absurdum in its full 
strength as applied to propositions of the form =(A). But, given a pro- ail 
position which is not of the form (A), it is ordinarily possible in various 
ways, to write another proposition of much the same import, which is 
of the form =(A). And in this way we find that Postulate 19 contains 
enough of the principle of reductio ad absurdum to lead to a modified 

form of the Russell paradox, in outline as follows. 
We take 2 to be 2Audtv E(u) E(v) and prove, in a straightforward 


manner, ~~ {9} (4» ~~ 9 ({D} ), {DI ({9)} (19. ~9((9}(9)))), where 


4 is defined as in § 5 below. Hence, by Rule III, ~ {Ay .~e({Q} (y))} 
({D} 49.~9({Q} (—)))}. Hence, by Theorem 8 below, ~ (49 -~9 ({}(y))] 


} 


({Q)} (49 .~@({Q} (y))). And hence we prove Sy2x.~a2(y(z)).x 
= Ag.~g(y(y)). But, assuming 2x. ~x(y(x)).2 = 49. ~9(y(9)), 
we can prove Sr.r(r).~r(y(r)), because ~ {49 .~9(y(y))} (yi49.~9 (yy )) 
is convertible into {Ap .~ gy (y(y))} (49 -~¢(y(g))), which, by Theorem 6 
below, yields in turn {49.~ 9(y(y))} (49-~9(y(y))). Therefore, by 


Theorem I, > ({¥} (y)) Dy {G} Y), where {%} (y) stands for da. ~2x(y(x)) x 
= Ag.~g(y(y)) and {G}(y) stands for =r. r(r). ~r(y(r)). Now we 
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take Ul to be Azz and, with the aid of Postulate 19, we prove ~ {G}(M). 
Therefore, by Postulate 19, ~=({#} (U)), that is, ~ =xv.~2(x).x—= Ap.~G(g), 
Then, by means of Theorem 1, we prove ~g(y)0g2a-.~a(z). 47 =— 4g. 
Therefore, by Theorem 9 below, ~ {49 .~9()} (49 .~g(y)). Therefore, 
by Rule III, {Ag .~9(9)} (49.~9(y)). Therefore, by Theorem 6 below, 
{Ay .~(g)} (49. ~(g)), a contradiction. 

For this reason we shall omit Postulate 19 from our list. And with 
it we shall omit Postulates 20, 28, and 29, because these three postulates 
entirely lose their point after the omission of Postulate 19. 

The chief effect of the omission of Postulate 19 is that we are no longer 
able to prove formulas of the form ~2(A),°> We believe, however, that 
this restriction will not render our system inadequate, because the formula 
~{ Ay ({F} (y))} (U) can often be proved and used instead of ~>({F}(U)). 

Let us call a formula vacuous when it has, or is convertible into, the 
form Z7(F,G), and there is no formula M such that {F}(M) is provable. 
The omission of Postulates 28 and 29 does away with our chief means 
of proving vacuous formulas. It remains possible to prove vacuous formulas 
of certain particular kinds by means of Postulate 25 or of Postulate 34, 
but this property of these two postulates is largely accidental, and we 
propose to eliminate it by means of appropriate slight changes in them. 
It then becomes impossible, we think, to prove any vacuous formula. And 
we recognize this property of our system by adding to it (tentatively) the 
postulate, Sw 77(y, W) Dg >(y). This postulate is, probably, not indispensable, 
but it is sometimes convenient. Its addition to the list renders Postulate 32 
non-independent, and the latter postulate may, therefore, be omitted. 

And it is now also necessary to modify Postulates 17 and 18 to read, 
respectively, 2a[g(z).~wW(x)] Ogu ~ Hg, W) and~ (9, W) Ogu Fx. p(a)- 
~w(x). For otherwise it would be impossible to prove any formula 
~ IT(F, G) unless =(G) were provable. 

And finally, Postulate 2 fails to be independent, and may, therefore, 
be omitted from the list. For the proofs of cases 9 and 12 under Theorem I 
can be modified so that Postulate 7 takes the place of Postulate 2, and 
Theorem I can therefore be proved from Postulates 1, 3-11.‘ 


* It is to be observed, however, that another symbol, meaning, “There exists”, can be 
defined as follows: 


A>igirvr. g(x) d.~ (2). 


It will then be found that 4 (A, B) is provable whenever 2x - {A} (a) {B} (x) is provable 
and conversely. And, for particular formulas A and B, it frequently is possible to prove 
~ H(A, B). 

The expression &(A, B) is to be read, “Some A is B”. 

4 This observation is due to Mr. J. B. Rosser. 
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The question whether our other postulates are all independent remains 
at present open to doubt, but there appears to be no reason why this 
question cannot be investigated by the usual method of constructing 
independence examples. 
Our revised list of formal postulates is now as follows: 
1. 2(y) 0p 1, 9). 
3. 3(0) De-[o(x) Ox G(x] Og - ly, W) Ow. o(x) Dx Wiz). 
4. 3(Q) Og. Fy[e(x) Oz v(x, y)) Op + [e() Dx A(y (x), Wix))] Dy - 
[oe (a) Ox p(x, y)] Dy - e(x) Ox W(a, y). 
5. 2(y) Op - L(y, W) Ow + 9 (F(x) Ope Wf (a). 
6. ‘x. g(x) Op- 1 (9, W(x) Oy Wa, x). 
7. g(a, F(x) Oqfe- M(y (x), W(x) Qy W(x, f(x). 
8. 2(e) Do. Fy[elx) Ox g(x, y)] Dp - [e(x) Dx M (v(x), W)] Dy 
[o(x) Dx p(x, y)] Dy Wty). 
9, ‘x. p(x) Dp Sg). 
10. Yxp (f(x) Org =H). 
11. (x, 2) Opa = (9 (x). 
12. 3(y) 0g Fx p(x). 
13. 3(y) Dp - [p (x) Dz W(x] Oy W(y, Y). 
14, pOp-qOqpQ- 
15. pq Ogp p- 
16. pq Opa: 
17, Ya[p(x).~W(a)] Ogu ~ M9, Y). 
18. ~I(y, W) Ogu 2x. glx)-~ Wz). 
21. pop» ~q0g™-pgq: 
22. ~poOn-q0q™- pag: 
23. ~pOp-~q Og Pq: 
24, pOp-[~-pqldq~4- 
25. [~ [p(w wool [Ly @)-~w(a)] De ea] - [I~ v2). Wa] De @ a) 
[~ g(a). ~ w(x)] Ox e(a)| Devon e(w). 
26. popr~~p. 
27. ~~pOpp. 
30. ‘x. p(x) Dp - [0(x). W(x) Oy W(8, YW) Do 9 («(4)). 
31. (¢(0)) Deg H(8, g). 
33. [pla, y) Dey + PY, 2) De 9 (a, AI Ly (x, y) Day ly; ZI] Do + YU, v) 
Ou» W(A(g, w) Ow W(ALY, v)). 
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34. [y(x, y) Dey 9ly, 2) Oz g(a, 2)] [y (x, y) Day GLY, W)] [P(@, y) Day O(a, y)] 
[~ 0(u, »)] Dwow ~ + W (Aly, w) Oy W(AGY, v)). 

35. [y (A (gy, u)) Ow w(A (9, v))] our y (u, v). 

36. E(A(g)) Og- (ax, y) Dry GLY; 2) Oz V(X, 2). 

37. E(A(y)) Dp. p(x, y) Oxy Gly, Z). 

38. ST wWiIl(y, W) 0p XM). 

2. Possibility of a proof of freedom from contradiction. Our 
present project is to develop the consequences of the foregoing set of postu- 
lates, until a contradiction is obtained from them, or until the development 
has been carried so far consistently as to make it empirically probably that 
no contradiction can be obtained from them. And in this connection it 
is to be remembered that just such empirical evidence, although admittedly 
inconclusive, is the only existing evidence of the freedom from contradiction 
of any system of mathematical logic which has a claim to adequacy. 

It is worth observing, however, that there may be a possibility of proving 
that there is no formula A such that both A and ~.A are consequences 
of our postulates, or, failing this, of proving the same theorem about some 
related set of postulates. This is conceivable on account of the entirely 
formal character of the system which makes it possible to abstract from 
the meaning of the symbols and to regard the proving of theorems (of 
formal logic) as a game played with marks on paper according to a certain 
arbitrary set of rules. It is then proposed to use our intuitive logic (some 
portion of which we have already had to presuppose) to prove about this 
game, regarded objectively, that if it be played according to the rules it 
cannot lead to combinations of marks of certain particular kinds. Indeed 
the whole set of undefined terms of the formal logic, including enumerably 
many symbols available for use as variables, is enumerable, and hence the 
whole set of formulas and of possible proofs is also enumerable. And it 
is therefore even to be hoped that the portion of intuitive logic necessary 
to the proof of freedom from contradiction should not go beyond the logic 
of enumerable classes or employ any number system more elaborate than 
the system of positive integers.® 

The impossibility of such a proof of freedom from contradiction for the 
system of Principia Mathematica has recently been established by Kurt Gédel.® 


° The conception of a consistency proof of this kind is due to David Hilbert. See Die 
logischen Grundlagen der Mathematik, Math. Annalen, vol. 88 (1923), pp. 151-165, and 
Die Grundlagen der Mathematik, Abh. a. d. Math. Sem. d. Hamb. Univ., vol. 6 (1928), 
pp. 65-92. 

° Kurt Gédel, Uber formal unentscheidbare Sitze der Principia Mathematica und ver- 
wandter Systeme I, Monatshefte fiir Mathematik und Physik, vol. 38 (1931), pp. 173-198. 
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His argument, however, makes use of the relation of implication U’ between 
propositions in a way which would not be permissible under the system 
of this paper, and there is no obvious way of modifying the argument so 
as to make it apply to the system of this paper. It therefore remains, 
at least for the present, conceivable that there should be found a proof 
of freedom from contradiction for our system. 

3. Abbreviations of the statement of proofs. In the proofs of 
theorems which follow, we indicate after each formula in the proof the means 
by which it is inferred, that is, we give the number of the rule of procedure 
and a reference to the premise or premises. Formal postulates are referred 
to by the number written alone, and theorems are referred to by the 
abbreviation “Thm” followed by the number. 

We use Theorems I, IJ, and III, and the corollary of Theorem I as if 
they were rules of procedure. This is justified because our proof of these 
theorems was constructive in character, so that their use in this way can 
be regarded as a mere device for abbreviating the statement of a proof. 
For instance, whenever we have two particular formulas M and N, each 
of which contains x as a free variable, and a particular proof of >x.M, 
and a particular scheme for proving N as a consequence of M, then, by 
the method used in the proof of Theorem I, we can obtain a particular 
proof of [M]9,.N. 

Moreover we allow uses of Theorems I, IJ, and III, and the corollary of 
Theorem I, in the role of rules of procedure, even in the course of proving 
N as a consequence of M preparatory to another application of one of the 
Theorems I, II, II, or Theorem I Corollary. For our proof of these theorems 
remains valid even after the formula M is added to our list as an additional 
formal postulate, provided only that the variable x, which occurs in M as 
a free variable, is not used elsewhere as a bound variable. 

In the proof of a theorem we give before each formula a symbol which 
will be used in referring to it, namely a letter A, C, or D, with a sub- 
script. The formulas marked A; have been proved outright. Those marked D; 
are assumed, in order to derive other formulas from them, preparatory to 
an application of Theorem I, or IJ, or III, or Theorem I Corollary. And 
those marked C; are proved on the basis of the assumption of certain of 
the formulas D;, as indicated in each case. 

We abbreviate further by omitting steps which involve only an appli- 
cation of one of the rules of procedure I, II, IJ, or by condensing several 
such steps into one, using “conv” to mean, “By conversion”, or, “By 
applications of Rules I, IJ, and II”. 

We use IV" to stand for » successive applications of Rule IV. And we 
use V" to stand for m successive applications of Rule V, the result of 
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each application of Rule V being used in turn as the major premise’ for 
the next application of Rule V. After V”, so used, we give a reference, 
first to the major premise of the first application of Rule V, and then to 
the successive minor premises’ in order. But in passing from {F} (x, y) 
Oxy {G} (x, y) and {F} (A, B) to {G} (A, B) or in passing from {F} (x, y) 
Oxy {G} (y) and {F}(A, B) to {G}(B), we refer to {F}(A, B) as the only 
minor premise, omitting reference to the other minor premise = y {F} (A, y). 
Similarly we shall sometimes refer to a formula M as minor premise when 
the true minor premise is not M but some formula obtained from M by 
use of Rule IV or conversion or both. And we shall sometimes refer to 
two minor premises, P and @, when the true minor premise is the logical 
product [P] [Q], obtained from the P and Q by use of Postulate 14. 

4, Identity. We adopt the following definitions of identity, or equality,® 
and of distinctness, or inequality: 


= —Awdv.W(u) Oy YO). 
$+ —Apdy~. Ww) Oy WO). 
We shall abbreviate {=} (A, B) as [A] = [B], and {-} (A, B) as [A] [B). 
In terms of these definitions, Postulates 33, 34, 35 can be rewritten as 
follows: 
33’. [p(a, y) Dry. gly, 2) Oz g(x, 2) [p(x, y) Oxy PLY, X)] Op - Yu, v) 
Ow - Aly, u) = Ag, v). 
34’. [p(x, y) Ory gly, 2) Oz 9(a, 2)] [plx, y) Dry PLY, DI [Y@, y) Ory A(x, y)] 
[~ O(u, v)] Opow- Aly. WEALY, v). 
35’. [A(y, mW = Ag, v)] Ogu glu, v). 
It is seen that the propositions 33’, 34’, 35’ are derivable by conversion 


from Postulates 33, 34, 35, respectively. And Postulate 30 is seen to be 
essentially the same as Theorem 4 below. 


THEOREM 1. ‘x7-x2—z2. 


D,: E(x). 

C,: FW. w(x) —conv, D,. 

C.: W(x) Ow W(a) —V, 1, C,; D,. 
C;:; x=@2 —conv, C,; D,. 

A,: = W.w(dgl(g, ¢)) —IV, 1. 





7In an application of Rule V, we call the formula //(F,G) the major premise and the 
formula {F} (A) the minor premise. 

° This definition is similar to the one used in Principia Mathematica. It is a trans- 
lation into symbolic notation of the definition originally given by Leibniz. Cf. C. I. Lewis, 
A Survey of Symbolic Logic, 1918, p. 373. 
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A:: Egill(g, ¢@) —conv, A,. 
As: Sx (x) —IV, A,. 
Ay: ‘2. f= —Thn I, C;, A; . 


THEOREM 2, 2 =yOsy-Y =x 
0: «=—y. 
C:: 2p. (zx) —IV, D,. 
C,: E(x) —IlIl, C,; D,. 
C,.: x=-2 —V, Thm 1, C.; D,. 
C,: {Az.2= 2} (2) —III, C,;; D,. 
C;: {Az.z= 2} (y) —V, D,, C,; D,. 
C.: yor —II, C;; D,. 
A,;:: Ex.x=-2 —IV, Thm 1. 
A,: [Ax.x=2])=.i4zr.2=—2 —V, Thm 1, A. 
As: 2xty.xc%=—y —IV*, A. 
Ay: x2=yOry-y=2z  —ThmI Cor, Cg, As. 


THEOREM 3. 2 = y ODry-y = 20;-2 —2. 
z= y. 
y == g. 
2==s —V, D,, D,. 
Ely)  —IV, D,. 
y=y —V, Thm 1, C,; D,. 
22.y=z —IV, C;; D,. 
y=20;.2=—2 —Thm J, C,, C,; D,. 
ey Dayo = £2552 =— 8 —Thm I Cor, €,, A; under Thm 2. 


THEOREM 4. [6(x). 0(y) Dy. x = y] Oor- x = 4(6). 
Di: O(x). O(y)Oy-2 = y. 
C,: 6) —V*, 15, D,. 
C.: E(x) —IV, C,; D,. 
C;: x=2 —V, Thm 1, C,; D,. 
G.: OYOy-c=y —V*, 16, D,. 
D.: 6(y). 
G: s=my —V, C,, D.; D,, De. 
D,: wa). 
C,: wy) —_V, C;, D; ; D,, D., D;. 
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C;: =(6) —IV, C:; D,. 
C;: (0, W) —Thm II, C;, C. ; D,, D;. 
C,: =w . W(x) —IV, C:; D,. 


Cio: W(x) Oy m6, W) —Thm I, C,, C,; D,. 

Ci: ax = 1(6) —V’*, 30, C., C;, C,, Cro; D,. 

A,: 2y.[Axr.x—2] =—y —IV, A, under Thm 2. 

A: [[Axr.x2=a2]=—y]O,-[Ax.x =a] =y —V, 1, A;. 


A;: [[Ax.2 =a] =.de.2 =a]. [Arc =a] =y]d,.PAxv.cr=—a]—y 
—V*, 14, A, under Thm 2, Ay. 


A,: 02x. 6(x).O(y)dy-x=y —IV’,A;. 

A;: [0(x). 0(y)Oy.2 = y] Qor- x = #(8) —ThmI Cor, C,,, Ag. 
THEOREM 5. ‘c-u=.ty-c=y. 

D,: E(x). 

C.: «=2 —V, Thm 1, D,. 

C; Sy.c2x=y —IV, C,; D,. 

C,: [x=ylly-c#=y —V, 1, C.; D,. 

C.: s=.sy.2=y —V, Thm 4, C,, C;; D,. 

A: ‘x-2=.ey.2=y —Thm I, C,, A; under Thm 1. 


5. The completion of a propositional function. We call a pro- 
positional function F signzficant for the value A of the independent variable 
if {F} (A) is either a true proposition or a false proposition. 

We define the symbol “4 as follows: 


A—hwhn. Ww, y) Oy y(n). 


If F is any propositional function, then 4(F) is a propositional function 
which we call the completion of F. We shall prove (in Theorems 6 and 7) 
that if F is at least once true then /(F) is equivalent to F, that is, that 
for every value of the independent variable for which either is true the 
other is also true. We shall prove (in Theorem 9 and its corollary) that, 
of all propositional functions which are equivalent to F, -/(F) is significant 
for the greatest range of values of the independent variable. And we 
shall prove (in Theorems 14 and 15) that there exist functions F for which 
the range of significance of 4(F) is greater than that of F. 
We define the symbol G as follows: 


G—ilyv.~ Aly, v) Der v(a). 


And G(F) is to be read, “F is complete”. In Theorem 16 we prove that 
if F is at least once true and at least once false, then -/(F) is complete. 











ON THE FOUNDATION OF LOGIC. II. 






847 


And Theorem 20 can be regarded as asserting a certain form of the 


principle of reductio ad absurdum, as applied to complete 


functions. 


THEOREM 6. (9) Og U(y, A(g)). 
D,: 
C,: 
C.: 
D,: 
D; : 
C;: 
C,: 
C;: 
C,: 
A; : 
A;: 
As: 

COROLLARY. 9(2x) Ogxr 4(g, x). 


=(9). 

I(y,¢) —V, 1,0. 

yy (9, 7) —IV, C,; D,. 

g (x). 

IN(g, 7). 

7 (2) —V, D;, D.. 

(9, vy) Dy x(a) — Thm I, C;, C,; D,, D. 
A (9, x) —conv, C,; D,, De. 

(yg, 4(y)) —Thm II, Cs, D,; D,. 
=(17 (Ay =())) —IV, 1. 

= =(9) iV, A,. 

>(y) Og A(y, A(y)) — Thm I, G,, A;. 


THEOREM 7. (9) Dg (A (Q), 9). 


D,: 
C,: 
D.: 
C;: 
C;: 
C,: 
D;: 
C;: 
C,: 
C,: 
C,: 
A; : 


=(9). 

W(y,9) —V,1,D,. 

A(y, x). 

N(g,y)Oyrv(x)  —conv, D,. 

(x) —V, C,, C,; D,, D.. 

IN(g, A(g)) —V, Thm 6, D,. 

9 (y). 

A(9, y) —V, C,, D;; D,, Ds. 
=(4(9)) —IV, C;; D,, Ds. 
=(4(g)) —Thm III, €,, D,; D;. 
M(A(9),¢) —Thm Il, Cs, C,; D;. 
=(y) Op W(A(9), #) —Thm I, C,, A, under Thm 6. 


COROLLARY. 4(9, x) Opx 9(2). 


Postulate 38 is necessary to the proof of the corollary. 


THEOREM 8. [2(y).~ 9(x)] Oger ~ 49, 2). 


D.: 
C;: 





=(y)-~ 9 (a). 
=(9) —vV’, 15, D,. 





propositional 
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C.: M(y, ) —V, 1, C,; D,. 

C;: ~g(x) —V*, 16, D,. 

C,: Wy, 9)-~ 9x) —V?, 14, C,, C;; D,. 

C;: vy. M(y,7)-~rv@  —IV,G,;D,. 

C;: ~M(g,y9,rv(@)  —V*, 17, ©; D. 

C;: ~A(g, 2) —conv, C,. 

Ay: ~~. 2(9)Og My, 9)  —V, 26, 1. 

A,: (~) —IV, A. 

A;: ZY). ~~. Jy) Op AH, ¥) —V, 14, A;, A,. 
Ay: Sprax.2(y)-~ G(x) —IV’, As. 

As: [2(y)-~ 9(x)] Ogr ~ 19, @) —Thm I Cor, C,;, Ay. 


THEOREM 9. [J7(9, W).~ W(x)] Opue~ AQ, x). 
D,: Wp, W).~wW(a). 


CG: ~- My, 7) O,r a) —V?, 17, D,. 

C.: ~ A(g, x) —conv, C,; D,. 

A,: wr 29) Ig U9, #) —V, 26, 1. 

Az:  (~) —IV, A,. 

A;: I(~,~) —V, 1, As. 

Ay: W(~, ~).~~. 29) 9, 1, 9) —V?, 14, As, A,. 

A;: 2prtwrx. My, W).~ W(x) —IV*, A,. 

A;: [Z(9, w).~ W(x] Ogue ~ A(g, 2) —Thm I Cor, C2, A;. 


CoroLuary. [Q(y, Y).~ W(x)] Ogue~ Ag, x). 
THEOREM 10. ~ZI(E,~). 


Ai: ~~. pdpr~~rp —V, 26, 26. 

A.: E(pop~~p) —IV, A,. 

As: E(pop~~p)-~~-prpr~p —V*, 14, A:, A;. 

Ay: ~ WME, ~) —V?, 17, As. 
THEOREM 11. ~/I(E, 122). 

Ay: ~~.pdop~~p —V, 26, 26. 

A: E(~.pon~~p) —IV, A,. 

A;; E(~.pop~~p)-~ {hee} (~-pOpr~rp) —V?, 14, As, Ar. 

Ay: ~IW(E,42z2) —V?,17, As. é 
THEOREM 12, (c), 

Ay: ‘a.2=>.sy.c2=—y —Thm 5. 


A,: E(a.e = .ty.x=y) —IV,A. 
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A;: [wv =.ty.r=yl=.ty.[e.r=.ty.24=yl=y —V,A,Ar. 
A: sy- [2-2 =.ty.2 = yl =—y —V, A;, A,. 
A; 4 x(t) —IV, A, . 


THEOREM 13. 2a~ue(z). 
~~. prprrp —V, 26, 26. 
E(~ .pop~~p) —IV, A,. 
[~.pOp rrp] = -ty-[~-pIp~~p] = y  —V, Thmd, As. 
~ey-[~-pIp~~p] = y — —V, As, AL. 
yx~ t(zx) —IV, A,. 


THEOREM 14, ~ A(t, E). 
D,: «(z). 
W(x, 422) —V’*, 31, D,. 
A;: W(t, Axl (x, 422)) —Thm II, C,, Thm 12. 
A,: W(t, 42M (x, 422)).~M(E,42z2) —V*, 14, A,, Thm 11. 
~.M(,y)Oyy(E) = —V*, 17, As. 
~ A(t, E) —conv, As. 


THEOREM 15. ~ {4a2~c(x)} (E). 
Di: ~c(a). 
C,: M(x,~) —V*, 31, D,. 
A;: ~e(x) 02 W(x, ~) —Thm I, C,, Thm 13. 
A,: [~¢e(~7) 9, W(x, ~)] ~ WE, ~) —V?, 14, A,, Thm 10. 
Az: ~.M(hrnwen, 7) Oy y(E) —V*, 17, As. 
Ay: ~{Ax~e(x)} (E) — conv, A;. 


THEOREM 16. 2a 2y[g(z).~ yy] 0, G(4(9)). 
D,: (ez). 
C,: <A(9, 2) —V?, Thm 6 Cor, D,. 
C,: 4(A(9), 2) —V*, Thm 6 Cor, C,; D,. 
D.: g(x).~ gly). 
C;: g(x) —V?, 15, Ds. 
C,: =(y)  —IV, ¢;; D,. 
C;: Wy, A(A(9))) —Thm II, €,, €,; Ds. 
D;: ~A4(4(g), ?). 
C;: ~A(9, bt) —V*, Thm 9, C;, D;; D., Ds. 
C,: <A(y, x) —V?*, Thm 6 Cor, €;; Dz. 
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C,: >(4(9)) —IV, C,; D,. 

C,: ~gly) —V*, 16, D,. 

Co: ~A4(y,y) —V*, Thm 8, G, C,; Dy. 

Ci: ~1(A(g9), y) —V*, Thm 8, C;, Cio; Ds. 

C..: St~1(1(9), t) — IV, C,,; Ds. 

Cis: ~1(1(9), 1) bk ~ 1, — Thm I, C,, €,,; Ds. 
Cu: G(A()) —conv, C,3; Ds. 

D,: 2x2 ty. y(xz).~ gly). 

C,;: G(A(g)) —Thm I Cor, C,,, Dy; Dy. 

A,: E(1(E£, ~)) —IV, Thm 10. 

A:: 2(£) — IV, A,. 

A,;: W(E, E) —V, 1, A:. 

A,;: W(E, E).~ WME, ~) —V*, 14, As, Thm 10. 

As: 2p ru ty. gl(xz)-~ Gly) —IV*, Ay. 

Ay: Xa Zy[p(w)-~ vy] Og E(4(H)) — Thm I, C,;, As. 


CoROLLARY. 2x Zy[y(x).~ 4(y, y)] Oy G(4(9)). 


THEOREM 17. (GQ). 


A,;: 2a Xy.M(E, x).~M(E£, y) —IV?, A, under Thm 16. 
A,: G(4 (11(E))) —V, Thm 16, A, . 
A;: 2(G) —IV, A:;. 


COROLLARY. 29 G(Qg). 


THEOREM 18. G(y) 0, (9). 


D,: G(9). 

C.: ~A(g, x) Ox ~ p(x) — II, D,. 
C.: 2Yax~ A(g, zx) —V, 38, C,; D,. 
D.: ~ Ay, x). 

C;: ~.M(y,y7)Oyr(x)  —conv, Dy. 
C,: 2y.M(y,7)-~y(x) —V*, 18, C;; Dy. 
D;: (gp, 7)-~ (x). 

C;: WM(y, 7) —V?, 15, D;. 

C;: (9) —V, 38, C;; D;. 

C,: (9) —Thm I, C,, C,; D,. 

C;: (9) —Thm I, C,, C.; D,. 


Ay: G(g) Og =(9) — Thm I, C,, Thm 17 Cor. 










































D,: 
C,: 
C;: 
D.: 
C;: 
C,: 
C;: 
A, : 


D,: 
C,: 
D.: 
C.: 
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THEOREM 19. G(q) oF Sx2~ w(x). 
G(g). 


~ A(g, 2) Ox ~ 9 (Zz) —TII, D,. 

yar A(g, x) —V, 38, C,; D,. 

~ A(g, x). 

~ 9 (2) —V,C,, D.; D,, D,. 

Sa2~ g(x) —IV, C;; D,, D.. 

Jx~ —(z) —Thm I, C,, C,; D,. 

G(y) Dg Fx ~ v(x) — Thm I, C;, Thm 17 Cor. 


THEOREM 20. G(y) Og - [M(g, W).~ W(a)] Dye ~ gla). 


D: Wy, p).~ Ye). 

C,: ~A(9, x) —V, Thm 9, D,. 

D.: G(g). 

C.: ~A(g, x2) O2~ g(x) — II, D.. 

Cs: ~ (a) —V, C,,C,; D,, DB. 

C,: (9) —V, Thm 18, Dy. 

C;: IM(y, 9) —V, 1, C,; Ds. 

CG: Zy~ gly) —V, Thm 19, D,. 

Ds: ~gly). 

C,: M(y, y).~ ly) —V?, 14, C,, D,; D., Ds. 

C;: wrx. Mg, W).~ (2) —IV?*,C,; D,, Ds. 

C,: Fwre.M(y, W).~ W(a) —Thm I, C;, C;; Dz. 

Co: [Z, Y).~W@]Oue~y(x)  —ThmI Cor, 6, C,; D,. 
A,: G(g) Op. [Ug, W).~ W(x] Due» g(x) —Thm I, C,o, Thm 17 Cor. 










THEOREM 21. G(y) Dg Ga ~ {Ay ~ g(y)} (x). 


G(). 

sy~g(y) —V, Thm 19, D,. 

y (u). 

~r 9 (u) —V, 26, D,. 

we {4y~ y(y)} (wu) —V’, Thm 8, C,, C.; D,, D.. 
(la ~ {Ay~ gy} (a), 1) -~ 7). 

H(ihaw {Ay~ oly} (a), 7)  —V*, 15, Ds. 


y (w) —V, C,, C,; D,, D2, Ds. 
=(9) —V, Thm 18, D,. 





II. 
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C;: W(y,y) —Thm I, C,;, C;; D,, Ds. 

C,: ~y(z) —V, 16, Ds. 

C.: Wg,r)-~rv(e) —V*, 14, C,, C;; D,, Ds. 

Cio: 2y-HWy,7)-~v@  —IV, Cy; Dy, Ds. 

Ci: ~4(9,2) —V?,17, Cio; Dh, Ds. 

D.: ~{4r~ [4y~ oy} @}O. 

Cio: Sy. Whar {Ay~ gly} (x), xv). ~7le) —V*, 18, D,. 

Ci3: ~ 49, 2) —Thm I, C,,, C,.; D,, Dy. 

C,,: ~ Ay, x) Oa~ y (x) —Il, D,. 

Cis: ~ (2) —V, C,,, C3; Di, Dy. 

Cis: {Ay ~ gly} (2) —V*, Thm 6 Cor, €,,; D,, Dy. 

C7: ~~ {4y~ gly)} (2) ~~ ¥, Oe, Cis; D,, D,. 

D;: ~@glv). 

Cis: {4y~ gly} (vy) —V*, Thm 6 Cor, D,. 

Cig: ~~ [Ay ~ gly} —V, 26, C,s; D,. 

Cy: 2r~{dy~ gly}  —IV, ©; D,, De. 

C.,: 2a~ {Ay~ g(y)} (a) —Thm III, Cs5, C,; D,. 

Cx: ~{4r~ {4yrgy}@}w  —V*, Thm 8, Cy,, Cio; D,, Ds. 

C3: Yew (4r~ {Ayn gly)}(@}(@)  —IV, Coz; D,, 05. 

Cu: Ser {4xr~ {ty~ gly} (x)} (2) —Thm I, C,;, €,; D,. 

C5: ~{4a~{sy~oly)}@}@ I:~~{4y~eW}(@ —ThmI, Cy;, C2; D,. 

C.5: Gar {Ay~ gy} (a) —cony, C,;; D. 

A,: Gy) Og Ga~ {Ay~ gy} (a) —Thm I, C.,, Thm 17 Cor. 
COROLLARY. Ga~g(x)O0g Gr~ Ag, a). 
THEOREM 22, [2z.r74+2]0c2Gy.c4=y. 

D,:, 22.242. 


C,: E(x) —IV, D,. 

C.: 2r=-2 —V, Thm 1, C,; D,. 

C3: {Aw.a = u} (x) —III, C.; D,. 

C,: {4u.2 = u} (az) —V*, Thm 6 Cor, €;; D,. 

D,: ~{4u.x2 = u}(y). 

C;: {4u.2 = u}(x).~{4u.x2 = uly) —V*, 14, C,, D.; D,, De. 
Cy: 2o-o(x).~oely) —IV, C,;; D,, D.. 

C;: a+y —V?, 17, C.; D,, Dy. 


C,: 2u.xc=u —IV, C,; D,. 
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D,: xe. 
C,: ~ {du.x = u}(2) —III, D;. 

Co: ~{4u.x2 = u}(2) —V*, Thm 8, C,, C,; D,, Dy. 

C1: ty~{4u.xr = u}ly) —IV, C,o; D,, D. 

C..: Sy~{4u.xc = u} (y) —Thm I, €,,, D,; D,. 

C3: ~{4u.c = us(yOyxty  —ThmI,C,,C,,;D,. 

O.: Gy.2x=—y —cony, C,,; D,. 

A,;: 2o.0(£).~e(~) —IV, A, under Thm 16. 

A,; E=~ —V?, 17, A,. : 
A,:; 2ax2z.xt2 —IV?, A,. 

A: [2z.2t2)02Gy.27 = y —Thm I, C,,, A;. 






. Classes. We recall the following definitions: 









Q—hwihy. Mu, v). My, @). 
K— A(Q). 








And to these we add two new definitions: 


e—1aip.[B = K(g)] Dg o(e). 
O— dy Kn~ {e} (a, 7). 









We shall abbreviate {«} (A, B) as [A]«[B], and hence we may rewrite the 
definition of O as follows: 
O—dly Knw~.mey. 






If F and G are propositional functions, Q(F, G) is to be read, “F and G i 
are equivalent”, and K(F) is to be read, “The class of 2’s such that 
{F} (a) is true”. And [A] «[B] is to be read, “A is a member of the class B”. 
And O(B) is to be read, “The class of things which are not members of 
the class B”, or, “The complement of the class B”. 







THEOREM 23. Q(x, y) Oxy Q(y, 2) Oz Q(a, 2). 













D,: Q(x, y). 

C,: M(x,y) —V?, 15, D,. 

D,: x(r). 

C.:  y(r) —V, C,, D,; D,, D,. 
D,: Q(y, 2). 

C,: Mly,2). —V?, 15, Dy. 

C,: zr) —V, C,, C,; D,, D,, D,. 
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C;: (x) —V, 38, ©,; D,. 

C,: M(a,z)  —Thm II, G, C,; D,, Ds. 

C,: Wz, y) —V, 16, Ds. 

D,: z(s). 

C;:  y(s) —V, C,, D,; D,, D,. 

C,: (y, x) —V, 16, D.. 

Cio: x(s) —V, C,, C,; D,, D,, D,. 

C.4: 22) —V, 38, C,; D;. 

C,.: W(z,2)  —Thm II, Cp, C,,; D,, D,. 

C3: Q(z, 2) —V?, 14, ©, C,,; D,, Dy. 

C,,: =(y) —V, 38, C, ; D,. 

C,,: Wy, y) —V, 1, €,,; D,. 

C6: Qty, y) —V*, 14, C,;, C,;; D,. 

C..: 2z Qty, 2) —IV, C,,; D,. 

Cis: Q(y, 2) 92 Q(x, 2) —Thm I, €,;, €,,; D,. 

A,: Q(E, £) —V*, 14, A; under Thm 16, A; under Thm 16. 

A,: 2a ry Qa, y) —IV?, A,. 

As: Q(x, y) Oxy + Q(y, 2) Dz Q(x, 2) —Thm I Cor, €,;, As. 
THEOREM 24, Q(x, y) Oxy Q(y, @). 

D,: Q(z, y). 

C,: M(x, y) —V?, 15, D,. 

C,: My, x) —V*, 16, D,. 

C;: Q(y, x) —V*, 14, ©,, C,; D,. 

A,: Q(x, y)Oxy Qty, x) —ThmI Cor, Cs, Ay under Thm 23. 
THEOREM 25. Q(9, W)Ogy-K(y) = K(y)  — V, 33, Thm 23, Thm 24. 
THEOREM 26. [K(y) = K()] Ogy Q(, Y). 

A,: K(F)= K(E) —V*, Thm 25, A, under Thm 23. 

A,: Sudtv. Ku) = Kv) —IV’, A,. 

As: [K(w) = K(v)] Ow Qu, v) —V, 35, As. 

A,: [K(y)= K(y)] Sow Q(y, W) —cony, As. 


THEOREM 27. ~Q(g9, W)Ogy- K(y) + K(y). 
D,: SyQ(a, y). 
C.: Q(z, y) Dy Q(a, y) —V,1,D,. 
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Q (x, y) Ixy Q (a, y) —Thm I, C,, A, under Thm 23. 
~Q (y, y). 
K(y)+ K(y) —V*, 34, Thm 23, Thm 24, A,, De. 
~p. 
E(p) —IV, D,. 
IT (~, E) —Thm II, C;, A, under Thm 9. 
~Q(E,~)  —V?, 22, Thm 10, Ay. 
SpZV~Q(y, YW)  —IV?, Ay. 
~Q(%, VY) Ogu. KY) + K(Y)  —ThmI Cor, C2, Ay. 
THEOREM 28. 2ax2y[y(x).~ 9 (yY]I,Gy. K(y) = K(y). 
Q(x, y). 
K (x) = Ky) —V*, Thm 25, D,. 
{4w. K (x) = K (w)} (y) —V*, Thm 6 Cor, C,; D,. 
Q(x, y) Ory {4 W. K(x) = K(y)}(y) —ThmI Cor, ©, A, under Thm 23, 
~{4y.K(u) = K(y)} (@). 
K (u) + K (v) —V‘, 34, Thm 23, Thm 24, A,, D.. 
u(x).~u(y). 
u (x) —V?, 15, Ds. 
~ewu(z)  —V, 26, C,; Ds. 
~ (uu, 4x~u(zx)) —V*, 17, C,, C;; Ds. 
~u(y) —V*, 16, D;. 
~M(hn~wu(x),u) —V*, 17, ©,, C,; Ds. 
~Q(u, 4x~u(z)) —V?, 23, C,, C,; D,. 
: K(u)+Ka~u(«e) —V*, Thm 27, C,; Ds. 
: S(u) —IV, ©,; D;. 
: T(u, u) —V, 1, ©,,; Ds. 
: Q(u, u) —V*, 14, C,2, C2; Ds. 
: K(u) = K(u) —V*, Thm 25, €,;; Ds. 
: Sw. K(u) = K(y) —IV, C,,; D,. 
: w{4y.K(u) = K()} @a~u(a)) —V?, Thm 8, C,,, Cy; D,. 
: Fy~{4w. K(uy =K(y)}(v) —IV, Gre; Ds. 
ie {4y -K(u) = K (w)} (v) Ov. K (u) + K(v) —Thm I, C;, C,,; Ds. 
: Gw.K(u=K(W) = —conv, Cys; Ds. 
: Sady.u(x).~uly). 
: @w.K(w=K(v) —ThmI Cor, Cy, Dy; Dy. 


Seo > 


~ 
ee 


o 
oe 


C 
C;: 
C 
C,: 
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A,: Surtaety.u(x).~uly) —I, A; under Thm 16. 
A;: Sa dy[u(z).-~uly)] WUGy.K(u) = KY) ;~Thm I, Coo, As. 
Ay: ae ry[yl(a).~¢ Yl], GY. Ky) = KY) —T, As. 


THEOREM 29. 9 (x) Ope ve K (9). 


D.: K(y)= K(g). 
C,: Q(v,9)  —V*, Thm 26, D,. 
C.: M(w,y) —V*, 15, C,;D,. 
D.: w(x). 
C,: g(x) —V, C,, D,; D,, D,. 
C,: 3(y)  —IV, Dy. 
C,: W(w, w) —V, 1, €,; D,. 
C;; Qwv,y) —V*, 14, G;, C,; Ds. 
C.: K(w) = K(w) —V*, Thm 25, C,; D,. 
C,: 29. K(wW) = K(y) —IV,C,; D.. 
C,: [K(wW) = K(y)] Og g(a) —Thm I, C,, €,; D,. 
Cio: we K(y) —cony, C,; D,. 
A: Ywre.w@e —IV%1. 
A,: W(x)Our- ve K(w) —ThmI Cor, ©, A,. 
A;: (x) Joe xe K(g) —], A,. 
THEOREM 30. [xe K(9)] Og 9 (a). 
D.: «eK(v). 
C,: E(K(w)) —IV, D,. 
C.: K(w) = K(y) —V, Thm 1, €,; D,. 
C;: [K(W) = K(y)] Op gz) —conv, D,. 
C,: w(x) —V, C,, C,; D,. 
A,: [Agl(g, 9] ¢ KU (A¢ 3(g))) —V*, Thm 29, 1. 
A,: SwWwrx.xeK(w) —IV*,A,. 
A;: [xe K(W)] Que W(x) —Thm I Cor, ©,, A,. 
Ay: [xeK(g)] Ope g(a)  —I, As. 





CoROLLaRY 1. (gy) 0, Q(y, Ax. xe K(y)). 
COROLLARY 2.  (g) Op: K(y) = Kx. xe K(y). 
THEOREM 31. E(K(y)) 0, (9). 

D,: E(K(g)). 

C,: K(y) = Ky) —V, Thm1,D,. 
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C.: Q(y,9) —V*, Thm 26, €,; D,. r 
C;:; W(y,y) —V?*, 15, €,; D,. . 
C,: (9) —V, 38, C,; D,. 

A: E (x (1 (29 = (y)) —IV, A, under Thm 30. 

A,: 2g E(K(g)) —IV, A,. 

A,;; E(K(y))O92(y) —ThmI, C,, A,. 






CoROLLARY 1. E(K(9)) Og Sx. xe K(q). 
CoROLLARY 2. 2a[~.xea] Og Zu. xe. 








THEOREM 32. ZYz2z[xea]Ou..a = Ku.xec. 














D.: a = K(g). 

C,: E(K(9)) —IV, D,. 

C.: (9) —V, Thm 31, C,; D,. 

C;: K(y) = Kau.xeK(q) —V, Thm 30 Cor 2, C,; D,. 

C,: « = Kx.xeK(q) —V*, Thm 3, D,, C,; D,. 

C;: K(y) =e —V*, Thm 2, D,. 
C,: a= Kz.xea —V,C,, C,;D,. 

D,: xen, 

C,;: [« = K(y)]Og yz) —conv, Dy. 

C;: p.a = K(g) —V, 38, C,; D,. 

C,: a = Ku.xvea —Thm I, C,, C,; D,. 

D,: Sa2.xea. 

C,,: «@ = Kau.xea — Thm I, C,, D,; D,. ' 
A,: Sa dx.xea —IV*, A, under Thm 30. Ke 
A,: Xalxea]Og.a = Ku.xea —Thm I, €,,, A;. 






CoroLuaRy. [[xea] =r. xref] Oop. = B. 












THEOREM 33. [2(9).~ 9(x)] Dor. xe K(g). 






D. 5 wy). 
C,: yeK(w) —V?, Thm 29, D,. 
C.: E(K(w)) —IV, C: ; D. . 





C;: K(w)= K(W) —V, Thm 1, C,; D,. 

Ds: 3(y).~ we), 

C.: ~w(a) —V’, 16, D.. 

C;: K(y)= K(y).~y@ —V*, 14, C5, C,; D1, Ds. 
29. K(w) = K(y).~ ¢(x) —IV, C;; D,, D.. 
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C;: ~.[K(wW) = K(g)] Dg g(a) —V*, 17, C,; D,, Ds. 

C.: ~.xe K(y) —conv, C,; D,, D.. 

C,: >(y) —V?, 15, D,. 

Cio: ~- xe K(y) —Thm III, C,;, C,; Dz. 

Aj: SWrax.2(W).~ wW(z) —I], A, under Thm 8. 

A: [2(W).~W(x)] Que~. xe K(y) —Thm I Cor, Cy, A;. 

A;: [2(9)-~9(x)] Oger ~- xe K(y) —I, A.. 
THEOREM 34. Yy|~. yea] Oc Gu.xec. 

D.: wea, 

C,: 2xu.xea —IV, D,. 

C.: W(Ax.xean,dux.xea) —V, Thm 7, C,; D,. 

C;: WAx.xea, Ax. xéa) —V, Thm 6, C,; D,. 

C,: Q(Au.xea, hx. xen) —V?, 14, C,, C;; D,. 

C;: K(4xu.xea)=— Ku.xen —V?, Thm 25, C,; D,. 

C;: a«—Kzx.xea —V, Thm 32, C,; D,. 

C.: Kzilxrea]—« —V?, Thm 2, C,; D,. 

C,: K(4x.xea)— a —V*, Thm 3, C;, C,; D,. 

Cy: {4x. xe a} (x) —V,C;, D,; D,. 

Cio: 2(4ax. xe a) —IV, C,; D,. 

D,: ~{42.xrea} (2). 

C11: ~-zeK(Ax.xvea) —V*, Thm 33, C,,, D.; D,, 0,. 

Ci.: ~.zea —¥,, C;, C,,; D,, Ds. 

Ds: ~.yea, 

Cis: ~ {4x.xea}(y) —V’, Thm 8, C,, D;; D,, Ds. 

Cy: 2z~ (4x. xea}(z) —IV, C,;; D,, Ds. 

Cis: ~{4ax.xea}(2)0,~. zea —Thm I, C,,, €,,; D,, Ds. 

Cis: Gu.xve —conv, C,;; D,, D. 

D,: Sy~. yea, 

Cz: 2u.xea —V, Thm 31 Cor 2, Dy. 

Cis: Gau.xvea —Thm I, ¢,,, C,,; D,, Dy. 

Cio: Gu.xven —Thm I, C,,, D,; Dy. 

A,;: 2((£)) —IV, A; under Thm 16. 

A,: ~.[~]eK((2£)) —V*, Thm 33, A,, Thm 10. 

A;: Sarty~.yea —IV?, A,. 


A,: Sy[~. yea] Je Gu.xven —Thm I, Cio, A;. 



























£ 
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THEOREM 35. [~. xé a] Dow. xeO(a). 


~. LER, 

veKn~.mea —V’, Thm 29, D,. 

xe O(a) —III, C,; D,. 

Sexta~.xren —IV*, A, under Thm 34. 

[~.xé€ a] Dre. re O(a) —Thm I Cor, C,, A;. 
THEOREM 36. [xeO(a)] Drew. vec. 

xeO(a). 

veKnw.mea —IlI, D,. 

~ LER —V?, Thm 30, C,; D,. 

[~]e¢O(K(T(E)))  —V?*, Thm 35, A, under Thm 34. 

Sata. xeO(a) —IV?, A,. 

[xe O(e)] Draw. cee —Thm I Cor, €,, A,. 
THEOREM 37. Sy[~. yea] Oe. |vea]Or~. xe0(a). 

LEC. 

wewgse —V,96,8,. 

Syrw yea, 

~.veKy~.yea —V*, Thm 33, D,, C,; D,, D,. 

~.xé0O(a) —conv, C,; D,, D,. 

Sax.xvEen —V, Thm 31 Cor 2, D,. 

[xe a] Or~. xe O(a) —Thm I, €,, €,; D,. 


CoROLLARY 1. Sy[~. yea] Da-[xea] Or xeO(O(a)). 
COROLLARY 2. [~.xea@] Dre ~- x€O(O(a)). 

CoroLLaRY 3. Yy[~. yea] Oa. [~-xeO(O(@))] Or ~- ree. 
CoroLLaRY 4. Yy[~. yea] Da-[~-xeO(O(e@))] Ox. xe O(a). 


THEOREM 38, Sy[~. yea] OneGur.xeO(a). 


Sy~r- yea, 
LEO. 
: w.x2eO(a) —V*, Thm 37, D,, Dy. 
{Ay ~.yeO(a)} (x) —V?, Thm 6 Cor, €,; D,, D,. 
zy .yea —V, Thm 31 Cor 2, D,. 
H(hy.yea, Ay~.yeO(a)) —ThmI, ©, C;; D,. 


Gy.yea —V, Thm 34, D,. 











Sy[~. yea] De.[vea]Or~.xeO(a) —ThmI, ©,, A, under Thm 34. 
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~ {Ayr~.yeO(a)} (2). 

~.zea —V*, Thm 20, C,, C,, D,; D,, D;. 

zeO(a) —V*, Thm 35, C,; D,, Ds. 

~wew.zeO(a) —V, 26, C,; D,, Ds. 

~~ UER, 

we O(a) —V?, Thm 35, D,. 

ww. ueO(e) —V, 26, C,; D,. 

Sy~.yeO(a) —IV, €,; D,, D,. 

; {4y~ -yeO(a)} (u) —V*, Thm 8, C.., Cio; D,, D., D,. 
yz~ {Ay~.yeO(e)} (2) —IV, C,,; D,, D,, D,. 

Sz~ [Ay~- ye O(@)} (2) —Thm IJ, C,;, D,; D,, D,. 

Cis: 2z~ {Ayr. yeO(a)} (2) —Thm I, C,,, C3; D;. 

Cig: ~{Ay~.yeO(a)} (2) 2.4 ~. 28 0(a) —Thm I, C,, C,;; D;. 
C12: Garw.xe0(a) —cony, C,,; D,. 

A,: ZSy[~. yea] Oe Gaw.xeO (a) —Thm I, C,,, A; under Thm 34. 
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7. The Russell paradox. The existence of the propositional function 
Ay .~ g(g) follows readily from our assumptions. In fact, it can be shown 
that the value of this function is a true proposition for the value Ax.~ E(x) 
of the independent variable (among others), and that the value of the 
function is a false proposition for each of the values # and = of the 
independent variable (among others). If, however, we inquire whether the 
value of the function Ay .~ g(g) is a true proposition or a false proposition 
for the value Ay.~ (gq) of the independent variable, we are led at once 
into difficulty. For let % stand for the formula {Ap.~ 9(g)} (Ap. ~ @(9)). 
Then $% is convertible into ~.$%, and ~.% is convertible into %. And 
hence if $% be a true proposition it must also be a false proposition, and 
if % be a false proposition it must also be a true proposition. 

We are not, however, forced to the conclusion that our system is self- 
contradictory. For no way appears by which we can prove either of the 
formulas % or ~., and in the absence of such a proof there is no ob- 
vious method of obtaining a contradiction out of the situation just 
described. There is, in fact, no reason to suppose that the propositional 
function 4y.~ (gy) is significant for all values of the independent 
variable, or that the formula % is anything but a meaningless aggregate 
of symbols. 

Of course, if there were any way of constructing a propositional function F, 
equivalent to 4y .~ (gy) and significant for all values of the independent 
variable, then a contradiction could be obtained by considering the 
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formula {F}(F). But there is no reason to suppose that such a function F 
can be constructed. In particular, it does not appear that 14 .~ y(y) 
could be taken as F. 

The property of the formula f, that its falsehood is provable as a con- 
sequence of its truth, and its truth as a consequence of its falsehood, is 
shared by many other formulas. We cite as examples the formulas 
{Ap la.~g(x, 9)} Ag la.~9(x, 9), Apdx.~ g(x, 9), and {4p.~ 9(g)} 
(49.~9(9)), and Ka[~.xvenzle Kan~. rex. 

Let © stand for the formula K2[~.xve2]¢ Kx~.xex. Then if Q were 
true, Theorem 30would enable us to prove~.Q. And if ~.Q were true, 
Theorem 29 would enable us to prove Q. This means that if we assume OQ 
we can deduce the contradiction Q.~., and hence, under the classical 
principle of reductio ad absurdum, we should be justified in inferring that 
© is false, that is, ~.9Q. And once we had ~.Q, we could infer Q by 
Theorem 29. 

In this way we see that the classical principle of reductio ad absurdum, 
and the assumption that for every propositional function there is an 
equivalent function significant for all values of the independent variable, 
are from a certain point of view the same. 

And our omission of the principle of reductio ad absurdum from our 
list of assumptions is justified by reference to cases, like that just dis- 
cussed, to which the principle appears to be inapplicable. 

8. Properties of the expression jy.~ 9(zx(y)). We now proceed to 
the proof of a number of theorems which bear a close relation to the Russell 


paradox. 


THEOREM 39, 22x {dp.~(x(q))} (ay ~gl(z (y))). 
Ep .qOqpq —IV, 14. 
E(£) —IV, A. 
E(E) E(B) —V*, 14, A;, As. 
Ev. E(E) Ev) —IV, As. 
~erw Ev. E(E) Elv) —V, 26, Ay. 
Eg .~g(hv. E(g) Ev) —IV, A;. 
Eg[~ 9 (av. E(g) E(v))| E(L) —V*, 14, Ag, As. 
Ew. Eg[~ 9 (av. Ely) Ev) Ew) —IV, A;. 
Ew[Eg[~ ¢(av. Ey) E)] Ew] LE) —V*, 14, Ay, As. 
Ey. Ev[E9[x 9(4v- Ey) EO) EWI EyY = —IV, Ao. 
Eg[~ ¢ (av. Ely) EW)]. Ly. EwlEo[~¢ @v- LG) E(v))] E(w) Ely) 
~ly”, 14, A,, A,,. 
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Ay: ~~. Eg[~¢ (hv. E@) Ev). Ey. Ew[lFe[~¢hv-£(g) E@)] Ew] 


Ely) —V, 26, A,,. 
Ais: {Ap.~g(dv. Ey) E@)} Ge.~ ev. EG) EW)  —conv, Ary. 
Ay: Sx{dg.~y(x(g))} Gy-~v(ey)) ——IV, Ars. 
THEOREM 40. Sa~.{4p.~g(x(g))} Ae.~y(xy))). 
A,: Ep.~qo0q~-pq  —lIV, 21. 
A,: E(E) —IV,A,. 
A;; ~~E(E)  —IV, 26, As. 
A,: ~.E(E).~E(E) —V?, 21, As, As. 
A;: Ev. E(E).~ Ev) —IV, A,. 
A;; ~~Ev.E(E).~EW) —YV, 26, As. 
A,: Eg.~@(dv. E(g).~ Ev) —IV, Ag. 
A,: ~.Eg[~g(4v.E(y).~EW)].-~E(E)  —V*, 21, A;, As. 
A; Ew.Eg[~g(Qav. E(g).~ EW)]-~ Ew)  —IV, As. 


A,): ~.Ewl[Ee[~ 9(av. Ey). ~ Elv)]-~ Ew). ~ F(Z) 
—V*, 21, A,, A;. 
A,,: Ey. EwlE9g[~ 9 (dv. E@).~ E(v)]-~Ew)].~E£y) —IV, A,. 
A,,: ~~ Ey. Ewl[E@[~ g(dv. Ely). ~ E(v)].~ Ew] .~ Ely) 
—V, 26, A,;. 
A: ~.Eg[~g(4v. E(y).~ EW)].~ Ey. Ew[Ee[~ 9 (av. Eg) 
-~ E(v))].~ E(w] .~ Ey) —V?, 21, A,, Aye. 
Ay: ~~. Eg[~ eu. Egy).~ E(v)] .~ Ly. Ew [Eg [~ 9 (av. Eg) 
.~ EWv)].~EW].-~EYy)  —V, 26, Ars. 
As: ~.{dg.vg (dv. EQg).~ EW)} Go. ~g(av. Ey).~ El) 
—conv, Aj4. 
Aye: a~. {hy.~g(x(y))} Qe-~e(ey)))  —IV, Ars. 


THEOREM 41. {Ap.~ (x(g))} Qe.~@ (x(9))) Ox x Azz. 
D,: {Ap.~9(x(g))} Qe. ~9(x))). 


CG: ~(Ap.~g(@ely)} (2@y-~g(e)))  —IL, D. 

C,: ~~ {dg.~9(x(y))} Qe-~(@@))  —V, 26,D,. 

C3: we (dy. ~y(x(g))} ({azz} (ig .~ 9(x(y)))) —III, €,; D,. 

C,: ~{4p.~9(x(y))} [2g ~9(e(9)))) sve {Ag.~9(x(y))} 
({222} Gy-~g(aly))) = —V, 14, G,, Cy; D,. 


Cs: 2y-y(z).~y(hzz) —IV, C,; D,. 
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C,: xtize —y’, 17, C;; D,. 
A: {Ap.~9(z())} Ao.~¢(x(y))) Ox. x $i4zz —Thm], C,, Thm 39, 
COROLLARY. ~. {42 {lg.~g(x(g))} dg.nw ¥ (x(y)))} (Azz). 


THEOREM 42. ~ {4p.~ (x(y))} Qg.~ 9(x(g))) Oz. rthez, 
DD: ~{4y.~y(x(y)} Ge.~g (zy). 


CQ: a fge.~y(xy)} (2Qe-~9(e@))  —I, 0. 
C,: ~~~ {dp.~9(x(g))} Ay.~9(xy))) —V, 26, D,. 
Cy: an fdy.np(x(y))} ({222} Gp.~g(ey)))  —III, &; Dy. 


Cy: wr {he.~y (ey))} [zQp.~v(x(y)))). weer (hg. ~g(aly))} 
({aze} (iy .~9(e(@)))) —V*, 14, C,, C; D,. 


C;: Sy-y(z).~ y(dzz) —IV, C,; D,. 
C,: xt azz —V*, 17, C,;; D,. 
A,: ~{4gy.~g(z(y))} Ae .~¢9 (xy) Or-xt4z2z2 —ThmI, Cy, Thm 40. 


COROLLARY, ~.{4r~{ly.~g(x(y))} Ag.~ 9 (a(g)))} (Azz). 
9, Positive integers. We define: 


1 — Afiz. f(a). 
S— Loeifiz.f(ol/, x). 
N— idy.[9(1)- g(a) Ox 9 (S(a))] Dy gly). 


The symbol 1 is to be read, “One”, and S(A) is to be read, “The successor 
of A”, and N(A) is to be read, “A is a positive integer”. 

If we define 2— > S(1), and 3—>S(2), and so on, we find that 2 is 
convertible into 2. fia. f(f(x)), and 3 is convertible into A/2x.f(/(/(a))), 
and so on. The form of these expressions provides a convenient method 
of writing definitions by induction, as we may illustrate in the case of 
the definition of the sum, m-+n, of two positive integers mand n. The 
equivalent of the recursion formulas, m+1 = S(m), and m+(k-+1) 
= S(m+h), is, in fact, obtained by defining: 

+ —Amin.n(S, m). 


And the operations of subtraction and multiplication may then be defined 


as follows: 
——Ardsix. {+} (a, 3) =r. 


<x —Amin. (—-} (m(n(S), 1), 1). 


Peano’s axioms for the positive integers? may be expressed in our 
notation as follows: 


® Rivista di Mathematica, vol. 1 (1891), pp. 87-102. 
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1. N(1). 

2. N(x) 0x N(S(z)). 

3. [N(a). Nly). Sa) = Sy] Oxy. 2 = y. 
4. (a) Dx S(a) $1. 

5. [p (1). g(x) Ox 9 (S(x))] Oy » Ny) Oy gly). 


It is believed that each of these five propositions will turn out to be 
a theorem which can be proved as a consequence of our postulates. And 
indeed proofs of 1, 2, and 5 are immediately evident. 

Our program is to develop the theory of positive integers on the basis 
which we have just been describing, and then, by known methods or 
appropriate modifications of them, to proceed to a theory of rational 
numbers and a theory of real numbers. 


Princeton UNIvERSITy, Princeton, N. J. 





A SYSTEM ARISING FROM A WEAKENED SET 
OF GROUP POSTULATES. 


By A. H. Ciirrorp.! 


Let G be a class of elements a, b, c, --- satisfying the three postulates: 

I. To every ordered pair of elements (a, b) of G there corresponds a unique 
element c of G, which we indicate by writing ab = c. 

II. For every three elements a, b,c of G it is true that 


(ab)c = a(be). 
Ill. There exists at least one element e in G such that 
ea =a 


Jor every element a of G. (Such an element will be called a /eft identity.) 
Consider the following possibilities for a fourth postulate: 
IV L. For every element a of G, and for every left identity e, there exists 
at least one element b of G such that 
ba =e. 


(b will be called a left inverse of a with respect to the left identity e, and 
a will be called a right inverse of b with respect to e.) 
IV R. For every element a of G, and for every left identity e, there exists 
at least one element b of G such that 
ab =e. 


VL. For every element a of G there exist at least one left identity e¢ 
and at least one element b such that 


ba = ¢. 


(This differs from IV L in that a need not have a left inverse with respect 
to every left identity, but only with respect to at least one.) 
VR. For every element a of @ there exist at least one left identity ¢ 


and at least one element } of G such that 


ab =e. 


It is well known that the system (I, II, III, IV L) defines a group.” 
The systems (I, II, Il], IV R), (I, II, I, VL), and (I, 1, 1, \ R), how- 

‘Received June 7, 1932. - 

21. E. Dickson. “Definitions of a group and a field by independent postulates.” (Trans. 


Amer. Math. Soc. vol. 6, 1905, pp. 198-204). 
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ever, do not.* In Theorem 1 it is shown that these three are equivalent, 
and in Theorem 10 a complete determination of the structure of the system 
thus defined is given. 

I wish here to thank Professor E. T. Bell for the interest he has shown 
in the paper, and in particular for his assistance in constructing the 
numerical example given below. 

THEOREM 1. The systems (I, II, III, IV R), (1, I, II, VL), and (I, II, WI, VR) 
are equivalent. 

Proof: It is obvious that (I, II, ITI, IV R) implies (J, I, HI, VR). Hence 
we have to show only that 
(i) Ci, I, IN, VR) implies (J, I, I, VL), and 
(ii) (I, I, J, VL) implies (J, I, HT, IV R). 

Proof of (i): Let @ be a system (I, II, IIJ, VR). Let a be any element 
of G, and let b be any right inverse of a, the existence of which is 
postulated in VR. That is, a left identity e exists such that 


(1) ab = e. 
Let 
(2) he = ¢, 
Then 
baba = c’. 

By (1), 

bea = c’. 

ba = <. 
By (2), 
(3) C= <. 


Let d be any right inverse of c. Then there exists an identity e’ (not 
necessarily the same as e) such that 


(4) ed = 7d, 
From (3), 

cd = cd = c(cd). 
Using (4), 
(5) cf = @. 


Now let x be any element of G. Then from (5) 


cz = c’exa =eu=— 2x. 


*The present investigation was suggested by an ambiguous statement of the fourth 
postulate in van der Waerden’s ‘Moderne Algebra” (Springer, Berlin, 1930, p. 15) which 
can be interpreted as either IV L or VL. He evidently intended the former, judging from 
subsequent deductions; nevertheless I thought it would be of interest to see what the 
weaker postulate would lead to. 
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Hence by definition ¢ is a left identity, and (2) shows that postulate VL 
is satisfied, q. e. d. 

Proof of (ii): Let G@ be a system (I, II, III, VL). Let abe any element 
of G, and let e be any left identity. To establish IVR we have to exhibit 
a right inverse of a with respect to the arbitrarily chosen identity e. 

Let b be any left inverse of a, the existence of which is postulated 
in VL. That is, a left identity e’ exists such that 


(1) ba = ¢. 


Let c in turn be a left inverse of 6, so that a left identity e” exists 
such that 
(2) 
From (1), 


so that 
From (2), 


whence 
ab 


From this it follows that the desired right inverse of a with respect 


to e is be. For 
a(be) = (abbe = e”e = ec, g.e.4. 


This completes the proof of Theorem 1. 

The system defined by any one of the three equivalent sets of postulates 
will be called a multiple group. We proceed now to investigate the properties 
of multiple groups, the investigation culminating in Theorem 10, by which 
the structure thereof is completely determined. To save space we shall 
omit the proofs of the intervening theorems. The latter are, however, 
arranged in order of logical development. 

We remark here that if a multiple group G contains a right identity 
it becomes a group. Hence in general G will not contain a right identity. 
We can of course replace postulate III by one postulating the existence 
of a right identity, and the four subsequent postulates by four others in 
which left identities are replaced by right identities, in which case G contains 
only right identities, but evidently nothing new is gained thereby. We 
therefore tacitly understand in the following that @ is of the left-hand type. 

THEOREM 2. For any three elements a,b,c of a multiple group G, 
ca = cb always implies that a = 6. . 

THEOREM 3. If abe, where e is any left identity, then there exists 
a left identity e' such that ba=e’. 
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THEOREM 4. For every element a of a multiple group G, and for every 
left identity e in G, there exists a wnique right inverse of a, namely be, 
where b is any left inverse of a. 

THEOREM 5. For each element a of a multiple group G there exists one 
and only one left identity e in G with respect to which a has left inverses. 
Furthermore a is permutable with e, that is, ae=ea=a, and with no 
other left identity in G. 

Let us designate by « the number of left identities in a multiple group G, 
and by e& the left identities of G, where the index 7 ranges over some 
class J of cardinal number @. We shall call @ the zndex or multiplicity 
of G. A multiple group of index 1 is evidently a group. 

In accordance with Theorem 4 we shall designate by a;' the right 
inverse of an element a of G with respect to the left identity e, so that 


aa; = e, (for each 7 in J), 


Let e; be the left identity with respect to which a has its left inverses, 
in accordance with Theorem 5. Applying Theorem 3 we deduce that 


ata = e; (for each 7 in J). 


We see then that each element a of G has precisely « inverses a;", 
each being both a right and a left inverse, the former with respect to & 
and the latter with respect to the fixed left identity e;. From Theorem 4 
we have also the relations 


aie, = a; (for all ¢,k in J). 


If we designate by K; the class of those elements of G which have 
their left inverses with respect to the left identity e:, for each 7 in J, 
we get a dissection of G into @ categories Ki, which are non-overlapping 
and completely cover G. 

THEOREM 6. The elements of each category Ki of a multiple group 
constitute a group. 

We shall call the categories K; of a multiple group G the groups of 
composition of G. 

Let K; and Kj; be any two groups of composition of a multiple group G. 
Let a; be any element in K;, and consider the element b defined as follows: 


b= ag. 
Let a;* be the inverse of a; in the group K;, so that 


—] seta 


Then 
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so that b is in Kj. When we observe that 
be = ee = ae = a. 


it appears that we can pair off the elements of K; and Kj in a one-to-one 
manner. We shall designate by aj the element b defined above, so that 
we have the reciprocal relations 

[aie = a, 


(A) ) oi 


ae; = UY. 


Two such elements will be called conjugate. Conjugacy as thus defined 
is an equivalence relation, that is, it is reflexive, symmetric, and transitive, 
and hence leads to a dissection of G into categories J(a), where J(a) is 
defined to be the class of elements of G conjugate to the element a. This 
dissection is “orthogonal” to that afforded by the groups of composition 
of G, that is, the intersection of any J with any K contains precisely one 
element of G. 

Using the one-to-one correspondence between two groups of composition K; 
aud Kj; afforded by pairing off conjugate elements, we can show the 
following: 

THEOREM 7. The groups of composition of a multiple group are simply 
esomorphic. 

The abstract group isomorphic to all the groups of composition of a 
multiple group @ will be called the composition group of G. 

THEOREM 8. The categories J separating the elements of a multiple group G 
énto classes of conjugate elements constitute a group under the operation of 
multiplication after the fashion of residue classes. This group is simply 
isomorphic to the composition group of G. 

Any multiple group consisting solely of identity elements will be called 
a unitary multiple group. The set of all identity elements of a multiple 
group @ is evidently a multiple group, which we shall call the unitary 
multiple subgroup of G. Any two unitary multiple groups having the same 
number of elements are simply isomorphic, any one-to-one correspondence 
between them being an isomorphism. Hence a unitary multiple group is 
completely characterized by its order, that is, the number of its elements, 
which in this case is evidently the same as its index. 

THEOREM 9. The groups of composition of a multiple group G themselves 
constitute a multiple group under the operation of multiplication after the Sash ion 
of residue classes. This multiple group is simply isomorphic with the unitary 
multiple subgroup of G. 

THEOREM 10. If H is any group, and « any cardinal number, then we 
can construct a multiple group G with index « having H as composition 
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group. Conversely, any multiple group G is completely determined by its 
index « and its composition group H. 

Proof: Wet H be a group with elements {e, a, b,c,---}, e being the 
identity. Let Ki = {e, ai, bi, ci, ---} be a set of distinct groups isomorphic 
with H, that is, 

ah = (ab)i, 


where the index 7 ranges over a class I of cardinal number «. 
Let G be the sum of all the A;. We define multiplication in G as 


follows: 
Aj bj = (ab);. 


This very definition implies the closure property I. To show the asso- 
ciativity I] we have that 


(ai bj) Ce = (ab) ce = (aber, 
ai (Dj ce) = ailbox = (abe. 
From 
ejay = (ea) = aj 


we see that postulate III is satisfied. From 


(a) @ = (@* ak = & 


we see that postulate VL is satisfied. 

Hence G is a multiple group. Since it has @ identities, it is of index «. 
Furthermore the groups K; must be its groups of composition, for a necessary 
and sufficient condition that an element of G be permutable with e is 
that it be in K;, as follows from 


aj = Uh. 


This completes the proof of the first part of the theorem. 

Now let G be any multiple group of index « and composition group 
H = {e,a,b,c,---}. Let us denote the identities of G by e, where i 
ranges over a class I of cardinal number a. Let Ki = {ej, ai, bi, ci, -++} 
be the group of composition of G corresponding to the left identity ¢;, 
a; being the element corresponding to a in the isomorphism between K; 
and H. Then @ is generated by the symbol 2; as x ranges over H and 
2 over I. As in Theorem 7 we set up the isomorphism so that a and aj; 
are conjugate (¢,7 in I). Then by (A) 


aE = Aj; 
whence 


Ai bj =. ay bj. 
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But by the isomorphism, 

aj bj = (ab)j. 
Hence 

ab) = (ab);. 


Thus G has precisely the same structure as the multiple group previously 
constructed out of H and «, that is, is simply isomorphic to it. This shows 
that the multiple group (H, @) is unique to within isomorphisms, q. e. d. 

As an illustration we give here the multiplication table of the abstract 
multiple group of index 2 having the cyclic group of order 3 as composition 
group: 

Qa a 

4, & A 

hi a by 

by | bh & 

@ & 
As | NY b, 


bs be bs 

We include one further theorem: 

THEOREM 11. Jf a and b are any two elements of a multiple group G, 
then the equation ax = b has a unique solution in G. 

It is of interest to note that postulates I and IJ and Theorem 11 can 
be taken as a new definition of a multiple group. 

A Numerical Example of a Multiple Group: 

Let @ be the class of all complex numbers +0. The product (a, )) of 
any two elements a, b of G is defined as follows: 


(a,b) = ab. 


The associativity is easily verified. The left identities are e’%, where » 
is real. LA is seen to be an inverse of a. The index of G is the cardinal 
a 


number of the continuum, and the composition group of G is isomorphic 
to the multiplicative group of the field of real numbers. 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 











NOTE ON THE INVARIANTS OF THE CLASS GROUP 
OF A CYCLIC FIELD.' 


By CLAIBORNE G. LATIMER. 


1. Introduction. Let F be an algebraic field of odd degree e, which 
is cyclic with respect to the rational field. The classes of ideals in F 
are the elements of a finite Abelian group G. By the fundamental theorem 
on such groups, © has a basis B,, B,,---, Bm and the degree of every B; 
is a power of a prime. These m prime powers are the invariants of G. 

Let K,, Kz,---, Ky be the distinct fields defined by the various eth 
roots of unity +1, the order being arbitrarily chosen. The purpose of 
this note is to prove the 

THEOREM. Let p be a rational prime and k a positive integer. If the 
prime ideal divisors of p in K,, Kz,---, Ku are of degree 91, 92,+++, Op 
respectively, then the number of invariants of © equal to p* may be writien 
in the form git%:+92%2+--++ gut, where each x is an integer > 0. 

It will be shown in the last paragraph that this theorem and its proof 
lead to results closely related to certain theorems previously obtained. 

2. Certain lemmas on congruences. Let A be a square matrix 
of order s, the elements of which are rational integers, let f(x) = | A—<aT| 
be the characteristic determinant of A, J being the identity matrix of 
order s, and let p be a rational prime. Since f(A) = 0, A is a root of 
a congruence »(x) = 0 (mod p), of lowest degree, where ¢ is a polynomial 
with rational integral coefficients, the leading coefficient being unity and 
the remaining coefficients being uniquely determined, modulo p. g(x)=0 
(mod p) will be called the minimum congruence, modulo p, of A. 

The following lemmas on congruences are analogues of known results 
on equations? and proofs may be made similar to those in the reference 
cited. It will be understood that A, y, p are as above. 

Lemma 1. If A(x) is a polynomial with rational integral coefficients such 
that 4(A) =0 (mod p), then (x) is divisible, modulo p, by (x). 

LEMMA 2. (x) is the quotient, modulo p, of the characteristic determinant 
|A—aI| of A by the g.c.d., modulo p, of its (s—1)-rowed minors. 

LemMA 3. Every irreducible factor, modulo p, of |A—xI\ is a factor, 
modulo p, of (x). 





' Received December 3, 1932. 
* Dickson, Algebras and Their Arithmetics, pp. 109, 10; Algebren und ihre Zahlen- 
theorie, pp. 20, 1. 
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3. Proof of theorem, Let p be a rational prime divisor of the class 
number of F and let B,, Bz,---, Bs; be those basal classes of @ whose 
degrees are powers of p. Let the distinct powers of p which are invariants 
of G be p", p'®, es, py. If ¢>1, the notation may be so chosen that 
Kkn< tna (h = 1, 2,---,¢—1) and B,, By,--., Bs, are of degree yp", 
Bs,+1, Bs42,++-+, Bs4s, are of degree p, ete, atat---+ae=s. 

Every substitution of the Galois group of F is a power of one of 
them, S. If B is a class of ideals in F, it will be understood that 
B’ = §(B), B” = 8?(B),---, B = 8"(B), n=e—1. If the degree 
of B is a power of p, it is expressible as a product of powers of 
B,, Bs, ---, Bs. Hence 

B, _ BY ‘ By ieee “aS, 


s 


(2) (2) (2) 
0; C5 00 
(1) B; B,* } Y 222 + B sad 


a") 


oe”) ( 
- Bi + +: -_Be. 


s 


al”) 


(n) ' 
B, = B, 


where the a, are integers and if the matrix («;,) = A, then (a) = Ak 
G, j7=1,2,---,8; k=2,3,---,n). But every B;- B;- By’ - --- - Bi” 
(«= 1,2,.---, 8) is the principal class. Therefore by (1), 


(2) A(A) = A”+ A" 14+ .--+A+]=0 (mod p). 


Ifh<s, Be * is principal and if h > s1, Br ‘is non-principal. It follows 
from (1) that if?<s8,, j7>s, then «j=0 (mod p). Similarly, if 7<s,+s,, 
J >s% +82, ej =O (modp). By repetition of this argument, we find that 
ot ee 
As; Ase ++: O 

‘ . . (mod p), 








An Av ++: Att. 
where every 0 stands for a rectangular block of zeroes and Ay is a matrix 
with s; rows and s; columns. From (2) and the form of the matrix on 
the right above, it follows that 

(3) 1(Ann) = 0 (mod p), (h = 1,2,---, t). 


After proper choice of notation, we have 4(x) = Ay (x) + Ag(a)- +++ Aula), 
where each field K; is defined by a root ¢; of 4;(~) = 0 and each 4; is 
a polynomial, irreducible in the rational field, with rational integral co- 
efficients, the leading coefficient being unity. Each ¢; is a primitive eith root 
of unity, where & is a divisor >1 of e and 4; is of degree E; = (ei). 
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The prime ideal divisors of p in a field K; are all of the same degree gj. 
Therefore 
Ji(ar) = UP (x) AP (a). ++ UP (@) (mod py), (= 1,2, +++, 0), 


where fj = E;/gi and every 4? (j =1,2,---, fi) is of degree g; and 
is irreducible, modulo p.* Hence we have 


u 


fi 
(4) A(c) = I] I] I (x) (mod p). 


i=1 j=1 


If v(x) = 0 (modp) is the minimum congruence of Anz, by (3) and 
Lemma 1, (x) divides 4(x), modulo». Hence by (4), we may assume 
that g(x) is the product of certain of the a, Let J, be the identity 
matrix of order s, and f,(x) = | Ann—a2tIn|, (kh = 1,2,---, 8. By 
Lemma 3, ,f,(x) is a product of powers of the irreducible factors, modulo p, 
of g(x) and therefore the degree of f#, may be written in the form 
NUu+ G2%2+++++gu%u, Where each 420. But the degree of /f;, is sn. 
The theorem follows. 

4, Certain consequences of the theorem and its proof. If 
exactly one invariant of G is equal to a given prime power, p”, where 
p is not a divisor of e, then the prime ideal divisors of p in one of the 
fields K,, Kz,---, K, are of the first degree. Hence, by a known result, 
p =1 (mode),* where e is a divisor >1 of e.° 

For a fixed h, from (3) there is a least positive integer e’, a divisor 
of e, such that 4j,= J; (mod p). Hence if there are exactly s invariants 
of © equal to p*, there is a corresponding cyclic linear homogeneous 
substitution group, modulo p, on s variables which is simply isomorphic 
with a divisor of the Galois group of F.® By (3), the order e’, of this 
group is >1 if p is prime to e. 

By the theorem, the product of the invariants of G, i. e. the class 
number of F, is equal to the product of the norms of m ideals, one in 
each of the fields K;. For the case where e is a prime, this result was 
obtained by the writer in an entirely different manner.’ 


3 Fricke, Lehrbuch der Algebra, III, pp. 57, 198. 

‘ Fricke, loc. cit., p. 198. 

° Cf. Tschebotarow, Zur Gruppentheorie des Klassenkérpers, Journal fiir Mathematik, 
vol. 161 (1929), p. 188, Theorem 11. 

5 Cf. Tschebotarow, loc. cit., Theorem 10. 


7 On the Class Number of a Cyclic Field, Transactions of the American Mathematical 
Society, vol. 35 (1933). 
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ON UNIVERSAL SETS OF POSITIVE TERNARY 
QUADRATIC FORMS.! 


By A. ADRIAN ALBERT. 


1, Introduction. One of the most interesting topics in the Theory of 
Numbers is the theory of universal forms, that is forms representing all 
positive integers. No positive ternary quadratic form represents all positive 
integers, so that there can be no theory of universal positive ternaries. 
But this theory may be replaced by a theory of universal sets of a finite 
number of forms. It is my purpose, in the present article, to introduce 
such a new theory and to solve perhaps the first problem. 

2, Preliminary concepts. Let > be a set of positive ternary quadratic 
forms of which only a finite number are non-equivalent. Then we shall 
say that a positive integer a is represented by = if there exists a form 
JS (x, y, 2) in & and integers «, 8,7 for which a= f(a, 8,7), that is if 
J (x, y, 2) represents a. In particular ¥ will be called a universal set if it 
represents all positive integers. 

Suppose now that >,, 2,,--- are a certain system of sets 2; of forms 
such that every form of >; has the same determinant® d;. Then we shall 
call d; the determinant of 3;. Let ¥ = (2,,---, =,) be a finite sub-system 
of the above system of forms so that = is a set of forms representing 
the aggregate of all the integers represented by its components 2;. Write 


(1) = — Xi = (21, °°+, 2-1, Zita, ++, 2n) 


and assume that S— 3; is not universal for every 7 but that = is a universal 
set. Then we shall say that > is a chain of sets >; and call m the length 
of =. In particular if the sets 3; consist each of a single form (in the 
sense of equivalence) then we shall call = a chain of forms. It is evident 
that of the universal sets of forms it is the chains of forms which are of 
greatest importance and it is the problem of the existence of such chains 
and of the nature of the forms contained therein which I propose for the 
consideration of my readers and which I hope to study more in future 
research. 

We may immediately write a necessary condition that a set > = (=,, ---, =n) 
shall be universal. Let >; — 2 (d,) be the set of all positive ternaries of 
determinant d;. Define 
(2) x* = 3(h, +++, dy) = (1, ++, 2nd 


‘| Received May 22, 1933.—Presented to the American Mathematical Society April 15, 1933. 
2 and hence there are only a finite number of non-equivalent forms in each 2;. 
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Then = is contained in =* and we have 

THEOREM 1. A necessary condition that a set > =(2,---, 2n), >i of 
determinant dj, shall be universal is that S* = X(d,, ---, dn) shall be universal. 

Thus as a first problem in our new theory we have the important problem 
of finding necessary and sufficient conditions that a set =(d,, ---, dn) shall 
be universal. It is this problem that will be solved in the next section. 
We shall also determine all chains of sets =(dj). 

3. Universal sets 3(d,,---,d,). 1 have proved 

THEOREM 2. Let X(d) be the set of all positive ternary quadratic forms 
of determinant d = y?6, 6 with no square factor. Then an integer a= A? p, 
we with no square factor, is represented by X(d) if and only if a has not 


the form 
(3) p= ad, a = 77 (mod8), 
such that @ is prime to d and the Jacoli symbol 
2) = 
‘ i) = 


Jor every odd prime factor p of d. 
We shall apply the above theorem® then to our sets =(d,,---,d»). We 
write d; = y?6, and write 6 for the least common multiple of the 0;. Then 


(5) ‘= 0; éj 


has no square factor and every prime factor of « divides some d;. It is 
obvious that if a does not have the property » = Omod 90; then a is 
represented by +(d;). Hence the only integers which may possibly be not 
represented by *(d,,---,d,) are the integers a for which mw is divisible 
by all the 6; and hence by their least common multiple 6. Hence we may 
write 

(6) fe = Amy = Oiaj;, ay = Fi Mo 


for all integers considered. 
Moreover we must have a; = 7(mod8) so that it must be so that 


(7) i Mo = 7 (mod 8) (i = 1,---,n). 
If #49 is even then (7) is not satisfied and a is represented by ¥(d,, ---, dn). 

Let then # be odd. Then (7) becomes 

(8) lu = Te; (mod 8), 


from which 7¢; = 7; (mod 8), ¢; = « (mod8). Hence we have 





*See my paper The integers represented by sets of positive ternary quadratic forms, 
American Journal of Mathematics, vol. LV (1933), pp. 274-292. 
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LemMA 1. A necessary condition that a set 3(d,,---, dn) shall not be 
universal is that ¢; = «€; (mod 8). 

Let now (8) be satisfied so that «; = «¢ (mod 8) for all i and j. By (6) 
we have «; = &mo so that if @ is prime to 7; then ¢; must be prime to 7;. 
But if there exists a factor p; of « which divides y; then this is impossible 
and =(d,,---, dn) represents all positive integers. Since pi is prime to 0; 
and divides some 0; it must be so that in fact (d;, dj) represents all 
positive integers. For =(d;) represents all a’s for which w is not divisible 
by pi, a factor of 6;, while >(d;) represents all a’s for which y is divisible 
by »: so that @; has a factor in common with 7;. We have therefore 
proved 

THEOREM 3. Let d, = y?0, (i = 1,---,m) where d, has no square 
Jactor and let 
(9) 0 = Oj 6; 












be the least common multiple of the 0;. Then if there exist a pair of 
integers (i,j) for which either 

(10) €; = ¢ (mod 8), 

or 

(11) & = (mod8), 7; = 6; =0(modp), 9; 0 (modp) 


Jor a prime p, the set X(d,,---, dn) is universal and contains a chain 
(di, dj), with respect to sets X(d;), of length two. 

It is of course evident that in applying the above sufficient condition 
to a pair of sets =(d,) and (d,) that we may replace 0 by the least 
common multiple of 6, and 0, (instead of all the d;) and apply the above 
with the new «, and é& so obtained. 

We shall assume that the above sufficient conditions are not satisfied. 
Then if a; = mw) the integer ~ is prime to d; if and only if m~» is prime 


to d;. Then a is not represented by  (d,;) if and only if (2) = ] 














for every odd prime factor p; of d;. But 
p-1 = @;-1 


(2) cy Fe) = nF) (4) 


tu 





since o; = 7 (mod 8), + (ai—1) = 3 (mod 4). Hence (2) = 1 if and 





only if a 
wo (B= = 5 


Pi 











Hence if the sufficient conditions of Theorem 3 are not satisfied an integer a 
is represented by the set >(d;) if and only if o = 74 (mod 8), fo 1s prime 
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to d =|] di, and if (12) is satisfied for every odd prime factor p; of dj. 


If 4: is an integer chosen to have the same quadratic character (*) as 


Pi 
—e, and hence prime to »;, then the congruences 


(13) Mo = 76,(mod 8), Mo = 7 (mod pj) 


have relatively prime moduli and hence have solutions ~. But then 
2(d,,--+,d,) does not represent such integers a = A*(u)d) and is not 
universal. Also if the 4; are permitted to range over the least integers 
having the desired quadratic characters the resulting congruences (13) 
determine arithmetic progressions of all integers not represented by 
2(d,,---, dn) and we say that >(d,,---, d,) is regular. We have there- 
fore proved 

THEOREM 4. Let «, = y30;(@=1,---, ), 0; with no square factor and 
let 0 and & be defined as in Theorem 3. Then the sufficient conditions of 
Theorem 3 that a set X(d,, ---, dn) be universal are also necessary. Also 
every set X(d,,---, dn) which is not universal represents all integers not of 
the form a= A*® w, 6 = yO where fo is prime to d = d, --- dn, 
(14) tty == 7, (mod 8), (“2 = (—| 

~p p 

Jor every odd prime factor p of di, and is regular. 

As an immediate corollary of Theorem 4 we have 

THEOREM 5. Every chain of sets =(d) has length two and is one of the 
chains determined in Theorem 3. 
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